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PREFACE. 


Tne work now before the reader is the most extensive which our lan- 
guage contains on the subject, being (exclusive of the Elementary 
Illustrations, at the end) more than double in matter of the Cam- 
bridge translation of Lacroix, and full half as much as the great work of 
the same author in three volumes quarto. I state this because students 
are sometimes apt to be discouraged by the apparent slowness of their 
progress, which they measure by the pages read, without any other con- 
sideration. This extent of matter is not due to fullness of explanation or 
abundance of examples, but to a variety of subjects exceeding that which 
is usually introduced into elementary writings. There are many works 
which enter more largely into the simpler parts, and elucidate them by 
more copious instances, both of which my specific object has prevented 
me from doing. That object has been to contain, within the prescribed 
limits, the whole of the student’s course, from the confines of elementary 
algebra and trigonometry, to the entrance of the highest warks on mathe- 
matical physics. A learner who has a good knowledge of the subjects just 
named, and who can master the present treatise, taking up elementary 
works on conic sections, application of algebra to geometry, and the theory 
of equations, as he wants them, will, I am perfectly sure, find himself 
able to conquer the difficulties of anything he may meet with; and need 
not close any book of Laplace, Lagrange, Legendre, Poisson, Fourier, 
Cauchy, Gauss, Abel, Hindenburgh and his followers, or of any one 
of our English mathematicians, under the idea that it is too hard for 
' him. It may be admitted to be desirable that some one writer should 
endeavour to attain such a result as that of placing before the student all 
that is requisite to put him in communication with the highest investi- 
gators ; and it will readily be seen, that unless a very large work indeed 
were written, no such result could be obtained without condensation, par- 
ticularly in the higher parts. If much difficulty should be experiencet 
in the elementary chapters, I know of no work which I can so confi- 
dently recommend to be used with the present one, as that of M. Du- 
hamel, cited in the note to page 681. 
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The method of publication in numbers has afforded time to consult 
a large amount of writing on the different branches of the subject; the 
issue of the parts* has extended over six years, during two of which cir- 
cumstances with which I had nothing to do stopped all progress. The 
first number was preceded by a short advertisement, which I should 
desire to be retained as part of the work; for I have no opinion there 
expressed to alter or modify, nor have I found occasion to depart from 
the plan then contemplated. 

The principal feature of that plan was the rejection of the whole doc- 
trine of series in the establishment of the fundamental parts both of the 
Differential and Integral Calculus. The method of Lagrange,t founded 
on a very defective demonstration of the possibility of expanding 
p(x +h) in whole powers of h, had taken deep root in elementary works ; 
it was the sacrifice of the clear and indubitable -principle of limits to a 
phantom, the idea that an algebra without limits was purer than one in 
which that notion was introduced. But, independently of the idea of 


* It may be convenient fur reference to state the dates of publication of the 
different Numbers, and also the corresponding Numbers of the Library of Useful 
Knowledge, each Number containing 32 pages :— 


Differential Calculus, No. 1, Lib. Useful Know., No. 219, July 15, 1836. 


a5 No. 2, i No. 221, Aug. 15, ,, 
53 No. 3, a No. 224, Oct. 15, ,, 
5i No. 4, 5 No. 227, Dec. 1, 5; 
9 No. 3, a No. 229, Jan. 2, 1837. 
No. 6, T No. 236, July 3, ';, 
zi No. 7, T No. 253, Jan. 1, 1839. 
as No. 8, is No. 259, April 1, ;, 
jj No. 9, i No. 260, May 1, ,, 
y3 No. 10, 5 No. 266, Aug. 1, ;, 
T No. 11, $3 No. 273, Dec. 1, ,, 
99 No. 12, j No. 276, Feb. 1, 1840. 
so No. 13, Pe No. 282, April 1, ,, 
‘3 No. 14, F . No. 284, June 1l, ,, 
99 No. 15, Pe No. 287, July 16, ,, 
T No. 16, ‘4 No. 289, Aug. 1, ,, 
$3 No. 17, ay No. 295, Dec. 1, ,, 
i l No. 18, ‘5 No. 296, Jan. 1, 1841. 
s3 No. 19, <5 No. 300, Mar, 1, ,, 
re Nv. 20, 5 No. 304*April 15, ,, 
T No. 21, a No. 309*July 16, ,, 
re No. 22, ya -~ No. 312*Oct. 15, ,, 
E No. 23, 53 No. 314*Dec. 1, ,, 
R No. 24, s3 No. 135, May 16, 1842. 
T No. 25. a No. 140, June 1, ,, 


The Elementary Illustrations were Nos. 135 and 140 of the Library, and were 
severally published on the 15th of September, and.the 15th of November, 1832, 
forming together 64 pages. 


+ See page 177, note. 
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limits being absolutely necessary even to the proper conception of a con- 
vergent series, it must have been obvious enough to Lagrange himself, that 
all application of the science to concrete magnitude, even in his own system, 
required the theory of limits. Some time after the publication of the first 
numbers of this work, four* different treatises appeared in the French 
language, all of which rejected the doctrine of series, and adopted that 
of limits. I have therefore no occasion to argue further against the former 
method, which has been thus abandoned in the country which saw its 
birth, and will certainly lose ground in England, when it is no longer 
maintained by a supply from abroad of elementary treatises written on 
its principles. 

The first twelve chapters of this work contain the more elementary 
portions of the theory, comprising differentiation, integration, ordinary 
development, differences, trigonometrical analysis, signification and use 
of differentiation and integration, differential equations, and algebraical 
applications. The thirteenth chapter contains a large number of exten- 
sions of the preceding subjects, particularly on development in series 
and integration. The fourteenth and fifteenth chapters are devoted to 
geometrical application, the sixteenth to the calculus of variations, the 
seventeenth to mechanical application, the eighteenth and nineteenth to 
interpolation, summation, aud transformation of series, the twentieth to 
definite integrals, and the twenty-first and last to extensions of the 
subject of differential equations and to equations of differences. In the 
chapters on geometry and mechanics, it should be remembered that I am 
not teaching those subjects for the sake of their results, but only showing 
how the differential calculus is applied to them; neither will thérefore 
be found to contain all that some will look for. 

I can hardly expect that a mathematician, to whom this subject is 
familiar, will look through the whole work to pick out here and there a 
theorem, or a mode of proceeding, which has some point of novelty. I 
therefore subjoin references to those parts of the work for which I have 
not been indebted to my knowledge of what has been written before me : 
much of what is cited is probably not new, indeed it is dangerous for 
any one at the present day to claim anything as belonging to himself ; 
several things which I once thought to have entered in this list have 
been since found (either by myself, or by a friend to whom I referred 
it) in preceding writers. Page 56: the differentiation of a” without 
series. Page 179, &c.: the method of treating the cases of excep- 
tion to Taylor’s theorem; not perfect, but better than induction from 
instances; it needs an application of the theory of dimensions pre- 
sently noticed. Page 185, &c.: the proof that only one constant enters 
the solution of a differential equation of the first order. Page 217, &c. : 


* See page 681, note. 
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the proof that fz = O must have a root, finite or infinite, if f'z 
be always finite for finite values of z. Pages 221—2371: the treat- 
ment of series and the rule of convergency (presently extended). Page 
293: the elementary mode of finding 1.2.3....a, when x is consider- 
able. Page 318: the method of summing selected* terms of a series. 
Page 321—327 : the theory of dimensions and test of convergency (com- 
plete) the first that has been given. Page 329: the mode of treating 
Arbogast’s derivation. Page 341: the extension of the theory of the 
signs of geometrical quantities. Page 367: the extension of the cha- 
racter of a singular solution. Pages 372, 376: the application of the 
theory of dimensions to the singular points of curves. Page 388: the 
notation proposed for differential co-efficients, which I have found of the 
greatest use in complicated operations. Page 392, &c.: the treat- 
mént of Legendre’s method of double integration. Page 445: the 
generalization of the axiom connecting curve lines and surfaces with 
straight lines and planes. Pages 460, 463, 466: the correction of an 
oversight made by writers on the calculust of variations. Page 489: 
the algebraical demonstration of Euler’s theorem on rotation. Page 
56l: the theorem on the transformation. of divergent developments. 
Page 569: the application of the test of convergency to definite integrals, 
Page 584: the mode of deducing logI’(1+2). Page 613: the 
extension of Lagrange’s treatment of the series of sines to that of 
cosines. Page 650: the proof (such as it is) of the property of 
alternating series. Page 653, &c.: the mode of treating Mascheroni’s 
and Bidone’s integrals. Page 659: the extensions of Spence’s theorems. 
Page 675: the extension of Abel’s theorems. 

The theorem which I have asserted (page 561) on the transformation 
of divergent developments is one which may be open to animadversion, 
since cases may easily be found in which it is not true. But it is to be 
remembered that it is not asserted with respect to any series of which 
the invelopment shows discontinuity. In many instances of exception 
which I have examined, I have always found that the function{ from 
which the series was produced (usually a definite integral) was not per- 
fectly continuous. Some of these instances I shall probably discuss 
elsewhere; in the meantime, with regard to this and .several other 
theorems, it may be observed that they are useful, even to the student, 
as showing what sort of knowledge we have, and what sort of difficulties 
appear, when we come near the boundary line of our attainments for the 


* I should be surprised if this method were new ; and yet I can find it nowhere. 


t The very remarkable property of the catenary in page 474 is not original: I 
have been informed, since it was printed, that it is to be found in a paper of 
M. Ampére, but I cannot give the reference. 

$ Whenever, then, the theorem be found to be true, it is as good an evidence as we 
have that there is no discontinuity in that case; and the contrary. 
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time being. A disposition sometimes appears to reject all that offers 
any difficulty, or does not give all its conclusions without any trouble in 
examination of apparent contradictions. If by this it be meant that nothing 
should be permanently used, and implicitly trusted, which is not true to 
the full extent of the assertion made, I, for one, should offer no opposi- 
tion to so rational a course. But if it be implied that nothing should be 
produced to the student, with or without warning, which cannot be un- 
derstood in all its generality, I should, with deference, protest against 
a restriction which would tend, in my opinion, not only to give false 
views of what is actually known, but to stop the progress of discovery. 
It is not true, out of geometry, that the mathematical sciences are, in all 
their parts, those models of finished accuracy which many suppose. The 
extreme boundaries of analysis have always been as imperfectly under- 
stood as the tract beyond the boundaries was absolutely unknown. But 
the way to enlarge the settled country has not been by keeping within it, 
but by making voyages of discovery, and I am perfectly convinced that 
the student should be exercised in this manner; that is, that he should 
be taught how to examine the boundary, as well as how to cultivate the 
interior. I have therefore never scrupled, in the latter part of the work, 
to use methods which I will not call doubtful, because they are pre- 
sented as unfinished, and because the doubt is that of an expectant 
learner, not of an unsatisfied critic. Experience has often shown that 
the defective conclusion has been rendered intelligible and rigorous by 
persevering thought, but who can give it to conclusions which are never 
allowed to come before him? The effect of exclusive attention to those 
parts of mathematics which offer no scope for the discussion of doubtful 
points is a distaste for modes of proceeding which are absolutely neces- 
sary to the extension of analysis. If the cultivation of the higher 
parts of mathematics were left to persons trained for the purpose, there 
might be some show of reason for keeping out of the ordinary student’s 
reach, not only the unsettled, but even the purely speculative parts of 
the abstract sciences; reserving them for those persons whose business 
it would then be to render the former clear and the latter applicable. 
As it is, however, the few in this country who pay attention to any diffi- 
culty of mathematics for its own sake come to their pursuit 
through the casualties of taste or circumstances ; and the number of 
such casuaities should be increased by allowing all students whose 
capacity will let them read on the higher branches of applied mathe- 
matics, to have each his chance of being led to the cultivation of those 
parts of analysis on which rather depends its future progress than its 
present use in the sciences of matter. 

There is one subject on which I have not touched, that of elliptic func- 
tions. To carry these integrals down to the actual computation of re- 
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sults would require almost a work of itself, and anything short of this 
would be of little use. Writers on applied mathematics will probably, 
for some time to come, feel obliged to assume little or nothing of ellip- 
tic functions, but to incorporate, in their several works, the full consi- 
deration of such properties as they shall have occasion to use. There are 
several other detached branches of the integral calculus which must neces- 
sarily be completely developed in the subjects to which they are applied, 
such as the equations of the planetary theory, Laplace's functions, as 
they are called, and some others. On these of course I have not touched. 

Since this work commenced, Mr. Gregory’s examples have been pub- 
lished, containing instances of all the latest and best modes of treating 
the details of the differential and integral calculus. I should strongly 
recommend the reader of this work to use these examples, as well as 
those (if he can get them) jointly published by Messrs. Peacock, Her- 
schel, and Babbage. A large quantity of examples is indispensable, 
and the English student is fortunate in the full supply which is contained 
in the works alluded to. 1 * 

The largeness of the table of Errata may convey an impression that 
the work is incorrectly printed or revised, which is not the case. If 
‘every mathematical work, at its completion, had the fruits of some years 
of examination presented to the reader, I know of none which would 
not have lists as large in proportion to their size and the number of 
symbols contained in them, as the present one. I have reason to’ think 
that every erratum of importance in the more elementary portion of the 
work is in the list: and that those which may yet remain in the later part 
are not of much consequence. But I shall be much obliged by the com- 
munication of those additional ones which may be discovered by any 
reader, as also by a reference to any writer who may have gone before me 
on any of the points tw which I have directed attention in the preceding 
part of this preface. 


University College, London, A. De MORGAN. 
May 2, 1842. 
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theorem (48, 49). Elucidations of the differential coefficient (49). The limit 
of a function is the same function of the limits (50). Notation of Differen- 
tial Coefficients” (50). DIFFERENTIATION — of sum or difference of func- 
tions (50); — ofa constant (51); — of the product of two or more functions (51); 
— of a fraction (52). Considerations connected with the inversion of functions 


(52). Development of the meaning of LF = 1l, and statement of its points 
l 
, Ld . du du dy 
of difficulty (53, 54). Meaning and proof of ie ae = (54, 55). Dır- 


PERENTIATION — of x” (55,'56) = of a*, and why left incomplete (56, 57); 
— of log 2, sin z, cos z, tan 2, sin ` !z, cos ~*a, tan -læ (57, 58); — of functions of 
the preceding elements ‘(58, 59). Common formule of trigonometry in inverted 
forms, and considerations connected with them (59, 60). Examples (60, 61). 
Primary notation of successive differentiations (61). Partial differential coefficients 
(61,62). Specific equation between the partial differential coefficients of an arbitrary 
function (62). Formation of differential equations independent of an arbitrary constant 
(62, 63). Degrees of indeterminateness in functions of more than one variable, and 
further relations between partial differential coefficients, independently of the specific 
function used (63, 64). Convertibility of ‘differentiation and specification of con- 
stants (64). Some observed results of differentiation (65). 


* * The object of this chapter is the investigation of the results of differentiation 
‘without any assumption of the expansion of any function in an infinite series. The 
point left unfinished is taken up in page 76. 


CHaprTer III. 


ON ALGEBRAICAL DEVELOPMENT. 


Special exceptions in the values of differential coefficients, answering to singular 
values of the function (65, 66). TxHzorem.—If neither gx nor ¢’x become infinite 
(or otherwise singular) between"2—a, and x=a-Lh, the equation i 


aan — $4 glat h) 


is true for some value of less than unity (66,67). THEOREM.—If P£, 9/2,.. .9tDax 
and Jæ, Y'T,. . pte have no singular values from =a to r=a-+h, and if pa=0, 
ya=0, pa=0, Y/a=0...9™a=0, YMa=0, and if yz, J/x,..-Y™~z all increase, 
or all decrease, from xr =a to z=(a-+A): the equation 

g(ath)  — FN(a+hh) 

Y(ath) Otat oh) 
can be made true bya value of ¢ less than unity (68, 69).} Common proof cf 
Taylor's Theorem{ (70). Proof of the same, with Lagrange’s theorem expressing’the 
remainder after a given number of terms in a finite form (71—73). Applications of 


. Taylor's Theorem (74, 75). Completion of the result left unfinished in the preceding 
chapter (76). Statement of a question left for consideration in the next chapter (76). 


*.* The object of this chapter is the development of algebraical functions under 
` such restrictions as to the use of infinite series as will enable us to defer the general 
consideration of the difficulties of such series to a later period of the work. 


* Elem. Illust., pp. 13—15. + Appendix, p. 767. } Elem. Ilust., pp. 9—11. 
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CHAPTER LV. 


CALCULUS OF FINITE DIFFERENCES. ' 


Manner of forming successive differences ; use of the symbol A (77). Expression 
of differences by means of terms, and the converse (78,79). Limit of A'u: (Axr) 
is the nth differential coefficient of « (79, 80). Notation of differential coefficient 
(80, 81). Mode of supplying any term of a series ; meaning of A—'; of 3 (82). 
General term of a series (83). Differences of a rational and integral function (83, 
84), Formula of summation (84). Limit* of 2 (v+1)P: nt) (84, 85). 


** This chapter contains those parts of the calculus of finite differences which 
are most essential to the early stages of the differential calculus. 


CHAPTER V. 
ON IMPLICIT DIFFERENTIATION. 


Distinction of explicit and implicit (85). Extension} of the notation of diff. co. 
(86). Two or more independent variables, differentiation (86, 87). Implicit rela- 
tions subsequently introduced (87, 88). Mode of tabulating the manner in which 
diff. co. enters (89). Final rule (90). Instances '((91—94). Distinction of total 
and partial, explicit and implicit (94, 95). Instances (95, 96). 


*,* This chapter contains the development of differentiation under implied as well 
as expressed relations ; a subject which is frequently not made a separate head, but 
treated incidentally, as it arises. 


CHAPTER VI. 


MEANING OF, AND PROCESSES IN, INTEGRATION. 


Primitive function (97). Instances at length of the summation in which inte- 
gration consists (97, 98). Sxmmatoryt definition of /gzdz within given limits (99). 
Connexion of the primitive function with /gzdzx defined as the limit of a summation 
(100). Instances (101). Application of infinitesimal language (101). Summation which 


gives /pxrdx conducted by unequal increments (102). Connexion of SZ dt and 


f fxdx (103).§ Why integration is not always possible; transcendentals (104). 
Simple universal integral formule; formula of parts (105). Instances (146). 
Consequences of neglect of the constant (106). Instances of formula in p. 103 
(107). Instances by parts (108—111). Fundamental rational functions (112). 
Transition from trigonometrical to logarithmic form (113—115). Irrational forms 
of the second degree (115, 116). Instances of definite integrals (117). 


*,.* This chapter is here placed that the elements of the integral calculus may be 
studied at an earlier period of the course than is usual. The integral / rds is con- 
sidered in a twofold manner: 1. In the form in which it is usually obtained as a 
result of geometrical or mechanical conceptions, namely, as the limit of the summa- 
tion denoted by 292 Az. 2. In the manner in which it must always be obtained in 
practice, namely, as the primitive function of gz. 


* Elem. Illust., pp. 31—35, and 43—45. 
t Ibid., pp. 35—41, and 46—53. 

t Ibid., pp. 57—64. 

§ Appendix, p. 767. 
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CHAPTER VII. 
TRIGONOMETRICAL ANALYSIS. 


Series for the sine and cosine ; their convergency (118). ¿1 v—? = cos x+ sin ry —l, 
and deductions (118, 119). Connexion of the circular and hyperbolic functions 
(119—121). Expansion of cos"# and sin” 4 (121—124). Expansion of ọ from 
tan ọ=k tan 8 (124). Verification of the preceding (125). De Moivre'’s Theorem 
(125, 126). Extension of the logarithmic theory (126, 127). Roots of unity (127 
—130). Resolution of 1 : (z”4-1), (130, 131). Caution required in taking general 
logarithms (131). 


*.* This chapter is, as such a chapter in the heart of a work on the Differential 
Calculus must always be, for those only whose previous trigonometrical studies have 
not been so extensive as might have been wished. The article Negative and Impos- 
sible Quantities in the Penny Cyclopedia may be usefully read in connexion with it. 


CuaPTER VIII. 


ON THE MEANING OF DIFFERENTIAL COEFFICIENTS, AND ON 
THE FIRST PRINCIPLES OF THE APPLICATION OF THE 
SCIENCE TO GEOMETRY AND MECHANICS. 


The diff. co. considered with reference to its sign only; strict theory of maxima 
and minima (131—133). Common theory (133, 134). The diff. co. considered 
with reference to its maguitude* (134, 135). Terms to be considered (135, 136). 
Direction,} tangent of a curve (136, 137). Curvature, circle of curvature (137—139). 
Length,t are of a curve, (140, 141). Area, of a curve (141, 142). Solidsty or volume 
deferred, see afterwards, pp. 390, 446. (142). Density (142, 143). Velocity (143— 
145). Force, i. e. acceleration (145, 146). General remarks on these terms (147, 
148). Remarks on the case on which either is negative (149, 150). Two important 
cases of motion (150, 151). 


*«* This chapter, by bringing together the fundamental conceptions of the applied 
sciences, is intended to show the resemblance of the modes by which the Differential 
Calculus is applied to them severally. 


CHAPTER IX. 


ON THE CONNEXION OF DIFFERENTIATIONS OF DIFFERENT 


2 
Connexion of 5 Z ands —- “ (151—153). i ion of =u (153, 154). Inte- 


gration of — +u=os (155, 156). Connexion of ae ~ and = as far as n=5 (156, 


157). penne to the reversion of series a 158). Differentiations of « with 
respect to w when both « and x are functions of ¢ (158, 159). Remarks on the case 
of several independent variables (159). Differences with two independent variables 
(160), Extension of the notation of diff. co. to two or more variables (161, 162). 
Extension of Taylor’s theorem to two variables (162, 163). Principles of the cal- 
culus of operations (163, 164). Expression and extension of Taylor’s theorem by 


* Elem. Illust., pp. 53—55. 
+ Ibid., pp. 18—20. 

t Ibid., p. 20. 

§ Appendix, p. 767. 
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that calculus (164, 165). Meaning of A—t'ọx (165). Expression of a diff. co. by 
differences, and verification (166). Inversion of differentiation and John Bernoulli's 
theorem (167, 168). Waplace’sand Lagrange’s theorems with instances (168—171). 

*.* This chapter is miscellaneous, comprising what are commonly called the 
change of the independent variable, the method of parameters, the extension of 
Taylor’s theorem, the separation of the symbols of operation and quantity, and 
Lagrange’s theorem. On the separation of the symbols of operation and quantity, 
the student who has read the article Negative and Impossible Quantities in the Penny 
Cyclopedia, may further consult the articles Operation and Relation in the same 
work, 


CHAPTER X. 


ON SINGULAR VALUES. 


Collection of singular forms(172). Discussion of = and examples* (173, 174). 


0x0 and — (174). 0°, w°, 1° (175). Failure of Taylor’s theorem (176). First 


(and imperfect) theory of dimensions (177—18!). Applications to the ordinary 
view of the failure of Taylor’s theorem (181, 182) Detection of multiplicity of 
values in a diff. co. (182, 183). 


*«* The theory of dimensions here given is imperfect, as further explained in 
pages 320—328, 


CHAPTER XI. 
ON DIFFERENTIAL EQUATIONS. 


_* Technical meaning of the term differential equation (183). Deduction of some 
differential equations (183, 184). Not more than one constant can be eliminated 


between U=0, and = =0 (184—186). Remarks on symbolic imitation of actual 


processes (186). Lagrange’s notation (187). Criterion of x being a function of x 
and y only through p (187). One diff. equ. cannot have two distinct primitives with 
arbitrary constants (187, 188). How singular solutions arise (188). Singular 
solution deduced from the primitive function (189, 190).¢ Singular solution deduced 
from the differential equation (190—193).{ Various integrable forms of diff. equ. 
(194, 196). Complete integration with two variables (196, 198). Independence of 
the order of differentiation and integration to different variables (197). Remarks on 
differentials (198). A general attempt to find the integrating factor leads to a partial 
differential equation (199). dw=VdN implies that x and V are functions of N (199, 
200). Criterion of integrability (200). Simultaneous equations (201). Criterion 
of simultaneous dependence (201, 202). Partial diff. equ. of the first order and 
degree (202—205).§ General theory of arbitrary constants (205, 206).|| Criterion of 


i dn an—t 
integrability in P, T +Pr-i 54 +... (206, 208). Use of this criterion in 


integration (209,210). Linear equations (210—213). Equations of higher degrees 
than the first (213—2Z15).q/ 


*,* This subject will be resumed in Chapter XXI. But the real extensions of the 
subject of diff. equ. are made in works on gravitation, heat, &c. 


* Appendix, p. 770. § Appendix, p.771. 
{ Ibid., p. 771. ll Ibid., p. 772. 
t Ibid., p. 771. q Ibid., p. 772. 
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CHAPTER XII, 
FURTHER APPLICATION TO ALGEBRA. 


Maxima and minima of functions of two variables (216). Conjugate functions, 
meaning P andQ in f(z+y,/-1)=P+QV-1 (217). Every function fz in 
which f’z does not become infinite for any finite value of z, must have a root (217 
—219). Sturm’s theorem (219—222).* Convergency of series} (222, 223). Suc- 
cessive substitution (223, 224). Expression of 'a,-+-a,x-+... by differences of a, 
(224, 225). Various analogous expressions (225). Theorem on series of alternate 
sign (226). Series derivable from ¢r=pzxr-+-yrgexr and discontinuity sometimes 
found in them (227—230). Theory of ordinary series, and consideration of the 
question of discontinuity (230—234). Convergency of series (234—238). Expres- 
sion of ab--a,b,2-+-... by means of a-+-a,7-++... and “examples (239, 240). Proof 
of the last by the method of operations (240, 241). Application to trigonometrical 
series (241—244). Developments by Taylor’s theorem into trigonometrical series 
(244). 


*.* The theory of convergency here given is only partially true: it is taken up 
again and made universal in p. 325. 
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MISCELLANEOUS EXAMPLES AND DEVELOPMENTS. 


(This Chapter is divided into Articles, to which the references are made. ) 


Differentiations and expansions (pages 245—253):—1. Differentiation of Pi. 
2. Differentiation of PQ. 3. Differentiation of PmQ”. 4. Differentiation of 
PQ". 5. Differentiation of «?.Q. 6 and_7. Differential equation of y=29(cr). 
8 to 14. Elimination of arbitrary functions. 15. Expansion of tan x. 16. Expan- 
sion of x: (s*—1); Bernoulli’s numbers. 17. Expansion of 1:(s7-++-1). 18. Expan- 
sion of tan x by Bernoulli’s numbers. 19. The same of cot r. 20 and 2J. Ex- 
pansions of 2:(s*-++<-7) and sec z. 22 and 23. Expansions of 22: (s*—«-*) and 
cosec x. 24 and 25. Approximations to arc from chord. 26. Expansion of 4 in 
P(e+h)=Gr+¢ol(x+4h).h. 27. Expansion of 2 in terms of sin x. 28. Series ‘for 
$r. 29 and 30. The last series proved convergent. 31. 7 in terms of cosz. 32. 
x in terms of tan r. 33. log sin x and log cos x in terms of z. 

Differences (pages 253—266). 34, 35, 36. Differences of sin x and cos z. 37. 
Differences of O™. 38. Tasret of these differences. 39. 2” in terms of 0". 40. 
German notation for factorials. 41. Finding of 3x. 42. Reduction of x™ to fac- 
torials. 43 and 44. Law and calculation of the differences of nothing. 45. am 
in descending factorials. 48 to 55. Differences and sums of factorials and reciprocals 
of factorials. 56 to 59. General expresions of the differences of nothing. 60. (£ = 1)” 


l 
in powers of ¢. Finding of S, na »s.eedn and development of z:log (1+2). 


62. A*gx in terms of g'z, 0"x, &e. 3 Inversion of the last. 64. Development of 
(i+be+. . ve 65. Development of the nth power of log(1+.2):%. 66. Final ex- 
pression of 9/2, &c. by means of differences of gx. 67 and 68. Definite integration 
by means of differences. 69 and 70. Summation by means of integration and 
differentiation. 

Implicit Differentiation (pages 266—269). 71 to 76. Examples. 


* Appendix, p. 772. Ț Elem, Illust., pp. 9, 10. tł Appendix, p. 773. 
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Integration (pages 269—295). 77 to 79. Diff. co. of (x—a) gx and 2(4—a)™¢x 
when x=a. 80 to 90. Reduction of fractions into sums of more simple fractions. 
90 to 93. Cases of fx"(a--bx)"dx. 94 to 96. Rational functions (simple instances). 
97. femdx:(1+-a"). 98. /(log xyratdr, 99. fdx:(a°+2*)". 100. Reduction of 
Sande :(a*+-2*)*, 101 to 103. Reductions of /a™(Ax*+Bz*)"dx. 104. Reduction 
of fa™(A+Br+Cz*)dr. 105 to 108. Reduction of f sin™4 cos "4dé, in various 
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finite integration by parts. 124. fẹ" sin "édé. 125 and 126. Approximation to 
1.2.3.... 127. Application of it, 128. / ae dr. 129 to 135, Even and odd 
functions, and changes of the limits in integration. 

Maxima and Minima (pages 295—303). 136 and 137. Discussion of (a+ br). 
138. Discussion of cos #--a sin x. 139 ‘and 140. Discussion of cos (az-+4). cos 
(ae+b/)..,. 141, ZA cos (aé+a) must have a root. 142 and 143. Other ex- 
amples. 144 to 152. Geometrical applications. 

Development in general, Calculus of Operations (pages 303—320). 152. Burmann’s 
theorem.* 153. Expansion of x in powers of gz. 154. Deduction of Lagrange’s 
theorem. 155. Expansion of g—'# in powers of 2. 156. Reversion of series, carried 
farther than page 158, 157. Altered form of the series in 153. 158 and 159. 
Simple examples of the calculus of operations. 160. Herschel’s theorem. Expansion 
of fı” in powers of x. 161. The last reduced to pr =G(1+A).2°. 162. Comparison 
of Burmann’s and Herschel’s coefficient. 163 and 164. Bernoulli’s numbers in 
terms of the differences of nothing. 165. Expansion of cos (as7). 166 to 168, 
Consequences of Herschel’s theorem. 169. Expression of a linear function of 
differences as a function of diff. co. 170. Expression of a linear function of succes- 
sive values, as a function of differences or of diff. co. 171. Expression of 
gx+O(r-+1).a4+... in terms of gz, gx, &e. 172. Finite summation with terms of 
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208 to 210. Application to the determination of the convergency or divergency of a 
series. 211. Preceding errors corrected. 212 and 213. Development in positive 
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* Appendix, p. 774. } Ibid., p. 774, t Ibid., p.774. 
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forms of the equation of a surface (417, 418). Species of contact with the tangent 
plane (419). Surfaces generated by the straight line (420—426). Normal sur- 
faces, and curvature of surfaces (426—436). Method of drawing figures (430). 
Lines of curvature (434—440). Various problems proposed (441). Shortest line on a 
surface (442, 443), Expressions for arc, volume, &c., and axioms required (143—446). 


CHAPTER XVI. 
ON THE CALCULUS OF VARIATIONS. 


Illustration of the object in view (446, 447). Fundamental definitions (447, 
448). Variation of diff. co. (449). Variation of /gdz (449, 450). The same 
when ¢ contains another integral (450, 451). The same when fgoz is given by a 
differential equation (451). Variation of /¢drdy (451—454). Illustration of the 
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* Elem. Illust., pp. 22—25. t Appendix, p. 776. 
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* Elem. Illust., pp. 25—31. + Appendix, p, 776. 
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ADVERTISEMENT. 


Tue following Treatise will differ from most others, for better or worse, 
in several points. In the first place, it has been endeavoured to make 
the theory of dimats, or ultimate ratios, by whichever name it may be 
called, the sole foundation of the science, without any aid whatsoever 
from the theory of series, or algebraical expansions. I am not aware 
that any work exists in which this has been avowedly attempted, and I 
have been the more encouraged to make the trial from observing that 
the objections to the theory of limits have usually been founded either 
upon the difficulty of the notion itself, or its wnalgebraical character, 
and seldom or never upon anything not to be defined or not to be received 
in the conception of a limit, or not to be admitted in the usual conse- 
quences, when drawn independently of expansions, that is, of develop- 
ments under assumed forms. The objection to the difficulty I have 
endeavoured to lessen in the introductory chapter ; that to the name by 
which a science founded on limits should be called, I cannot feel the force 
of, or see what is to be answered. I cannot see why it is necessary that 
every deduction from algebra should be bound to certain conventions 
incident to an earlier stage of mathematical learning, even supposing 
them to have been consistently used up to the point in question. I 
should not care if any one thought this treatise unalgebraical, but 
should only ask whether the premises were admissible and the conclu- 
sions logical. Secondly, I have introduced applications to mechanics 
as well as geometry, in cases where the preliminary notions are not of 
too difficult a character, and I have throughout introduced the Integral 
Calculus in connexion with the Differential Calculus. The parts of the 
former science which can be understood by a learner at any stage of the 
latter, are, I suppose it will be allowed, necessary to a proper view even 
of so much of the latter as precedes the point supposed. Is it always 
proper to learn every branch of a direct subject before anything connected 
with the inverse relation is considered? If so, why are not multiplica- 
B 2 
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tion and involution in arithmetic made to follow addition and precede 
subtraction? The portion of the Integral Calculus, which properly 
belongs to auy given portion of the Differential Calculus increases its 
power a hundred-fold—but I do not feel it necessary further’to defend 
placing the question of finding the area of a parabola at an earlier 
period of the work than that of finding the lines of curvature of a 
surface. Experience has convinced me that the proper way of teaching 
is to bring together that which is simple from all quarters, and, if I 
may use such a phrase, to draw upon the surface of the subject a proper 
mean between the line of closest connerion and the line of easiest. 
deduction. This was the method followed by Euclid, who, fortunately 
for us, never dreamed of a geometry of triangles, as distinguished from 
a geometry of circles, or a separate application of the arithmetics of 
addition and subtraction ; but made one help out the other as he best 
could. At the same time I am far from saying that this Treatise will be 
easy ; the subject is a difficult one, as all know who have tried it. 

The absolute requisites for the study of this work, as of most others 
on the same subject, are a knowledge of algebra to the binomial theorem 
at least (according to the usual arrangement), plane and solid geometry, 
planc trigonometry, and the most simple part of the usual applications 
of algebra to geometry. The Treatise entitled Elementary Illustrations 
of the Differential and Integral Calculus,’ will be bound up with this 
Volume, and referred to in the proper places. | 


A. De Morgan. 
London, July 1, 1836. 


DIFFERENTIAL CALCULUS. 


INTRODUCTORY CHAPTER. 


Ir the mathematical sciences were cultivated wholly for their practical 
utility, as it is called, meaning their application to the formation and 
management of all the mechanism by which the arts of life are advanced, 
it would not be necessary to consider any magnitude as having existence 
at all, unless it were sufficiently great to be either useful or noxious to 
some object connected with some given application in question. And 
the human senses would fix what we might in that case call the limits 
of quantity ; namely, the greatest of the great and the smallest of the 
small, among those quantities which actually are measured and consi- 
dered in astronomy or navigation or manufactures, &c. The longest 
line would be that drawn from the spectator to tlie farthest heavenly 
body whose distance he had measured; the shortest would be the 
smallest line his eye could perceive when aided by the microscope, or by 
any machines which multiply small motions. There would consequently 
be as many systems of mathematics, or sciences of calculation, as there 
are practical applications differing materially in the nicety of operations 
which they require ; from that of the joiner, to whom the length of the 
hundredth of an inch may be considered as non-existing, and who com- 
pares one length with another by means of a rule warped by the sun, 
worn by time, and divided into parts by deep and broad furrows, to that 
of the astronomer, who lays one rod by the side of another by the aid of 
a powerful microscope, having first levelled them by the most accurate 
instruments, and then consults the thermometer to know what length it 
will be proper to consider the rods in question as having to-day, compared 
with what they had yesterday. 

The first considerations connected with number and magnitude always 
enter the mind in connexion with some application to the rough pur- 
poses of life, more or less approaching to exactness* in different circum- 
stances,—and as many different systems of rules are formed as there 
are different modes of dealing with material objects, each by itself 
relatively more perfect than the rest, that is, better adapted to its parti- 
cular end,—the consequence is, that the various terms which imply 
relation, that is, which are used in speaking of one quantity or magni- 
tude as to how it stands with respect to another, are really used in 


* The child of an artisan exercising any of the more ingenious manual arts, or of 
a savage in the state of life iu which arts have made the progress which is possible 
without division of labour, might perhaps be considered as being most advanta- 
geously situated in this respect: but we think it beyond question that the children 
of the middle and upper classes in England, it may be throughout Europe, are in as 
unfavourable a position as any of their species. 
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many different senses; or, which is much the same thing in the diffi- 
culty which it creates, in many different degrees of the same sense. It 
is hardly necessary to insist upon this as to words which imply pure 
relation, such as small or great, when it may be known by those who 
have tried that the same variety of degree enters into the notions which 
have been formed of positive terms. If a class of boys beginning geo- 
metry at school (that is of course geometry, not saying Euclid) were 
thus put to the question: “ You all know what a straight line is?” 
there would be but one answer, and that in the affirmative: one would 
call to mind a stroke on a slate, another the side of it, a third perhaps 
the length of a street, and so on. To the question, “ Can two straight 
lines enclose a space?” there would be a majority for the negative, con- 
sisting principally of those whose primitive straight line had not been 
part of a bounded figure. But still the proposition is not a ‘‘ common 
notion,” because its terms have not a common meaning. When the 
question, ‘‘ Can two straight lines be made to enclose a space by length- 
ening them ?”’ was proposed, all would answer in the negative, not as to 
the notion they had previously had of a straight line, but as to the new: 
one they would form out of the terms of the question. And by further 
asking, “ Can two straight lines in any direction whatsoever enclose 
a space ?” it would in some way or other appear that all the straight 
lines had been horizontal straight lines, and most of them parallel to 
the sides of the ceiling. The student of the Differential Calculus may 
by such an illustration be brought to think it possible that the terms and 
ideas which that science requires may exist in his own mind in the 
same rude form as that of a straight line in the conceptions of a beginner 
in geometry. Remembering the acknowledged difficulty of the subject, 
he must be prepared to stop his course until he can form exact notions, 
acquire precise ideas, both of resemblance between those things which 
have appeared most distinct, and of distinction between those which 
have appeared most alike. To do this sufficiently, even for the outset, 
formal definitions would be useless; for he cannot be supposed to have 
one single notion in that precise form which would make it worth while 
to attach it to a word. One reason of the great difficulty which is found 
in treatises on this subject has always appeared to us to be the tacit 
assumption that nothing is necessary previously to actually embodying 
the terms and rules of the science, as if mere statement of definitions 
could give instantaneous power of using terms rightly. We shall here 
attempt at least a wider degree of verbal explanation than is usual, with 
the view of enabling the student to come to the definitions in some state 
of previous preparation. 

Very little progress, even in arithmetic, makes the student aware of 
the existence of problems, which, being absolutely impossible, are yet of 
this character, that numbers or fractions may be given, which shall, as 
nearly as we please, satisfy the conditions of the problem. For instance, 
we wish to find a fraction which, multiplied by itself, shall give 6, or to 
find the square root of 6. This can be shown to be an impossible 
problem ; for it can be shown that no fraction whatsoever multiplied by 
itself, can give a whole number, unless it be itself a whole number dis- 
guised in a fractional form, such as $ or %'. To this problem, then, 
there is but one answer, that it is self-contradictory. But if we propose 
the following problem,—to find a fraction which, multiplied by itself, 
shall give-a product lying between 6 and 6+; we find that this problem 
admits of solution in every case. It therefore admits of ‘solution how- 
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ever small a may be: for instance, we can find a fraction which, multi- 
plied by itself, lies between 6 and 6'00001, or between 6 and 6'0000001. 
We have here introduced a word which by itself has no meaning, namely, 
“small”; but it must be observed that we have not introduced it by 
itself, as if we laid down a distinction between small and great, but in 
connexion with the word “ however,” meaning that whatever a may he, 
and whether, being what it is, it may be called small or not, we can find 
x so that x x shall lie between 6 and 6+a. This use of the word small 
runs so completely through the whole of the science which we propose to 
treat, that it demands the most complete elucidation. We must observe 
that, though in all grammars “‘ small” is called positive, and ‘‘ smaller ”’ 
comparative, yet in fact the latter is the only absolute term of the two, 
while the former is purely relative. Assign two numbers, and the 
smaller of the two can be pointed out; but assign a number or fraction, 
and it cannot be said to be either small or great, because these words 
depend for their meaning upon the circumstances under which they may 
be used. The number ten stands equally for a large family of children, 
a small school of boys, a very small number of men to be lost in a battle, 
an enormous number of candidates at an election. But nine is always 
smaller than ten, whatever may be the objects of reckoning in question. 
When we say then, that x may be so found that xvx shall lie between 
6 and 6+ <a, however small a may be, we merely imply that if a be 
named at pleasure, any number whatsoever, or any fraction whatsoever, 
then x can be so found that xx should exceed 6 by a smaller quantity 
than a. We can conceive ourselves engaged in two different kinds of 
metaphysical disputes on this subject, as follows: Firstly, A denies 
that the word small ought to be used, on account of its indefinite cha- 
racter. We answer that we can, with more expense of words, dispense 
with it entirely ; and that all we mean is this, that if he will assign the 
value he chooses to give to a, we will take a smaller value (a term about 
which there is no dispute) and find x so that xx shall lie between 6 and 
6+ less thana: and that the use of the word small is merely to 
remind the reader of this, that whatever he may assign to be the value 
of a, it would not interfere with our power of solving the problem; he 
might, with equal certainty of receiving an answer, have made a smaller 
than he actually did. But B, on the other hand, thinks he has a notion 
of a fraction which is actually small, but differs from us as to its value. 
We have said it may be, “let a be a small quantity, for instance, 
0000001,” whereas he is not inclined to call any quantity small, which 
is greater than (0000000001. We answer, that the matter is- perfectly 
indifferent; it is as easy, in every thing but mere labour of calculation, 
to assign as the unit of smallness, any fraction which he may please to 
name. What we mean to say is this, that we never use the word 
small, unless where it implies, as small as you please. Similarly we 
never use the word near, unless in the sense of as near as you. please ; 
or great, unless in that of as great as you please. And the same with 
all other terms which are purely relative. We reject them in their 
relative sense because the relation is indefinite ; we adopt them again as 
a mode of signifying a relation which we may make what we please in 
the extent to which we carry the idea of the relation in question. 

In the questions which occur in arithmetic and algebra, relating to 
problems the conditions of which can be satisfied only as nearly as we 
please but not exactly, it is usual to create a solution by hypothesis, 
and to say that we continually approach to that solution, the more 
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nearly we solve the problem. Thus it is never said that there is no 
such thing as x, which makes xz actually equal to 6 ; but it is said 
that there is such a thing as the square root of 6, and it is denoted by 
(6. But we do not say we actually find this, but that we approximate 
to it. If we take the following series of numbers or fractions— 


lL 38 T.  2°449490 

2. 25 8. 24494898 

3. 245 9. 244948975 

4. 2450 10. 24494897143 
5. 2°4495 11. 244948971428 
6. 244949 12. 244948974279 


and multiply each by itself, we shall find the product to approach nearer i 
and nearer to 6, and always exceeding it, so that while the first multi- 
plied by itself exceeds six by 3 units, the last multiplied by itseif does 
not exceed 6 by so much as the thousand-millionth part of a unit. We 
thence get the idea of a continual approach to the fraction which satisfies 
the problem, though in truth there is no such fraction ; but all that we can 
say is that we have found a fraction which has a square lying between 
6 and 6 + one thousand-millionth part of a unit. And also, which is 
the essential part of the problem, that we might have made the last- 
mentioned fraction still smaller, to any extent, and have found a corre- 
sponding solution. : 
This non-existing limit, if we may so call it, actually has a more defi- 
nite existence in geometry than in arithmetic, but only when we take a 
sort of supposition which is practically as impossible as the extraction of 
the square root of 6 in arithmetic. Let there be such things as geome- 
trical lines, namely, lengths which have no breadths or thickness, and 
let it be competent to us to mark off points which divide one part of a 
line from another, without themselves filling any portion of space; then 
itis shown in Euclid that the side of a square which contains six square 
units is a line, which, when we come to apply arithmetic to geometry, 


must be called 4/6 whenever our arbitrary linear unit is called 1. 
And the lines represented by the preceding twelve fractions will, in such 
case, be a set of lines which, being always greater than the line in ques- 
tion, yet are severally nearer and nearer to it. This line can no more 
be expressed by means of an arithmetical fraction than y 6. 

We have then got an idea of a limit towards which we may approach 
as near as we please, but which we can never reach. We shall take 
another instance of a similar kind, in which the limit, though equally 
unattainable under the conditions prescribed, is yet a definite number 
or fraction. Take a unit, halve it, halve the result, and so on conti- 
nually. This gives— 


1 l 1 l 7 
l 4 i v Te TT TT +i, ÈC. 


Add these together, beginning from the first, namely, add the first two, 
the first three, the first four, &c. 


The first 13 1 or 2 allbut 1 
The first two give 3 or 2 yew F 
sa + three eas Z or 2 . + 
e. . . four i w5 or 2 t 
e se five ee 81 or 2 . ae 
Ae eae six > o $3 or 2 oœ sy 
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We see then a continual approach to 2, which is not reached, nor ever 
will be, for the dẹficit from 2 is always equal to the last term added. 
And the reason is simple. Let AB represent 2 units 


S| ae 
C ' D EB 

Halve AB by the point C, CB by the point D, DB by the point E, and 
so on. Now, whatever degree of approximation may be made to the 
point B by passing from A to C, from C to D, from D to E, &c., it is 
clear that as much remains to be passed over as was passcd over at the 
last step, nor can the length which remains ever be passed over by- 
passing over its half. We have then here a case in which there is a 
limit unattainable, by the process described, but capable of being attained 
within any degree of nearness, however great. 

The following phraseology is in continual use. We say that— 

l, 1+4, 14+44+4, 14447474, &. &c. 

is a series of quantities which continually approximate to the limit 2. Now, 
the truth is, these several quantities are fixed, and do not approximate 
to 2. The first is 1, the second is 3, and so on; it is we ourselves who 
approximate to 2, by passing from one to another. Similarly when we 
say, “let x be a quantity which continually approximates to the limit 2,” 
we mean, let us assign different values to x, each nearer to 2 than the 
preceding, and following such a law that we shall, by continuing our 
steps sufficiently far, actually find a value for x which shall be as near 
to 2 as we please. In the second place, 2 is not the limit of the preced- 
ing sets merely because each is nearer to 2 than the preceding: for by 
the same rule, each is nearer to 1000 than the preceding. But we cannot 
assign one of the set which shall be as near to 1000 as we please; - 
though we can assign one which is as near to 2 as we please. The 
following is exactly what we mean by a LIMIT. 

Let there be a symbol x which has different values depending on 
different successive suppositions of such a kind that any one of the 
suppositions being made, we can thence deduce the corresponding value 
of x: let the several values of x resulting from the different suppositions 


be 


Gy. Ge Oe Gye si eNe 


then if by passing from a, to ap, from a, to a,, &c., we continually 
approach to a certain quantity /, so that each of the set differs from 7 by 
less than its predecessors ; and if, in addition to this, the approach to / 
is of such a kind, that name any. quantity we may, however small, 
namely z, we shall at last come to a series beginning, say with a,, and 
continuing ad infinitum, 

An Arpi Ontg° © o o &c. 


all the terms of which severally differ from / by less than z: then / is 
called the ¿imit of x with respect to the supposition in question. 

When, either in the way of hypothesis or consequence, we have a 
series of values of a quantity which continually diminish, and in such a 
Way, that name any quantity we may, however small, all the values, after 
a certain value, are severally less than that quantity, then the symbol 
by which the values are denoted is said to diminish without limit. And 
if the series of values increase in succession, so that name any quantity 
we may, however great, all after a certain point will be greater, then the 
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series is said to increase without limit. It is also frequently said, when 
a quantity diminishes without limit, that it has nothing, zero or 0, for its 
limit: and that when it increases without limit, it has infinity or œ 


or } for its limit. For instance, we may ask what is the limit of Fa 


when z increases without limit. That is, supposing we give to x a set 
of successive values, increasing in order and without limit, what will the 


set of values of 4 which correspond to the values of x, have for a 


x 
limit, or will they also increase without limit, or diminish without limit. 
Let us choose for the set of values of x in question, 


1, 10, 100, 1000, 10,000, &c. 


8 


When r= 1 41 = $ 

x 
When x = 10 Fa = IA <q 
When x = 100 = 1 = h< 


and so on, whence it should seem that the fraction in question diminishes 
without limit, when x is increased without limit. But to be sure of 
this, we must remember that we have not yet proved diminution without 
limit, but only diminution. But we may easily see that 


$ ] l 
e+l iae 


x 
r+ — 
x 


but as x increases without limit, x diminishes without limit ; still more 


then does 


i>. whichis less: 
Fi 


v 
r—l 
nishes towards the limit 1. Let us take a set of fractions which con- 
tinually diminish towards 1; for nstance— 


144, l+, 144, l+}, &c. 


Secondly, let us ask for the limit of » when zx continually dimi- 


Ifr =1+4+3 : = 

Ife-1+i ——=4 
x—l 

Ifr=1+ł4 ——— = 5, ke. 


To show that this increase is without limit, let z=1-+v. Then any 
supposition which gives x the limit 1, makes v diminish without limit. 
And substitution gives 

x _ l+v 


x-l v v 
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which increases without limit when v diminishes without limit, that is, 
when x is made to approach to the limit 1, or to approach without limit 
(as to the degree of approximation) to 1. 

Cases of this sort do not offer the complete difficulty of the Differen- 
tial Calculus, and we shall therefore only add a few examples for exer- 
cise. 
We use the following notation : when we wish to say that we suppose 
x to increase without limit, we say “let  be.....&”’; similarly, “ let 
x be.....0” means let x diminish without limit, and “let x be....a”’ 
means let x have the limit a. 


aa IS. wseeae If @ be sssr 
AA Sa, E gee 
z—l1 
aos Mores i xc be seses 
r+4 


The use of the introduction of limits is as follows :—The ideas attached 
to the words nothing and infinite do not permit the application of many 
rules in the strict and direct sense in which they are applied to numbers. 
They are necessarily what may be called negative terms, implying either 
the absence of all magnitude, or unbounded magnitude. The first term 
is comparatively easy, but only for this reason, that the mere mention of 
0, or nothing, makes us turn our thoughts to one particular rule of arith- 
metic, with respect to which it is a rational result, that is, does not 
involve the necessity of extending any term beyond its primitive signi- 
fication. If from a we take a there remains 0, and in this sense only 
can nothing be received as an absolute result of calculation. When we 
say that 6 taken from 6 leaves the remainder nothing, we have no occa- 
sion to pause and consider what remains after taking away 5, or 54, or 
53, in order to assure our minds that our extreme case is consistent with 
those which precede it. For the connexion of the idea of taking awa 
with that of a complete absence of all quantity is more simple than that 
which exists between any other operation and its result. The easiest of 
all subtractions is a—a, and the taking away all there are to take is more 
simple than the taking away ofa part. Hence 0 comes to be introduced 
in arithmetic as a result of calculation, and takes a place in the series 
0, 1, 2, 3, &c. to which it is entitled whenever we consider the series as 
formed by addition from the beginning to the end, or by subtraction 
from the end to the beginning. 

But when we consider multiplication or division by 0, we can only 
attach to the process a clear idea of what we are doing by considering 
the limit to which we shall come by continually multiplying and divid- 
ing by smaller and smaller quantities. What is a multiplied by tary? 
The answer is, a taken the thousandth part of a time, or the thousandth 
part of a, and by increasing the denominator of the multiplier, that is 
by diminishing the multiplier, we show that, if v be diminished without 
limit, av is also diminished without limit. Again, what is @ divided by 
Torv, or how many times does a contain the thousandth part of a unit? 
The answer evidently is, a thousand times as often as it contains the 
unit ; but a itself is meant to express the number of times it contains 
the unit, and therefore 1000 a is the answer. And we see that, by suffi- 
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ciently increasing the denominator of the divisor, that is, by sufficiently 
diminishing the divisor itself, we make the result of division as great as 


we please. Hence 7? when z diminishes without limit, itself increases 
without limit, which is the only intelligible view we can attach to the 


a Be og 
dimi- 


. a Soa ; M: 
equation —== œ. Similarly, when x increases without limit, 


e 


nishes without limit, which is the only meaning we can attach to— =0. 


There is one more case in which we attach something like an absolute 
notion to 0, namely in a’, which signifies unity. But, we must observe, 
that this notion only applies when we come to the O in question by 
subtraction. When we consider the series ...3, 2, 1,0, and the cor- 
responding series ---a’, a’, a‘, a°, we see that each intelligible term is 
formed from its predecessor by dividing by a; thus aaa divided by a is 
aa, which divided by a is a, which divided by ais 1. But a’, a’, a’, 
require that the next term should be a’, which is therefore, if we would 
preserve uniformity of notation, a representation of 1. But let us now con- 
sider a’ as the limit towards which we approach by continuing the series 


1 1 

a’, a a*,a*, &c. where it is clear that the limit of 1, 3, +, 4, &c. is 0. 
Now the extraction of the third, fourth, fifth, &c. roots of any number 
is a series of processes by which a succession of results is produced, 
which continually approximate to unity, and without limit: so that there 
is no fraction so near to unity but some root of any given number is 
nearer. And thus we sce that the O which results from division is 
equally proper to be written in the equation «a? = 1 as the O which re- 
sults from subtraction. 

The idea of making a difference between the 0 which results from 
one process and from another may be entirely new to the student ; but 
we must endeavour to make him see that the distinction 1s as necessary 
as the introduction of O itself. Undoubtedly, the better way would be 
to dispense with all ideas, as well as symbols, which give trouble; and, 
unquestionably, books might be written which should dispense alto- 
gether with the symbols as well as ideas of O and «. But two questions 
would arise. 1. Would the extension of mathematical works to four or 
five times their present length be desirable, if it could be avoided by 
devoting some space to the method of abbreviation (for it will be shown 
to be nothing more) by which z= 0 is made the representation of a 
train of suppositions, and the final result arising from them? 2. Would 
the books so written present results more correctly * deduced from more 


* We should have said /ogica//y, but we are ashamed of the use which has fre- 
quently been made of this word by mathematicians, in England at least. By logical 
we cannot agree to mean anything but an abbreviation of “that which is a correct 
application of the principles of logic;”? and, on looking iuto writers on that subject, 
we find that logic, from Aristotle downwards, has always meant the art of making 
correct deductions from the principles employed, and accordingly we ‘ind that writers 
on logic, with the exception of a few who have imagined that metaphysics and logic 
were the same things, have confined themselves to methods of deducing, not to 
methods of testing the principles from which deductions are to be made. Let us go 
back to the time of Wallis, who was a sufficient specimen both of the logician and 
the mathematician, and take an example out of his book, which is given as correct 
in logic. “ When the sun shines it is day; but the sun always shines, therefore it is 
always day.” Did Wallis really mean that the sun always shines ? Surely not, but 
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intelligible principles? The student must settle this point for himself 
in due time: for the present we shall go on with our attempt to make 
O and œ intelligible. A century ago, Fontenelle remarked that these 
symbols had conquered by numbers, and by their obstinacy in preseni- 
ing themselves throughout the mathematical sciences. 

We have said that the symbol 0 cannot be absolute, but must be 
considered with reference to the manner in which it was obtained. Con- 
sequently, we cannot reason upon 0 as such, because it is only a symbol 
of part of a result. It expresses that, in some manner or other, a per- 
fect absence of all magnitude whatever is either arrived at, or is the 
limit of a series of suppositions. But why does not this equally apply to 
1, 2, 3, &c., which may also be the results of an indefinite number of 
operations ? In the reason for this distinction between O and represen- 
tatives of magnitude lies one of the most important parts of our subject. 

It would seem at first to be a sufficiently obvious principle, that if a 
certain equation being absolutely true is the test of a certain problem 
being solved, then the same equation being nearly true (whatever degree 
of approximation we choose to mean by nearly) will be the proper test 
of the problem being nearly solved (in the same sense). For instance, 
what is that number which is doubled by adding ten to it? Answer, 
whatever number satisfies the equation 2x = x + 10, namely z=10. If 
we choose to call ‘001 a small fraction, then certainly 9°9999 is nearly 
a solution of the preceding; for, by adding 10 we get 19°9999, and by 
doubling we get 199998 differing by only ‘0001, which is a small 
quantity. And it would seem equally obvious that, if two equations be 
absolutely of the same meaning, so that one must be true when the 
other is true, and one can be deduced from the other: it would seem, 
we say, that any number which nearly solves the first nearly solves the 
second, let nearly mean what it may. J.et us then ask, what are the 
tests of absolute equality between x and y. The equation x=y may be 


: i e T : 
converted either into x — y = 0, or into ~ = 1. Either of these two 
equations may be made to follow from the other: if x— y= 0, then 
T= Y, OF — = 1; if- = l, then x =y, or x—y=0. So that, as 


tests of absolute equality, they are in fact the same equations. If then 
the first equation be nearly true, so will be the second, we might think. 
What shall we mean by nearly? Let us say that an equation is nearly 
satisfied, when the error made by taking as a solution that which is not 
a solution, does not amount to ‘0001. Let «= ‘0009, y= ‘0001. 
We have then, 


only this: that the above is good logic, namely that the conclusion is a correct and 
necessary consequence of the premises, and that logic is simply the art of deducing 
correct and necessary deductions from premises. Now our books of controversial 
mathematics swarm with the use of the words /ogicad and illogical, not as applied to 
methods of deducing, but as to the principles, from which deduction is to be made. One 
assumes infinitely small quantities, which is very ¢//vgica/, says another ; one approves 
of Euclid’s axiom, which another says is against all good /ogic. It is clear then, that 
mathematicians must have got the habit, since the time they left off studying logic, 
of making the word Zogical stand for right, or true, or reasonable, or proper, cr correct, 
or some such term. We therefore beg leave to use the term correct instead of logi- 
cal, not that there would be any harm in making the word /ogicad (or chemical) stand 
for correct, but only because, where there are two words meaning different things in 
etymology and usage out of mathematics, it is unnecessary to convert one into the 
other in them. 
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x — y = ‘0008 less than ‘001 or x — y = 0 is nearly true; 
gz. _ 0009 
y -—-0001 
Consequently, considered as means of estimating approach to equality, 
these equations mean very different things. And if we look at z—y we 
shall see that there are two ways of making it very small (whatever 
small may mean): either let x and y be not small, but very nearly 
equal, say, for instance, x = 7:000001 y= 7: or let x and y both be 
very small without considering whether they are nearly equal or not, for 
then x — y, being smaller than z,1is also small. But, it may be asked, 
are not all small quantities nearly equal? Are not all small quantities 
nearly equal to nothing, and are not quantities, which are nearly equal 
to the same, nearly equal to one another? A student who has been in 
the habit of using O as a quantity, without reference to any explanation, 
will be sure to think so: but that he should not think so, and should 
clearly see the grounds on which he is not to think so, is as necessary 
for the Differential Calculus as the notion of space to geometry or 
number to arithmetic. We must therefore proceed to consider the fun- 
damental axioms of mathematics, in order to see what modifications are 
required when the conditions of an axiom are not absolutely fulfilled, 
but only nearly so, where, by the word nearly, we are at liberty to 
signify any degree of approximation we please. 

Let us first take the absolute condition of equality x — y = 0 coupled 
with the relative notion of nearly equal, simply defined as a phrase to 
signify that x — yis small. We know then, that the doubles, the 
trebles, the quadruples of equals are themselves equals, and so on for 
ever ; but the same does not follow of the relative notion. For if x — y 
be small, yet 2% — 2 y will be twice as great, 3 x — 3 y three times as 
great, and soon: therefore, let small mean what it may, there must 
come a value of nx — ny which is not small, when x—y is small. Let 
x exceed y by only ‘0001, which call a small quantity, and let 10,000 
be the first quantity which shall be called great. Then, though x exceed 
y only by ‘0001, yet a hundred million times x exceeds a hundred 
million times y by 100,000,000 x ‘0001 or by 10,000: that is, 
though x is nearly equal to y, yet 10°x is not nearly equal to 10°y. But 


or 9 and a = 1 is very far from the truth. 


let us now signify absolute equality by 7 =1, and let nearly equal, as 


applied to x and y, mean that — differs from 1 by the quantity we call 


small, or by less. Then we have 
xr 24 3v 42 


, ae ae ay &c. &c. ad inf. 


whence ays always as near to 1 as —, and consequently, under this 


signification of nearly-equal, it follows tit any equimultiples of nearly 
equal quantities are nearly equal, which is true of the first notion only 
within certain limits. But it must be observed that this definition of 
nearly-equal agrees with the first when the magnitudes in question are 
not such as are called small, and differs from it when they are very 
small or very great. Thus, ‘001 being called small, 7°001 and 7 are 
nearly equal on both suppositions : for 
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the first near to 1, the second smali. But ‘001 and ‘0001 are only 
nearly equal on the hypothesis that this phrase is to be applied when 
x — y is small, for 


‘001 

0001 ~ 10 -*001—°0001 = ‘0009. 
But, on the other hand, if z be 100,000 and y = 99,900, we shall find 
that x — y is not small, but > is near to 1. 


Before we proceed to fix on the meaning of the words nearly equal for 
future use, we shall ask which term would be adopted by common usage. 
We know that to a carpenter, the hundredth and the thousandth parts 
of an inch are the same thing, that is, both such small lengths as to be of 
no consequence whatever. They may therefore be called by him, without 
inconvenience, nearly or even absolutely equal ; but only in this sense, that 
his means of measuring do not serve to distinguish one from the other, 
nor is it necessary that they should. But if ever it became necessary 
to work with exactness to the thousandth part of an inch, such power of 
rejection would no longer exist, and the hundredth part of an inch 
would be called a great error, and by no means nearly the same thing 
as the thousandth part. On the same principle, a sum of money is 
considered as deriving its commercial importance, not from its own mag- 
nitude, but from the proportion which it bears to the whole in question. 
A man who should incur a debt on his own representation that he pos- 
sessed a thousand pounds, would not be held to have committed a fraud 
if it turned out that he had only nine hundred and ninety, or ten pounds 
less. But a man who should do the same on his own assertion that he 
could command twenty pounds, would be suspected if it turned out to 
be only ten. ò 

The method of using the term nearly equal, which is the most conve- 
nient in common life, also will appear to be the most convenient in 
mathematical reasoning, and we shall therefore adopt it in the following 
definition. Two quantities are said to be more nearly equal than two 
others, when the greater of the first divided by the less is nearer to 
unity than the greater of the second divided by the less. Thus 260 is 


260. 8. 
nearer to 250 than 8 is to 7, because 550 S nearer to 1 than 7 is to 1. 


Or since, in the preceding definition, oa l is less than 7 — 1 when 


is less 


a and b are more nearly equal than e and f, it follows that : 


than a that is, not that a — 6 is less that e — f, but that a — b is a 
less part of b than e — f is of f. 


Let us now consider the axiom: if equals be added to or taken from 
equals, the remainders are equal. This may follow according to the 
a 


notion of nearly equal, derived both from a — b = 0 and from ; 


=I, 
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but, for reasons given before, it does not follow for any number whatso- 
ever of nearly-equals according to the first definition. But it follows of 
any number whatsoever of nearly equals according to the second: for if 


4 al 
~=lte altel pl EET 
it will be shown of a + a'+.... andb +b + .... that 
Gta+.... _ 
Deeb oe TH 


where (3 must lie between the greatest and least of œ, o’...., and there- 
fore must be called small, if all the set æ, «’.... are severally small. 
But the convenience of this mode of defining nearly equal will suffi- 
ciently appear in the rest of this work, and we therefore pass to its 
most important application. It appears that two quantities, however 
small they may be, are not to be considered as approximating on account 
of their smallness ; for, in fact, they may be possibly receding from 
each other, even while they are absolutely diminishing, or approaching 
to 0. The following instances will show this to happen in certain cases. 
> 


\ 


Let a circle be drawn of which any diameter AB is taken. Let any 
point P be taken, as near to B as may be chosen, and draw P M per- 
pendicular to the diameter A B. From Odraw OT perpendicular to the 
same diameter, and produce B P to meet OT in T. We have then a 
rectilinear triangle MBP, the sides of which become smaller and 
smaller as P is placed nearer and nearer tu B, in such a manner that, by 
making P sufficiently near to B, we may render either of the sides as 
small as we please. If P absolutely coincide with B there is no such 
triangle at all. The question is, what relations do PM, M-B, and BP, 
as they diminish, assume or tend to assume, not with respect to: any 
fixed, or given, or constant magnitude, such as O A, but with respect to 
each other? As P approaches towards B, it is evident that the angle 
O BP increases. For the angle PO B diminishes, and 


T ish — L POB 
wo right nes POB SA diphvenstes 7A = 


Z OBP = 


As P approaches without limit to B, the angle P O B diminishes without 
limit, or the limit of the angle O B P is a right angle: that is, the 
line B PT continually approaches to a state of parallelism with O T, or 
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the point T recedes ‘from O farther and farther without limit. Place 
the point T ever so far from O, and TB will cut the circle somewhere. 
If O B were one foot,.and if O T were a hundred thousand feet, still P 
would be a distinct point from B. It is true that the arc PB would 
hardly be the thousandth part of an inch, but that has nothing to do 
with the comparative dimensions of the triangle P M B. Itis perfectly 
within the limit of geometrical conception to imagine all the diagrams 
of the six books of Euclid drawn within the compass of a square, 
having for its side the thousandth part of an inch: perhaps many 
of our readers have seen the Lord’s Prayer, the Creed, and the 
Decalogue written within the compass of a sixpenny piece. In the 
first case, every figure would have the same proportions existing 
between its parts as in the largest diagram ever displayed in a 
lecture-room: in the second, the length of two letters would preserve 
the same proportion as in the largest handwriting. Hence all we 
know of the sides PM, M B, and B P, being that they become small 
together, smaller together, and finally, as the phrase is, vanzsh together, 
we cannot from this alone affirm any thing as to whether or no they 
approach to or recede from equality according to our definition of such 
approach or recession: for this depends, not upon the absolute mag- 
nitudes of the quantities in question, but upon how many times, or parts 
of times, each is contained in the other. Two quantities may both be 
small, but one may be a thousand times the other: two quantities may 
both be great, but one may contain the other only one time and a thou- 
sandth part of a time. Hence we must examine the figure itself, and 
from its particular properties, as distinguished from all others, we must 
ascertain the manner in which the law of relation changes (if it do 
change) while the triangle is diminished. 

Since the triangle PMB must be similar to the triangle TOB, we 
see that, whatever may be the absolute magnitude of the former,.T O 
bears to OB the same proportion as PM to MB. Consequently, as 
often as OB is repeated in T O so often is M B repeatedin M P. Butas 
P approaches towards B, the point T recedes without limit from O, that 
is, there is no point so distant from O but T must reach it before P 
reaches B. Therefore, there is no number so great, but M P will con- 
tain M B more times than that number before P reaches B. This is the 
most difficult of all the fundamental points of the Differential Calculus : 
two quantities both diminish wiihout limit, yet as they diminish more 
and more, one contains the other more and more times without limit, 
so that if we wish to designate any number, however great, we can do 
it by assigning some position of P near to B, and saying it is the num- 
ber of times which PM contains MB; and the greater the number we 
wish to designate, the nearer must P be placed to B. This result as 
announced must appear surprising at first: but it is sufficiently evident 
by considering that, as to proportion of its dimensions, the triangle TO B 
is only a magnified representation of the triangle P M B. 

The difficulty of the proposition lies, firstly, in our not being used to 
consider that the proportions of figures do not depend upon their size, 
but upon what Euclid terms the ratio (Aoyoc) which he says* is (if we 


* The translators and commentators of Euclid have first cut this definition to 
pieces that they might quarrel about putting the parts together again. To English 
readers every word of Euclid is curious, and we shall therefore show how they have 
managed. Simson, and all the recognised editions in our language, express them- 
selves to this effect :— Ratio is a mutual relation of two magnitudes with respect to 

C 
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may coin such an English word) the number-of-times-ness, or quantu- 
plicity, of one quantity, considered with respect to another. Because 
we seldom have to consider small quantities except as parts of larger 
ones ; we carry with us our notion of smallness to the comparison of two 
small quantities, where, in propriety, the notion of smallness ought not 
to enter. 

The second cause of difficulty lies in our being apt to run to the limit 
at which our suppositions cease to exist, and to say that if PM contain 
M B more and more times without limit before P can reach B, then 
when P actually reaches B, P M must contain M B an infinite number 
of times, or one nothing contains another nothing an infinite number of 
times. To this we must say, in the first place, that the result is not 
absurd, but only vague and indefinite, for nothing may be supposed, 
without palpable contradiction, to contain nothing just what number of 
times we like. Jn the second place, we have seen that O must be con- 
sidered with reference to the way in which it was obtained, before we 
can attempt to say what are its properties. And in the third place, that 
whether the two preceding arguments be good or bad, we have nothing 
to do with them, but content ourselves with asserting what we can prove, 
in circumstances which we can understand, namely, that P may be 
placed so near to B, as that PM shall contain M B any given number 
of times however great. If you* name a million, we can calculate to 
any degree of exactness you please, the angle POB which will give 
PM a million times M B : if you name a higher number, we can do the 
same ; name any number you please, which can be named, and we can 
do the same. What have we here to do with either nothing or infinity ? 
We say, that as P approaches towards B, the ratioof PM to MB 
Increases without limit, which is our way of stating the theorem just 
explained more at length. If you say that you cannot conceive P con- 
tinually approaching to B, and its consequences, without forming some 
notion about what will become of these consequences when P actually 
reaches B, we answer that you are at liberty to form your notion, and 
it may be anything you please, or that you cannot help; all we say is, 


quantity.” The old Latin versions simply call it a  certa alterius ad alteram habi- 
tudo.” Billingsley, the oldest of the English editors, calls it a ‘‘ habitude of one 
to the other according to quantity.” Williamson, in the last century, who prided 
himself upon his staunch adherence to Euclid, gives it correctly in a note, but not in 
the text; Cotes saw the propriety of an alteration, but did not go back to the Greek, 
to make it, but says it is a mutual relation “secundum communem mensuram,’ 
while much discussion has ensued upon the meaning of the mangled definition. We 
cannot say what they would have done in France, for their editor, Peyrard, has omitted 
the fifth hook altogether, but quotes it in the sixth. The words of Euclid are Adyos 
tori duo msysbav dpoytvav h xato andixnornrau mpòs aaniu woe ezctois, the seventh and 
eighth words of which were rendered by Wallis and Gregory secundum quantuplici- 
tatem. In fact, magnitude itself (peyshos) is Euclid’s term for quantity in the usual 
English sense. The definition seems to hint at the very distinction drawn in the 
text. It is, when we talk of ratio, we do not talk of one quantity or magnitude, for 
it is a mutual relation between two quantities or magnitudes ; nor do we speak of 
their quantity, or of how much they are, but of their mutual quantuplicity, or how 
many times one contains the other: so that two magnitudes, however small, may 
have the same ratio as two others however great, or may give the same answer to 
the question, how many times does the first contain the second? It is true that the 
word used by Euclid does, according to lexicographers, mean quantity as well as quan- 
tupheity ; but as Euclid had already a word for quantity or magnitude, we think the 
sense in which he employed it is sufficiently clear. 

* We have taken a locutory style as the most easy to write, and, we believe, the 
most easy to understand. 
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that your case zs not included in our theorem (whether it ought to be or 
not, we neither know nor care) ; all we have said (and it has been proved) 
is, that as P approaches to B, the ratio of PM to MB continually 
increases, and without limit. If a supposition of your own, superadded 
to ours, raises a difficulty, you, who made the supposition, must remove 
it as you may. But we can show that the difficulty comes too late ; 
and that, upon your own plan of adding suppositions to the expressed 
statement of theorems, you ought to be in the middle of the first 
book of Euclid, without any hope of reaching the second. For when it 
is shown of all triangles whatsoever, that the sum of two sides is greater 
than the third; and when it is added that this remains true, however 
small the sides of the triangle may be (which is a necessary conse- 
quence of its being asserted of any triangle whatsoever), there comes the 
difficulty implied in asking what the theorem means when the triangle 
is diminished to a point, and all its sides are severally nothing. Are two 
nothings added together greater than a third nothing ? 

But are we necessarily obliged to suppose, that, because P continually 
and for ever approaches to B, therefore it will at last come to B? 
By no means, as the following reasoning will show. Suppose a circular 


Y V 


y i 


Z M B X 


arc B Y (whose centre is Z) falling perpendicularly upon one of two 
parallels X Z and YW, Along Y a point V travels at the rate, say of 
a mile an hour, and at every point of its course the line ZV is drawn, 
meeting the circle in P. It is clear first, that as V proceeds from Y 
along Y W, the point P will move towards B, for V cannot progress in 
any degree whatsoever to the right without requiring a line Z V which 
shall place P somewhat (be it ever so little) nearer to B. But P cannot 
reach B, for to suppose that, would be to suppose that Z B produced 
meets Y W, which, by previous supposition, it does not, be it ever so far 
produced. We can then actually suppose P to move for ever without 
reaching B, and as we have shown, during the whole of that motion, 
the ratio of P M to MB increases continually, and without limit. 

The third cause of difficulty lies in unlimited diminution removing 
figures out of the province of our senses, which are a very great assist- 
ance in understanding the elementary propusitions of geometry. In 
algebra, the difficulty is not so apparent, because the senses do not give 
the same assistance in any formula which has the least complication. 
Compare for a moment the degree of evidence, independent of reason- 
ing, which attaches to the two following propositions. 

Algebra. Geometry. 
x*—a’ Any two sides of a triangle are to- 
EAT zta gta e greater than the third. 


This difficulty arises from the student depending somewhat too much 
on ocular demonstration, and not entirely on reasoning, in his preceding 
course, and can only be overcome by close attention to the reasoning. 

c2 
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We have the result of all that precedes in the following proposition. 
If two quantities diminish together without limit, their ratıo may either 


- increase without limit, or diminish without limit. MB is an instance 
MB 
of the first, and PM of the second. For to say that PM may be as 


many times M B as we please, is to say that MB may be as small a 
Fraction of P M as we please. 

But we also have the following proposition. If two quantities dimi- 
nish without limit, their ratio may either increase or decrease, but not 
without limit, that is, may have a finite limit. Let us suppose the suc- 
cession of quantities diminishing without limit, 

l1+%4+%3+t4tth &. 
the ratio which each bears to its predecessor will be an increasing ratio ; 
for, dividing the second by the first, the third by the second, and so on, 
we have 

$2242 6 & 
which is aseries of quantities increasing for ever, that is, it never ends, 
and each term is greater than the preceding. But the increase ts not 
without limit; for since every numerator is less than its denominator, 
every one of the fractions is less than unity. And unity, as the limit for 
the preceding series of fractions, may be thus represented,— 


3s I= 1-4, lf, l= 3% b=, &c. 
; l 
which, being generally l= may be brought as near to one as we 


please, by making n sufficiently great. We now return to the figure in 
page 16, and ask, what limit will the ratio of P M to P B assume, as P. 
approaches without limit to B. The only thing we know immediately 
from the nature of the figure is that P B, the hypothenuse of a right 
angled triangle, must always be greater than P M the side. But as P 
approaches to B, does the inequality increase or decrease? Can we, in 
the manner proved of PM and M B, place P so near to B, that PB 
shall be a thousand times PM ? Since P M is contained in P B in the 
same manner as T O in TB, we must examine the change of propor- 
tions of the two latter, while T recedes without limit from O. And 
since the two sides of a triangle differ from each other by less than the 
third side, it follows that T B can never exceed TO by so much as 
OB. And since, by sufficiently removing T, we can make OB less ` 
than any given fraction (say one millionth) of T O, it follows that (since 
removing T brings P nearer to B) that by sufficiently approaching P to 
B, we can make P M differ from P B by less than its millionth part. 
Consequently, the limit of the ratio of P B to PM is unity; for, as we 
can take P so near to B that the equation 


l P B 1 

PB=PM+ A PMo pm |t z 
shall be satisfied where n may be as great as we please, it follows that 
the second side of the equation shall be brought as near to unity as we 

lease. 

. We may make it appear by the following method that it by no means 
follows that the mere diminution of two quantities gives the right to 
infer anything as to the alteration of relative magnitude. A and B 
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diminish together, but it may be that, while A loses one half of its first 
magnitude, B loses threc-tenths of itself. This is one method of diminu- 
tion; and if we call a and b the magnitudes of A and B at the first stage, 
then $a and yb are their magnitudes at the second stage alluded 


to. At first, then, 2 is F ; but = is afterwards 4 a — 47, b or +, 
less than before. But if, while A lost its half, B did the same, the 
ratio would be the same in both cases. And if A lost only one-tenth of 
itself, while B lost nine-tenths of itself, the ratio of the two would he 
increased by their diminution. Consequéntly, nothing can be inferred 
of a ratio from the diminution of its terms, unless the simultaneous pro- 
portions of themselves which the terms lose be given. 

The next difficulty is one which should be of a more serious nature, 
because it does not arise from the preceding views of the student being 
too limited, but from his not having had the necessary considerations 
presented to him in any manner or degree. Let us suppose it made 
perfectly clear that two quantities may have limits, to which they 
approach together under the same circumstances; and, moreover, as in 
preceding instances, that though we may approach the limits as near 
as we please, yet we must not consider the supposition pushed to the 
extent of their being actually reached, either because we have then to 
deal with nothings, or with infinites, as in p. 20, where we cannot, in 
any finite number of terms, reach the limit in question. The difficulty 
is, how are we to reason upon cases which we are not allowed to 
suppose? The actual state of the problem in which a quantity has 
reached its limit is expressly forbidden to be considered. If the limit 
itself be known, this may seem to be immaterial; but it may be that 
the limit itself is to be found, by means of other limits which depend 
upon the same circumstances. In this case, we can only determine the 
unknown limit by means of an equation which combines it with the 
known limits. But such an equation we are not allowed to form. 
The question is, by what method are we to proceed ? 

There are two general ways of proving any assertion: the first, in 
which it is expressly proved that the assertion is true, in all the cases 
which it includes; this is called direct reasoning : the second, in which 
it is proved that every proposition which contradicts the assertion is 
false ; this is called indirect reasoning. It seems customary to look 
upon indirect reasoning as being of a less conclusive character than 
direct reasoning, and therefore to be avoided if possible. Perhaps this 
may depend upon the mental constitution of the individual to whom the 
reasoning is supposed to be addressed; to us it seems equally conclu- 
sive whether we prove that every equiangular triangle is equilateral, or 
that he who asserts that any one equiangular triangle is not equilateral, 
asserts at the same time that the whole is less than its part. 

Let us suppose that there are two quantities, P and Q, of which it is 
the property that P is always double of Q; and let any supposition 
whatsoever make P and Q approximate at the same to the limits p and 
q, so that it is allowable to suppose P and Q respectively brought to 
differ from p and q by quantities less than any we may assign, however 
small. Here P and Q are what are called variables, namely, symbols 
which have different values upon different suppositions, but which at the 
same time are always connected by the equation P = 2Q; and p and q 
are fixed limits. What we have to prove is, that p = 2 q: but we are not 
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at liberty to say that P ever can be actually = p or Q to q, but only that 
P and Q may simultaneously approach within any degree of nearness to 
p and q short of absolute equality. That is, if we say let P = p + a, and 
Q = q + B, were at liberty to suppose œ and 6 smaller than any quan- 
tity we may name, but not absolutely nothing. We shall not prove this 
proposition p = 2q to be true; but we shall prove everything which 
contradicts it to be false. Now, what are the propositions which con- 


tradict 
p is equal to 2q? 
evidently only those contained in the following— 
p is greater than 2 q, or p is less than 2 g. 

If, then, p be greater than 2 q, let it be 2q + m, therefore we have 

Prpte=2q+m+e 

Q=qt Band2Q=2q+26=P 
or, 

m+aa=2B6 m==2h—a; 
now since p and q are given limits, not changing when P and Q change 
(being in fact the fixed quantities to which P and Q in their changes 
continually approach), it follows that m, the difference between p and 
2q, must also be a fixed quantity throughout the changes of P and Q. 
Therefore 2 8 — æg is always the same: but it is allowable to suppose æ 
and £ as small as we please, and therefore x —2 8 may be as small as 
we please. That is, a quantity both has a fixed value, and may be as 
small as we please, which is absurd. Thence p =2q +m is false’; 
a similar train of reasoning will show that p = 2q — m is false, what- 
ever m may be in either case, provided it actually have some value. 
But either p = 2 q + m or p = 2 q or p= 2q — m; the first and last 
are false, therefore the second must be true. 

This will give an idea of the method by which it is possible to prove 
propositions with respect to limits, without actually supposing the quan- 
tities in question to have attained their limits. We shall now proċeed 
to a rough and practical kind of Differentia] and Integral Calculus, 
preparatory to more exact methods. 

Draw a circle with a fine pencil, and nearly cover it with a straight- 
edged piece of paper, and more and more nearly until none of the inte- 
rior is visible, but only a small part of the circumference. That this 
can hbe the case at all arises from the roughness of the edge, and the 
thickness of the circumferent line : for it is impossible that a geome- 
trical line should coincide with the boundary of a circle for any length 
whatsoever. Draw two straight lines meeting each other, and cover 
them in the same way, and a similar effect will not be produced, at least 
not nearly to the same extent. And even if a geometrical circle could 
be drawn, and a geometrical straight line applied to it, provided only 
we could conceive these lines without breadth to reflect light, and be: 
visible, the same effect would be produced. Let A B be the imaginary 
edge of the paper (supposed perfectly straight), and A D B a part, either 


of the circle, or of the intersecting straight lines, according to the figure 
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chosen, while C D is in both cases a perpendicular dropped from the 
highest point upon AB. Let us now conceive the edge of the paper 
moved up parallel to itself very near to D. As our cyes cannot per- 
ceive lengths of more than a certain degree of smallness, let the mint- 
mum visibile (least visible portion) of length be named; it matters 
little what it may be, say it is one millionth of an inch. Then let the 
edge of the paper be moved up until C D is in both cases less than one 
millionth of an inch. The consequences will he very different in the 
two cases. In the straight lines, CD B will always change so as to 
remain similar to its first form, that is, the proportion of CD to DB 
will not alter. If we suppose DB and DA together to be five times 
C D, then so soon as C D is Jess than the five-millionth part of an inch, 
there will be no visible length in the triangle A DB, and nothing will 
be seen but a point. But in the circle, if we suppose the radius to be 
one foot, it will follow that when C Dis the five-millionth part of an 
inch, AB will be more than fourteen-thousand times as great as C D, 
that is, nearly three times the thousandth part of an inch, and will there- 
fore be a visible length. This depends upon what has been already 
proved, that the smaller C D is taken or the nearer B approaches to C, 
the more times will C B contain C D, and this without limit. 

In practice, then, a small arc of a curve may be considered as a 
straight line, the words, in practice, always implying that there are 
lengths so small that they may be absolutely rejected as inconsiderable, 
and without sensible error for the object in view. Suppose now we 
were to divide a circle into a thousand equal arcs : measure each arc very 
accurately as if it were a straight line, that is from end to end along A C B, 
instead of round A DB, and put the whole results together: would the 
total sums of these measurements be a tolerably correct value of the 
circumference of the circle? By no means, would be the first answer 
which suggests itself: for, however small the error may be in taking 
each individual arc to be a straight line, there is an accumulation of a 
thousand errors in the summation, and we do not gain anything by 
measuring twelve separate inches, each one-tenth too small, to avoid 
measuring a foot upwards of a whole inch too small. But the preced- 
ing answer is not correct ; for it happens that, by diminishing the arcs, 
we not only diminish the absolute error made by reckoning an arc to be 
a straight line, but we also diminish the proportion which each error is 
of its whole arc*. If CD be the five-millionth part of an inch, 
then ACB will not fall short of ADB by tts fourtcen-thousandth 
part ; but if the arc A D B were one-sixth of the whole circle, AC B 
would fall short of ADB by more than its twenty-fifth part. If we 
estimate an error, not by its actual magnitude, but by the proportion it 
bears to the thing measured, then the error of the first measurement is 
. less than that of the second in the proportion of 25 to 14,000. To 
illustrate this, try the following experiment: Draw a fine circle of three 
inches in radius, the circumference of which is therefore extremely near 
to 18°85 inches or eighteen inches and seventeen-twentieths of an inch. 
If we take an opening of the compasses of three inches and carry it 
round the circle, we shall find it contained exactly six times: or taking 
chords instead of arcs, we then find eighteen inches as a first approxi- 
mation. Now, take an opening of one inch, which we shall find to go 
round the whole circumference eighteen times, with an arc over, having 


* The student must particularly attend to this. If any one sentence in the whole 
book ought to be called the ‘ Differential Calculus,’ this is it, 
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a chord of about thirteen-twentieths of an inch. Subject then to 
the errors of taking chords for arcs in this second measurement, we con- 
clude the circle to be 1832 inches, considerably nearer the truth than 
the first. Now, though in the second measurement we have accumulated 
nineteen errors, while in the first there were only six, yet each error of 
the first measurement amounts to this, that the chord falls short of the 
arc by about its twenty-fifth part, while in the second measurement the 
chord falls short of the arc by only about its two-hundredth part. 
Consequently, the total error of the second will be less than that of the 
first in about the proportion of 200 to 25 or 8 to 1, which, in the actual 
rough measurement we have given, is not far from the truth. 

In this way we may see, what will afterwards be more strictly proved, 
that the following assertion, Any arc of a curve is equal to the sum of 
the chords of its parts, is of this kind :— 

l. It is never true: for every chord is shorter than its arc. 

2. If the whole arc be divided into a moderately great number of 
parts, it 1s sufficiently near the truth for practical purposes. 

3. It can be brought as near to absolute truth as we please (that is, 
the error involved in it can be made as small as we please) if we are at 
liberty to divide the whole arc of the curve into as many parts as we 
please. 

When we speak of one false proposition as being more near the truth 
than another, we mean that the numerical error made by acting upon the 
first is less than that made by acting upon the second. And by saying 
that an assertion can be brought as near the truth as we please, we 
mean that, by some particular disposition of the circumstances which it 
leaves at our disposal, we can make the numerical error which it involves 
. as small as we please. For instance, the preceding proposition is an 
assertion about an arc divided into a number of parts which it does not 
fix. [Itis never true; but the greater the number of parts of which it 
is supposed to speak, the less will be the error it asserts, and that with- 
out limit. The consequence is, that if we imagine the arc first divided 
into ten parts, afterwards into 100 parts, afterwards into a 1000 parts, 
and so on, and if we add together the ten chords in the first, giving A, 
the hundred in the second, giving B, the thousand in the third, giving C, 
and so on, we shall have a series of terms A, B, C, &c. which approach 
continually towards a certain limit, which, however, they never actually 
reach. With reference to the problem of finding an arc of a known 
curve, the Differential Calculus ascertains what is the form and value 
of the parts which are to be added; the Integral Calculus adds them 
together and gives the result. At least this is the first rough defini- 
tion of these terms which can be given to a beginner. 

In the following form the preceding assertion is strictly true. The arc of 
a curve is the limit of the sum of the chords of all its parts. No addition 
of chords will be sufficient ; we must observe the sum of the chordsof 10 
parts, of 100 parts, of 1000 parts, and so on, and find from the proper- 
ties of the series of terms so obtained the value of their limit. It might 
be said that the proposition, ‘“‘ The arc of a curve is equal to the sum of 
the chords of all its parts,” is actually true if all the possible parts be 
really taken. But the determination of all the possible parts into 
which a whole can be divided, is the same thing as the determination of 
an infinite number, which is impracticable even in imagination. Every 
part of a magnitude is itself a whole so far as subdivision is concerned : 
that is, it admits of as many subdivisions as the whole from which it 


a 
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was obtained. And it is therefore impossible to subdivide the magni- 
tude until there is no such thing as further subdivision. 

But the theorems which we have been considering, led to the notion 
of infinitely small quantities, the most convenient of all simplifications, 
when proposed in a proper manner. Seeing that every magnitude can 
be subdivided into parts which shall severally be as small as we please, 
it was imagined that all quantities could be said to be made up of an 
infinite number of infinitely small parts, each of those parts being in 
magnitude less than any assigned fraction of the whole, and yet not abso- 
lutely equal to nothing. On the glaring untruth of this conception, 
positively considered, it is unnecessary to say a word; but it is never- 
theless one of those assertions which can be made as near as we please 
to truth. For a quantity can be made up of as many parts as we 
please, each of which shall be as small as we please. And all the con- 
sequences of this assumption, properly deduced, will be true ; so that it ` 
may be considered as an abbreviated way of representing the necessity 
of dividing quantity into parts, which are to be supposed to be as many 
as we please. The only danger is, that the student should fall into the 
error of treating the assumption itself as an absolute truth; but from 
this he will perhaps be saved by observing that though the doctrine of 
infinitely small quantities appears simple and natural, owing to the 
mind being always accustomed in practice to reject quantities on 
account of smallness, yet that its immediate consequences present unna- 
tural absurdities. Allow, for a moment, the notion of infinitely small 
quantities, and in the figure of page 16, suppose PB to be infinitely 
small. Then P M and M B will be infinitely small, but the latter will be 
now an absolutely incomprehensibility. For since it has been shown that 
the smaller P M is, the more times does it contain M B, it follows that 
when P M is infinitely small, it contains M B an infinite number of times ; 
so that M B is only an infinitely small part of an infinitely small quan- 
tity. This-beats all our power of imagining subdivisions, and therefore 
(which may appear strange) we may be justified in retaining the tems 
of the infinitesimal Calculus as a method of abbreviating stricter pro- 
positions, when properly understood. For, if the student should ever 
for a moment imagine that he sees reason in the use of infinitely small 
quantities, absolutely considered, he has only to recall to mind the idea 
of an infinitely small part of an infinitely small quantity, and he will 
surely remember that the modes of speech employed are only abbrevi- 
ations of assertions which are to be reasoned on in their strict form, 
though expressed for shortness in one which is not absolutely correct. 

In algebra, the use of the term “ infinitely great? is universal, though 
the notion attached is not that derived from the etymology of the word. 
To use the words infinitely great in any sense, and to reject the correspond- 
ing method of using the words infinitely small, is to accustom our- 
selves to false distinctions. If it be proper, in any manner whatsoever, 


Be, iat ae Speak i: 
to say that x is infinitely great, it is equally proper to say that > 3s 


infinitely small. It is usual to say that when «x is infinite, 73 nothing ; 
and the meaning is simply this, that there is no limit to the smallness 


Rs 3 T: 
of PA if there be no limit to the greatness of x, or that by making x 


sufficiently great, we may make — as small as we please. When we 
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have to compare aa with a fixed quantity, for instance, in the expres- 


l ET i Bt te 
sion a + —, we may indifferently use the phrases nothing or infinitely 


small, because, in every sense in which it has ever been proposed to use 
them, they here mean the same thing. ‘The notion of infinitely small 
quantities is in fact that of comparing different nothings springing from 
different suppositions, as if they had relative magnitudes depending 
upon the suppositions which produced them: a method of reasoning 
which never can be admitted in any manner or to any extent whatso- 
ever. What we here mean to illustrate is this; that the forms of speak- 
‘ing, which such an hypothesis would require, may be made to give use- 
ful abbreviations of propositions deduced from stricter methods. It 
must be remembered that in mathematics, as in everything else, no 
definition of single words is always sufficient to define the meaning of 
words put together in a sentence, and the following explanations are to 
be considered as the meaning which we intend to affix to the sentences 
in italics. 

1. Two infinitely small quantities may have a finite ratio. Two 
quantities may diminish without limit, and may still preserve a finite 
ratio, which is either a given ratio, or which becomes nearer and nearer 
without limit to a given ratio, as the two quantities diminish. The 
ratio may or may not alter as the quantities diminish. And when 
we say that two infinitely small quantities have an infinitely great ratio, 
we mean that the first divided by the second increases without limit when 
the quantities themselves diminish without limit. 

2. When x is infinitely small, B is equal to C. By this we mean 


that, by making x sufficiently small, we may make G38 nearly equal to 


unity as we please. 

3. When x isinfinitely small, B is infinitely near to C. This is the 
last in a different form, and will illustrate what we have said, that the 
theory of infinitely small quantities, in the absolute meaning of the 
terms, is equivalent to giving relative magnitudes to nothings. If 
we have to consider C without reference to the difference between B 
and C, and if the diminution of x, without limit, give the limit 1 to 


> we simply say that the limit of Cis B. But, if we have to con- 


sider the diminishing difference of C and B, and to compare it with 
x or any other simultaneously diminishing magnitude, in order to see 
whether the ratio of the two remain finite or not, we then simply say 
that, instead of considering B and C as equal, they are infinitely near to 
each other, or their difference is infinitely small. 

4. Of two infinitely small quantities, one may be infinitely greater 
than the other. By this we mean to abbreviate the following :—Two quan- 
tities may diminish without limit, so that the more they are diminished, 
the more times does one of them contain the other ; and this without 
any limit to the number of times just mentioned. 

The term infinitely great is used as an abbreviation of corresponding 
propositions relative to magnitudes which increase without limit. Thus, 
when we speak of two infinitely great magnitudes, one of which is infi- 
nitely greater than the other, we speak of two quantities which simul- 
taneously increase without limit, but one of which increases so much 
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faster than the other, that it may be made to contain the other as many 
times as we please, by making both sufficiently great. And here we 
shall observe, once for all, that 

1. When we speak of a magnitude increasing without limit, we do 
not mean that it actually increases so as to be above every limit which 
could be named, for that is impossible; but that we can make it greater 
than any quantity which we actually do name. 

2. That when we speak of a quantity changing its value, we do not 
mean, or at least we need not be supposed to mean, that the quantity 
itself grows, or flows, in the language of fluxions; but that we have a 
symbol of magnitude to which we attribute different values in succes- 
sion. Bnt whether we take, for example, straight lines of different 
lengths, and compare them together, or whether we take a straight line, 
suppose it to acquire different lengths by the motion of one of its ex- 
treme points, and compare together its length at one time, and its 
length at another time, is perfectly indifferent. 

In future we shall use the theory of limits in all reasonings ; but 
when we abbreviate the results into the language of the infinitesimal 
calculus, we shall inclose the paragraphs so introduced in brackets [ ]. 

We shall now proceed with our rough sketch of the principles on 
which the Differential Calculus is founded. Our object is to show 
that there is no great refinement or abstruseness in the nature of the 
fundamental ideas of the science; but that they do, in fact, suggest 
themselves in various cases which occur in common life, wherever a dis- 
tinct notion is to be formed of the actual state of a variable magnitude 
at any given epoch of its variation. 

It is observed that when a stone falls to the ground from a height 
(the resistance of the air being first allowed for) its motion is of this 
kind. Let ¢ be the number of seconds or fractious of seconds elapsed 
from the beginning of the motion, then the height fallen through is very 
nearly 16); X tt in feet. We ask, at what rate, or with what velocity, 
will the stone be falling at the end of three seconds, when it will alto- 
gether have fallen through 16; X 9 or 1443 feet. By velocity, we 
mean the space actually described in one second when the body moves 
uniformly ; but here there is no uniform motion, or the lengths described 
in successive equal times continually increase. Still, if we examine 
the lengths described in successive very small times, we shall find them 
nearly equal, and more nearly so, the smaller the intervals of time in 
question, and so on without limit. To show this, let us call 16,5 feet 
a measure ; then the number of measures fallen through in ¢ seconds is 
tt. Let us now suppose a very small portion of time k, and let the 
position of the stone be A at the end of ¢ seconds, B at the end of 
t + k seconds, C at the end of t + 2k seconds. &c. Let Q be the 
point from which the stone fell. Then by hypothesis, the values of the 
lines expressed in measures are as follows :— 


QA=E QB=CGé+h? QC= (4+ 2h)’, Ke. 


—A 
AB=QB—QA=2th+ R=(2Qt+ AR _B 
BC=QC—QB=2tk + 38=(2t+3Hk aa 
CD=QD—QC=2tk4+ 5F=(2Et+5A)R, Kc. kifi: 


or the relative proportions of the successive spaces described in equal 
intervals, each being the part k of a second, are those of 
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2t+k, 2t+3k, 2Z+ 5k, WZ+ith, &e. 


to each other. Now it is clear, 1. That the spaces described in successive 
equal times are never equal, for no two of the preceding can be equal, 
however small k may be. 2. That if ¢ have any value whatever, that is, 
if we commence the comparison after any given period has elapsed, 
during which the stone has fallen, we can take the interval & so small, 
that the lengths described in successive equal intervals shall be as nearly 
equal as we please. For 


> BC 264+ 3h -y 2k 
AB 2t+ k 2t+hk 


which can be brought as near to unity as we please, if k be made a suf- 
ficiently small fraction of t. Therefore the notion of equal lengths in 
equal times, or uniform velocity, is one which approaches without limit 
to the truth. What then is the velocity, or rate per second, to the effects 
of which the preceding motion more and more nearly assimilates? It 
is 2¢ measures per second: not that any thing near this rate is conti- 
nued through a whole second, but that the rate of uniform motion which 
would carry the point through 2¢k +” measures in a second, approaches 
without limit to the rate of 2t measures per second, as k is diminished 
without limit. For 


length described in a uniform the length de- 
motion during the fraction nl = a nae "l sted in a 


of a second whole second; 


and if we suppose v measures per second to be the necessary rate at 
which 2 tk + k? measures will be described in the fraction k of a second, 
we have 


2tk +k = kv or 2E+k=0; 


the smaller k is supposed to be, the more nearly will v = 2¢ be true, 
which is the proposition asserted. 

The notion of velocity is one which it is always customary to define 
by means of uniform motion, and, this mode of comparison being taken 
for granted, the preceding is the only way in which a body moving 
through unequal lengths in equal intervals can be said to have a defi- 
nite velocity. At the end, then, of one second, the velocity is 2 mea- 
sures per second, at the end of ten seconds it is 20 measures, the mea- 
sure being merely a term of abbreviation for 16 feet 1 inch. 

There is one remarkable case of exception, which will illustrate the 
manner in, which, throughout the Differential Calculus, particular cases 
may require rules of their own. If we count the small intervals $ from 
the very beginning of the stone’s motion, that is, if we make ¢= 0, we 
find the total lengths described in k, 2k, 3k, &c. of time to be h*, 4°, 
9 k®, &c. or the lengths described in the successive intervals to he kê, 3 k?, 
5 hk’, &c. which cannot be made as nearly equal as we please, for the 
second is three times the first for every value of k, however small. But 
here we find the velocity, as obtained from the preceding process, to be 
0: that is, the rate per second with which k? would be described in the 
fraction k of a second, diminishes without limit at the same time as &. 
This follows from k? = kv or v = k. 
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In the preceding manner, let the student deduce the following propo- 
sition. Ifa point move along a straight line in such a manner, that at 
the end of £ seconds from the beginning of the motion, the length 
described shall always be ¢° + ¢? + t units of length, then the velocity 
which that point must have at the end of é seconds, is always 3? + 24141 
units of length per second. 

[If a body move as just described, and if to the time ¢ already elapsed, 
an infinitely small time k be added, the infinitely small space described 
in the time k will be uniformly described with a velocity at the rate of 
3t? + 2t + 1 units of length per second.] 

ProspLtem.—The curve OPM is of this 
nature, that the area included between any 
abscissa O M, the corresponding ordinate P M, 
and the curve, is the third part of the square p 
described on OM. Required the algebraical 
expression for the ordinate P M in terms.of the a | 
abscissa O M ? o 

Let OM contain 2 units of length, and PM y units: take MN h 
units, and let N Q, the ordinate to O N, exceed P M by ZQ containing 
k units. Then, by the law of the curve, the area OQN is one-third of 
the square on ON, and contains } (x + A)? square units, while the area 
OPM is one-third of the square on OM, and contains } 22 square 
units. Hence the area M PQN contains 


ı (x +h)*—i z? or 2rh + 4h? square units. 


But this area is less than the rectangle M W Q N, containing h (y +k) 
square units, and greater than M P Z N, containing hy square units. 
Therefore, whatever may be the values of h and k, 


ła h+ h? must lie between A (y + k) andhy 
or, 


Zath.. ... a.. ytRandy. 


Now h and k are so related, that by diminishing the first without limit, 
we diminish the second also without limit, and z and y are, with respect 
to h and k, fixed quantities. Consequently, y must be 22; for, if not, 
let 4 OM exceed PM by any quantity, however small. This excess of $ x 
above y does not change when / and k are diminished. Butas the pre- 
ceding relation must be true for all values of h and k, take k less than 
the excess of 2.x above y. Then y + k must be less than ẹ x and there-- 
fore less than 2.7 + 4h, or $x + 4h cannot lie between y + k and y, 
which it has been proved to do. Therefore, 4x cannot exceed y: 
‘neither can it be less than y, for in that case take h so small that 
$x + 4h shall not be so great as y, in which case it cannot lie between 
y and y + k,as required. Therefore, y = $ x, or the curve (as we sup- 
posed it) must be a straight line passing through O, and inclined to O M 
at an angle whose tangent is $. In this case, since the relation so obtained 
holds for all points of the curve, we have y + k =$ (x +h) or k = $h, 
and we see that 4x + +h lies between y + k or $x + 3h andy or 34. 

(If MN be infinitely small, QPZ is an infinitely small part of 
QPMN, and QPMN of the whole QON.] 

The preceding is a problem of the Differential Calculus; we shall 
now take a corresponding problem of the Integral Calculus, the 
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_ algebraical difficulty of which lies entirely in a proposition which we 
shall here take for granted, namely, that the sum of all whole square 
numbers, 1, 4, 9, 16, &c. up to n? is 


14+444+9+16+4.....+(m— pepara CEDU mI 1) 


6 


this may be easily verified in individual cases; thus, 


220 2.3.5 3.4.7 
1 = FG 3 l + 4 — =“— 
ProsBiemM.—In the curve OMP, the ordi- P 
nate M P (y) is always a times the number , 
of square units contained in the square of the wa 
abscissa O M (x); or y= az: required the 


> 
number of square units in the area O MP ? zA 

Divide O M into n equal parts, n being any e] | 
whole number : that is, we mean to trace the o M 
consequences of dividing O M into a number of equal parts as great as 
we may find necessary to choose. We represent this in the figure by 
dividing O M into such a number of equal parts as the dimensions of 
the figure makes convenient. By drawing the ordinates at every point 
of section, and completing such a construction as is seen in the figure, 
we have to notice 
_. 1, A curvilinear triangle, together with n — 1 rectangles, all falling 

inside the curve, and making up an area less than that of the curve 
required. 

2. A number n of other rectangles having severally the same bases 
as the preceding, but each exceeding its portion of the curvilinear area 
by a small curvilinear triangle, and altogether, therefore, making up an 
area greater than that of the curve. 

3. A series of small rectangles diagonally cut by the curve, the first 
of which is a rectangle mentioned in (2.), but all the rest of which are 
the differences between the rectangles in (1.) and (2.) The sum of all 
these smaller rectangles is equal to the last rectangle in (2.), or that 
which has the side P M, for all the bases are the same, and the sum of 
the altitudes of the rectangles which are diagonally cut by the curve is 
equal to the altitude of the rectangle on PM just mentioued. 

Hence it follows that, by making the number » of subdivisions greater 
and greater, we continually make the sum of the rectangles in either (1.) 
or (2.) approach to the area of the curve required; for the area of the 
curve must le, as to magnitude, between the sum of the curvilinear 
triangle and the rectangles in (1.) and the sum of the rectangles in (2.) 
But these only differ from each other by the difference between the 
rectangle adjacent to PM and the curvilinear triangle at the commence- 
ment, which may both be made as small as we please by increasing the 
number of subdivisions. Therefore, by increasing the number of sub- 
divisions without limit, we shall find the required area of the curve in 
the limit towards which the sum of the rectangles in (2.) continually 
approaches. Jet OM be v, then the several intervals between the 


points of section are equal to a? and the distances of the points of section 


from O are severally, 
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z 22 3z x 
eS" AYT — .......-uptoOM=n— ore 
n 1 n Š 7 


the corresponding ordinates to which are 

am 42% 92 ee : 
gee Oe. Oe ge etree up to an pa Or ae 
and the areas (in square units) of the several rectangles are 


2 x NN x ae p to T x an? 
— a= _. e, Oped eee u SST, iS te 
n ne? n nè : n n? 


the sum of which is, 


8 


a (LF 4AF9 Fc EMH D+ 2) 


x n(n+1) (2n + 1) ae n.(n + 1)(2n + 1) 


n? 6 6 N.N. Nn 

a n+l Qn4+1 a2’ IX 3 

gee : ee Nh Oks) 
en: n n wt (1+) (245 )s 


this expresses, for every value of n, the sum of the rectangles in (2.), 
and as 7 increases without limit, the term ae diminishes without limit, 


so that the limit of the preceding summation is, 


ax a 2° 
— X 1x 2 or-——. 
6 3 


But that same limit is the area of the curve in question, whence we have 


ax sxa _ 2y 
Area OMP a a — 3 3 
namely, the third of the rectangle described on OM and MP. Itis 
obvious that the success of this method depends on our being able to sub- 
stitute the definite formula } n (n+ 1) (27+ 1) instead of the indefinite 
formula 


1+44+9+......¢(m—1)? +7” 


and that a similar substitution, if we are able to make it, will enable 
us to find the area of any other curve. 

We have examined cases in which the limit of a ratio has difficulties 
arising from the unlimited diminution of the terms; we shall now show 
a case in which the limit is to be singled out from an infinite number of 
results, all of which appear at first sight equally possessed of that cha- 
racter: for instance, when two straight lines intersect each other in a 
point, and then continually approach to coincidence, shifting their point 
of intersection with their changes of position. When they are actually 
brought to coincide, they have all their points in common, or every point 
is a point of coincidence. The question is, which among all these 
points of coincidence is the point towards which the point of intersec- 
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tion always tended while there was intersection. Let QR bea straight 
line which always moves perpendicular to . 7 
the tangent of the curve PQ, while Q moves 

towards P: and let PR be perpendicular to 

the tangent at P. As the point Q approaches 

to P, will the point R recede from P? If so, Q 

will it recede without limit, that is, may any 

point in PR, however distant, become the 

intersection, by bringing Q sufficiently near to 

P? Or will it recede with a limit, that is, 

though always receding while Q approaches 

P, will there be any point in PR beyond 

which it never can be found? Or will it ap- R 


proach to P, and if so, will the approach be without limit as to near- 
ness; or can a point be assigned in P R, within which and P, the inter- 
section will never be found? The answer to these questions depends 
upon the nature of the curve PQ; we ask them here that the student 
may be able to see whether he still retains notions of limits derived from 
anything but demonstration. In the ‘ Elementary Illustrations, &c.’ *, 
page 22, a case will be found, in which the limit of an intersection is 
deduced. 

All works which treat of the Differential Calculus, for the most part 
make more or less reference to the discovery of the method, and the 
celebrated dispute upon the right to the honour of it. We shall here 
state in few words as much as we think necessary upon that subject. 
Unquestionably, the first whom we know to have solved any problem 
of the Differential Calculus was Archimedes, in whose treatises on spirals, 
on the quadrature of the parabola, and on the cone and sphere, are to 
be found processes which depend upon the comparison of curvilinear 
figures or curved surfaces, with the inscribed rectilinear figures or plane 
solids. A method of limits is really introduced, the basis of which is 
the proposition, that by successively taking away more than half from 
any quantity and the remainders obtained, the last remainder may he 
made less than a given quantity, and a process somewhat like that in 
page 22, is made to furnish rigid demonstration of the results. Taking 
all the curves and surfaces which were considered in his time, Archi- 
medes has produced most of the results which even the modern Differen- 
tial Calculus can express in finite terms; and he was stopped, not by 
the inadequacy of his method considered with reference to the distinction 
between the Differential Calculus and other branches of mathematics, 
but simply by the want of a more powerful instrument of expression, 
such as is algebra when compared with geometry. He could overcome 
the difficulty which answers to writing 


n(n +1) (2n +1) fri +4494... 4 (n— 1} +n - 
but he could not obtain the approximate expression 
3°14159. 366)” 


the language and ideas of his time hardly admitted an adequate concep- 
tion of the preceding, or of anything equivalent to it, and the methods 
of operation. would have been utterly unable to discover it. 


* Nos, 135 and 140 of the ‘ Library of Useful Knowledge,’ _ 
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Between the time of Archimedes and the end of the sixtcenth cen- 
tury, there is nothing to arrest our attention. The discovery of a very 
few new propositions having just this affinity with the Differential Cal- 
culus that they are easy cases of it, is all that can be adverted to. Vieta, 
the first user of general symbols in algebra, that is, of letters designat- 
ing any quantity whatsoever, and Des Cartes in applying the algebra so 
obtained to geometry, by what is now called the method of co-ordinates, 
were the original -creators of the power of algebra, and they were fol- 
lowed by a multitude of partial discoverers, who added isolated theorems 
on series and developements to the general stock. At the same time 
the general theory of curve lines was receiving similar accessions, and 
the multitude of analogies suggested to several the idea of combining 
them under one general form. In the first half of the seventeenth cen- 
tury, Cavalieri proposed his notion of indivisibles*, and Roberval his 
notion of fluxions. We say notions instead of methods, because, in fact, 
no methods could spring out of them, unless by the application of a more 
powerful algebra than was then possessed. It is difficult to imagine that 
either idea had not occurred to Archimedes, and been used by him 
as a method of discovery, though rejected as one of demonstration. 
Roberval considers curves as formed by the motion of a point; and by 
assigning the law of description of the curve, and the consequent velocities 
of the point in any convenient direction, he obtains the direction of the 
tangent of the curve by the composition of these velocities. He also lays 
down the connexion between the method of indivisibles and of infinitely 
small quantities in the manner cited in the note t+. But every point in 
which either Roberval, Cavalerius, or any other of their time, could go 
beyond Archimedes, was owing, not to any notion that could be formed 
of the method of generating quantity, but to the increased power of alge- 
bra. This becomes still more apparent in the Arithmetic of Infinites of 
Wallis, in which a large number of problems of the Integral Calculus is 
solved, and which contained more hints for future discovery than any 
other work of its day. 

Newton and Leibnitz had independently come to the consideration of 
quantity, and each made the new step of connecting his ideas with a 
specific notation. If one line depend upon another, and both increase, 
Newton supposed the first line x to increase or flow with a velocity 2, 
in consequence of which the second increases with a velocity y. Leib- 
nitz supposed an infinitely small increase d x to be given to z, in conse- 
quence of which y receives the infinitely small increase dy. These 
almost amount to the same thing: if we suppose an infinitely small 
time d t to elapse, during which the motion supposed by Newton causes 
the increase supposed by Leibnitz, we have 


* See ‘Elementary Illustrations,’ &c., p. 61. 

+ “Pour tirer des conclusions par le moyen des indivisibles, il faut supposer que 
toute ligne, soit droite ou courbe, se peut diviser en une infinité de parties ou petites 
lignes toutes égales entr'elles, ou qui suivent entrelles telle progression que lon 
voudra, comme de quarré à quarré, de cube à cube, de quarré-quarré à quarré- 
quarré, ou selon quelqu’ autre puissance. 

“Or d'autant que toute ligne se termine par de points, au lieu de lignes on se 
servira de points; et puis au lieu de dire que toutes les petites lignes sont à telle 
chose en certaine raison, on dira que tous ces points sont à telle chose en ladite 
raison.” —Roberval, Traité des Indivisibles. Roberval’s Fluxions are to be found in 
his ¢ Observations sur la Composition des Mouvemens,’ the work of a pupil from 
his instructions, with his remarks, Both treatises are in ‘ Divers Ouvrages de Mathé- 
matique, &c, Paris, 1693, folio. 

D 
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n= 7 — 7 dy _ Ý 
de=ċdt dy=jdt S=? 


The merit of this step being granted to belong equally to both, it only 


remains to ask which did most towards assigning the value of 2 or its 


equal oY in every possible case. And here there can be no question 
that the binomial theorem of Newton is a much larger constituent of the 
difference of power between Archimedes and the immediate successors 
of the former, than anything else whatsoever, unless it be the step made 
by Vieta, already mentioned. It is perfectly true that Leibnitz advanced 
the Differential Calculus, in conjunction with the Bernoullis, to a much 
greater pitch of perfection than Newton or his English contemporaries. 
Our preceding remarks are only intended to draw the attention of the 
' student to the distinction between the metaphysics and notation of the 
subject, and the algebra which makes them serviceable. 

The notation of Newton, which prevailed in England till after the 
commencement of the present century, has been discarded by all writers 
in the universitics, and by most out of them. There are those who 
object to the change, and who consider the fluxional notation as at least 
equal, if not superior, to that of Leibnitz. Without discussing this 
point, we are inclined to consider the universality of the notation of 
Leibnitz throughout the whole of the civilized world, and the fact of 
most of the discoveries made since the time of Newton, both in pure 
mathematics and physics, being expressed by means of it, as itself a 
sufficient reason for adopting it. But we shall in the proper place give 
both notations, and explain the method of converting one into the other. 

We shall also endeavour to teach the Integral Calculus at the same 
time as the Differential. The separation of the two which takes place in 
most works, though convenient in some respects, and those not unim- 
portant, yet deprives the student of the means of learning, at the same 
time, subjects between which the analogy is as strong as between 
addition and subtraction. 


* Leibnitz complained that when he spoke of the Differential Calculus, his oppo- 
nents answered him by reference to the method of series. M. Montucla remarks on 
this, that “a geometer might have been in possession of the method of series, and 
have been able to square a multitude of curves, and yet not have been in possession 
of the calcul des flurions et fuentes.’ But what those words mean when abstracted 
from the method of series he does not state; but goes on to add, “the expression 
for the ordinate of a curve being reduced into a series, if the case required, the 
methods of Wallis, Mercator, Cavalerius, or Fermat, would have sufficed to find the 
area.”’ Considering that Leibnitz himself admitted the priority of Newton in the 
method of series, and that there is no question at all of the labours of Leibnitz.in 
this respect being in no degree to be compared with those of Newton, this is some- 
thing like conceding the point in question. It is difficult to see what Montucla means 
we should infer in favour of Leibnitz, from his admission that, with Newton’s method 
of series, there were four integral calculi in existence before Leibnitz, 
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CHAPTER I, 
ON THE PROCESSES OF DIRECT DIFFERENTIATION. 


Tue rules by which quantities are differentiated must be studied until 
they are perfectly known, and easy to practise. Without demonstrating 
them, therefore, or even defining them, we prefer to place them by 
themselves, and to recommend the student to practise them while read- 
ing the following chapters, considering them simply as methods which 
must be frequently employed in the sequel. 

The process here employed is called differentiation, every algebraical 
expression having what is called a differential coefficient with respect 
to any letter which may be named. If the expression do not contain 
that letter, the differential coefficient is 0; but if the expression contain 
the letter in question, the proper rule, from among those which follow, 
must be employed. Thus the differential coefficient of a+ b with 
respect to zis 0. This particular case needs no further examples. 

The letter with respect to which differentiation takes place is called 
the independent variable. The expression differentiated should be 
called the dependent variable, but the phrase is not found necessary. 
Every expression which in any way contains 2, or depends for its value 
upon the value of z, is called a function of x. 

In what follows, the independent variable will always be z, 

1. The differential coefficient of mz ism. Thus æ gives 1, 22 gives 
2, $2 gives }, — x gives — l, — 2 r gives —2. 

2. The differential coefficient of z” is m"—'. Thus x gives 1 x! or 
æ or l, as before; g? gives22; a? gives 3a; art gives (p + q) 


1 
APTIT xt gives 24°; r` gives —34™™— or — 327, The following 
are instances; over the columns of functions in question is written faz, 
meaning the function of x ; over the column of differential coefficients is 
written f/x, which stands for the differential coefticient of fa. 


Fa f'x fx f'x 
i yl : 
x 5 x 2? or —| —2273 or — — 
a 3 
100 99 -3 4 l 
T 100 x © or — 32~* or a ae 
Or 
l : 
A a 22" 
; -4 
L l PY H — = 3 -à 
Ş or x ay E rA 
3x 
1. =|, l} 1 1 
x* or fx |} 2T? or = rT) pa-t 
i 2,/ x 
=] a2 l 3 i 
zT or — | =l or —— gi re ar 3 
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3. If log x to the base abe the function, the differential coefficient is 
—, where M is the modulus of the system of logarithms having the base 
x 


a, or the logarithm of e (= 2°7182818) in that system, which, when g 
is 10, is °4342945. But in this subject, and, indeed, in all branches of 
pure analysis, the only system of logarithms employed is the one which 
has € or 2°71828.... for its base, the modulus of which is unity. 


ak ae 
Consequently, in this case, the differential coefficient of log z is “i 


4. The differential coefficient of a” is a*loga (here logarithm of a 
is taken to the base £, which is always meant when no other base is 
specified). The differential coefficient of £” is e” itself. The differential 
coefficient of (a + 6)? is (a + b) log (a + b), &c. 

5. The diff. co. of sin x is cos T 

pienieeaeee COSD ia = Sn A 


cos ?x 


6. By sin“ z, we mean the angle which has the sine x; by cos™ z, 
the angle which has z for its cosine, &c. Thus, if a= sinb b == sin™ a, 
&c. 


The diff. co. of sin“ris CTA 
a 1— a 
7 : l 
e o o o o of cos ~'s is — EES EPEREEE TR 
J 1—2* 
of tan ~'z is ete 
e e e e e l 4 L` 


All angles are measured in the manner described in the ‘ Study of Ma- 
thematics*,’ namely, by the number of times which any arc subtend- 
. Ing the angle contains its radius, and an angle so expressed may be 
turned into seconds at the rate of 206264'8 seconds to a unit, and thence 
into degrees, minutes, and seconds. 

7. To differentiate the sum or difference of any number of functions, ’ 
differentiate each separately, and put the same signs between these diff. 
co. as are between the functions they spring from. Thus, 


The. diff. co. of 2” + a + log £z — SIN L — COSL -$+ L 
; l l 
nel z — y è Ee ea 3 -m m 
18 nz” + a* log a + 7 cosg ( sina) + ( -i 


l i 1 
or na! +. alog a + — — cos z + sina — —. 
x x 


Diff. co. of z* +c is na! + 0 orna 


— — cos ris : + : 
eg eo J1i-w 
oe ew oe Lame is 0 — 1l or =l. 


* Library of Useful Knowledge, No, 90, pp. 84, 92, 116. 
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8. The diff. co. of a function of x multiplied by a constant * is formed by 
differentiating the function, and then multiplying by the constant. Thus 


l 
the diff. co. of c logxis c x E or—. 


Diff. co. of c a — è a + ac logx — (a + c) tan” 


ac atc, 


is nea — e a loga + — a Vase 
; s ; 3 
Diff. co. Crier ine So 
12c 


is 


P 
— iee 7+ 
lice" 


Diff. co. of 1 +21 43+ 42°4+ 52+ 62° 
18 2 +627 +122 + 202° + 302%. 


9,.To differentiate the product of two functions, multiply each by 


the diff. co. of the other, and add the results (with their proper signs) : 
thus, 


the diff. co. of a" log vis na" logs +2" x = or 22" log s Ha~. 


coccccoeseee CEMMIs 1 X sing +z X cosz or sing + z cos zT. 


l ; 1l l 
ee ee ee ee -tan x 1s ——,. tanx + — .—>. 
x x x cose 


cccccerecses (1—2) (£ + 2°) is 
(0 — 2x) (x +2°) + (1-2) (1 + 32°) or 1—5 x. 
10. To differentiate a fraction, form the following fraction— 
Den" x (diff. co. num‘) — num" x (diff. co. den’) 


(Denominator)? 
Bia lope x 2a 
Diff. co. of we. x g i e i aE 
g g? 
PA . cosx X cos x — sin g (— sin z7) 1 
ee aS os Be COS cos èT E costs" 
, l+e is (l—z) (0+1) — (1+2) =) 2 
meee ae (1— 7)? Or)? 
wis 1 
sist 1 hex 0-1 x (ogeta) Jog a+ 1 
g log x x? (log x)? z? (log x)? r)? > 
E losing i (1 + sin x) (— cos x)— (1 — sin v) (cos CRM 
l+smng (1 + sinr)? 
2 COs x : 
~~ (+sinz)* 


11. To differentiate the product of any number of functions, multiply 


* A constant, with respect to x, is a function which does not depend on x: thus, 
in a* , a is a constant, if change in x produce no change in a. 
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the diff. co. of each function by the product of all the other functions, ` 
and add the results. Thus, the diff. co. of z x sing X cos X £” is (ree 
member that e” does not change by differentiation) 

rsin x cosg € + 2c0s 2x € — g sin ’r e” + SINT cosge. 

Some examples of these processes will be given at the end of this 
chapter ; but the best examples are those which the student forms for 
himself in the following manner. Take any function which can be 
differentiated by one rule, and throw it into another form, in which it 
requires another rule. Differentiate each form by its own rule, and 
see whether the results ĉan be made to agree. For instance, all the 
following forms are the same function, 2°. 


qE t 


x* 3 — v1 + x) — 2’, 
‘and their diff. co. are, 
> a.6r — 1. 3r 1 (—4 47°) — at (—7 27°) 
a oe. 
Q2(lts) +2 (0+1)—22 
show that the latter three of these forms are severally equal to the first, 
3 2°. 
- We have now differentiated—1. the fundamental forms 


x", a, logw, sing, cosg, tang, sin~'2, cosa, tan ~'z. 


2. All functions of them made by the fundamental rules of addition, 
subtraction, multiplication, and division. It remains to point out how 
to different'ate more complicated functions of functions. 

Rule.—To differentiate with respect to x a function of v, where v is 
a function of x, differentiate with respect to v, then differentiate v with 
respect to x, then multiply the two results together. 

This rule needs some elucidation, but, when understood, will be found 
the best help to the memory. If we ‘have, for instance, the double 
function log sin 2, the logarithm (not of x, but) of sinz. We see that 


P 


; ‘ l . . 

in the preceding rules loge gives —. Does log sina give Te 
x 

Yes; when differentiated with respect to (not x, but) sin z. We have 

here made sin x stand in the place of z. To differentiate with respect 

to x, differentiate sin x with respect to x, giving cos z, and multiply the 


preceding result by cos v, giving aa cos 2, or cot 2, the result re- 
si 


quired. 
fz Fa fa | f't 
>. gat 

log sin æ m— . COS & log a" | — X na*or* — 
sin 7 a 4 WH , 

log cos æ E X —sin a log a” ES .a” log a ox log a 
cos £ a” 

1 ; 
log tanz | —— (1 + tan Sin q? sz X22 
8 in g (l t tan *2) sin cos x? & 


* Account for the simplicity of these results, 
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fv f'x fx f'z 
cos z? |—sina® X24 a Sa 
: l l= 
sin. log x | cos. log v x — N l—e 
7 sin”! sins l a 
ee l PONA TE 
' e™? E7 X cos L (1 4 x°)" 6 (142%) (0 +22) ‘ 
n ae. n=l = 
ral e xX na oe pa Ne > A a nl 
: ire aa r+3x 
cme | texts. À i 
(sin £ + cos z)” n (sin v + cos 2) 
a e x (— 1) ag x (cos t—sin 7) 


Diff. co. of (a + bx +c)” is a bg +err (6+ 2ce) 


v 
ee i ee lS har Vir 


. e © » COS(cosæ + sing)is —sin (cos x + sin z) X (—sin x+ cos v). 


x (0— 2x) or — 


We can now differentiate functions of functions of functions of x, &c. 
Suppose we have log sin a*"*. By the last rule we have, 


Diff. co. of (log sin a”) is ——— X Diff. co. of (sina™"*) 


sin x 


sin a 
2. a o (sina™*) is cosa™* x Diff. co. of (a*"*) 

pga Gar?) is a™* . log a X Diff. co. of (sin x) 
mie e > (sinz) is COS & 


ee ese 1 
wo o o © (log sina”) is———— x cosa’ X a’. log a X cosg 
sin @ 


Diff. co. of (2 +W 2? ay) is 2 (x +4 zt? —1) x Diff. co.of (r+V2?—1) 


Hiena Q + 2?—1) = Diff. co. of x + Diff. co. of yz2— 1 
l 
LS K Diff. co. of (x? —1) 
2 Vxr°—1 
22—0 x a+ V2*—1 
Se ee SS eS SS 
2—1 a a —l y z — 1 
a1) (e+ ve- 
Ga ae is 
In the following symbolical recapitulation, every case of which the 
student must refer to its rule preceding, Ox, Wx, yT, mean different 
functions of x, and @’z, wit, x't, their differential éoefficients with 


respect to x; also (Px We)’ means the differential coefficient of the 
product of ¢z and Yz; and so on. 


(e+ Yr- yo) = Pat We— y'r 
(chatepwr—hyav)!=cPet+ewr—hyx'x 


i 


== 


*, Diff. co. of (x + Jz- 
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Paelad paN _ yape pry's 
(br 2)! =ġr Yr} Peba (=) eee 
(pr wryr)'=dx pexyetorWeyr+Prprye 
ilr + pa)" y} =m (br t ya)" (Pla + we) 


Uda)" = mGz)"" Pa {e0} = eo Pe 
{log dx}! == {sin Ox} = coso z. o'z {cosp s} = — singa. g's 


{tan TE A [agay e 


e o'r 
cos“ ox}! = — — = ftar = —-: 
By $ Yx we mean the same function of ¥ 2, which @xis of z: thus, 
if Ox he log z, dy x means log wr. By ø we always mean that func- 
tion of x which arises simply from differentiating Øx ; thus,in ¢/ya, we 


mean that after $x has been differentiated, we substitute y x instead of 
z. We have then, 


& 


pka = pya. ye {pyxey = pyxar. yya. xa. 

The differential coefficient of the differential coefficient is called the 
second differential coefficient; the differential coefficient of the second 
differential coefficient is called the third differential coefficient, and so 
on. The several differential coefficients of ¢ x are denoted by @’z, o'r, 
Hx, Px, &.; and it is customary to use Roman numerals to 
express a number of accents, when they are too many to be conveniently 
written. Thus, the tenth differential coefficient is written Px.” But 
when a letter represents a number of accents, it is customary to place 
it in brackets: thus, the nth differential coefficient of x is written 
por. m Agi 

This process is called successive differentiation, and its easiest cases 
are as follows :— 

l. Let px be z"; then Ø'xzisn a", Q"'x is n (n — 1) 2", "x is 
n (n— 1) (n — 2) =, “x is n(n—1) (n — 2) (n — 3) 1", and s0 
on. In the following, the function differentiated is the first of the line, 
and it is followed by its successive differential coefficients, 


a, 40°, 4.3, 4.3.2.2, 4.3.2.1, 0,0,0, &e, 
a, 52°, 5.40, 5,4,34, 5.4.3.22, 5.4.3.2.1,0,0, &€, 
1 2 2.3 2.3.4 2.3.4.5 


l 
a 2 ee Sy Enga ST Se 3 3 &c. 
x a? x Zz x x 
l n n+l) n(n+1)(n+2) n(n+1)(n+2)(n+3) :- 
a P EE O EE EN 
1 z= 5 
z EJ io ae = f 
av, tr 9 — } $2 t eee da 9 — a TREET) ? &c 
= 1 oe 
eae aga, ggg oa gg ya ko 
ae: m-n m- n m— 3n 
i ma M MmM—=n =— m m—nm=?n = 
to — L  — r] ? d) — e m 5 &c. 
n N n n n n 
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. 2. a, œ loga, œ (log a), a (loga), a” (loga), &e. 
3. &, €, i; E, €, &c. 


'1 
4. log x — oe, (for the rest see last page.) 


5. sin 7, cost, ` — sing, -—cos2, sing, cos zr, &c. 


6. cosz, —sin x, —cosz, sing, cosz, —sin T, &c. - 


Memorandum.—Observe that in every case a function of x + c does 
not require any second process in differentiation, for instance, 


Diff. co. of sin (x + c) = cos (x +c) X Diff co. of (x + c). 


But the differential coefficient of r+ cis l1 +0orl. 
We shall now give some examples * for practice. 


Let 
or= ae or (l= at)? ON = 228 
N] = (1—2)? 
or= _ 2 P 1 — x? — x diff. co. of Vl- 1 
Wir l =z? (1—2)? 
aima V1 + z diff. co. of J1—2—,/1 —<a diff. co. of 1+2 
ba = y P22 Sh Ft 
AY +2 l+ 
i. eee ae ; 
a 0—] ee — - 
_ vite aie ” oita 
= ltr 
l (1 +zz)4+(1— rz) l 


= 204+a)VToa VI—e Otte) Nie | 
Reductions, such as are here to be made, and success in which depends 
on the expertness of the student in common algebra, form the greater 
part of the difficulty of the succeeding examples. 


Va — 2 ar 
rn nn = 

pone E b+2cr 
PET 2a pbr pce 

_ a+ber pis a'b — b'a 

pe age eos (a + Bay 
ms l Pg eee E rad ey Dao eee l 

veee a a ee 


* There are two works in English, which are express collections of examples for the 
learner. 1. ‘ Collection of Examples of ihe Differential and Integral Calculus? By 
George Peacock, A.M., &c., Cambridge, 1820. This work is now out of print and 
scarce, and we have been frequently indebted to it. 2. ‘A Digested Series of 
Examples,’ &c. By John Hind, M.A., &c. Deighton, Cambridge, and Fellowes, 
London, 1832. This work would be very useful to the student who wishes for more 
examples than one work can give. 
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Rute.— When two functions differ only in the sign of z, the diff. co. 
of one may be found from that of the other by changing the sign of z, 
and then ne the sign of the whole. The last is an example. 


1 — z’ AE ks 
eee re MS OTe Jarpa TFF 
_&—r4l ».. 2(ẹ—1j 
AE E VIA T prr) 
Dp EENEN v 
pr=- r— 2 Op Sees 
7 ava a afi — a 


The process may sometimes be rendered less embarrassing by the use 
of logarithms, as follows. Suppose we wish to differentiate 


: SANW 
ha = = a (1), 


where all the capital letters are functions of x, and P’ Q’, &e. are their 
differential coefficients. Take the logarithms of both sides (and let A 
stand for log) 


Npe =AP+AQ—AR—AS + — (mAV +AW—AZ); 


differentiate both sides (it being true, as hereafter noticed, that the 
differential coefficients of equal functions are equal), and we have 


/ , - 
g'e E PEATE T O AE aN 


—_ _ —— — _—— m 


Y =F Sone S oe WN eZ 


whence we get #'x by multiplying together (1) and (2.) The student 
should first try the following example by himself, and whén he has 
completed his result, may consult the following process. 


a+r b? + r 


dala ay a + at 
Process. XPx=ACatzr)—A(S4+2)+4AC +2 a*) -3A (a Fa) 
C E E E E 
pr ate b+27'284+2 2 @4+2 
b—a a x + v— (bax + zr’) 
=at bth +0) (Gta) 
bea (a®— b?) x 


~ G@+a) bta) (t O) 
7 ied f(a + a) eek EBLE 
| (a + x) (b + x) (a* + 2°) (b + a) 
(a? + 2°) (b + 2*) _ = 2 h3 (a? + b?) r+ xt 
(a+b) (at+a)(6+a)e = (a+ db)abact (a+ b) È +(a+6) 2°. 


When the numerator of the preceding fraction is 
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a&b + (a? + be —a + b?) 2 + zt — (a + b) (aba t I) or 
a b? —2a b x? + zt — (a + b) (abx -++ 2’), or 
(ab—= 1} — (a + b) (abx +2"). 

a+ ETa (ab — +) — (a + b) (abx + x’) 

pte Veta +a (+2) (a +a) Ota) 
(ab—2*)? — (a + 2 (aba + at) 

(b +2) (a* + 2)? (bt a*)* 


` In the following list, each function is followed by its differential coef- 
ficient. 


aT 1+2 

log (x + 1); T ig —_ 
a) 2 
Nti Na+] 


| ere ai nae e(v?—2r+2), Er 


log Vy 1 + cosg’ sin & 


= (b — a) 


log log (log z) , 


vlog x 


I a! 3 x™ (log z)", 
wat, xa? (aloga + 7) x" (log zy (mlog # + n) 
gt” ee” g E” ex 
i l+’ (142) 
x— sing cos t, 2sin?’g e sin sare 
Sın g sIn x 
l l ] l f ; T 
conog m a sin (sin v), cos sın V. cosg 
[flr 9 i 3 
SIS (GS ee a cos" a 
- tan`! aoe) Ee NE aa b+a cob & Va — b? 
l=’ ltr a + b cos 7? eB cosh. 


Having thus laid down the mere rules of differentiation, we proceed 
to investigate and apply these rules. 
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CHAPTER Íl. 


‘ON THE GENERAL THEORY OF FUNCTIONAL INCREMENTS AND 
DIFFERENTIATION. 


WHEN any function of x is given, we can determine by common algebra 
the value which the function receives when «v receives any given value, 
say a, and also the change of value which takes place when x becomes 
a + h, by which we merely mean, when we pass from the consideration 
of the function of a to that of the function of a + h. Thus, “let x = a,” 
followed in the same problem by “let r = a + A,” does not mean that 
~ we make these suppositions both at once, but that we consider v as 
changing its value, or ourselves as changing the value we attribute to z. 
Of course, the consequences of the two suppositions may exhibit any 
sort of difference. 

When we consider v as having some assigned and specific value a, 
the function Ø x may exhibit two distinct species of phenomena. 

1, It may have a finite and calculable value, positive or negative. 
Thus, v + z? is beyond all question 6 when the value of x is 2; and 
— 1 when z is— 4. . l 

2. It may exhibit one of the varieties of form which arises out of our 
supposition being followed by an absence of all magnitude, or 0, in a 
place where the general form of the function would lead us to suppose 
there is some number or fraction to be operated on or with. Such 
forms are, 

1l l 
b h a, a, G, F, &e. 

For instance, in the function (1 — zx) “~*, we see that the supposition 
of x = 2 offers no difficulty, for the function then becomes ( —1)~! or 
— l; but when z = 1 we have no means of operation left, except such 
as are implied in the symbol 0°, which offers no ideas of numerical value. 

With regard to such cases, it may or may not be proper to say the 
function has existence and value: but we do not enter into that ques- 
tion. We examine, in such a case, not what (1 — x)'~* becomes when 
x= 1, but we ask to what does it approach without limit when z 
approaches without limit to 1. If we can prove, as we may hereafter 
do, that the preceding function also approaches without limit to 1 when 
x approaches without limit to 1, we may then abbreviate the preceding 
proposition into these words “ when z is 1, (1—.)'-* is also 1 :”? but we 
use the preceding sentence in no other signification. ‘Therefore we have 
the following definition. 

Derinition.—The function is said to have the value A when z has 
the value a, cither when the common arithmetical sense of these phrases 
applies, or when by making < sufficiently near to a, we can make the 
function as near as we please to A. In the first case A is simply called 
a value, or an ordinary value, of the function: in the second case A is 
called a stngular value. 

Postulate 1.—lf $a be an ordinary value of dz, then h can always 
be taken so small that no singular value shall lie between ġa and 
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p (a + h), that is, no singular value shall correspond to any value of x 
between xv = a and r =a + h. 

The truth of this postulate is matter of observation. We always find 
singular values separated by an infinite number of ordinary values. If 
we lay down all the possible values of z on a straight line, measuring 
them when positive to the right, and when negative to the left, upon the 
supposition that some certain given straight line represents 1: and if we 
then lay down the values of the function upon lines perpendicular to the 
values of x, placing each value of the function on the line drawn through 
the variable extremity of the linear value of 2, and measuring it above 
or below the axis of v, according as it is positive or negative, we have 
the well-known method of representing a function by means of a curve, 
. which is the foundation of the application of algebra to geometry, as 
given by Des Cartes. We have drawn the representation of a function 
below, so as to exhibit every variety of singular value, and more than the 
skill of the most practised algebraist would at present be able to find a 
function for. The stars mark the singular values, or rather the places 
at which there may possibly be a singular value; all other values are 
ordinary, however near the singular values they may approach in posi- 
tion. And we see that, however nearly a, the value of x, may approach to 
b the value of x at one of the singular points, it must be possible to take 
a + h lying between a and b. 


-sasn "Y 


Postulate 2.—If pa be any finite value of $2, it is always possible 
to take h so small, that ø (a + h) shall be as near to pa as we please, 
and that % x shall remain finite from x = ator = a + h, and always 
lie between ¢ a and ¢ (a + A) in magnitude. 

This again is a part of our experience of algebraical functions. It is 
generally assumed under the name of the law of continuity. The latter 
part of the postulate may be true of the whole extent of some functions: 
sir aoe great A may be, x* perpetually increases between a’ and 

a+ hy. 

It 1s possible to imagine a function which does not observe this law, 
but we cannot, without further consideration of singular values, find the 
means of expressing it algebraically., For instance, in the following 
figure, the function represented by ABC D EF is discontinuous at B 


R 
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and D. But we have no means of expressing such a function in common 
algebra. We may call the law expressed in this postulate the law of 
continuity of value, to distinguish it from that of the next postulate ; 
and we may say that functions, which do not obey this law, if any, are 
discontinuous in value. 

Postulate 3.—If any function follow one law for every value of <x 
between z=a and x = a + h, however small A may be, it follows the 
same law throughout: that is, the curves of no two algebraical func- 
tions can entirely coincide with each other, for any arc, however small. 
If ġ x be a” for every value of x between a and a + h, however small h 
may be, it is 4” for every other value of z. This we may call the law 
of continuity of form, or permanence of form. 

Exceptions to this law may be represented, but cannot yet be alge- 
braically formed. As in MN P QR, we may conceive a function which 
is represented by an arc of a circle joined to one of a parabola, which 
is itself joined to a part of a straight line, and so on. Such a function 
would be called discontinuous in form, and though not now exhibited 
algebraically, may actually occur in practice. Suppose, for instance, a 
spring of the form M N PQR fixed at the end M, and disturbed at the 
other end. The number of its vibrations per second might become 4 
subject of inquiry. 

Let px be a function, continuous in form and value, which we 
always mean unless when the contrary is expressed. Let us take two 
' consecutive values of x, namely aand a+ A; but instead of supposing æ 
to be a, and then to become u + A at once, let it pass through 2 steps 
altogether, becoming successively, 


a,atOéa+20,....a+¢m—1)0,a4780: 


that is, let n0 be h, so that by increasing the number of subaltern incre- 
ments by which a becomes a + h, we may diminish each increment @ 
without limit. The corresponding values of the function are da, 
(a+ 9), P(a+26),.... upto Ø (a+79) or ọ(a+ h). 
The several increments * of the values of the function are then— 
p (a+0)-P9, p (a+20)—¢ (a +90). . p (a+n0)—9(a+n—16), 
Let pa be called P,, let ọ (a + 8) be called P,, &c. up to ọ (a+ n0) 
which is called P,. Consequently the increments of the function are 
P, — Po, Pe— P,, Ps—P., . - |. . Pa — Pani (2 in number) the sum 
of which is P, — P, or ¢ (a +h) — pa. We have then, 
(P, — Po) T (P,— P.) +. ee ot (P,,— Pa) =o (a + h)-—da 
0 -= 6 ig: si oe EP 0 = no — h 
(P, ZA P,) + (P,—P,) + a, ee. + (P,,— P,_1) — D (a +h)—da 
9 T 6 +... e+ 0 = ee 
so that (h and a being given) the fraction made by summing the nume- 
rators of 
P, z P, P, ar P, P; = Ed 
0 0 ereeove ——ge 


for the numerator, and the denominators for a denominator, is equal to 
the same quantity whatever may be the value of n. 


* If the function decrease instead of increasing, we must either use the word 
decrement, or apply the term increment to both positive and negative quantities, a 
negative increment being a decrement. We take the latter alternative. 
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If n increase without limit, © diminishes without limit, and so do all the 
numerators of the fractions in question, which last therefore all approach 
the singular form $, and we have now to ascertain whether the limits of all 
or any must be finite, or whether they may severally increase without limit 
or diminish without limit. Now (we refer the student to the lemma fol- 


lowing this) they cannot all increase without limit or Py diminish 
4 {i 


; aia — na, a 
without limit: for it is shown that among the fractions Z 2 &c., 


bb b’ 
there must always be some which are algebraically greater, and some which 
u+ a 1 
are algebraically less (some means one at least) than ie 
the only possible case then, unless there be finite limits among i. 
is that some increase without limit, and all the rest either diminish without 
limit, or ee negatively without limit. 
P, — P, ae P, P, a Piz 
Pig erie ae Qe e . e —p ER 
Now, whatever these quantities Q,, Q,.... may be, a law of con- 
tinuity must exist among them, for they may all be made from the first, 
by changing a into a + @ time after time. Thus, 


T e LOE Soroiz 


by changing a into a +9. And we have reduced the question to this 
alternative : either there are finite limits, or some increase without limit 
and the rest diminish without limit: if the latter, we shall have two 
contiguous fractions, one of which is as small as we please, and the 
other as great as we please : or we shall find, for a sufficiently great value 
of n, somewhere or other in the series Q, Q. ... a phenomenon of this 
sort, Q smaller, say than ‘00001 or anything else we may name, and 
Qn greater than a million, or any other number we may name. Or 
Qx will be positive, and Q,,, negative, both numerically as great as we 
please. This cannot be true of ordinary and calculable values of the 
function, and can only be true when Q, is the fraction which is near to 
some singular value of the function, or when a + kO is near toa +? 
corresponding to a singular value @(a +/), a+ / lying between a and 
a+ h. Butas h may beat the outset as small as we please, let us 
avoid this by taking a new value of h, namely h’, so that a + A’ is less 
than a+. Repeat the whole process and argument with a and a + h’, 

by the same reasoning if will appear that if we refuse to admit finite 
limits to some of the. set Q, Q..... where n 8 is now A’, we are driven 
to suppose another singular value of the function corresponding to a+ k's 
lying between aand a + h'. Avoid this again by reasoning in the 
same way on a and a+ A” where A” is less than k”; ; we shall be obliged 
to admit another singular value, and so on. Either, then, there are 
finite limits to some of the set contained in the general expression 


(a + ko) — o (a+ kK—19) 
0 ? 


is made from Q, or 


or the function admits of an infinite number of singular points between 
x =a and x = a + h: that is, is not according to the postulate. There- 
fore, we have the following theorem. 

$ x being any function of z, and a and a + h any consecutive values 


48 ‘DIFFERENTIAL AND INTEGRAL CALCULUS, 


of x, where h may be given as small as we please, there must be finite 


g | l 
limits to the fraction eer? Be ae, aici E E EE 


limit, for some values of x between x = a and z =a + h. 
a Be 
The limit of che al Su is called the differential coefficient of 


g x with respect to x, and the theorem just proved is as follows :—Every 
function either has a finite differential coefficient when x has the specific 
value a, or when it has a value a + k where k may be as small as we 
please. 

There are points in the preceding demonstration which lie open to 
certain objections, depending upon the way in which the terms of the 
postulates are understood. The student may, if he pleases, consider it 
only as giving a very high degree of probability to the fact stated, since 
. we shall presently demonstrate of all classes of functions separately, 
that the preceding fraction has a finite limit for all values of x, with the 
exception of a limited and assignable number of values for each func- 
tion. 


a al al 


Lemma referred to in the preceding demonstration. If PPPT 
be a series of fractions the numerators of which are of either sign, and the 
ata+.... 
b + b! + te o è o 
braically between the greatest positive, and the numerically greatest 
negative, of the preceding fractions. 

To take a case, suppose the fractions to be 

3 1-2 5 

2 4 3 2 
which are arranged in algebraical order, the algebraical greatest being 
first, and the least * of the same kind last. Then we have 


denominators all of the same sign, then must lie alge- 


Žž or 3= 5.2 m e = 52 
Z <Š or 1<Ž.4 ZË or a> 5.8 
Z5 <Í or —2<5.38 > è iS 
= <Š or 5 <5? <> or 3>—> 2 


Hence, by addition 
3 —5 
(3+1—2—5)<52+443+2), (8+1-2—-5)>—,Q4+4+342), 


or 
3+1—2—5 <3 ao een ena 
24+44312 ~2 DATI FI, Z” 


* See ‘Study of Mathematics, p. 49. To avoid confusion, it would be desirable 
to talk of the smallest of quantities, when we speak of arithmetical magnitude, and 
of the /east when we speak of algebraical order; but the necessity for the distinc- 
tion seldom occurs, 
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and any other case may be treated in the same way. We have adopted 
an instance, to keep the ideas of the student fixed upon the algebraical 
‘relation of greater and less, which is necessary to the proposition. If 
the denominators were all negative, the same thing might be deduced : 
thus, if the set were 


3 l l 
—2 —4 —3 —2’ 

since if p lies between q andr, it follows that — p lies between — q 

and — r, then, since 
3+1—2—5 
2+4+342 
of 19-5 3 ab 
er p gape Se the less and Zg the greater. 


The object then of our first investigations must be to determine the 


o(a+9)—® 
0 


; 3 —5 
lies between = the greater and a the less 


ee a, bcd ei, ot 
limit of — when @ diminishes without limit, in every 


possible case; which we shall see amounts to substantiating the rules 
given in Chapter I. But first we must acquire some more precise idea 
of the meaning of the preceding. We see that x is first supposed to 
have some specific value a, which is changed intoa + 0. It is usual to 
write x itself for its first value, and to call 0 the zncrement of x. Let 
Ax be the abbreviation of the words difference of x, or increment of 
x, we see then that 6 is an arbitrarily assigned value of Az. And 
"$ (a + 6) — Ga is the increment or difference of ¢ x, for it represents 
the alteration of @ x made by changing x from a intoa + 0. But it is 
not arbitrarily assigned ; for @ x being a given function, and a and a + 0 
given values to be used, Ø (a + 6) — $ a is given witha and 0. Hence 
Ax represents O(a + 6)—Ga, or if u= da, we have Au= 
$ (a+ 0) — ga, or the differential coefficient is the limit of the fraction 


Ae which we cannot ascertain from this form, because when Ax = 0 
that is, when the value of the independent variable is not altered, 


A u = 0, or the value of the function is not altered. For instance, let 


ee l - 
-the function in question be ar We have then 


nin J A 1 Ls 0 
ERI "EO vo x(x + 6) 
Au l 
Ar = — = = —, 
pey AT x(x +9) 


we use A z on one side, and 0 on the other, which must appear a super- 
fluity of notation, because we thereby, on the left, preserve a better repre- 
sentation to the eye of the process which is going forward, while we 
have a more convenient working symbol on the other side. 

The limit of the preceding fraction is easily ascertained from the 


, . l l F 
second side of the equation to be — — or — zE For when no sin- 
L.T 


gular form is produced by making 0 = 0, the latter gives the way to 
ascertain the limit towards which we approach by diminishing 0 with- 
E 
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out limit. But this supposition, namely 6 = 0, is merely a step of the 
work, and not a necessary part of the reasoning. 

THEorEM.—If p,q, &c. be the limits of P, Q, &c. to which they 
approach when @ diminishes without limit, and if none of the set P, Q, 
&c. exhibit singular forms when 6= 0, then the limit of any function 
is found by substituting instead of P, Q, &c. their limits p, q, &c. pro- 
vided no singular form “be thereby obtained. Let us take as an instance 


a the limit of which we assert to be z To prove this, observe that . 
P_p_Pq—Qp 
Q q Qg 
whence it follows that « and « diminish without limit at the same time 
as 0. This gives 


P_p_@+9)q-@+)p_go—pe. 
Q q (q + «)q- g +g’ 

the last fraction has a numerator which diminishes without limit with 
0, and a denominator which continually approaches to the finite quan- 


, and let P =p +5, Q=q +K, 


tity q°. This fraction, therefore, diminishes without limit, that is 


approaches without limit to Ê., or the latter is the limit of the former, 


St, gu du , l 
“It is usual to represent the limit of = by 7? which the student 


should now read the remarks in pp. 13—15, of the ‘ Elementary Illustra- 
- tions.’ This latter fraction does not mean a quantity du divided by a 
quantity dx, nor are its parts to be separately considered in the theory 
of limits. [But in that of Leibnitz, pp. 21, 29, it is said that if dx be 
an infinitely small increment given to 2, du is the corresponding infi- 
nitely small increment thereby given to ‘the value of u, and the diffe- 
-rential coefficient is the ratio of these infinitely small increments. Thus 
it would be allowable to say, that if 
l du l l 
v= — -a OF du = Pe dr.] 

When x becomes xz 4- Ar, we suppose that u becomes u + Au, P be- 
comes P + A P, &c. Let us now suppose that 


uw=P+Q—R+40C, 


P, Q, and R being functions of x, and C a constant. Let P, Q, and R 
have finite and determinable differential coefficients. This relation, being 
required to remain true for all values of z, exists when z is changed into 
x + Ag, and gives 


u+ Au=(P+AP)+(Q+4AQ)—(R+AR)+0C, 


the constant not being affected by a change in the value of x. Subtract 
the preceding, which gives 
Au AP AQ AR 


Au=AP+AQ—AR, — = —+—-—, 
d TAQ n Kee AS At 


let A x diminish without limit, in which case the fractions in the last 
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E ; DE du 
equation severally approach without limit to what we represent by 7 


a 2 and <<, which gives 


du dP dQ A 


We see that the constant C does not appear in the result. Ifit had 


been a function of x, we should have found ee added to the preceding. 


dx 
But at present, if we suppose any other term in the last equation, it 
can only be + 0. It may be said then, that when C is a constant, 


i is 0. The proposition to which this may be considered as a sort of 


dx 

limiting theorem is the following. If a function increase slowly, its 
differential coefficient is small: the less it increases, for a given increase 
of x, the smaller is the differential coefficient. Finally, if it do not 
increase at all when «v increases, the differential coefficient is nothing. 


Let u = PQ 
u +Au=(P+ AP) (Q+AQ)=PQ+ PAQ+QAP+AP.AQ 
or as before, Au = PAQ + ee + APAQ 
Au pat +o 
7 = +Q -AQ; 


the last term of the ales consists of one factor which approaches a 
finite limit, and another, A Q, which diminishes without limit. All the 
increments Au, A P, &c. diminish without limit with Az, though their 


ratios do not. Consequently, the term i A Q itself diminishes with- 
out limit with Ax, and we have 
du d = 
an = P — 
Let u = PQR = B R. 

di d 
Then, as just found, Z= SP qs — ae R ——— = Q) 


dx 


a?) =p 


~ 4+ Q <= (p. 37, Rule 9.) 


d 
=PQt+R( PS = +Q PQ] + PRÉ RQ. 
And by carrying on this process, we may obtain the following general 
tule: to differentiate the product of n quantities, differentiate each and 


multiply by all the rest. If w be oa product of 2 functions PQR. 
then the product of all but P is — 5 , and so on; whence we have 
du wdP , u dQ u dR 
dr P dr Q dr R dx 
l du _ l dP 1 dQ l dR 


udi Pa QdrtRa tot 


A at E E 
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This remarkable relation is intimately connected with the theory of- 
logarithms. If AP mean the logarithm of P, &c., and if u = PQR... 
it follows that 


d (a d (AP d (À 
Au SAPHAQHARG.., o eR nO CDa 


and it will afterwards be shown that 


d (u) 1l du d(AP)_ ldP &e 
dr u dr dx Pdr’ ` 
P * P+tAP P 
Let u = -= A u = =—— — =, 
ee TFA 8 
SP pêg 
A QAP—PAQ Au Ag Av 
.orAu= ~ — = — 
Q? + QAQ Ar Q’+ QAQ 


taking the limit, and remembering that Q A Q diminishes without limit, 
we have 


Q dP dQ 
du de ` dr 
a e (p. 37, Rule 10.) 


We shall now proceed to find the differential coefficients of the fun- 
damental forms. But first we must premise the following consideration. 
If u be a given function of v, then x is also a given function of u, though 
not always an assignable function. af 
L 
For instance, if u = 2, then « = vu ; if u = q” then t = u’. 


igo eee -b+ J+ 4au 

war? + br sie Maa ata 

we see then that a function may have more values than one for the same 
value of the variable, and we know from algebra that such functions 
will anise from the inversion of any direct operation, except only 
addition Thus, if we consider the equation u = z? + v, and if the 
question be, given 2 to find u, we have but one value of u to every value 
of x: but if it be, given v to find x, we have to solve an equation of the 
second degree, with two values. In the differential calculus we must 
always distinguish these two values as if they arose from different func- 
tions; thus, there are two differential coefficients, one to each value. 
With this restriction we apply the rules separately to every different 
value of an inverse function. Thus, when we say if w=@z2z, then 
let r= Wu, we mean, let yu be one or other of the values of z 
obtained from the first equation; but whichever it may be, do not use 
one in one part of the question, and another in another. It is usual (or 
rather itis becoming usual) to let ¢~'w stand for the value of x obtained 
from u = px; or to say that, in such a case, r = OG" u. 

If, when v = a, u =b, we are at liberty to say that when u = b, 
x= a is one of the values of x corresponding to that value of u. If 
therefore, u = g2 makes z= Wu a necessary consequence, and if 
b = a betrue, then a = bb must be true, not must be the only true 
consequence. If then the value of u corresponding to a+ Aa be 


b + Ad, orifb + Ab=o(a+Aa),andifu= px makes x = bu 
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a necessary consequence, it then follows that «+ Aa=%(b + Ab) is 
a truth. That is, we may consider Aa and Ab as simultaneous incre- 
ments.of u and x, without asking by which of the two equations either 
is derived from the other. And the same of Au and Ax, when we drop 
the reference to specific values of u and x, which we have used for dis- 
tinctness. If we use the first equation v = @ x, we obtain 
Au @(@#+Az)— p z 
Az At 

If we use the second equation z = wu, we obtain 
Aw yut +Au)—- yu 
Au Au 
Calling these limits %'r and ¥’u, as in the first chapter, and remember- 
ing, that for all values of A u and A v we have 


A A ae A ee. 

— x = — ], we see that limit of = x limit of —= i; 
as in p. 22. That is, d’x x y'u = 1, which will be reduced to an 
identical equation 1 = 1 by the substitution of @w instead of u, as in 
the following example. 


a a 
t= , th — —___. 
Let u or dw z + b, then zor pu ae 


— and the limit is a function of z. 


and the limit is a function of w. 


Au. 


l f a a | a 
— = — b—(—+5 = =- ——_——_., 
Ar ke leas (2+ ) g (x+ Ar) 
the limit of which is — — or ġ'z = — £, 
x x 
Aw ll a aad cat e a 
Au AulutAu—b uw—b) (u—b) (u + âu — by 
the limit of which bo y'u = — eri 
then will — — x ——— = l, 


z?  (u-— 6)? 
not universally, but only when the (throughout this process) permanent 


A a i i 
relation u = = + b is also satisfied. And we see that the latter rela- 


i ee se | 
tion gives u — = — and therefore 
2 


g'x obtained from u = Ø x has been signified by Tr 


dx 
y'u obtained from z= ww will be signified by T 


a d 
fieree =— PASE A £ =] ea : 
du “ai du’ 
dx 


We have illustrated this at length in order that the student may not 
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think he sees it too soon, which he will always do, because there is 
dx a b 

>— a resemblance to — and — of common algebra, 

du b a 


which leads him to think that the preceding equation must be as true as 


7 x C= l, and for the same reason. This is the disadvantage of the 


du 
between — and 
dz 


5 Dra du . 
notation, but it ceases to be such when it is understood that a 8 not 


a symbol in which we can separately speak of du and dz, but an inde- 
compostble symbol, the parts of which, though they serve to remind us 
of the manner in which its value is obtained, have no separate meaning 
in connexion with that value. 


dt derived from u=¢a, arbitrarily stands limit of $ (z+ Az)—oz 


- dx for Az 
dx implies a consequence of the preceding, |). + of W(utAu)—Pu 
du namely x = y u, and stands for $ Au i 


Cover the left side of the preceding with the hand, and see in what 
degree it is evident from algebra that the product of the two limits spe- 
cified at length is 1; for that degree of evidence, and no more, should 


i ; i . d d 
attach itself in the mind of the learner to the equation s x = =], 


; d i 
independently of the demonstration. In the same manner —, which 


seems most evidently = 1, must not be received as such without the 
following. If u= x for all values of x, and if increasing æ by A z makes 
u increase by Aw, we have u + Au= x< + Az, and, subtracting the 


, Au , ; 
former equation, Au = Az 1 1, which being true, however small 


A z is taken, has the limit 1, and now * we may say that =, (which is 


dz \ 
a) 


Let us now suppose that u is a function of y (Py) where y is a func- 
tion of x (Y x). We have then 


d 
u = Py from which we can find limit of mu or 5 
“ Ay dy 


_ » py dy 
a) h a Sea bad 
y = y x from which we can find limit of Aa or Jr? 
du 


but we have no equation from whence to find Tr though we can make 
p 


* In the beginning of every science comes the difficulty of understanding why 
some apparently self-evident things are proved, and others not. We cannot here 
enter into this question, but we recommend the student to inquire, if he has never 
thought of it, why Euclid shows how to cut off a part equal to the less from the 
greater of two straight lines, when he does not prove that a straight line can be 
drawn. We have hardly thought it necessary to prove that if two functions be 
always equal, their differential coefficients are equal. It is evident their increments 
must be the same, the ratio of these increments to that of the independent variable 
the same; and variable ratios which are always equal must have the same limit. 
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one by substituting the value of y in u, giving u = p (Yr). Yet, if v 
become x + Az, y will reccive a certain increment A y, in consequence 
of which u will receive an increment Aw, And, from common algebra, 
os yen hence, p. 50 
— = — X—-, wher 

Ae Ay Ar reas 

es) a | See 4 7 du d 
limit —— = lim. — x lim. —! or — = 2 4 
Ax Ay Ax dx dy 
which also seems evident from algebra, and the preceding remarks 
apply. In fact, retaining the notation of Chapter I., and supposing 
that Ø (¥ x) is x7, this equation might have heen deduced in this form 
xc = O'y X Y'x, which does not appear self-evident, 
and is only true under two implied equations, namely, x c= p (ẹ x) 


dx’ 


and y = Yer. 
Thus, if u = 4%? y = 2° giving u = 2°, it will be proved that 
du di du 
— = í 2 7 = 1 ha pai E 5, 
dy tea 2 x, and also that Ty 6 2 


each equation in the lower line following from one in the upper, in- 
dependently of the others. But from the connexion of those in the first 
line follows this connexion between those in the second, namely, 
62° = 34? x 22, which is evidently true if y = 2°. 

In the same way we might prove, if of the variables u, v, w, y, 2, each 
is a function of the following, that 


du du dv du du dv dw du _ du dv dw dy 


dw dvdw dy dv dw dy dr dv dw dy dr 


‘du dv dw d l TE a 
where —, --—, —, SLA are directly obtained from the supposition : 
dv dw dy dx 
du... ; 
but oe implies that u has been made a function of w, which can only 
be by substituting in u = ġ v, the value of v from v = y w, and so on. 
Let us suppose u = x" (n being a whole number ; observe that by n 
and m we always mean whole numbers, unless otherwise specified) that 
18, let w be the product of n functions x, 7, 2,...... (n). Then by the 
formula in page 51, we have 


u dx u x 
= n- — => n— X 1 Si ais nu", (p. 35, part of Rule 2.) 


m 


Now, let u = ar" or u” = z”. Let p = u”, where u is a function of z. 


= dp dp du du 
Therefore — = — — = nu"! — by the last, but p is also 2”, 
dx du dx dy 9 Í l 
d. 
whence — = mz", Therefore 
ues du ee du m w m =, fp. 35, Rule 
— z qT ee SS oes — — — T n ° : 
de a a ae w » 2,10 part. 
m mn-m a m mick yi A 
CT fen unbe =r. yi Pi 
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Now let u = x~”, where p is positive, whole or fractional 


dl dx? 
a 52) de a tie 
E SPO? a = xt? 
ll d.a 
z= = 0, = = px?! (by the two last cases) 
du a D Zn., (Pp. 35, Rule 2 
— SE — (— p) » gr7i ~ P oom (—p) q! p) s ( in part. ) 
Let u = a”, which gives an) 
Au azter — at Dal aê? —] 
Ar See OR 


3 W l seats a’ —1 
and the question is now reduced to finding what limit has a when 
a eet. tera a a it : , ae — 1 
6 diminishes without limit, the singular form being (0 = 0) ey or 


l-1 0 i PN NE , 
0 or z as in other cases. This limit must be some function of a, for 


6 cannot appear in a function which (when a proper form is given to it) 


ž i , 
is found by making 0 = 0. For the same reason, the limit of ina 18 


K 
the same function of a, if x diminish without limit. We obtain, there- 
fore, the same limit if « be a function of 6, provided both diminish with- 
out limit together. Let x = b0, b being a constant. Then we have . | 

: : bg ane | 
sena GD 


] t 
b G 


ee af 
= limit 
ae a | b) — ] . 

2 So =F g ra. which second factor only differs from 


in having a’ substituted for a, and therefore its limit is the same 


But 


ag—] 


OD: ss 
Ue na Tere otaa 


function of a’, which that of 


be fa, then we have 
.. l(@)je—)]_ 1... ... @)—]1 
limit eee limit se aa 
consequently (1) the function fa is such that 


5 f (a) = f (a) orf OEN fa, 


and æ and b are independent of each other. If a’ be q, we have 
log q = b loga, whatever the base of the logarithms may be. This gives 


l b 
= zJ (a )» 


_ logq Ja _ fe 
J a= log a JeRa logq log @ 
and q and a may have any different values we please, for though q =a’, 
yet since b may be what we please, it may be so taken (exactly or with 
any degree of approximation we please) as to give q any other value. 


ON THE.GENERAL THEORY OF FUNCTIONAL INCREMENTS, 57 


; . : t . ; 
Therefore fa is such a function as to give ra this property, that it 


remains the same if any other quantity q be substituted for a. That is, 


Ja is a constant independent of a, which call C. 


log a 
.. fa =C loga; but the equation 
Au _ ros du n . 7 —] 


= a ives — = a” x limit 
Ax Ar 8 ax 


or = = C loga x ař, where all that is known of C is, that it is inde- 


pendent of a. It must clearly depend on the base of the logarithms 
chosen, and it will afterwards be shown that when the logarithms are 
Naperian, then C = 1. But this point must be reserved till the next 
chapter. Remember, that for the present, all differentiations which 
contain a” are not finally demonstrated until it shall have been shown 


that if w= a’, i = Nap. loga X a”; all we know is that, taking these 


logarithms, it must be of the form C Nap. loga Xa” where C is not 
determined, but assumed, for the present, to be =1. 
From this it will follow that if @ = e = 2°7182818....the base of 


Napier’s logarithms, or if log e = 1, and if u = e’, = =1x f&=8, 


(p. 36, Rule 4.) i 
Let u = log z to the basea or v = aq“ 


dx = Da 
then Wn? * loga = z log a 


dz dx zloga > z 

du : 

where M is the modulus * of the system of logarithms having a for its 
base. Hence, since loge = 1, 


; du 
if u = loge Pa = (p. 36, Rule 3.) 


(Read here the proof that the limit of the ratio of a is 1 when @ di- 


minishes without limit, given in the ‘Elementary Illustrations, &c. p. ` 
4.) 


; ; 0 
Let u = sinz Au  sin(t+0)— sing 2cos(#+ 5 )sin 
Ac=o ° Dz 0 pe 


= cos (z + 5) X —Z—» whose limit is cos x x1. 
2 
* By a well-known relation, log x (to base y) X logy (to base x) = 1. 


Hence eatae = loge (basea) = Modulus of system whose base is a. 
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a a l 
Hence u = smv gives = = cosx, (p. 36, Rule 5, in part.) 


! 2 
Let u = cosx 


: ON . 0 
Au _ cos (x+90)—cosz _ cas +3) n g 


As eo T eo 
0 
sin 5 
= —sin (v + s) whose limit is —sing x 1, 


9 e 


du : ; 
Hence w=cosz gives = = —sinz, (p. 36, Rule 5, in part.) 


Let u = tanz 


Au _ tan (x +9) —1 -tant sin 0 
Ar e — @ cos (x + 9) cos. 


sina _ sind b sin (a—b) 
(Remember tan a—tan b = nee ee A 
cos a a cos cosb COS @ COSO 


l sin E” ] 
= —______——_ X —— whose limit 1s ——-_——- x], 
cos (7+ 8) cosz 0 COS Z.COS T 
>. d l 
or u = tanv gives == ry a l + tan ’z. (p. 36, Rule 5, in part.) 
Let u = sin“’2 or r= sinu 
du 1 l 1 l ; 
a. as ees BF = EF (p. 36, Rule 6, in part.) 
na —sin? —2X 
du 
Let u = cos“ x or x = cosu 
] 
oP. a — = —-—-—, (p. 36, Rule 6, TORE 
dx dx —smu JJ- e 
du 


Let u = tan™!z or x = tanu 


du i l ] 
a a 1e ane ita” (p. 36, Rule 6, in part.) 
du 


We have now differentiated the component parts of the common func- 
tions of algebra, including trigonometry. It only remains to show how 
to differentiate the compounds of these elements. 


Let u = (p x)": if then we denote Øx by y, we have u = y”, y= a, 
du 


d 
— = my” “= = Pa, 


ay 
du _ du dy may OY oe ge 
(p. 55) — ae Sd Fl i (px) p'r. 
d 
Let u = (cos r =x)” = m (cosx—x)”""'(—sinz—1), 


du 


at dy 
u = a yzbxr — = dlog a = = a” loga o'r 
y=? de Əd dz 9 á 
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Ls +. du _1 dy Qz 
uxlogy yaer dr y dx x 


d 
u=siny yor —= cos y oy cospa2. px, &c. 
du 1 dy Px 


u=xsin"y yoda — s — YO = e, Ae 
4 4 dr V1 — a dx V1— (pr)? 


The following cases deserve special attention :— 


uty’. y=or t oy Y a 2px. p'r 


dr gyyde WW oe 
du _ ldy_ a 


u= } =r = ——.- 
Z de yde (x)? 
du 1 x 
ey Pa ete — 
lat ra E T Waco 22 Ta 
i d d 
=a — y’ Y=PL, Dia y ony 


tf, du ] a—2 
= 2at— r, —— =E =r (2a—2 zr) = geme 
' dë 2 Qar-2* N2Zar—a? 


The following equations are the fundamental relations of trigonome- 
try in another form :— 
sin-' z, or the angle which has «x for its sine, 1s 


cos WJ 1— 2 t l —— , cot" CE ec! cosec 1 X 
w*,. tan sec ri 
i ; i ae x i N 1l—2” g’ 


Vi—x x ii l 
sin“? y 1 — z? , tan” , cot! a Bec! —, cosec™? : 
V1—x T Vi- 
tan™ x, or the angle which has x for its tangent, is 
. oy tS 1l oE RRES At Tt 2 
sin cos~ cot-' —, sec’ VIE ai rt. 
VIF Pri z +a’, cosec” : 


cot’ x, or the ii which has 2 for its cotangent, is 


ees | ae avite 
sin Fei cosT TS , tan sz sec ET, cosec V1 +22; 


sec’ v, or the angle which has x for its secant, is 


| „Nai na a 75 a a ai 
sin — » cos —, tan x — l, cot , cosec™ 7 
£ T J r—!l Vr? — 1] 
cosec-', or the angle which has v for its cosecant, is 


; eS a= 1l == 
sin" — cos™? e tan`! , cot Ve—l, sec 
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Beginners usually find some difficulty in comprehending these rela- 
tions, owing to there not being distinct names for sin™ x, &c. We 
shall call sin™ x the inverse sine of x, meaning, not that x is an angle 
and we are speaking of its sine, but that x is a sine, and we speak of 
its angle: an inverse sine is the angle which belongs to a sine. 

The following are the most common formulee of trigonometry trans- 
lated into this language. 

l T l T 


T 
“n=l — -l — —l a V n 
sin oy =e cos pi S tanl = Z 


sin (sin `z) =v cos (cos™'r) =x tan (tan™' zq) = v, &e. 


= =l ad -l -1 ig —1 —) * 
cos” x + sin ta cot 'r+ tan~°r=— sec r+ cosec BES Se 


sin“ + sin™ y = sin“ (x V1 = y? +y l-z?) 
cos"! 2 + cos“! y = cos! (zy = VI—a V 1-7’) 


tan-*z + tan” y = tan“ ( ty \ 
VLF ay } 3 

In sin (sin~' x) we see something analogous to (Jay, v+a—a, and 
other cases, in which two operations are successively performed on v, one 
of which by definition destroys the other. The question, “ What is the 
sine of the angle whose sine is x ?” is not readily answered at first ; but 
the difficulty vanishes when we use more familiar objects—‘* What is the 
form of the letter whose form is A?’?—‘* What is the name of the man 
whose name is B ?” 

An angle has but one sine, one cosine, &c. Therefore, sin p, 
sin (sin~’q), &c. have but one value. But a given sine has an infinite 
number of angles, as is shown in trigonometry. Thus, 

0, O0+27, 0+4r,&c. wr-O0, 3r—0, 5r—90, &c. 
all have the same sine. If, then, sin@ = xv, @ is only one of the values 
of sin~*z, the others consisting in the several terms of the series just 
written ; and the same for the cosine, tangent, &c. We shall return to 
this subject. 

Since the expressions in the six lines above cited are equivalents, 
their differential coefficients are also equivalents. By equivalents we 
mean furmulz which express the same value in different forms. The 
verification of this assertion will furnish thirty useful instances of diffe- 
rentiation. We shall take one of the most complicated at full length. 


f 


Let u = sec™ = = sec”'y where y = VPE 
= T : cd, which two are to be separately found. 
l dy l d.cosu sinu 
y= Bum cosu’ du colu du costs 
= u e "YE — = . secu = l- 3, . YP =Y N yl 
du _ ty L Ve el 


E N E T ; 
TN p a 
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. (Observe that when P is a Eo Egien m i it is typographi- 


call more convenient to write d thant). 
cally more co ien ri TE aay: 


V2— 


1 oe PHI MOT ae 


dy _ Jt- 
dr æ — l s?— 1l 
Po n E 1 
(x?—1)? (2—1)? 
du ee 1 l 
Therefore — — z! L On oat —— =- -; A 
dy dr «æ (2—1)? z ?— 
l 
Again, let u = cosec'z or x = cosec u = —— 
dr 1 d.sinu cosu V= 
ie =- ai iais — ——- cosec u 
du sin” y du sin? u cosec?’u 
du ent oh dr _ l , 
dx du */i—1 snes} 
rr 


have the same differential coefficients, 


that is, cosec™' x and sec 
v—] 
as they should have, being equivalents. 

We have hitherto considered only the first diff. coeff. and a function 
of only one variable. But successive differentiation is only a repetition 
of the same sort of operation, and it merely remains to find a proper 
notation to express the diff. coeff. of the diff. coeff. or the 2nd diff. coeff., 
&c. For the present, we have only 


4 te 
‘dx d du ; u 
a ae ae to express diff, co. of ae 
du 
aiie m 
arr d d du ; d du 
mae Vaod d to express diff. co. of i de? 


and soon. But we shall afterwards point out a method of arriving at a 
systematic and short notation, and not till then can the student see the 
full advantage of the symbol we have chosen. 

As to functions of more than one variable, they are considered for the 
present as under the condition that none of the possible variables do 
actually change except one, with respect to which differentiation takes 
place. Thus, in a function of x and y, the latter is a constant in dif- 
ferentiating with respect to x, the former in differentiating with respect 


1 
toy. Thus, if u = cy + y’, we have > =y, just as in differentiating 
x 


du du . ; 
u = cx + c°, we have Jy =C We also have A =x + 2y, Just as in 
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d 
u = cy +4? we have ae =c + 2y. If u bea function of x and y, de- 


noted by f(x, y), we have two increments for u, according as we sup- 
pose y or x to receive an increment: that is, 


Au = A r A, when 2 becomes v + Az, 


Ag Av 
Au _f(2,y +y) —f@y) l 
AG Bi when y becomes y + Ay; 


but Aw does not mean the same thing in both, which, however, makes 


no objection to our calling the limit of the first oe and of the second a 


dx dy 
For, as these fractions are only symbols when considered as wholes, 
without reference to the meaning of their parts, there is no more 
separate consideration due to the du of one, as distinguished from thé du 
of the other, than tu the loop of a 6 as distinguished from that of a 9. 
The denominator (or what we should call such in an algebraic fraction) 
points out what variable has been used, the numerator what function 
has been differentiated. 


en (2), Ment 22e 1, 
Oi sin — Ea Z = — sin x —_ in— 
=r + du _y j du _ 
ES. ak i dy 
u = ġ (x + y) = ẹọ (v) where v= z + y 
du du dv i du du dv 
ne = pea ET l — = — — = ý' l, 
in deta ONE o T de ay ee 
. du du 
Therefore u = ọ (x + y) gives = dy’ an important result, 


The student may think, and perhaps ought to think, that, in applying 
the reasonings hitherto given to functions of more than one variable, we 
are extending our conclusions, without further proof, to cases which the 
preceding proofs did not embrace. If so, now is the time to make him 
reflect, that from the beginning we have meant by a function of’ x, a 
function of x, and a constant. These constants, upon other supposi- 
tions, might change their value, that is, they are constants only with 
respect to x; a change in x does not change them. We are therefore 
‘justified in applving our conclusions to the variation of any single varia- 
able, with attention to the proper rules: we must only take care in 
practice not to apply to consequences of the variation of one variable, 
the supposition that they were produced by that of another, except 
where we can prove the variation of both to give the same result, as 
in the case of d (x + y). 

To familiarise the student with these considerations, we shall take 
this opportunity of pointing out that relations may exist among differen- 
tial coefficients which are not derivable from one or two particular func- 
tions, but from an infinite number, that is, are equally characteristic of 
all. And, firstly, as to one variable only. Let u = z + c, where c is 
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du ; 
any constant. Then Fria l, whatever c might have been : thus, 


u=r4+a, u= z +b, &c. all give A 


du l 
ce” =e + 22 c= — 2r, 


or u=(> —2r) x42’, 


a relation which exists whatever c may be, provided only it is constant. 
This is the distinction between an arbitrary constant and a variable : 

the former may be what we please, but must keep one value throughout 
the process: the latter may be differentiated, which infers variation of 
value, as one of the steps of the process. Thus, the answer to the 


A ; ; du 
question—“ What function of x must u be, in order that ays Li 


is unanswerable in definite terms. It is u =x + c, (at least this is one 
case; we are not to infer now that because u = x + c is an answer 
that it is the only answer) where c is any constant whatever. 

Prove the following ; 


3 
if u=cert+ c, u=- ) 
dx \ dx 
; l du. , OOE du u 
i u= To noeg i if u = — Tr 0; 


f du du 
if u = cz —logr — = l+r —-—log rz. 
5 dx = dr © 
Whence we have the following theorem :—if «v, a function of q, also 
contain a constant, that constant can be eliminated between the values 


du ; ; : 
of u and Tp’ and an equation produced which does not contain the con- 


stant, and is true for every value of it. 

In considering a function of x and y, such as f (x, y) it is important 
to observe that there are two sorts of indeterminateness in its form. 
Under this general symbol are contained. 


1. All the functions of r+ y, (x +y)" log (x+ y), &e. 
2. All the functions of cy, (ry)” log (ry), &c. 
3. All the functions of #2 +y, (tyy log (t +y), &c. 
&c. &c. &c. ad infinitum. 
_in the first, let z and y be said to enter through 2 + y, in the second 
through ry, in the third through 2* + y, &c. And we shall now con- 
sider, not the general furm f (x,y); but some restricted forms in which 
x and y enter through given functions of x and y. We have already 
had.one result in the case of Ø (x + y), where x and y enter through 
a+ y. 
, Let u = +7’) +y =v u = pv 
du du do _ DT du du dv 
Rae dode dy T dv dy 
u du 
7 = 0, 


= Pv X 2y. 


Eliminate ¢’v, and Y Tr; a 
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Here is a relation which must exist for all functions whatsoever of. 
z + y’: thus 


du 2x du 2y du du 
= le (£ +7), — = —, -—-= -- ——7 —= 
u og (x +y ); dr zr Hy” dy r? +- y? y dz L dy 0 
Hd d 
u=(P +y)’, 52y). 2e 7 =2a"+y")2y | in both cases. 
du du du du 
Let u = ġ (x —y), m Ns u = $ (xy), n S 


x 
du a n=l n dpv = n—1 n Al dv 
a ne þpv+r oU pvt ov. re 
du _ „dv _ Bp r. dv __ y dv l 
dy — dy“ * dy d æ dy xr’ 


z ; d | N 
from all these deduce that z = +y 7 nu: what particular case has 


been already found ? 
We have chosen such instances as we knew to give simple results: 
let us now take 
u = x p (x—y log x), 
du 


= $ (x —y logt) +29' (x — y logz) a-2) 


du i 
a xo’ (x—y logr) X (—log z), 


du log x 
Ty log t = — u a 

We thus see that, however x and y may enter through a function of 
'& and y, we can by means of the two diff. coeff. of u and the given 
equation, eliminate the arbitrary function altogether, and produce an 
equation which is true for any form that may be assigned to it. 

When any specific value is to be given to an arbitrary constant, which 
remains such throughout the process, it is immaterial whether the 
specific value be assigned at the beginning or the end of the process. 
For the rules of differentiation are the same whatever the specific value 
of the constant may be. The simplest case of this is as follows :—If 


d be oes 
u = cr, 7 =c. Now, if all this time c be = 5, we may either diffe- 


.. au .. dt 
rentiate u = 52, giving co 5, or u = cx giving | 7 OM which we 


from which deduce or d— 2) — 
dy x 


then make x = 5. This remark, however slight it may appear, is of 
great importance. l 

With regard to the results of differentiation, observe 1. that all rational 
and integral functions (ax? + bx +c for example) are lowered one 
degree by it. 2. That when e® is a factor of u, it is also. a factor of the 
diff. coeff. Thus, if u = 2 X wa, 
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ot et? x Yin ae ers à o'r š wars Et {wrt o'x Yr}, 


of which €** is also a factor. 3. That no factor is ever made to disappear 
from a denominator; but on the contrary, is introduced with a higher 
exponent. 
res ’ ! 
= Yr dx (y x)? Yr (Y x)? 

We are now to proceed to the application of this calculus to algebra. 
We must call the attention of the student to the fact that we have not 
assumed any algebraical development into an infinite series, directly or 
indirectly. He may therefore dismiss from his mind entirely (until 
further proof shall be offered) all such developments and their conse- 
quences. The assumption which is usually made in algebraical works 
for the establishment of such developments, is that certain functions of z, 


(a-+-2)* for example, can be expanded in a series of whole powers 
of z of the form 


A+B+C tHE + &c. 


where A, B, C, &c. are not functions of r. Of this no legitimate proof 
was ever given depending entirely on algebra. Nor is the assumption 
universally true. That we may make use of infinite series, we shall 
find ; but it should be matter of proof, not of assumption. By rejecting 
infinite series we are unable as yet to complete the differentiation of a’. 
We have only found it to be ca*loga, and have assumed that c is l 
when loga is the Naperian logarithm. This assumption, which is 
excusable while we are only inquiring into what will be its consequences 
if it be true, must be abandoned in all applications until we can pro- 
duce a proof of it. 


Cuapter III. 


ON ALGEBRAICAL DEVELOPMENT. 


AssuMING u = @., we have shown how to find another function ¢'z, 
Q(r+Az)—o2 
Ar 


which has this property, that may be made as near 


as we please to ¢’r, by taking Ax sufficiently small. Let the first of 
these differ from the second by P, which is therefore a function of z and 
Az, having this property, that whatever x may be, it diminishes with- 
out limit with Az. 

There may be special exceptions in each particular function. For 


instance, if u=log (1—a), = = ——, which is finite for every value of 
x except only v =a. These cases, observe, we except for the present ; 
that they must be finite in number, or, if infinite in number, belonging 
only to a particular class of values, separated by intervals in which no 
such thing takes place, appears as follows. The only cases in which 
we can conceive them to happen, are those in which such a value is 
first assigned to z as makes a numerator or a denominator, or an expo- 
P 
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nent, one or any of them, nothing or infinite. Now, in all known-func- 
tions, the values of x which satisfy such a condition are separated by in- 
tervals of finitude, and there is no function which is nothing or infinite 
for every value of x between a and a + b‘(for any value'of b however’ 
small) in all the functions of algebra.- If there be such, we: have notified: 
in the postulates at the head of Chapter II. that they do not form. a 
part of what we have called the Differential and Integral ‘Calculus, but 
their ‘consideration forms” a science by itself. This condition is ex- 
pressed or implied in every treatise on the subject. 
Let there be two limits a and a + h, such that neither for them nor 
between them, are there any singular values of dz. Thus; for log 
from z = 2 to r= 3, there is no singular value. nor is log 2 or log 3: 
either of them singular. We have now P; a comminuent* with Aa, 
whatever the value of x may be, between a anda + h. Consequently, 
P and Az will still remain comminuent, even though, while A z dimi- 
' nishes, x should vary in any manner between ‘a anda +-h. Thus, for 
instance, Az and zÀ zx are comminuents, even though, while A x dimi- 
nishes -without limit, x increase from a to a +h. let us suppose Az. 
to be the nth part of h, so that Aw diminishes without limit as n 
increases without limit. “Let P, which is a function of x and Az, be 
denoted by f (x, A x), and we then have | Ho Se oe Ny 
$ = PF, p'e + f(a, dz); 

a 
now substitute successively x + Az for x until we come to have 
(x + nAz) or (x + h) in the numerator, which will give the fol- 
lowing set of equations (n in number) :— | 


pera = ¢'x + f (x, Az) 


$ (x + 24x)—9 (2 + Az) 
Ag 


paraa) etnan) = (r+ 2A2) +f (x +242, dz) 


= 9! (e+ A2) +f(£ + Az, Aa) ` 


? (stn: <l4Azr)-ġlrtn-2Ar)_ g! (1 +n—2Ar)+f (2 +n—-2A2,Az). 


Ar 
perio = ¢!(x-+n—1 Az) +f (2+n-1 Arr). 


Form the fraction which has the sum of the numerators of the pre- 
Ceding for its numerator, and the sum of -the denominators for its deno- 
minator, it being clear that all the denominators have the same sign.’ 
This gives ode ae Siep gee, Ba ge 

_* To avoid the tedious repetition of “a quantity which diminishes without limit; 
when Az diminishes without limit,” I have coined this word. If ever the constant re- 
currence of along phrase justified a new word, here is acase. There are sufficient ana: 
logies for the derivation, or at any rate we must not want words because Cicero did. 
not know the Differential Calculus. Hence we add to our dictionary as follows :—To. 
comminute two quantities, is to suppose them to diminish without limit together : com- 
minulion,the corresponding substantive ; comminuents, quantities which diminish with- 
ont limit together. . To comminute has been used in the sense of to pudverize,.and'is 
therefore recognised English. — i a tat 


iro S so s». d =n A o ad 


.J =- .. Jt - “se « eo ww eee 
— 


| 
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o(a+Axr)-92+o(2+2h2)—$(v+Ar)+..+9(xt+ndz)-$(e+n-142) 


À nAzT 
a d(a@+nAr)—ox o (x +h) — pa 
nae h 


which must therefore lie between the greatest and least of the preceding 
fractions, or of their equivalents, all contained under the formula 


gp (x+ kA) +f t kA rz, do), 


Now let the first value of x be a, and let C and c be the values of x 
which give ġ'x the greatest and least possible values it can have between 
z=aandt=a+h. (We have supposed that ọ'x does not become 
infinite between these limits.) And let C’ and K’ be the values of x and 
k which give f (x + k Ax, A zx) the greatest value it can have between 
the limits, and c’ and k’ those which give it the least. Then still more 
do we know that : 


prot amea lies between ¢C + f(C’+K’ Az, A x) 
N and gc + f(d +k Az, A x), 


in which the two functions marked f are, as we have shown, comminu- 
ents with Ar. Now, if a quantity always lie between two others, it 
must lie between their limits: for if not, let it be ever so little greater 
than the preater limit, then we can bring the greater quantity nearer to 
that limit than the one we have supposed to be always intermediate. Or, 
in illustration, suppose P and Q to be 


Poa BEQ 
l 

moving points which perpetually approach the limits A and B-: if X 
(a fixed point) must always lie between the two, P and Q, it must lie 
between A and B; for if not, let it be at X, then by the notion of a limit, 
Q may be brought nearer to B than X, or X does not always lie between 
A and B; which is a contradiction. The limits of the preceding, when n 
increases or Aw diminishes, are ¢C and pc: whence we have the 
following THEOREM :— 
` If ġ{x be a function which is finite and without singular values from 
x = a to x = a + h inclusive, and if the differential coefficient be the 
same, and if C and c be the values ofx which make $’z greatest and 
least between these limits, then it follows that 

pero lies between @C and ge. 


CoroLLary.—Since, by the law of continuity of value, a function 
does not pass from its greatest to its least witliout.passing through every 
cant cvgine Aa (a+h)— ha. l oe ; 
intermediate value, and since A is an intermediate value of 

’ 
Gx between © C and @¢c, and since a + Oh where 9 lies between 0 and 1, 
is, by properly assuming 6, a representative of any value which falls 
between a and a + h, and consequently between C and c, it follows that 


plath) —ġa | 
is true for some positive value of @ less than unity 


3 


= q! (a+6h) 
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As an instance, it must be true that 


3__ p3 
(ath) —a@ = 3 (a+6h)* gives 0< 1 for one value. 


To verify this, expand both sides, which gives 


TOEN se tsaht eee, 


which, taking the positive sign, gives 0< 1; for a? + ah + 4h is not 
SO great as “a + 2ah +h’, whence the square root in question is less 
than a+ h, the numerator less than A the denominator, and the fraction 
Jess than 1. 

Let there now be two functions ¢x and ¥ 7, the second of which has 
the property of always increasing or always decreasing, from «= a@ to 
: 4 = a + h, in other respects fulfilling the conditions of continuity in 
the same manner as @ zr. a 
y(r + 42)—Yo_ Y'z +f (z, Ar), 

Ax 
whence f, (x, Az) is comminuent with Az. We have then, as before, a 
series of equations of the form 


p (r+k &dr)—¢G (2-+-k—1 Axr) 


Let 


Aq aes p'(2+ h—] Ax) +f (z +k—1 Az, Az) 
Y (z+kAr)—y(1+k—1Ar) Y(e+hk—1 Ar) +f,(e+ kR—1 Az, Az) 
Ar 


or 
(2th Axr)—d (x+h—1 Az) _ _P(cthk—LAs)+f(etk-1 1 Az, At) 
Y (1+kAr)— y4 (z+k-1 LAr) wW(r-k- k-1 Ar) +f,(c+k—1 Ar, Ar) 


from which, by summing the numerators and denominators of the first 


Cae Ed ZA eT em 
y(a+h)— Ya 


nAx=h; by observing that the denominators are all of one sign by the 
supposition either of continual increase or decrease in yx from s=a to 
zr=a-+h; we find the preceding fraction to lie between the greatest and 
least values of the fractions on the second side of the set, and therefore 
(using the preceding reasoning) between 

/ le o'x 
and —— the greatest and least values of —-, 
yor yo 


yn? 


from r=a to r=a+h. And this must as before correspond to some 


sides, which gives 


A 
value of sie for a value of x lying between r=a@ and r=at+h. Let it 


be z= a + Oh as before, and we have the following THEOREM :— 

If dx and 4x be continuous in value from z=a to x=a+ h, and 
if in addition @’x and w)/x be the same, and if also Y% x always increases 
or always decreases from r=a to t=a-h, then 


p (a+h)—pa _$'(a+9h) 
Yy (a-+h) -Ẹya “y (atoh) 


pei: 
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CoroLLARY.—If the two functions be such that pa=0 and ya=0 
without any discontinuity or singularity of value, we then have 
d(ath)_ pla + oh) 
plath) w'(a+ oh) 
Let us now consider ¢’x and ‘x as new functions of x having for 
diff. co. 6”x and yx, and take the limits r=a and z=a-+0h (0 being 
determined by the last equation) and suppose that in addition to: the 
preceding conditions y'xr continually increases or decreases between 
x = a and c= & + Oh, and also that f'u=0 W'a = 0 without discon- 
tinuity or singularity, and that @’x and "x have no singular values 
from z = ato x =a + /lh. The same theorem then gives 
'(a+O6h "(a+0, Oh : = 
Sead ) a ao) 6<1.. . (2) 
y'(a+Oh) Y”(a+9, Oh) 
Now consider $x and yx as new functions of x having diff. co. 
gz and yx, which give 6a = 0 ẹ'"a = 0, without discontinuity or 
singularity from z=a to rx=a+0,6h, &c. from which the same 
theorem gives 
Ø" (a+0,9h)_ $!"(a+9,9, Oh) 
W"(at+6,0h) y" (a+ 6,0, 6h) 
and so on. Now remembering that we know nothing of 6, 0,, &c. except 
that they are severally less than 1, in which case all their products are 
severally less than 1, we may include all the terms a+ 0 h, a + 0, UA, 
&c., under the general symbol @+0h (0 <1), and if we collect the 
several sets of conditions under which this theorem will apply to all 
functions up to the mth diff. co. inclusive, and observe that the first side 
of (1) has a succession of values found for it in the second sides of (1), 
(2), (3), - . . we have the following THOEREM * ;—- 
If there be two functions @ x and ẹ x, having the series of diff. co. 


x, $'z, $ o h $ ll continuous and without 
"r ”" my EE (n) ,. CEDE al [ 
v Wx, yz, ab", yp yt Dg singularity from z=a to 

3 ? ? 9 *j 


v=au+h; 
and if as a second set of conditions, 
p a=0, Pa=0, p'a=0. . . up to pPa=0 
ya=0, Y'a=0, y"a=0. . . up to YPa=0 
and if, as a third set of conditions, 


War, P'E, YT, e e. up to Yr 
be functions which either continually increase, or continually decrease 
from z = a to x = a + h: then there is a value of 0 less than unity, 
which will satisfy the equation 
(ath) Pt (a+ Oh) 
yat h) yet) (ater) _. 
If we were at once to proceed with the consequences of this theorem, 


the student would not be well able to see why so apparently cumbrous an 
apparatus of proof is necessary to obtain what is called Taylor’s 


Pet + CY. 


oe) SE 697 


* Remember that whatever is assumed to be true from x = a to r= a +h, is 
true from x = a to x =a + Oh, from ra tozza +61 Oh, &c., if 9, 01 &e. be 
severally less than 1. 
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Theorem: we shall therefore make what is often given as’ a Bronte pre- 
cede what we consider as really a proof. 

TuHeorEM. If it be allowable to suppose that H (a + h) can be ex- 
panded in a series of-whole powers of h, of the form . 


pate + (9) (RE Jm (hag) arte 
then that series must be the following, and no other : 
h? h‘ 


h? l 
4 " FE mt iv 
Pat Oe Ma Gite. he lage ere 
du. du >.: 
We have shown that u=¢ (x + h) has the property — —— de dh : if pos- 


sible, let 
o (x+h) =u=A + Bh + Ch? + E + Fh + &e. ad injin.- 


and let us assume (which we consider as rather a questionable assump- 
tion) that the property which is true of ¢ (a + h) is also true of its ex- 
pansion. Then we have (A, B, C.... being functions of v, which-/ 
isnot, and A, B,C .... being not functions of k: all this is in the 
original supposition, ) 

du dA . dB dC dE dF 


i ae sopa Q —— h3 ee | 
iar ae t Ahe hae Pe 


which we will write as follows :— 
T =A’+ Baht Ok + Ek + Fh + &e. 


e + &e. 


and -en = w’ or “ for all values of z and h, whence x the common 
theory of algebra, called by the name of that of deler minate coeffiici- 
entis, we have 


LAT COMP MU 
B= A’ 20=B'= ZE which call AY “C= E 


gba Oa Sra ee jatar Bagram 
dB 1 dA” J 
Vs ee So fae ae iv —— iv 
EERS 93 a ag) TFS e 


and so on; whence substitution a 


=O(4+th)=A+t+ ALR+ quate > + AM” =- g: Ate 


It only remains to determine À to do which another doubtful 
assumption* is usually made, namely, that when 4 = 0, the-series just 


* Observe that we do not say these assumptions are untrue, but not self-evident, 
and therefore not to be assumed without proof. We may readily see that the sup- 
position P=Q when h=0 is very suspicious, unless we can show that, by making A 
as small (near to nothing) as we please, we can make P as near to Q as we please. 
Now, in the series in question, though by making /’as small as we please, we can 
render all terms after the first individually as small as we please,‘yet it -is to’ be 
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found is reduced to its. first term. If so, then by making h = 0 
H (x + h) becomes $ zx, and the equivalent series becomes A: _thercfore 
ges: A, and A’ A," &c., are the successive diff. co. of A with respect 
to 2, whence the theorem will follow. 

We shall treat the preceding process as nothing more than eee 


it. highly probable that@(a@+h) and pu + P'a. h + o"a + &c. 


‘have relations which are worth inquiring into. But as we are deter- 
‘mined to know nothing of infinite series without proof, we shall take a 
finite number of terms, 

, hs 


pata. h+ a + F EE ..up to + pa ae 


which we_ proceed to compare with .(a+ A), as to its excess or defect. 
Or rather, as we have used Ø x in a particular theorem, we shall use f x 
here, and proceed to consider 


f(ath)—{fatfia . h+ "aa + aay +fa - ia a; 


Let a be a fixed quantity, but let ah be variable, and let it be called 
x. Then substituting x — a for h, we have the following function of æ :— 


_fa-fa-fa (~a)— fla Sa Co, sef e 


Let us suppose 1. that fx is continuous and a from x= a to 
‘w=sa+h. 2. That the values of its diff. co. when xv =a, namely, 
fla... f Paare none of them infinite. Let this function be called dr 
and let it be differentiated n times in succession with respect to z. 


enor 
nn 


(#@-a)* aia 3 (2 — a)" 
— f4 — f! ye Na - gal f OS Ee. 
= fe-fa-fla (2—a)—f"'a . f 2.3. . i 
al (x —a)"-? 
Van coe LN on Ly Fil EN DD pg Ne ER 5.) ape Sle a A 
p'a = f'z-f a-f"a(x-a) f Gic Koan f “9.3..(n—1) 
— ÀR? 
p'a = fla—f"a—fla (r—a)—.-.... —f™a AE 
pedr = fo- —feVa—fMa (x—a) > 
o™ x sa BO — fa 
POM yg = fog, f 
The student must ascertain that i in the series - 
ea 3 a Be . e 
t ao OA (= ay (=a) A 3 ° 


” ae YE Wea ee 


each one is the diff. co. of its successor, or to differentiate any one, that 
he must pass to its predecessor. The general process is, 


remembered. that the number of them is infinite, and we have no evidence whatever 
that here will be an unlimited number of small quantities, whose sum must be small 
too. For a sufficient number of parts as small as we please will compose any quan- 
' tity, great or small. It is true that'we shall hereafter prove certain ‘cases in which we 
are justified in the assumption to which this note is written, but we never saw a proof 
which embraced every case. 
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id (x-a) _ : 
dx DA (] en ig 2,3. e oft 
= _ n T (x— a)" 
2.3...m—I1.n AG a) E E y 


He must also observe that a constant fa in the first, f'a in the second, 
&c., vanishes at each step, and a new constant appears, resulting from 
.the differentiation of the current term of the form p (x —a) which gives 

But the best way will be to try several particular cases, such as the 
following (n=4) :— 


xX n(r—a) x —-— 


1 E OEE p E y, -n\n fn (r—a) _ mn (z-a) = fi (x-a) 
b x=fe—fa—f'a e =a)—f"a zaf" a a Sea 


Pr=f'r —f'la—f"a (z-a) —f"a C _ fe ee 
px =f"x—f"a —f"a (z a a) —fira (x a= a)? 


2 
HE i rg —f "a —f"a (x a a) 
vr=f"xr—f"a 
pxc=f'x. 


On looking either at the general or specific case, we see that fa, f'a, 
fla......up to fa being all finite or zero, this function can present 
no singular values for any finite value of x. And moreover, when q =a 
each expression presents a finite number of evanescent terms, and we 
therefore have , 

ga=0 Qa=0 ga=0.....9%a=0: 
consequently this function completely satisfies the conditions of the 
theorem in p.69. We have now to look for a form of yz with which 
to compare it, this function being determined by the conditions to be 
such that ya, Y'a. . . upto wa are severally =0, that y@tz 
does not give singular values, and that a, Y'T.... are all severally 
increasing or decreasing throughout the extent of the function from 
r=au2r=a+h, It will be found that (r—a)** complies with all 
these conditions, and the general and specific cases will be as follows :— 


General. Specific (2 = 4.) 
we=(r—a)"™ wr = (x—a)* 
y'r=(n+1) (1-a) Y'r=5 (z= a) 
y"r=(n+ 1) n (x —a)™ y" r=5.4,(x— a) 

Mr=(n4 1)n(n—=1) (1—a)"? y r=5.4.3.(1—a)? 
: ‘ ; : : w'r=5.4,3.2 (x-a) 


yOr=(n+1)n....3.2 (x-a) © 
yeMe=(n+1)n....3.2 

In which it is clear that all the diff. co. up to the mth inclusive, are in- 
creasing from r=a or r—a=0 to r=a-+h or r—a=h, and also that 
they all vanish when z=a, It is moreover evident that the (n+1)th 
diff. ¢o., being a constant, presents no singularity of form. We have 
then, writing a +h for x (p. 69.) :— 


yr =5.4,95,2. 
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p (ath) pt? (a+6h) 


y (ath) yr (aon) 9S" 
or 
h” 
fan f! i — f ®) 
f(ath)—fa-fla.h—-....—f TBn fW (a+6h) 
hT W 2.3....0+1 


where @ is less than 1; or we have 


flath) = fa + f'ah+ fra i at fan 


2 ° 3 e. IÈ 


subject only to the MA that no one OF the set fa, f'a....up to 
fa is infinite. We may carry this series (if no diff. co. become infi- 
nite) as far as we please: it will afterwards remain to be pointcd out 
what are the cases in which we may legitimately suppose it carried ad 
infinitum. Whatever these cases may be, in them we have 


Sf (athj=fa + fla. h+f"a. Z 46a ; an + &c. ad infin. 


which is TayLor’s THEOREM * ; and we see that we may stop at any 
term, and give an expression for the value of the rest, beginning at that 
term, by writing a@-+ 9h instead of æ in the term we stop at, and 
expunging all that come after, the value of this accession lying in its 
having been proved that 0 is less than 1. This is-LacRANGE’s THEOREM 
ON THE LIMITS OF TAYLOR’s SERIES +t. If wecall C and c the greatest 
and least values of ØP”? (a@+6h) from €=0 to 6=1, we know that by 
stopping at 


fa —— we commit an error C2" ont 
2.3..n which lies between 2.3...7 9.3...” 


We can now demonstrate the binomial theorem: for if 6x = q” we 
have ør = nz", 62 =n (n—1) and therefore da =a", P'a = na`t, 
&c. This gives 

3 


(a+h)"*=a°+nah+n (n--1) at +n (n—1) (n— 2) a La 
i dsi hrt! 
FH.. «e Hn. (n=l)... (n—p)a 53... pel 
+n(n—1 .(n—p—1) (a+9h)"?? - ea 
Sl ale ia ce aa 2.3....p+2 
or (@+h)*=a" +n (a+ Oh)" *"h 


— (a+ 6h)" he 


=a" 4na" hhn- 


oo 


=a"+na" "ht n- Qa" 2h? Ln —— — ae +6h)*-* h’, be. 3 


* Dr. Brook Taylor (born 1685 at Edmonton, died 17 Me first gave this theorem 
in his‘ Methodus Incrementorum,’ published in 1715, in the same year with his ex- 
cellent treatise on Perspective; the latter being as much the foundation of most of 
what has been done since in perspective, as the former of the Differential Calculus. 

+ D’Alembert first gave a proof of Taylor's Theorem which involved a method 
of determining the limits, but this was only incidental. Lagrange first formally 
took up the subject in his‘ Leçons sur le Calcul des Fonctions,’ first published i in 1801. 


74 DIFFERENTIAL AND INTEGRAL CALCULUS. 


where, however, it must be observed, that though 90 is less than unity in 
every one of these cases, it is not the same in all. 


sin (a+ h)='sin a+ cos (a+06h) >. h f l TA 2 
; A h? 
= sina+cosa@.h—sin (a+ 6h) ms 
; x h? h” 
= SINng + cos d4. h— sin a ra (a+ 6h) 7.3 &c. A 
We shall ascertain the truth of the first line by an instance, which 
will also serve to illustrate the way in which angles are measured in 
analysis (a poirit on which the notions of most students are remarkably 
confused : see Penny CycLorzp1a, article ANGLE, ‘Study of Mathema- 
tics,’ p. 89.) Let a be (in common degrees and minutes) 35°, and let 
ih be 10°.. When these enter under a sine or Cosine; it is most corive- 
‘nient to express them in degrees, minutes, &c., because the sines, &c. are 
given to those denominations in the tables, and are the same for the same 
-angles in whatever way we may measure the angles. But when an angle 
enters as an angle, the truth of all theorems yet obtained depends upon 
measuring that angle’by the fraction which its arc is of the radius*. 
The angle of 10° must be expressed by °1745329. The assertion 
then which we wish to verify amounis to this: that if we find @ from 
the equation : 
sin (35° + 10°) = sin 35° + cos (35° + 0 x 10°) x: °1745329 
we shall find it less than unity. 
sin 45° =:7071068 log °1335304 1°1255801 


sin 35° = "5735764 = log "1745329 12418713 
"1335304 log cos. 40°5’ 18837028 


35° + 0 Xx 10° = 40° 7; = 2 = 501 = 4 nearly. 


We now come to a.modification of the preceding, which is usually 
called Maclaurin’s Theorem, but which should be called Stirling’s Theo- 
remt. If we suppose æ = 0 to satisfy the conditions under which 
Taylor’s Theorem exists, that is, if we suppose f0, f/0, f"0.... tobe 
‘all finite up to f"0 we have, by Taylor’s Theorem, STi , 


h” 


he h’ : 
O+h)= IO.h liQ — Li o eee 1, LARN iN 
F PASSO T E S ar +f 
Art 


C+) EE ee 
I OG O53. el) 


and remembering that 2 being anything whatever, we may write x for 
h, we have 


* It may be worth while to revert to the fundamental step on which this rests. It 
is a theorem derivable from ‘Elementary Illustrations,’ p. 5., that the limiting ratio 
of a comminuent sine and angle is 1. Now this theorem is not true of the number 

of scores in an angle; but only of the fraction which the arc of the angle is of its 
radius. 

t Maclaurin, in our view of the subject, was the first who wrote a logical treatise 
-on Fluxions. The reader who would verify the assertion implied in the text for him- 
. self must compare Stirling’s Methodus Differentialis,’ London, 1730, p. 102, “ Hine 

si ordinata Curve, &c.” with Maclaurin’s Fluxions, Edinburgh, 1742, p. 610, “ The 

following theorem, &c. The fact, we doubt not, would be, that both Maclaurin and 

Stirling would have been astonished to know that a particular case-of Taylor’s 
. theorem would be called by either of their names. pi n 
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a ' 2 n 
fe =f0 +f" B+ SO Sto... AOO 
grt 
2.3. n+l 
of which the following is er ee :— ; 
f= sin z, f't=cosz, f"x = —sin q, f"'r= — coss, f"x=sinaz, &c. 
f0=0 ee" FOS f"'0 = 0 fos — 1 fo = 0, &c. 
2 
sin x = 0 + cosôx.xsx=0 4+1 X s— sin 02 — 


F J DOY ~ 


“ao aA ox = cos 0e 5 . 
Pans xa 2 2.3 


Fh a x 
= = — = 0 &e. 
iets ox Š 1x 2 + sin 0r p &e 
x? r 
‘or sin r = cosas . r= a—sin 8r y = 2 —c0s02 5 | 
$ j q$ x 5 
— —- == 0r ——— 
= & 23 + sin@ E 2.3.4 n. z 3 T COS 2731s 
; 3 > x x A 
a a VaT 


‘where 0 is not (as far as we know) the same fraction in any two, but in 
all is less than unity. The first one is a remarkable relation, and may 
be expressed thus: a sine divided by its angle is the cosine of a smaller 
angle. 

We now proceed to the completion of the process of differentia- 


du 
tion, by determining the value of the constant which enters = where 
u = a”, having found that if $ =a" ¢/z=C loga a’, px (C log a)? a’, 
&c. 
This gives, by Taylor’s theorem, 


Cat +C loga. at, h+ (Clog a)? a £ +... +(Cloga)" a* 5 i 


oo dl 


Sa 
z>: 6 i 
2.3..n4+ 1 Si 


Now the value of C depends upon the base of the logarithms chosen ; 
:which base being generally derived from an infinite series, we shall not 
‘take it for granted, but reverse the question : that is, instead of asking 
-what must C be when the base chosen is 2°71828.... usually called e, 
we shall ask,.what must that base be for which C is 1. Or given C=1 
to determine a. Taking the value of a for the base, we have loga=1, 
and taking C=1, we have to determine a from this equation (derived 
from the preceding by dividing by the common, factor a’, and substitut- 
‘ing 1 for log a and: for C) 

a | ee Oa h” i ae 
ae a+5 “a etag ae a a eee 
This aii be true, for Fa proper value of a, whatever h may be: let us 
therefore make =” gives 


+ -(C loga)**! at” —— 


ve yO e B t 
A 0o <l; 


l 
=— l "I Se eet E ee a -n 
i +l+z togt T 2,3.. nT 2.3, n+l 
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and taking the extreme values which a’ can have, namely a° and a' or 
] and a, we find that a must lie between 
l 1 l 
2.3 N 2.3..n+1 
l : a 
2.3. T 2.3..(n41)°_ 
the two last terms of which may be made as small as we please by taking 
n sufficiently great, at least unless a itself be infinite. But if a be less 


than p+ qa where q is < 1 (which is the present case), it is impossible 
that a can be infinite: for by that rule a (1 —q) is less than p or a is 


less than TA For instance, the preceding shows that a is less than 


I+ 14+-....4 


and 1+1+....+ 


]— 


1+1+ = or = less than 2, or æ Jess than 4. Hence, since a lies be- 


tween the preceding finite series, it cannot differ from either by so 
much as they differ from each other, that is, by so much as 


a— l (less than 3) | 
9.3:4..5.(84+1)° 
but this may be made as small as we please, by taking n sufficiently 


great, whence it follows that the series 1+ 1+ 5 +... summed conti- 


nually approaches without limit to æ. This sum is found to be 
2°717281828 ... which is the usual approximate value of e, and this is 
therefore the base of the logarithms for which C = 1. 

We shall now defer this subject until we have further considered the 
connexion of the successive differential coefficients. As yet, we only 
know of the nth diff. co., that it is the result of n successive operations, 
each performed upon the result of all which precede, and that each 
operation involves l. increasing the value of a variable; 2. taking the 
increment of a function so obtained ; 3. dividing by the increment of 
the variable; 4. taking the limit of the ratio so obtained, upon the 
supposition that the increment of the variable diminishes without limit. 
Consequently, the fifth diff. co., were it not for our rules of abbreviation, 
would require twenty operations, every fourth one of which is the taking 
of a limit. Now it would be desirable to reduce the formation of the 
nth diff. co. to the performance of a certain number of definite opera- 
tions, followed by the taking of a limit only once. To put what we 
mean more before the eye, let us signify the first of the preceding ope- 
rations by I, the second by S, the third by Q, and the fourth by L. 
Then we cannot represent the 4th diff co. of $ x in any more simple way 
(as yet) than the following 


g"r = LQSI{LQSI[LQSI(LQSI¢z)]}. 


Now suppose we change the order in which these operations are made 


to the following 
LLLI QQQQSI SI SI SI ¢z ; 


the question is, can we get a clear idea of what we are doing, and can 
we advantageously make that idea serve for the further elucidation of 
higher differential coefficients than the first. This we proceed to discuss 
in the next chapter. 
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Cuarter IV, 


ON THE CALCULUS OF FINITE DIFFERENCES. 


By the word finite we here mean that the theorems of this subject sup- 
pose quantities to have given augmentations or increments which do not 
decrease without limit. Not that we debar ourselves from using all 
legitimate consequences of any theorems which may arise from supposed 
diminution without limit, but that we thereby change the name under 
which we view the subject, and pass from the Calculus of Finite Differ- 
ences to the Calculus of Differences diminishing without limit, or to the 
Differential Calculus. 

Observe first the consequence of forming a set of series, each of which 
is made by subtracting every term of the preceding series from its suc- 
cessor ; 


a h-a c—2b+4a e—3c+3b—«a f —4e+6c—4b+a, &c. 


b c—b e—2c+b f—3e+3ce—b g—4f+6e—4c+6 
e e-c f—2e+c g—3f+3e—c &e. 

e —e g-2ft+e XC. 

FIT &c. 

g &c. 

&c. 


” Observe, secondly, that when an operation is performed two or more 
times in succession upon a function, it will be convenient to make a 
symbol for the result by writing the symbol of the single operation, 
with the number of times it is repeated in the manner of an exponent. 
Thus, if Ay denote an operation performed upon y, and if the operation 
be repeated upon the result, it will be convenient to denote A (Ay) by 
Ay, and A (A*y) by Ay. Here A is not a symbol of ‘quantity, but of 
operation ; A” is not a symbol of n quantities multiplied together, but of n 
Operations successively performed. 

Let u be a function of x, and let Aw be the increment received by u 
when Az is added to z. ‘This gives 


Au = ġ (x + Ar) — G2; 
without proceeding further in the Differential Calculus, repeat this 
operation again. Let x become e+ Az, and find the increment of Ou. 
This gives 
A (Au) = [$ (2+ 2Ar)— 6 (14 Az) — [$ (x+ år) a 
this is what Au becomes \ this is Aw itself. 
when z becomes r-+-Az, 
or Au =  (x+2 Ar) —2¢ (1+ Ax)+Gu. 
Repeat the operation again: when v becomes x + Az, 
A?u becomes $ (1+3 Ar) —2 ¢ (x + 2 Ar) +4 (x+ Az) 
Au is P(#+2Ar)—2¢(x+ Ar)+¢r; 
and (Au as changed) — (A’w as it was) or 
Au = $(2+3Azr)—-3 $ (1+2 Ax1)+3 H (r+4Ax)— zr 
Proceeding in this way, and supposing 
u=¢ġx w= (t+ Az) Us=P (x+2Ar), ...U,=h (x+n Ar), 
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and writing Y, u,, &c. instead of a, b, &c. in the preceding page, and 
also putting for each subtraction the symbol by which we have agreed 
to represent its result, we have the following table (only altered by 
writing each quantity between those of which it is the difference made 
by subtracting the higher from the lower) :— 


Values of First Second ` Third Fourth ke 
the F° Diff. Diff. Diff, Diff. i 
-u 
Au 
U A*u 
, Au, Abu, 
Ug A*u, Atu, 
Aus ASU, &c 
Us . Au Au, : 
Aus Au, è 
U, A*u, e : 
Au, $ e 
Us ; : 


and the actual nerfarmiance of the operations indicated gives 


Au =u, — Au =U, — Qu, tH u A uU =U; — 3U + 3u, —u 

AU EU — AU =E Us — ZU U Au = U, — 3u; + Bu, — u, 

AU, = Uz — Us Au =u, — 2U tu DU U; — B+ 3U — Uy 
&c. &c. &c. &c. &c. &c. ` 


The general law is evidently that of the coefficients of the binomial, 
theorem combined with the successive values of the function in the fol- 
lowing formula (n a _ number) :— | 
¿— l 
2 

n— I — n—l 
A'u, Sien = natn Sas T A E E + NS Us E nus + u, 
and so on; the upper sign being true when 7 is even, the lower.when 7’ 
is odd. This may readily be proved; for if we assume the preceding 
to be true for the — value of n, we then have for Au, — A'u, which 
as the same as A'T 


A’u=u natn e Un-2 7 4 . 0o @ af 


ntu 


a 


—l N 
AP usu (n+ 1) u, + (n. n oy n P r. — &c. 
N í k 


SUr — (n+l) un + 2+ 1 5 Un — &c. 


which follows the same law. But this law, being proved by inspection. 
as to the second’ difference, is therefore true of the third, and therefore 
of the fourth, and so on. 
Now let us suppose zw and all its differences to be given, from which 
we are to recover the original succession of values U, Ue Ug, &c. 
wa=uthu AS Au Au Au, Au Au &. © * 
U= u + Au, = Aun Au, 4 A, An = Au H Au, &c. 
_ Us, t Atty Au, = Au + AU, A= AU HAU &c. : 
O Åe &ee o lOO &c. © . &e..: Sele 
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as is evident from the table preceding, the method of its formation 
being recollected. We have then 
uu + Au 
: Ug, + Au =u +Au +Au +A®’u =u +2 Au + Au 
U= Us + Au =t, + Au, + Au, + Au =u +2 Au, + Au, 
=u + Aŭ+ 2 (Au+A*u) +A&u+ Au=u +3 du+3 Au + Au. 
Similarly Au; = Au +3 Au +3 Au + Aw 
U, or Uz, + Au, =u +4 Au +6 A'ut4 Aut Au 
and the coefficients of the binomial theorem (when n is a whole number) 
again appear as follows :— 


z , Au -+ estn a A’ un ATu + A*u 


n 


u, =u +4- nâu +n 


Au, = Au + nAu +n m. Au + wee 4n PTL aut nba HAH, 


from which as before it follows that u,+Az, or 


Uns, = U+(n+1) Au+(n+ 1); Au + e. + (n41) Au tA Pu, | 


or the truth of this theorem for any one value of n enables us to infer 
its truth for the next higher. 

We know that Au, A®’u &c., are comminuent with Az, as also are 
Au, Au, Aus, &c. In the same manner A¢(r+p) is comminuent 
with Az, and the same remains true if p itself: be comminuent with 
Ax. And the following equations are easily proved. If w=u+v 
Aw = Au + Av, ifu=cv Au=cAv. And Az, remaining the same 
in all the processes, is a constant, as are all its powers. If, then, 
u=v Xx (Az)", Ou = Av x (Ar)*. And we have proved that 


$ (+A) = px 4 p'r „Ax + o" (a + 0A) oe 


if then we write w (for convenience) on the second side instead of Ar, 
we have for $ (x+ Ar) —@z, or for u,—w, or for Au 


2 5 
Au=u' . w+" (x+080w) > 0 < l. 


By the same rule we have (making w’ or ọ'x itself the original func- 
tion, and therefore xz and "zr its first two diff. co.) ; 


p (2+ Az)=bl24+G"e. wth" (49w) <1 


š w? 
or — Aw =u" , wt!" (149w) = 
. = +3 =. 5 


(a) 
~ 


Similarly Au! =u" w- p” (x4 Ow) — a,< 1 


Av =uety + pet (x+0,w) z wS 


where by w w”. ,..u™® we mean the functions obtained by successive 
differentiation of u, in tlie manner already described, and which it is 
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our object to compare with the results of finite differences. From the 
first of these equations find A?«, by equating the differences of the two 
equivalent forms (remembering, what we need not express, that in 
$" (x+6w), 0 itself is a function of x and w, but always less than unity 
in value) and using these equations ; s 


If w = u+v Aw=4Au +v: If v=cz Av=côz 
If w = u+cez Aw=Au+ câr. 
We have then 


Atu = w Au! + > Ae" (1+0 w) 


=w (wo - p" (r+ 6,w) ) 4+ - Ad" (x+9w) 


AQ" (140 wN w? 
w rAr 2 


= uw + (o (r+9,0) + 


~ 


3 
On the form of the complicated coefficient of > we need know nothing 


except this, that it remains finite when w diminishes without limit, the 
first term having the limit @’’r, and the second term having for its 
limit a differential coefficient, as is evident from the form of the frac- 
tion. Let us call ks the term in question: we have then 


wW? 
Atu =u" w + k > 
Repeat the process, which gives 


3 
Au = w? Au" + F Ak: 


a w? w? 
== w? (wre t-A” (x + 0,0) =) + z Ake 


i Ak, w* 
=u" w? + (+ (1+0: w) + a) = 


= ull w + kg wt, 
where k, remains finite when w diminishes without limit, as before. 
Proceeding in this way we come to a general equation of this form 
between A'u the nth difference of u, w or Az the difference of z, and u™ 


the nth diff. co. of u : k, being a function of x and w, of which all we - 
know, or need to know, is that it is finite. 


Atu su w" + k, wt, 
If we divide both sides of this by w" or (Ax)", we have 
Au 
(4z)" 


the second term of which is comminuent with w, and by diminishing w 
without limit, we have 


=u + how; 


A’u 
(47)" 


Limit of = au the ath diff. co. of u.’ 
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As an instance, we shall find the second diff. co. of zê, without find- 
ing the first. 


ua è up (x + w)? Ue = (x + 2w)’ 
Au = u, — 2u, H u = (x + 2w) — 2 (x + wP H 2° 
= 6 rw? + 6 w’ 


Atu m TT 
— = 6r + 6v, the limit of which is 6 z. 
Aq? 

Now, if dz = 2° O'r 23 2° "r= 6 x. 


From this, a notation may be obtained for the successive diff. co. of u 


; du 
with respect to x, For since the limit of a has been denoted by Tr’ 


. d du. , NN 
and since we have now found ae ae is the same thing as the limit of 
Nb il 
Au . x ; R f du 
(Ax)? an?’ it will be consistent to signify the latter by rane? to which as 


a total symbol, the remarks in pp. 50 and 54 apply. ‘The diff. co. of the 
3 


. du. RAE y ; 
diff. co, of a being found to be the limit of Thr)” we may denote it by 
d'i 


(dx) ID: and so on. Hence, to connect the notations we have used, we 


have the following equations (it is usual to leave out the brackets in 
what would be denominators, if the preceding were algebraical fractions) 


= du__—s«g, 6, Pu Nr, 
u = pr a a go or aga xr, &C. 


The usual way of reading these is “du by dx,” “dtwoubyde 
square,” “ d three u by d x cube,” and so on. Thus Taylor’s theorem 
becomes the following : 


when x becomes x + h 


; 2 2 3 3 
u becomes utn d'u h 


de 3 t arz. T SC 


When we wish to express a diff. co. as it becomes when the variable 
Ld © 353 e e e du 
receives a specific value a, we shall sometimes write it thus (=) : but 
a 


in this case it is more convenient to write dz for uv, since @’z then ex- 
presses the general diff. co., and ¢’a the particular value. 
Thus we have 


when x changes from a toa +h 


. (du ee) h? 
u changes from (u), to (u), HT, oh+ de?) ayy 2” 

We shall now proceed with such results of the Calculus of finite 
differences as will be useful in future parts of this work. Let us sup- 
pose a series of terms connected according to such a law that a certain 
difference (say the fourth) is always = 0. Then we have, u being any 
term whatsoever, u, the next, v the next, and so on, 

G 
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Atu = u, — 4u +4 ôu — 4u t u =0; 


hence we can express any term by means of the four nearest to it, 
-either on one side or the other, or both. For instance, 


we (u, + Us) — (u + u) 
v, = — 
6 
If the fourth difference, instead of being absolutely zero, should 
be a smaller quantity than is requisite to be taken into account, these 
theorems will be sufficiently near the truth for the purpose. 
It is plain, by the method of constructing differences, that the 
(m + 7)th difference of u is the same as the mth difference of the nth 
difference of u, or that ; 


U, = 4u,—6 u: + Arica u, &c. 


Art = A™ (Au); 


and if we attempt to give meaning to such symbols as A’u, A~'u, A~*w, &c. 
it will be convenient to assign such meanings as will satisfy the preced- 
ing equation. Accordingly, A°%u must be the same as u, in order that 
we may have A™+°u = A” A'u or A"u = A" Au. We now ask what is 
the proper meaning of A~’u. Since we are to have AA 'u or AA 'u 
the same as A!~'u or A°u or u; that is since A A~'u is to be* u, then A~*u 
is the quantity whose difference is u. If, then, we take the series of 
terms u U, Uz .... and ask, not what are their differences, but what 
are they the differences of, we find that, taking any quantity we please, 
C, to begin with, the following first column has the second column for 
its differences, the third column for its second differences, and so on. 


Values of the function, lst Diff. 2d Diff. ord Diff. &e. 

C 
u 

C+u Au 

fo” UW Au 

C+ut+u, Au, &c. 
Us Aru, 

C+utujtus Arts 
Uz 

C+utu+iustus 

&c. &c. &c. &c. 


Hence A~'w is an arbitrary constant C; A'u, is C + u 
A7u, is C + u+ u,, and generally 
Amu, is C + u + uy, + Ue fw eee Une F Unie 
ea this being a summation it is customary to signify ATu, by Èu, : 
thus, | 
C+1+2+3+. .. - +(a—1) is denoted by Èx 
C451.24-2.343.44...(@7—lDa..... 2r(#4+l) 


meaning by 2 øx the sum of all the values of oz, for every whole value 
of x from any given number up to æ — 1, increased by an arbitrary con- 


* Some students may, from their previous reading, have an idea of this sort of 
process, but most will not. Observe that what we are here doing is not tracing the 
properties of defined symbols, but finding out how to define a symbol,s0 that it may 
have a certain property. ; o 
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stant. But unless the contrary be mentioned, let it be presumed that 
the arbitrary constant is 0, and that the series hegins from the first term 
of which there is question in the problem. Thus, in treating of the suc- 
cession of terms U U, Ug..--- , by 2w, we mean the sum beginning with 
u, and ending with u,_,- 

It may be that we have a number of terms given, but not their gene- 
ral law, and we wish to ascertain what law they do follow. This is 
always to be found from the equation S 


-1l . 
u= u + nAn. AUH. 


for we thus have a function of n which expresses the n + lth term. 
Suppose, for instance, we ask, what is the general law of 1, 4, 9, 16, 25, 
&c., shutting our eyes for a moment to the evidence of the terms them- 
selves, in order that we may deduce the law by a method which is not 
simple observation. Taking the differences of this set of terms 


l 

3 u=] Au=3 A&u=2 Au=0 Atu=—0,kc.° 
4 2 

5 0 n—l 
9 2 0 u=l+nx3+4+n———2+0+40+... 

2 

T 0 
16 2 


a W 
9 0 =] H3n + 2 —n = (n+ 1)? 
25 2 
1] 
36 


the (n+1)th term is (7-+1)? and the nth term is n°. 

Let the student take some simple formula, such as x (x-+1), give v 
a number of whole values beginning from 1, and then reconstruct the 
formula by the preceding method. Thus x (x+ 1) gives 2, 6, 12, 20, 
30, 42, &c. 


u= 2 Au = 4 Au = 2 Au = 0, &c. 


U, = 2 4nx4 +n. a X 2 = 2 + 3n + n? = (n -+-1) (n +2) 
this is the (n + 1)th; to find the nth term write n for n+ 1 orn—1 
for n, which gives n (n + 1). . 

The utility of the preceding method is most obvious in a case in 
which all orders of differences vanish after a certain number. And we 
shall prove that this is always the case in a rational_algebraical expres- 
sion. Take for instance, 


. wma" + bar’ p es’ wwe tk pe tg; 


and let x become x + w, giving u,. Expansion will immediately make 
it obvious that the highest term of each disappears when w is taken from 
u, and that we have a result of the form 


Au=amaz™" + Ar” + ....+ Pr+Q 


A, &c. being functions of w. The same reasoning applied to this pro- 
cess gives a result of the form 


G 2 
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3 Au = am (m—1) a"? + A + .... 
and continuing in this manner, we come to 

A”-'u = am(m—1)....3.2@+E 

A” u= am(m—1)....3.2.1 a constant 

AHuy = 0 Amy = 0, &. &c. 


In this manner we can always arrive at a finite algebraical expression 
for the sum of n values of a function, provided that function be a rational 
and integral function of the variable. For let 


U=C U=C0C+u Uza=Ct+utu, UseC+utu,+u, 
U= C+ uty, + u, t.o. F Uri 
By the general truth already proved, we know that 


' U= UtnAU + na btu + eee 4n AU + A'U; 


but U is C, AU is u, AU is Au, and generally A"U is A"—'u : while 
U is C +u+...-+u,_,. Substituting, and taking the common 
term C from both sides, we find that 


ia = n—l 
Ud- tF.. HUn = NU +N 


Aut e.o + nA" u + A'u 


a very convenient formula, if all the differences vanish after a certain 
number. Let us apply it to the finding of 1 +4 + 9+... + n°, which 
we may denote by 2 (n + 1)°. It appears that u = 1 u, =4. . . Un =n 
Au=3, A’u=2, A*u=0, &c., whence 


2 n—l n=l n—1 ie 
Ll+-4+....¢v=—n+n 5 3+ 7 5 5 A tif 
= ôn 4 9n? — 9n 4 27° —6n? +47 _ n (n+1) (2n+1) 
~ 6 6 6 + 6 , 


which is the formula assumed in p. 30. 

If we now consider 1? + 2? + 3’ + ....-+ n’, we have proved that 
the differences of n” vanish from and after the (p + 1)th and that the 
(p)th difference is p(p—1)....3.2.1. We have then (calling c, 
Co eee Cp) the first p differences of 1?.) 


5 hee a n—1, n(n—1)...(m—p) _ 
Pe +. tn a i La g Cit eve + 2.3...(p+1) Cp3 


but cp, =p.p— 1...1, whence the preceding sum is (we shall soon see 
why the last term is particularly attended to) 


nen à fae Lilet ve ai (n—=1) (1-2). (n—p) 


2 2 3 pt+l 
This, it is evident, might be expanded term by term, and afterwards 
arranged in powers of n. And since in each factor there is only the 
first power of n, it is obvious that the highest power of n comes out of 
that term in which there are most factors, namely out of the last. In 
this last term, there are p -+ 1 factors, 2 the first, 2—1 the second, 
n— two the third, &c. up ton—pthe (y-+1)th. Its highest term is 
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therefore n”+' : and no power so high can otherwise appear in this factor, 
because no other term is compounded of all the n’s; nor in any other 
part of the expression, because in no other term whatsocver are (p+ 1) 
ns multiplied together. And from this, remembering that the last term 
has the divisor (p+ 1), we find 


p+ 
VER ee bats Tf An? + BrP! + coooPr+Q 


where A, B, &c. are functions of p, not of n, which might be’found by 
expansion, but with which our present object gives us nothing to do, 
except to remark that, being functions of p only, they are not changed by 
supposing n to change. This gives 


Peep 1 A B ae ae 
ner ~ ptl n æ ce Te 


and now we see that the greater n is supposed, the smaller will all the 
terms of the second side be, except the first which does not depend on z. 
This first term is the limit when n is increased without limit, and we 
thus have the following theorem. If the sum of the pth powers of all the 
natural numbers, up to n inclusive, be divided by the (y+1)th power 
of the last, the greater n is supposed to be, the nearer is the result to 


si and this without limit. (Elementary Illustrations, p. 33.) 


We shall now leave the Calculus of Differences for the present, and 
proceed with the methods of differentiation. 


CHAPTER V. 


ON IMPLICIT DIFFERENTIATION. 


In all that precedes, u was given, as it is called, explicitly as a function _ 
of x, that is, the function which u is of x was expressly stated, and in 
no degree left to be deduced or inferred. Such a case we see in u = cr. 
But we may imagine u to be given, for example, as in the equation 
u = c£+eu, in which v is a function of x and u; and though it be true 
that u must be a function of z, yet it must be found from the equation 
what function it is. And though in this case it is easily found that 


cx : : es. 
sie Race yet there may be cases in which this step, at present abso- 


lutely necessary before differentiation can be perfcrmed, may not be 
possible with existing algebraical forms and methods. Such, for instance, 
as u = £— a sin v, in which u can only be expressed in terms of x by 
an infinite series. But still u is a function of z, that is, a given value 
of x will allow only a certain number of values of u, an increase of z 
gives an increase or decrease to v, those increments have a ratio, are 
comminuent, and their ratio has a limit. The question is, how are we 
to extend our power of differentiation to such cases. 
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We must first consider functions of several independent variables, in 
which all the variables increase together independently of each other. 
If u be a function of x and y, it is indifferent as to the result, whether 
we first change x into x +A, and afterwards y into y + k, or whether 
we allow these changes to be simultaneous. If the changes be made 
successively, °y becomes successively (x + /)*y and (x + h) (y + k), 
the same as if both had been made at once. Here h and k are supposed 
to be independent of each other. 

When u is differentiated time ‘after time with respect to 2, the 
results are 


du du du eee du dui du 

== ea Ts. AS ee Tank gle “> acs 

dx dè d dy dy? dy?’ 

when wz is successively differentiated with respect to y. But we 
may differentiate n times in succession, sometimes with respect to 


one, sometimes to another. For instance, we may have 
d, du 
dy dx l 
and the result with respect to x. The method of notation is thus ex- 
tended (a reason for which will be afterwards given) : 


aa 
dx’ dy 


, the first of which directs to differentiate u with respect to y, 


d edit is written ci ae di is written ou 
dx dy dx dy dy dx dy dx 
d d du eee du d d du EEE Cu 
dx dx dy — dx*dy dy dy dx dy*dz 
d ddu is written oa. s a i is written y 
dy dx dy dy dr dy dæ dy dx dx dy dx 


where the apparent numerator (p. 54) shows how many differentiations 
have taken place, and the apparent denominator, looking from right to 
left, shows the variables employed and the order of the operations. We 
now proceed. 

When 7x is changed into æ + h, u is changed into 


u + ~ . h + Vh? by Taylor’s theorem, 


where all that we need remember of V is that it must be a function of 
x and y and h, and does not increase without limit when h is diminished 
without limit. If in this we substitute y+ 4A instead of y, a similar 
process shows 


that u becomes u + s k+ WK 


du du d du . 2) 
ar" . o (E+E ght )s 


y 
Vie... ova un . k + Lit ie 
\ dy 
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u + gu h + Vh? becomes u + Be A+ ae 
dx dx dy 
u 
2 
+ Vh? + Aros hk+ Wie 


dV 
E hek +-Tith + Liek, 


where W, T, L, are certain functions of x and y, &c., which might, were 
it necessary, be expressed. When we have a set of terms of which it is 
only necessary to remember that they do exist with finite coefficients, 
we may merely put the parts of which we desire to be reminded, by them- 
selves in mee o we write the preceding result 


u po =h + a + {%, hk, k, kk, kh, h?k?} 


which is to be ae as equivalent to stating that there are certain 
additional terms of the form Ph?, Qhk, &c. The preceding is what the 
function becomes when z + h and y + k are simultaneously substituted 
‘for x and y; and the increment of u is therefore 


du = 2 


Observe that if z only E kan the increment would have been 


d 

— h + {is}: and k + {i}, 
if y only had varied. When v and y vary together, the increment, as 
far as the first powers of h and k are concerned, is made by an addi- 
tion of the terms just written, but there is an intermixture of results 
in the remaining parts. Thus, 


a variation of gives to u the increment 


x only ah + {n} 
du 
onl — 2 
y only yet {7°} 
both sandy Fery Eih 4 {he hk, ke, hk, Kh, kK}. 
dx dy 


If we now suppose a quantity z, which has hitherto lain constant in «v, 
to become z + /, we find by a repetition of ‘the process that the total 
increment of u is now 

du du du 
Tz" 1+ et ae {h?, kh, B, hk, &c. &c.} 
and so on: whence if we denote by A.u (as distinguished from Az) 
the increment which u receives from several variables 2, 2, T3, &c., we 
have this result. 


du du du : 
A. tes da. Ax, + a Ar, + ip, e XC. 


+ {(Azr)®, (Az, Aa,), &e. &e.} 
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Now this being true for any values of Ar,, &c. remains true even if 
those values should be so taken as to satisfy given conditions, and even 
though 7, T2, &c. themselves enter into those conditions. But as this 
is a difficult point, we prefer to take a more simple case in illustration. 

Return to the equation 


O(a +h) = pr + He h +G (2 46h), 


all that is requisite being that neither Or, %'x nor "xr should be infi- 
nite. This being true for all values of k, remains true, even if for h we 
substitute a function of z; but it would not be convenient to deduce it 
on this supposition, because we should need to remember that x becomes 
x + Yr, and contains an r which varied, and an x which entered with 
the variation. But having proved this equation for all values of h, we 
have proved it among the rest for all values of h, which are also values 
of any given function of x; that is, we may substitute Yr, or Y (2, y) 
or anything else, for h. Indeed, we ought rather to say, that having 
proved the equation for all values of h, à fortiori we have proved it for 
those of any given function of ‘zt. Let us then take the following case: 
u is a function of x, y, and z, of which z is a function of x, y, and ?¢, 
and y of x and ¢, and z itself of £, or 


u = $ (z, Y, z) z=% (1:4, t) y= x,t) «rao 


Ø, V, x, and @ being functional symbols. We might evidently make 
u a function of ¢ only by substitution, for we have 


y = x (at, t) z= (at, x (wt, t), t) 

u = $ {5t, x (at, t), 4 (at, x (at, i), t)} 
where z only enters. For instance, let 

u= ryz z=ryt, y=t+a, c=sint 

y=t+siné, z= sint (€+sinf) ¢ 

u = sin*t (t + sin t)’.¢ 


from which last formula we might find du 


dt 


du ig: te ae 
shall we. find a without this intermediate process of substitution? 


. But the question is, how 


First, let us consider u as a function of x,y and z only, and take the 
universal equation 


du du du : 
k Ar +3, +3 Az+{(Az)’, (âx Ay), &.}.... (1.) 


du du du 
dx’ dy’ dz’ 
are partial, each supposes its variable to be the only variable, our theo- 
rem showing how to form the total increment out of the partial incre- 
ments, This theorem being always true, is true when Az has sucha 
value as would be given to it by assuming the second equation 
z = Ww (x, y, t) which gives 


Acus 


This is true for all the values of Az, &c.; but the diff. co. 


dz dz dz ; X 
2 ~ = > ae » ® e808 © 2, 
Az T E At + {(Ar)*, &c.} (2.) 
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These two equations are true together for all values of Az, Ay and Aż, but 
not of Az, for that must have the value just assigned. Suppose, then, 
that we assume the third equation y = x (x, t) which gives 


dy 
dx 


The three are true for all values of Av and At, but if we assume the 
fourth equation r= wt, we have 
d: 
Ar = F At + { (At)'}....(4,) 

and the four together are true for all values of At, but At being given, 
they determine Ar, Ay, Az, and Au. Before proceeding further, we 
shall observe by the following table in how many different ways ¢ enters 
into z, 


Ay = — Ar + oy At + { (Az)’, &.).... (3.) 


Ueee ee ka r 
2 f wb e08e t 
me Peat 
Y o i 
t 


Hence it appears that u contains ¢, after all substitutions are made, in 
seven different ways, as follows :— 
. u contains z, which contains ¢. 
. u contains y, which contains v, which contains £, 
- u contains y, which contains £ 
. u contains z, which contains z, which contains £, 
- u contains z, which contains y, which contains <, which contains £, 
. u contains z, which contains y, which contains t£. 
. w% contains z, which contains ¢, 


aI O Ut fe U N = 


Now, before proceeding to find , we may presume that we must 


have in our result the effects of every one of the methods in which ¢ 
enters. With what we know of the rules of differentiation, it is incredible 
that two functions should contain ¢ in different numbers of ways, and 
not exhibit some sort of difference in their diff. co. We proceed to find 
Z N du 

the actual value of Th 

In the third equation above deduced, substitute the value of Ar from 
the fourth, in the term which has the first power only. This gives 

by = (E ae 4 ee +o Y at + {(A2), &c.} 

a ts 
dx dt 
In the value of v mite - values of od and na 


_ ddr ,, dy dx = 


or Ay = At + {(Az)t &e., (At)*} 
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Then substitute in Aw the values of Az, Ay, and Az. 


du dx du /dy dr dy du dz dz 
Aue — = Ap 2 eee 

US dade dy de ae a + Ge de dt 
- du dz /dy dx ` dy du dz 


uta R At 


' dz dt 
+ (terms containing powers or products of Ar, Ay, Az, At.) 


We now come to the reason why the specification of the higher terms 
would be useless. When we take such a term as PAzAy, and divide it 


A i 
by At, we have PAr z, which, since y has a finite diff. co. with respect 


e š > . : A 
to £, is itself comminuent with Ar, that is, with At: for P and = 


remain finite, while Ar diminishes without limit. If, then, we ‘divide - 
; eee A. 
the preceding equation by Aż, and take the limit of = , all the terms 
included in the brackets disappear, and we have 
d.u du dr | du dy dr | du dy i du dz dx 
dt ~ daz dt * dy dx dt dy dt dz dx dt 
du dz dy dr du dz dy _ du dz 
dz dy da dt | dz dy dt Cdr dt 
. d.u, du ; ae 
We write ae instead of T to remind us that we have a differential 


coefficient which implies several different entrances of the variable : 
this is called a total differential coefficient, when it is necessary to dis- 
tinguish it from the separate terms belonging to the several ways in 
which ¢ enters, which are partial diff. co. Looking at the result 
which we have obtained, we see seven terms, very closely connected with 
the seven ways in which ¢ has been shown to enter u. For instance, 
du dx 


l f Hence the term — — | 
PAE | dxdt 3 


ju contains 2, which con- 
| tains @. 


9 f u contains y, which gt { Hence auc du dy dr} 


” | tains 2, which contains ¢. dy dz dt} 
8. fu contains y, which ‘ee J Hence the term du dy l 
| tains £. \ dy dt 


and soon. Hence we see the following general theorem. 

If u be a function of ¢ in different ways, find out each way in which 
t enters, and if one of those ways be thus ascertained, % contains A, 

. ME ; : gry 145 du dA dB 
which contains B, which contains ¢, take the term —— .—~ . —: 

dA dB dt 
having found all these terms, add them together, and the result will be 
the total diff. co. of u with respect to £. 

We see also that, in taking the increments, we may express all except 
the terms containing the first powers of the variables by a simple &c., 
since they disappear when the final limits are taken. If we forgot them 
altogether, the error would not affect the result; we could not be said 
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to have reasoned correctly, but such an error of reasoning has been 
shown to produce no erroneous result. 

To make the principle of the preceding more clear, we shall now 
take a more simple instance. 

Let u = ¢ (x, y), where y = Wr: that is, let u contain z in a two- 
fold manner—1. because it actually and explicitly contains z—2. be- 
cause it contains y, which is a function of x. Give x and y any incre- 
ments Ar and Ay; whatever they may be, the following equation (when 
the meaning of &c. is properly remem)cred) fullows from Taylor’s 
theorem. 


du du 
AUS ip t+ ae Ay + &c. ; 


but if we require that the second equation shall exist, it gives 


] 
Ay = Ar + &c. 


or Anae Re Se De es 
zc y dx 


duu du du dy 
dx dr dy dx’ 
which, by the preceding rule, would follow from 


u contains x directly, and 
u contains y, which contains v. 


-deu du 
It appears that ae and i 


The second merely supposes that in the equation u = @ (x, y), x 


are totally distinct, as might be expected. 


; r ‘ z U. ; 
receives an increment, and y remains constant ; but ae in this case 
av 


implies that another equation exists which makes y a function of x, so 

that x cannot be changed without y changing also. If we suppose 

u = ry", y = 2”, we have | 

du du dy d.u 

—— sme 2 L —— m 5 xt —_=~7y4+22 5r‘ 

de Y dy 7Y d dx Y ORRY Oe 
= 97° 4 2 x 5a4= 112" 


which is what we should get by first substituting in u the value of y, 


; ; du 
which would give u = x x g" = t", — = 11 2". 


dx 


ste ok d.u du 
The following distinction between aa and Ta will now be apparent. 


The second is derived from a single equation, and is a consequence of 
that equation only, without reference to any cther. But the first sup- 
poses the simultaneous existence of more equations than one, and is the 
limiting ratio, not of such increments of u and v as co-exist in one or 
two of the equations, but in all. Hence the first may be called the 
diff. co. of a system of' equations, the second of one equation only. It 
may happen that two or more of the equations may have diff. co. for 
which there is, as yet, no distinct notation. For instance, we may have 
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u = $ (2, y) u= (2, y). 


To ascertain whether these equations have diff. co. we must find out 
whether, consistently with their co-existence, x, y, and u may be made 
to vary. There are here three quantities v, 2, y, between which there 
are two equations. Hence, ¿f one of these be taken at pleasure, there 
are no more equations than are necessary, by common algebra, to deter- 
mine the remaining two. Consequently, though each equation by 
itself has two independent variables, from which to determine the third, 
yet when both exist together, only one can be taken at pleasure, there 
is only one independent variable, and the other two are functions of it, 
, Suppose, for instance, that we have 


u =x + y u= ar + by. 


1. If u be the independent variable, what are the diff. co. of the system ? 
" ‘From these two equations, determine xv and y in terms of u, which 
will give 


_ (a—1)u _ (13d) u 
< ab tee 


from which we can now determine directly the diff. co. of the system. 
For the latter equations assume the co-existence of the former, and also 
make v and y functions of u only. They give 


u=r+y |) dx 1—b d.y a—l 
u=ax + by) Qu ab T eh 
2. Let x be the independent variable. We have then 
potas yotels’ hs ecl es sao! 
1—b 1—b dr l-b dr 1-6 
3. Let y be the independent variable. We have then 
mae a eat, Meo Gab elet 
a—l dy a—l dy a-l’ 


a-l 
But this’ previous reduction may be inconvenient or impossible. If 
we now take the general case u = (2, y) u = Yẹ (a, y), we see that 


we shall have two diff. co. to signify by Z» one from the first equation, 


one from the second. To distinguish between these (which are not the 
same) write the functional symbol of the equation which is used, instead 


of u ; call the first a and the second Œ, Both are diff. co. of v, but 


dx’ 
under different circumstances; the first a consequence of u = @ (x,y), 
the second of u = %4 (x, y). The co-existence of these equations may 
lead to relations between the two, but is no reason for confounding 
them. This co-existence requires the co-existence of 
p 


do d 
Au = y Ar + Fa + &c. 


dy dye 
Au = Jr AT t ag? + &c. 
in which Au, &c. are to mean the same in both; for though each equa- 
tion is satisfied by valves of Aw, &c. which do not satisfy the other, it is 
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not of those values that we enquire, but of values u, z, and y, which 
satisfy both, of the changes of value under which they continue to 
satisfy both, and consequently of the increments which satisfy both the 
equations of increments. Now, to find the limit of the ratio =, we 
must express Av in terms of Az, or eliminate Ay from the preceding, 
which will give 


dy do _ [(dġ dy dydd\ 
a ge, 
dp dy dy dp dy do 
duu _ do dy dedy dæ _ dy dy 
dx dy do dus dp dy dy dh’ 
dy dy dz dy dz dy 


; ; d.u dx ; ae: 
we might write these —— and ——,and this notation might be conve- 
* d. d.u 


nient in some cases, but where one dot is sufficient, the other may be dis- 
pensed with : it being always remembered that the diff. co., with the point, 
distinguishes a diff. co. derived from more than one consideration, whether 
the additional considerations be expressed in equations, or implied in 
suppositions. The preceding method is one by which these questions 
may always be reduced to first principles, but the rule already laid down 
(p. 90) will be sufficient, when understood. To repeat the case just 
solved, let us suppose 
u = $ (s, y) u = Y (7, y), 

from which it follows that x and y may be considered as functions of u. 
Taking this additional supposilion, differentiate both sides of these 
equations with respect to u, observing to write the dotted diff. co. 
Wherever the supposition is used; and, also, remember that x is sup- 
posed * a function of u, and y a function of u. We have then — 


_dọd.x dọ d.y 
Tdr du dy du 
p dde, dydy 
~ dx du dy du’ 


1 


dz 
du 
bra. These, as found, may be made to coincide with the result of the 
particular case in the last page, namely, 


P(@y=rty ¥,y) Sart by 


from which two equations and Ty can be found by common alge- 


_ For we see that 


do _, dp oY 5 


dx dy dy 
Let us now suppose that u is a function of x, y, and u, or u=¢(r, y, u), 


from which it follows that there are two independent variables: for x 
and y being taken at pleasure, the equation may be satisfied by finding 


-E =a 


* Observe that these suppositions are always implied in, and may be deduced 
from, the equations, 
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the proper value of u. This equation implies that w-is a function. of æ 
and y only: thus from 


u=g+y-—u can be obtained u = ==! ; 


° 1°? e,e d.u d.u ° . 
using this supposition, we want to find —— and —-, which are partial 


dz dy 
. do dp : 
diff. co., but not the same as Tr and a The dot denotes the intro- 
duction of a supposition more than is directly shown in the equation, 
namely, that u is to be considered as the function of x and y, to which 
it might be brought by solving the equation. Taking «æ as constant, 
and considering Ø (2, y, u) as containing y two ways 1. directly ; 2. as 
containing u, which is a function of y; and differentiating the equation 
u = (£, Y, U) on this supposition, we have 


dp 
d.u dọ dp d.u d.u dy 
y dy du dy dy _ dp 
du 
Again, if we regard y as a constant, 
dp 
d.u _ dọ . dd d.u deu dx 
r: dr du dr g do’ 
La 
du 
Pie ca: dp _., dọ dp _ 
For instance, if u = x — yu, we have Ta l, dy = — 1, na Ys 
therefore Catat pial C a . Now, if we actually produce 


dx l+ y dy | +y 
the supposition which gave these, in an explicit form, we have 


e du 1 d.u £ _ —u 


l+y d? lty dy (l+y)? 14+y 
which agrees with the preceding. i 

In most treatises on the Differential Calculus, there are but two terms 
of distinction between diff. co., total and partial. The reason is, that 
the additional distinction we have made is left till particular cases re- 
quire it, and is not usually formally proposed. We now introduce the 
following additional distinction of explicit and implicit diff. co. and the 
following definitions (the two first of which agree sufficiently well with 
the senses * in which they are commonly used) will enable the student 
to apply to each of the processes in this chapter its proper name. 

Partial.—The function differentiated may be considered as of more 
variables than one, nothing expressed or implied in the equations 
given being to the contrary, and one only is supposed to vary. 

Total.—The independent variable enters in different ways expressed 
or implied, or both: and is considered as varying in all. g 

* They cannot altogether agree ; for the distinction of partial and total diff. co. is 
frequently used in more senses than one. If, therefore, the student, at any future 
time, find himself puzzled by the use of these words in any treatise on the applica- 


tion of this Calculus, let him ask himself whether the distinction of explicit and 
implicit be not intended. : 


u 
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Explicit.—No variation considered except as it affects one given 
equation. All common differentiations, as in Chapter II., are explicit: 
no supposition (except assigning a given quantity as variable) drawn 
from other source than the equation wself, affects the result. 

Implicit.—Any other than explicit; affected by the co-existence of 
any other equation or supposition. Total diff. co. are implicit, but distin- 
guished on account of thcir frequent occurrence. 

The terms partial and total are not contradictory, as might be sup- 
posed from their etymology (consistently with common usage, we can- 
not avoid this inconvenience). A diff. co. may be partial, inasmuch as 
it supposes only x to vary, and not y or z; but total with respect to a, 
inasmuch as the function differentiated may contain x directly, as well 
as through p, q, &c. For instance, let u = @ (a, Y, z, P, q, 7) where 
p, q, and r, are themselves each a function of x, y, and z. The explicit 


partial diff. co. of u with respect to z, is simply Ta > but the partial 


diff. co. considered with reference to every way in which v can enter 
(which we should think might be called the complete partial diff. co. -to 
avoid the objectional phrase total partial) is 

d.u _ dọ db dp dọ dq , dọ dr , 

o a dp T dq ip? apa a 

It would be impossible to specify all the various methods and combi- 

nations of equations which present results of differentiation worthy of a 
distinct name. We shall proceed to take some of the most important 
cases. 

y 
Tr The sup 
position is, that, by solving this equation, we may make y a function of 
r 


Let u = $ (x, y) = 0, required the implicit diff. co. 


‘Ifu= O, that is, if the values of v and y are always to be so taken 
simultaneously that u = 0, we have A.u = 0 for all changes of value 


of x and y which the supposition will allow. Consequently, A. is 


nie d. 
always 0, and its limit is O, or ~~ 0, 


do 
~ du dd, dġdy _ d.y dx 
Now ip dx tay dz) de dp 
dy 


For instance, let x — (logy)? = 0 = ọ (x, y), 
do 2 X Pn dp ae z-i 1 
a = 1 — (logy)? . log log y ar — v(logy)** x j 
d.y _ y —y (logy)? log log y 
dx x (log y)” i 
To verify this, observe that «= (log y)* gives log x = « log. logy, or 


log t _ loge log x 
as vida ag z l — log x 
T E 
p ; s 
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let the student try to make these results agree, remembering that by 
definition £8? = zx. 
Let ¢ (a, y, z) = 0, whence it follows that z must be a function of x 


d. d. 
and y. To determine the implicitly partial diff. co. => and dy" 
: oa ert d.u d.u 
As before, u= O gives the complete partial diff. co. EPN and a 


severally = 0. This gives 
dp dp dez o dp dp d.z _ 


dr dz dx dy z dy 
dp dp 
d.z_ dr diz dy 
dr dp aS 
n - 


(EE E-r 


1 ldp lide oi ld.z_ 1 dọ 
aa = oe ae L dy P ay dy L de P dz’ 


Let u = $ (y + ryu), from which it may be inferred that u is a 


; ; a3. Vee 
function of x and y. Required, on this supposition, =~ and“. Let 


dx dy 
y + ryu = V, which gives u = $V. 
d.V dyu d.u 
seem yuta da do = yu + ayp’ EE 
d. V dyu d.u , au 
d.u _ dV d. dN i , deu 
a N dz PV (yu + oyu ix) 
d.u _dpVd.V _,, j d.u 
dy av dy =#V(1 ld a) 
du = PVyu dau p'V 


dx Tap yu dy 1 ap pla’ 
Dior bi . d.u d.u 
which gives this simple relation q TYY T 
For instance, let u = g” +=!" (show that this amounts to supposing 


~ (z—-1)} dy” 2-1 


V= g¢V=e $u =logu wus - 


d.u _ ue logu d.u _ ue 
dz” u—aev dy u — rE’? 


show that these agree with the preceding. 
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It must be observed that if u be a function of x and y, and if 


du du : ; . f ae 
ree P dy’ where P is a function of x and y, this same relation is 


true for any function of u. For, let fu be any function of u, and mul- 
tiply both sides of the preceding by f’u, which gives 


dfu du _ p Uu du a dfu _ p dfu 
dudr du dy dr ` dy’ 


Show that if v he a function of z, which is itself a function of x and y, 
i d.udz d.udz _ 


se Å- o č --~ 3 


dx dy dy dr 


where the dot reminds us of the implicit supposition. 


Cuarter VI. 
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Tue Integral Calculus is the inverse of the Differential Calculus. Thus 
one question of the latter being ‘‘given a function to find its diff. co.”? 
the corresponding question of the former is “ given a diff. co. to find the 
function from which it came.’? The original function is called, with re- 
spect to its diff. co., the primulive function : thus, 2 x being the diff. co. 


of x°, x” is the primitive function of 2z. Thus we may easily see, that 
2 


with respect to x, the primitive function of 7 is — : but with respect 


2y 
e e . e T Ld 
to y, the primitive function of — is z log y. 


But a primitive function, merely considered as the inverse of a diff. 
co., would not be of much use. The following theorem will show the 
point of view in which the necessity of finding primitive functions 
actually presents itself in practice. 

Let Øx be a function of x, and let @ and a + h be two limiting values 
ofr. Let h, as before, be divided into 2 equal parts, each of which is 
w or Ar, and let v pass from a toa + h through the steps a, a + w, 
a+ 2w,. . a+ (n—l)o a+ nw or a+ h. Let every one of 
these values be substituted in the function, and let all be added to- 
gether, giving 


datd(atw)+h(at2w) +... + (atn—1w) + (atnw) ; 


each of these lying between given limits, the sum of them all may be 
made as great as we please, by taking a sufficient number, that is, by 
taking n sufficiently great. Multiply this sum by w, giving 


{pato(atw)+o(a+2u)+....+b6(at+mw) by, 
which we do not now affirm can be made as great as we please, for the 
greater the number of terms in the first factor, the greater is 7, or (since 
nw = h) the less is w. And we can even conceive it to happen that the 
taking a greater value of z should diminish the preceding product, or 

II 
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that the increase of the first factor should be more than counterbalanced 
by the corresponding decrease of the second. We can immediately 
show, however, that the preceding product can neither increase nor 
decrease without limit, provided @z be always finite between z= a 
and r=a + h. Let C and c be the greatest values it can have between 
these limits : then the preceding product must always lie between 


(C+C+C+...+C)wand(c+etet...+0)u 
n +1 terms n + 1l terms, 


or must lie between (n -+- 1) Cw and (n+ 1) cw, or between C (nw + w) 
and c (nw +w), or between C (h+w) and c(h+w). That is, there must 
be a finite limit, lying between the limits of the preceding, which 
(when n increases or w diminishes without limit) are Ch and ch. This 
summation, of which we wish to find the limit, we shall proceed to 
illustrate by a few cases, as follows :— 

Let @x = zx, then the summation required is 


fa + (a+ w) + (a +2w) +... pa tnw} w 


or (n+l) wt tI FIE . > « $n) or (2+1) aw u'r de 


2 


nw -+ nw? h? + hw 


z or (h + w)a -+ ~z’ 


putting h for nw. We have thus eliminated n (which is to increase 
without limit) by means of a relation which is always to exist between 
n and w (which diminishes without limit), and in the form to which we 
have now reduced the product, its limit is evident, when w diminishes 


or (nw +w)at 


Milos ee h? 
without limit: that limit is ha + D? and we may observe that as w 


diminishes the preceding diminishes towards its limit, thus verifying 
the surmise above thrown out, that the increase of the first factor might 
in certain cases be more than compensated by the diminution of the 
second. 

Next, suppose Gz = x”. We want then to find the limit of 


{a? + (a +w) + (a+ 2w0)?+.. .+(a+7w)*}o 
which may be easily reduced to 


(n+ 1l)aw +(14+2434+ . . . +n)2aw t- (L2H. . +7?) w’, 
for w write its value i and the preceding becomes 


2 2 2 
a pag eee ALI yee +2 a eal 13 
t nj n 


n 
in which if we suppose n to increase without limit, and write for the two 
latter fractions their limits obtained in p. 85, we have for the limit of 
the preceding summation 


3 
ha? + Wa + = 


Let u = log: we wish then to find 


{loga + log (a + w) +... + log (a+ nu)} w, 
agg here we are stopped, for there is no process of common algebra for 
representing in a finite form the sum of n+ 1 termis of a series of 
e 
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logarithms, such as here appears. We must thercfore look for other 
methods ; but first we shall lay down names and symbols for summations 
of the preceding kind. The limit of the sum of a series of terms, such as 
{dGa+o(atw)+.-.-+¢(a+nw) bw 

or gaxwt+¢o(atw) Xw+...+h(4+ 20) Xo, 

is called a definite integral: an integral, because it arises from putting, 
together the parts of which a whole is composed (or rather from the 
limit of such a process) : a definite integral, because the first and last 
values of the variable, a and a + nw, or a and a + h, are definite, de- 
fined or given. And since each term is a value of the function inter- 
mediate between ġa and ¢(a + A), multiplied by the interval between 
the values of x corresponding, we may make x X Av the representa- 
tive of any one term, and 2(¢z.Azx) the representative of the sum. 


clas 
And, agreeably to the analogy by which we made A (a total symbol, 


oe A 
see p. 50) represent the limit of Pe an algebraical fraction, we shall 


cause f¢xdx to stand for the limit of the summation 2¢x Az, when 
Ax diminishes without limit. The symbol S is, or was, an italic /. 
We must have some symbols to denote the limits of the integral which 
were used, and the method of doing this has not been well settled by 
custom. Some would express the result by JS. a t*predr, others by 
S prdz, from x = a to v =a + h. For ourselves, we prefer the first 
of these two; but should incline to write the limits above and below 
the last v, thus S px dret". All, however, have their inconveniences, 
and we shall adopt the first, simply because it is used in many works 
of high reputation, particularly on the continent. 
When we say that 


a+h h? 
edz = ha + —, 
x es a 2 
we mean that the definite integral of xdr (why we use this instead of v 
will be afterwards explained) or the limit of the summation, the extreme 


2 
values being the lower limit, and «+A the higher, is ha + 5 Now the 


value of /ét’prdx, when deduced, may be applied to any value of 
a+h, or of h, provided no infinite value of r occur between ġa and 
@(a+h). And since a+h is a value of v, let x itself (the general 
symbol) stand for its superior limit in f2+"dxdz, which gives in the 
particular instance first cited, 

Pq 


f pxr.dxr = (t—a) a+ gmo iar 


This is generally denoted by / ¢xdz, meaning the limit of the summa- 

tion in question, from a to x, or the indefinite integral beginning at 

xa (sometimes it is said ending at v=x, which is an awkward way 

of saying that the last value of x is indefinite). And in this expression, 

when x only varies, its initial value @ may be what we please, or an 
2 


: a. de ond 
arbitrary constant. Whence — 5 isan arbitrary constant (only in this 


: À a® 
particular case, it must be negative). Let —— be called C, whence 


H 2 
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x . a 
we find x + C for the above indefinite integral, where z may be what 


we please, and C depends upon the arbitrary value of v,at which we 
choose the summation to begin. 

We have thus two new expressions connected with r, namely, 1. Its 
primitive function, or the function which must be differentiated to give 
it. 2. The indefinite integral of @rdzr, meaning the limit of the sum- 
mation above described, beginning at any given value of z. Now we 
observe that the primitive function of ¢x must contain an arbitrary 
constant: for by the rules, if wr differentiated yield Or, Yx + C does 
the same, and is therefore a primitive function. And we-also see that 
the integral of rdr contains an arbitrary constant depending on the 
initial value of z. We have given these two new things different names, 
because they are derived in different ways: but we now proceed to show 
that they are the same: or that the primitive function is no other than 


the indefinite integral. This will easily be seen in the instance of q, 
2 


whose primitive function is — + C, and its indefinite integral the same. 
“ 
Let us now return to the equation 
2 
w 
$ (a+ u)— pa = p'a. w + o” (a + Ow) 5? 


and supposing nw=h, substitute successively a +w, at+2w, &... . 
a-+nw or a+h, adding togcther the results, the first side of which, as 
before, gives 6 (a +h) — da, and we have 


p (ath)—da = {p'a +p (atw)+.. .4+¢'(atn—lw)}.0 


+(d"a+6u) 44" (a+ IF0w) +... JS, A) 


in which we know that 9, 6, &c. are severally less than unity, and in 
the highest of which we see a + (n—1 + 9,_,) w, which is Jess than 


a+tnw orath. Let C be the greatest value of p’x between x =a and 
2 


` R z ~ W . w 
ex=a-+h, then the second series must be less than nC a0 Cnw =, or 


2 


Ch 3 One term added to, and afterwards subtracted from, the first 


series, with the preceding consideration, gives 
b(a+h)—da={\d/a+'(atw)+... +¢4'(a+n— lw)+¢'(a+nw)} w 
—! (a+rw).w + less than Ch = 


the last two terms of which are comminuent with w. Now the primitive 
function of ġ'x is ¢r+C, C being any constant: while the term con- 
taining the series has for its limit the definite integral of ¢’z.dx from 
e=atot=a+h. Letdr=—¢dr+C, the primitive function; we 


have then 
p, (a+ h)-—¢,a=¢(a +h) — ga, 
and finally diminishing w or increasing n without limit, we have 
j Qp, (a + h) -pa = J épa. dr, 


or making a + h = x as before, that is, letting x represent its superior 
limit, we have 
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pr- Pa = px , dy, 


and a being an arbitrary constant, so is — h,a, giving at last 


/v'r.dzr=o2+C,= ox +C+C,; 
so that the two apparent arbitrary constants arc only cquivalent to one. 
For the condition that C and C, may both be what we please, merely 
tells us that C + C, may be what we plecase. 
The indefinite integral and the primitive function being the same, we 
shall use the former term, where distinction is not necessary, to denote 
both. The following will now be casily intelligible. 


du 
If "Pedy u + C= fzdr 
de tda [dz : 
[pause +e J Z =wgs-uga J = = log b — log a 
"dv "dx f os dlr 3 
— = log — z= log r — 1 — = log 2. 


We thus sce ourselves in possession of a method for finding the 
limits of the sums of series, in cases Where the sums themselves can- 
not be reduced to any more simple expression. Thus, in the last 
example, we have found the limit of 


jl 1 l l x 
ai otau Oe s H 
when w diminishes without limit. 

[The language of the infinitesimal calculus is very well adapted to 
illustrate the relation between a diff. co. and an integral. If x increase 
by an infinitely small quantity, «? is increased by the infinitely small 
quantity 2rdz: so that the transition from a® to (a + h)? is conceived to 
be made by the successive addition of an infinite number of infinitely 
small quantities, namely, 2adr, 2 (a + dr) dz, 2 (a + 2dr) dr, and so 
on. But the total of these being that by which a is increased so as 
to become (a + A), is (a + h)*—h®. The whole difference of two 
values of a function is conceived to be made of an infinite number of 
infinitely small parts (as in p. 26); but for each of these infinitely 
small parts is substituted another, infinitely near to it, so that the 
sum of all the errors committed is itself infinitely small. Com- 
pare this with the reasoning by which the second series in (A) is 
shown to diminish without limit. The real differential of 2° is 
(x + dt) — 3 or 2xdx + (dr)*; but if dr be infinitely small, (dz)* 
is an infinitely small part of dx, so that n (dr)? when 2 is infinite, being 
ndr x dx or hdx is infinitely small. For it is the condition of this 
process that n and dx shall be connected by the equation mdr=h., 
We have here (as we shall always do in the remarks in [ J) used 
the language of Leibnitz in its broadest form: the student can omit it 
entirely without breaking the chain of investigation ; but we should 
recommend him always to consider the language here used, in reference 
to every problem he meets, for when the method of rationalizing the 
single false assumption in which the whole error of the system of 
Leibnitz consists, is once understood, he may depend on it that there 
is no other like it for giving power of application. ] 

It is not necessary that in the transition from a to a + h, the incre- 
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ments of the value of x should all be equal. They may follow any law 
which makes them all comminuent. 
In the process of page 100, let us suppose this alteration, that a first 
becomes a + w, next a + w, + wa and soon up toa + wt wt --- 
. » tw, ora+h. Then we have, as before, 


P(atku,t. .. to) — latot . + . Fon) 
+O(ato,+... toi) —-P@tot-.-.- + wne) 


Se ae a oe ee ee ne ee ee ee a ee e a 
+O (a + w + w) — (a + o) 
+ (a + w) — þa = d(a + h) — Ga: 


2 
and also P(a +) — $a = P'a w + PY (a+ % w) T 


h (a+ wit v2.) —O lato) =H (a + w) w +" (a+ w +9, We ) * fe, 


or, 
(ath) —¢a = Pla.o,+ P' la t w) w+. +o 
: +P (atot... + on) On 


2, 2 

+ p' (a + 9 w) a + ġo" (a +- ON + 0; w) > A4 : 
2 
+o" (at o t wte HOw) =, 


Now, since w, + w +.... +w, = h, and 0, 02.... are severally 
less than 1, there is no value of z here employed, but what lies between 
a and a + h, both inclusive: let C, as before, be the greatest value of 
px, and let Q be a quantity greater than any.one of w, w»... but 
comminuent with them, so that 2 is a finite quantity, and * we have 


g(a + h) — da = the first series above written, 
n: Q 


+ less than nC 3? or Ch ; 


so that taking the limits of both sides, it appears that d(a +h) 
— ġa is the definite integral with unequal but comminuent increments. 
But it is also the definite integral with equal (and therefore of course 
cComminuent) increments: these two methods of integration therefore 


` give the same result. ° 


A very common case of this process is where it is required to integrate 
fr x = where w is a function of ¢, and the integration is to be with 
respect to ¢, from t = bto t= 6b + k. 

If we suppose z = Wt, = = yt, this is the same as requiring to find 


* The completion of the first series, as in page 100, is not absolutely necessary, for 
the additional term is comminuent with w. 
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E3 A fyt. Yt. dt. Let fix be the primitive function of fx; we have 
then * 
dfx _dfix dx de ( dx dfx 


T SS aT he pile Tt 
Now since, dz + C = f o'x . dx, and x is =, we -scc that 
J tez dx is dx + C, and therefore 
sth dx btk df ut 
f fe dto f DUE eroto 
b b dt 


= fi (a +h) — fia, 


` supposing a = Yh, a + h= y(b +k), a and u +h being the 
values of x or yt, corresponding to band b + k for valucs of é. But 
this last result (fiv + C being the same as f7 fx dr) is the same as 
Sat" fedz ; whence we have 

b-+k dz ath 

fe a dt = l fa dz, 
provided only that b and b + are those values of ¢ which give @ and 
a + h for x. If tand x themselves stand for their superior limits, we 


have 
i dr o 
f u= f jede 


We shall now proceed to some methods of integration; but first we 
shall remark, that though we can differentiate every function, we cannot 
integrate every function. Integration is an znverse operation to dif- 
ferentiation, and though we found many functions appear as diff. co. 
yet it would be easy to name functions which neither appear, nor, in our 
present state of knowledge, could have appeared. Imagine, for ex- 
ample, a given ellipse, and let a starting point be taken on its circum- 
ferénce, from which measure the variable arc s on one given side of 
the starting point, and let A be the variable area included between the 
arc and its chord. Then A is evidently a function of s, at our present 
point wholly undetermined. We do not know whether our means of 
expression are sufficient to express it or not. We can take powers, 
logarithms, sines, logarithms of sines, sines of logarithms, &c. of sor 
functions of s, and combine them by addition, subtraction, &c., but we - 
cannot say whether any finite number of such processes cam compuse a 
formula which shall represent the value of the area required. Suppose, 
which may happen, that it is inexpressible, it does not therefore follow 
that its diff. coeff. is inexpressible; consequently, we may have an ex- 
pressible diff. coeff. with an inexpressible integral. To illustrate this, 
let us suppose we had commenced this subject with common algebra 
only, and without geometry. . By common algebra, we mean to include 
the operations of addition, subtraction, multiplication, division, the 


* We shall not stop to prove that functions which are always equal have the same 
primitive functions or integrals. We take as au axiom, that the same operations 
performed on equal quantities give the same results. 3 
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raising of powers, and the extraction of roots, together with all com- 
binations of them in finite numbers, that is, entirely excluding all 
infinite series. We should immediately observe that our differential 


l ' : ; 
calculus never caused - to appear as a differential coefficient. We 
should find ourselves able to give the integral of x" generally in the form 


x ] l 
- + F + C, but if we attempted to apply this to the case of x~?, or 


1 z+] 
z we should find =a 


tC, orz + C, an unintelligible form, It 


— 


we took the following expression, 


b bt! at: prt — a” t! 
S vay = — = —-, 
A n l n+l n+ l 


ee or i for 
—, r= fo 
-1+1’ 0 
the preceding expression, and should conclude that the integral required 
is the limit of the preceding expression, on the supposition that n ap- 
„proaches without limit to — 1. It would not be very difficult to find 
this limit in any particular case. Say that a=2 b= 3, and, to get 
an approximation to the limit, make n very nearly equal to — 1; 
say n = —1:°0001 orn+1= ‘0001. We should find the limit 
in question near enough for most practical purposes by calculating 


we should see that the supposition n = —1 gives 


goor __ 9 0001 
‘0001 


of arithmetic, since a tedious process would enable us to extract the 
ten-thousandth roots of 2 and 3 to any degree of exactness. And by 
calculating for a number of values of @ and b, we might thus get a table 
of values of /4x2-'dzr sufficiently numerous in instances, and exact in 
each instance, for practical purposes. But these tabulated values would 
give no information on the properties of the function of @ and b in 
question. 

Now it so happens, that this process has been already forestalled in 
algebra in another shape. In looking at the equation y = a’, it appeared 
that to find y when « is given, is an operation of common algebra; thus, 


» which is (with difficulty) within the compass of the rules 


it is not difficult to assign 2 ag? &c., with any degree of nearness. 
But to find x when y is given is a perfectly new question ; for instance, 
to find what value of x satisfies 3 = 27. It is true that certain pro- 
cesses may be found by which the value of x may be approximated to, 
and that these processes contain nothing but common algebra; yet 
whether we consider the question as one of common algebra or not, it is 
obvious that we have a new process, not contemplated when we laid 
down the most simple relations of magnitude. By giving x a name to 
designate its relation to y, by calling it the logarithm of y to the base a, 
and by investigating the nature of logarithms, we come to simple rules 
of computing them, and to methods of making tables of them. Hence, 
when we begin the Differential Calculus, we naturally ask for the diff. 
co, of a logarithm among the rest, and having found that (to the base e, 
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deca 
which is ascertained to be the most convenient base) it is z» We are 


: ‘ dx ; 
repared to assign the integral of —. But let it be remarked, that 
prep 8 5 y 


this is entirely owing to our having been led to pick out from an in- 
finite number of equally possible suppositions, the relation y = a”, and 
to investigate the nature of the connexion of x and y. And this trans- 
scendental (as it is called) log z, has an algebraical diff. co. But it 
may happen that there is an infinite number of other relations which 
require new names to express them, and yet undiscovered properties of 
expressions to compute them, having all the while either algebraical or 
known transcendental diff. coeff. If this case ever ange p are 1D 


e . e dr 
precisely the same situation as we should have been with J: — if we 
x 


had not previously considered the theory of logarithms. 

Our first methods of integration must be the observation of differen- 
tial coefficients, and the reconversion of each into an indefinite integral. 
Understanding always by S xdr the integral with an arbitrary, but 
given, lower limit, and «œ itself for the higher limit, we see that if Øz 
differentiated gives @r, then f žþxdæx is ģx + C. It is usual to omit 
the constant, as an attendant of the integral sign so well known that it 
is unnecessary except where we are actually applying the integral cal- 
culus, and may be dispensed with when we are merely ascertaining 
integral forms. We can thus find the following theorems : 


1. J (utv—w) de= fudr + fvdx — fwd. 


To prove that these are the same, observe that differentiated they give 


d 
the same result. For Tn udr = u, consequently, 


5 [ towar = (utv—w) 


| d r 
ia ( Suds + JS vdir — f war) = = uda + 7 | vedr — = wdx 


= u + v — w. 


But this is not true for all values of the constants appended to each 
integral, but only for such as make the total constant on the second side 
equal to the constant on the first side. 


2. S budx = b S ude, b being independent of x. For differen- - 
tiation gives bu for both. 


; d du 
3. Since ae (uv) = us + v ia 


An a d r= fue dat foo ax; 


or (page balk uv= fudv + fet Judv = w — fedu. 


the integration of both sides 


gives 
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We have thus the following theorem fudv can be found whenever 
Jedu can be found. The process is called integrating by parts, and 
is of fundamental importance, as we shall find. 

The following are evident from differentiation : 


titi 1 
feda = = fË de = = at fa *dx = 2r? 
fatda = A fards — = eee fac = x: 
~ 138 a) 2x ? 


d 
the single exception being fa~ 'dx or J: — = log z 


faar dr = forda + Jide = afeda + fds = w+ be 


bp Pie ast bat o 
J (av® + bx + cx + e)dr = 4 + 5 + 5 + ex 


a b c a b 
f(E Eti+e)di = - GG + olga + ez 
T m z 3 bad pei = a* 
fa log a dz = a = loga fad " Jade = raga 


[Ed =ë, pede ad fsina dx = — cosz 
as soa — dr is, 
fee TOT = tan a, f = == = sinr, ane — = cos™ a 


> dr tan! 
l+2 


It must always be observed, that the arbitrary constant must never 
be neglected, except in finding forms, and must be applied whenever 
we wish to compare forms; otherwise, an integral obtained by two dif- 
ferent, methods may give two different results, apparently, but which, in 
reality, differ only by a constant. For instance, we have found by ob- 
serving differentiation, 


dx 
=| (- ee =- | ——— = — sin! g 
p na af V1 — z J V1—27 


apparently then cos~ e = — sin” ‘z, which is not true. But for the 
first take cos~ ‘x + C, and for the second —sin~'x + C’, and equate 
these, which gives cos “s + sin~'s =C’—C, But cos~'x + sin~'z 


ET 
= 5 2 constant (p. 60); hence this comparison produces nothing ex- 


cept the condition that the two constunts of integration here introduced 


must differ by 5 
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W e to find Poya 
e now propose to J E o fo ~ dz. 
dv , 
- Let 1 + x = v, whence dg = 1» and we may write the pre- 


ceding J; = dx; but by p. 103, we have - 


1 dv ” 1l 
Sirs f jd = lgv + C= log (1+e2)+C; 


the difference of the inferior limits may make a difference in the con- 
stants of the two, but at present we are only i inquiring about the form 
of the result. Letv = 1 — 2, then 


x£ v 1 dv l 
J=? r=- igts - fia 
dv 


= — log v = log 
Required T Va? — z rdx. Let a? — x? =v, T = — 2r, 


[Vri (Ees - 3 SEa 


=- 5 | vedo = -i2 = — (at — 2°)? 


l — rx 


3 


The preceding example belongs to a large class of integrable cases, 
contained under the general form Jpar.a'x.dr, where ez is the diff. 
co. of ar, and ġr dx is easily integrable. Let y= ax, and the pre- 
ceding becomes 


‘in 
J py — dr, which, p. 103, can be found from JS py dy, by using, 


as the limits of y, the values corresponding to the limits of x. 

It is not our present intention to enter largely into the mass of 
methods by which detached integrals are found; we shall only give 
some examples of the method of integrating by parts, and shall then 
proceed tu some simple cases for which no rule can be given. The 
student may, without absolutely breaking the chain of demonstration, 
omit the rest of this chapter. 


dr 


ala zz g? 
The theorem to be applied is Sf udv = w — J vdu, and the object 


is, v and v being so taken that udv is the function to be integrated 
above, vdu shall be more easy of integration than udv. For in the 


equation last written, fudv is made to depend upon /vrdu. Now the, dif. 
co. of a? — z? being — 2rdz, if we resolve the numerator of the pre 


It is required to find (n a whole number.) 


; f l 
ceding, namely æ” dr, into the two factors, — 5 z"~* and —2rdz, we 


have 
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xv" dr Sa 1 — 2t dr if ae d. 1. (a* —2*) 
Via J= r 2 T 
= f( cr: 5a") f where V = œ — 2, 


. dV ; 
. where, perhaps, for dV we should write Ta dr, seeing that we have 
X 


not yet used dV alone, where V is not the independent variable, but a 
function of it. But here we must recal the theorem in p. 103, in which 


1 
it is proved that Pi us dx and fUdV are the same, provided we 


take such limits for V in the second as are values of V corresponding 
to the limiting values of x. By /UdV we mean the limit of (UAV), 
obtained in the same manner as in p. 102, where the values of AV 
in the several terms are different, but comminuent. Again, since 


diff. co. V +/*VV is the diff. co. of 2VV, or 2 diff. co. JV, the 
last form of the integral is reduced to 


[(-52"") 2.d/V or fe Pe ydvv or 
NVV — SNN a. (— 2’), 
which is = be > 
—NV r~ ~ F —VV .n—la dx), 
or — VV"! + n—]l JNN 1- de; 


because Feydr= cfyde p. 105. 
Therefore, 
nr de : 
PEA — 7 JETE nai [ee xv" de. 
J Ja 


We have therefore found that the given integral depends upon that 
of V aè — q? 2dr, But whenever a square root occurs in the nume- 
rator of an integral, such as VV, it will generally be found convenient 


to remove it into the denominator by substituting V NV. In the 
present instance, 


erected 2 — g? n 
JS Ve — rde = | o: dg = { (23 ra) 
Y Na- el ee Vat —a* 


a? x" dae ade m a dr P x"dr 
Sae ee Voce O r 
Substitute this value in the preceding, which gives 

rdr 
Na- x 


xdr 
Va T g> 


= — Næ- + (n — l)a 


xdr 
aua (n — 1) le $ A 
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Let us now signify the integral to be found hy U,, and any other 
similar integral into which x” enters, instead of 2", by Ume We have 
then from the preceding, 


U, = — g"! NVa — 2+ (n- Ue U,-2 —(r- 1) U; 
whence U, =La -W a? a4 H e Uns 


and we have thus made the integral U„ depend upon an integral of the 
same form, but with a lower power of x. Apply precisely the same pro- 
cess to U,_,, which gives 

sadida HSS 


l 
U, = — P Zol Wea Ta E 


which, substituted in the preceding, gives (V = a? — 2°) 


=e 7 


ee Fa a wE 2 pn—3 (n= 1) (2 — 3) 
-a VV n(n —2) a AV + n GVe 2) 


a‘ Wea 


apply the process to U,,_, and substitute; continuing thus it is evident 
that the series U,, U,_2, U,_,, &c., ends with U, when n is even, 
and with U, when 2 is odd. But 


0 
U, = | > oe = ee = sin”! — 
Va? — 2° va — a 


which is thus deduced. We have, from what is known of differentia- 
tion, and from p. 106, 


dx 
Í Ss = sinr, in which let v = A 
J a 


l- r 
dz 
nme i ly — oe Sa 
V1—z* (eS a) A y a 
i 
or sin-'y = (3y l.e. sin” Y = ' fee dems 
J Ve =y’ Ate J da — y? 

xdr l1 (dV 2 TOE ee 

Again, U= Eara = = ak oak -J/V — — sf Li r å 


Hence, by carrying on the preceding series, in the casc where 7 is 
even, which we indicate by writing 2m for n, we find 


— l -2nt — 1 VT 2m a ] 9, Im—3 TT 
Vin = Im” vv 2m (2m — 2) at att IV 


_(2m — 1) (2m — 3) | 
~ 2m ( (2m — 2) (2m — 4) 
(2m - 1) (2m - 3).. 
— 2m (2m — 2)... RERE 4 =e 
(2m — — 1) (2m - 3).. 


2m ~ 2m (2m - — 2).. ir i 


4 ate" -5 J V 


a- 2AN 
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Of which the following are instances : 


1 ay. ae E 
VS = JV + 5@ sin ‘— 


- l — 3 = 3 5, aa 
US — 7a -7432 atx VV + 75 @ sin : =? 


J, =(- 52 j x RS ri ats ) ave sa Man ae 
and so on.. When n is odd, write 2m +- 1 for n, and 
Um = - a amv — nec a? a°”-2 VY 
A A 
Ba > <a hes 


of which the following are instances : 


U, = —~/V_ (which is also in the process) 
= l aly —— at 
U, = Zev za 
l 4.2 aa 
Bu _. _ xf ee I = «JV 
UE pi VV gta NV 531" 


U, = gN gge WT — a! aviv — ZEL aT, 


and so on. [n this way we may see that it will sometimes be prac- 
ticable to. make an integral which contains an operation repeated z 
times depend upon another which contains the same n—l or n—2 
times, in which case, by continued reduction, the whole difficulty is at 
last contained in finding what we may call the ultimate form, which 
either does not contain the operation in question at all, or else only 
once. The general principle of this reduction is as follows: let A, and 
B,„ be given functions of n, and U, a function, whether involving inte- 
gration or not, of which we know only this, that for all values of n, 


U, = A, + B, U,_,. Then it is evident that 
U, = An + Bn Unai = A, + Bn (Ani + By Ui), 

=A, EB Art B, By. (Axe + Biar U, 

= A, + B, An- + B, B,_, Ane + Ba Ba: Bas (An_s + Ba- Uni), 
and proceeding in this way, we get 
U, = A, + Bn Anı +B, Bni A,2 + &c. +B,...B,A, + B,...B,U,, 
whence, U, being found, U, is found. | 


MEANING OF AND PROCESSES IN INTEGRATION. 111 


But if we have U, = A, + B, Un- this gives 
0 A, + B, A,-o + Bn Bn- Ussi 
= A, + B, Aro + BiBi Ar + BiBi Bis U,; 
and so on, which gives, according as 7 is even or odd, 
Uom = Aom + Bom Aom—o + &c. + Bom Bene. -.- By Aot Bom. o e o Be Uns 
U mp = — Nomi Bom+1 Agn-1 + &C. + Boms . e+. B; Ag+ Bompi +» saD Up 


As an example of the first, take fe" 2” gi which is also fa" de”. In- 
tegrate by parts, which gives 


S Ex de = r'e — nf Ex dx, 
Let S e‘r"dxz = U, then U, = S Eder = E7 
A ee, Ani = a", &e. B, = — nN, B,.1 = — (n- 1), &c. 


and "the negative sign of B, gives the signs in the series alternately 
positive and negative, so that we have 


fextde= ETL" — nex" 4 n (n— 1) F? — &c. 
+nu(nm—1l). . . 2x Fn(n—1). . . 2.17. 
As an instance of the second case, we take /fsin"6 do 
U, = fsin"6d.(—cos 9) = —cos@ sin"'9 — f (— cos 6) d.sin"~'9 
(write C and S for cos@ and sin 9, when not under the integral sign) 
= CS? + (n—1) f coso sin”-?9 
= —CS*"' + (n- 1) f (sin” 9 — sin") dé; 
or U, = — CS + (n — 1) U,-2— (xn — 1) U, 


U, — aaa $ Cs*-! + ci A, —— : Cs"; 
n n 7 


An = — — CS", &. B, = =, B= ami, 
U, = f sin% do = fdo = 6, — d@ = — cos@, 
on + See p y 
Uom = re CS™— Seti ee CS?*"-? — &e. 


2m (2m—2)...4.2 


~ (Qm+1) (Qm—1)...5.3 
We have already had this integral in another form, as follows. Let 
x= a sin0, then Ja? —2®=acos@, and* dx= a cos0 . dð, which 
gives 


dait ‘ F ; dy 
* It is much more convenient in many instances to write such equations as aid =p 
ax 


in the form dy=pdr. The justification of this process is contained in the theorems 
in p. 54, in which it appears that diff. co. have the same properties as if they had 
ordinary numerators and denominators, 
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ade _@ sin"@.acos 0 dd 
—— =a" sin"? da. 
Ja? — x? acos6@ ., 
Verify from p. 109, and the last process, the equation 
xr dr 


; aE 

bren = a"f sin" 0 də when 0 = sin“' -. 

J Vu? — x2 a 
The method of integration by parts is almost the only systematic rule 
in the direct Integral Calculus. In most questions unconnected arti- - 
fices must be used, of which we proceed to give some examples. 


dx 7 
f n The denominator is the product of a+ x and a—x; and 
a — 


2a _ l 
at—2 ate 


dx Pa : dr ` (d(a+x)_ 
aa lz > x* = E Z |== [HEt logta); 
z= d (a—2) _ ‘ 
fare T fee oo Oe) 
Theref sian ees i Bad 
1erefore, ar oga+r—log a@—2r = og| —— }, 


a—x 
dr 
raat a a= n 


” dd (‘cos6.d9 dd. sing 1 , (itsind 
cos 0 ee, cos*@ 1l—sin’99 2 1—sin 6 


JE eta pet = (from differentiation) 


Tu 


go OA š l a 
it is obvious that! = whence 


-; + l 
f de _1 dr _ i J wen 
a— br? i fa_, 24 ab Va—vb x 
oe 
dr zt dr - i A 
AE fa... = an” zor 
a 


The following reductions should be practised till they are easy. 
Q 2 
a+ br peta 4 (a Eata) | 


abr- =at Aa — Jes Y}. 
c 


dr b 
To find =- = 
o fin ips ata Assume FA tea = Ri vedz = ad 
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P dz 1 ( ‘dz’: ERRA -a( Wer N 
—— SP e —— zZ -H l Se 
J a+ beter” Jed MaE V4ac—b? V 4uc— T) 
4e 


na 2 2cr+b 
N4ac— b? yV 4ac— 2 


If /4ac—b6? be impossible, that is, if 4ac be less than J’, this in- 
tegral appears to be impossible. But, p. 97, if all the elements of the 
form yAz be finite and possible, the limit of 2(yAz) must be the 
same. There can be no real impossibility therefore in this integration, 
and we must look to some anomaly in the method for the reason of 
this peculiarity of form. In algebra we find that the alteration of a 
constant from positive to negative sometimes does, sometimes does not, 
produce results possible in appearance, and impossible in reality, or vice 
versa: but frequently, owing to the comparatively simple character of 
the results, and the closeness of their connexion with the fundamental 
definitions, we are able to tell at once what effect a change of sign will 
have. In our present subject we are dealing with more remote con- 
siderations: and whether we consider fydx as the primitive function 
of y, p. 100, or as the limit of the summation expressed by 2yAz, we 
cannot in either case pretend to carry with us from y to J: ydx any such 
perception of connexion as will guide us either to the form or magnitude 
of the latter. We have already found the two following results, 


i dx l Ne — z dx ] r 
es ae N log T a, EUa tan? ee 
Lo — C 2 Vo + z are Vc Cc 
which are only general forms, p. 106, and must, before we begin to 
compare them, be taken between the same limits. But both forms 


vanish'when z = 0, and are both therefore taken to the higher limit x, 
from the lower limit x = 0. The first form becomes impossible when z is 


greater than „c, for in that case the integral becomes the logarithm of 
a negative quantity; but at the same time we see that in this case a 


value of x (namely, yc) which makes the function to be integrated be- 
come infinite, lies between the limiting values of the integration. This 
case is expressly excluded, p. 98, from the theorem by which the primi- 
tive function and the integral are connected ; and we can therefore only 
consider our theorem as applying so long as the superior limit is less 


than Je, reserving all other cases for future discussion. We now pro- 
ceed to another point; the first of the preceding integrals is changed 
into the second, if we change the sign of c, or change —c into + c. 
sae the second sides of both become impossible under such a change ; 
and give 


f di 1 = as 3 de _— St 
Pte a Wo ee EN 


—c+ 2 —C —C 


tan! 


and we thus obtain 


J = tt Sor os (S=) 
+e de ve 24e \N-c4+2 
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fied aà) oe ee 
t—c ave Veta Jv—c . N—c 
giving a possible and an impossible form for each : the latter sub- 
ject of course to all difficulties of the passage from possible to impossible 
expressions. The only question for us now is this: are the preceding 
possible and impossible forms the same in algebra, such as it is to the 
student who commences the Differential Calculus, or shall we be obliged 
to make any extensions in the meaning of algebraical terms, before we 
can consider them asthe same? Let us equate the two expressions for 
the first integral, and consider them as identical, that we may see whether 
the consequences of such a supposition will or will not be consistent 
with those already known. 


Assume — tan — —— 
afe afe 2 4 —c eee 
JI- 
x I vc 
or tan7' — = —— log 
ve 24-1 J Pe 
c 


Assume r = “Vc tan 0, and substitute, which gives 
t J—1 —tan9 


0 = —— log e 
2 4—1 Vea + tano” 
as vam N= 1—tand _ —|— NET tanð — 


Sciame -1N rano 
~ whence tang. J—l= (coraa i)+ (e= 4 1) 


a result well known to those who have studied the higher part of trigo- 
nometrical analysis, and on the method of finding and interpreting 
which we shall enter in the next chapter. We shall now return to the 
subject, with this result, that so far as we have yet seen, the possible 
and impossible forms of integrals are identical, and lead to the well- 
known relations in which trigonometrical functions are expressed by 


algebraica! functions involving the symbol a/— 1. The student will 
observe, that we do not in this place profess to remove a difficulty, but 
ouly to show that, whatever it may be, it is only such as is found in 
algebra. In the integral last found, p. 113, we have the form 


l dx' b? 1 
=| op where C =a sell Pa (4ac—6*): 
if c he negative, we have already impossibility of form in the con- 
stant factor, a case we shall presently mention. Let c be positive, then 
C is positive or negative according as 4ac is greater than or less than 0°. 
The first of these two cases has been integrated in a possible form ; in 
the second case, where b? is greater that 4ac, let C be — C’, and the 


integral then becomes (c = = (5? — 4ac) ). 
deo -T 
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L, f d? l e [MC 4 
Med P—C ee Vea 
l IN 4cC!— 2V a N 
= PER e a al 
Nb? —4ac  NM4cC!H 2 Nc / 
but b + 2cx = 2 y cz’, which substituted, gives 


(* dz l , ~h — 4ac — b — n 

Sg = ee 10 —— os Ane 
J atbr+cr® J —4ac 5 \ Jb?+4ac + b + 2cx/ 
which is the possible form when 4ac—6? is negative. And in this, it 
must be observed that the case where c is negative is included; for in 
that case b? — 4ac must be positive, unless æ be also negative, and 
b? < 4ac. But the case where both a and c are negative is treated by 
the following reduction 


f= dx 7A dx _ dx 
—a + br— cL | —(a—br+cx*) a —br+ cer? 


It makes no difference as to form, whether b he positive or negative. 

The most important integrals in practice are those which involve 
square roots, and which we now proceed to consider, using various 
methods of reduction. We shall frequently, without formal notice, 
substitute throughout for one variable, such a function of another as is 
convenient. Thus, in the first example which follows, we do in effect 
say let v = ay, and we thereby find the integral in terms of y, and 
thence by restitution in terms of z. 


i = rhe 2y in7? sin“! — 
eee (EE = Sl = == 
Vat — x? Va —a*y? V1 — x? % a’ 


dx 
—. Let æ + r= y’, whence rdx = ydy, and ydr + rdx 
J Ja F F cil 
= ydz + ydy, whence 
dx dx dr + dy  (d(r+y) —— 
aini — —— OS Ee A een = O v Ni 2 2 y 
Tepe gl ar ee ee 


This is a specimen of an artifice of integration for which no rule can be 
given, We might have used the preceding integral as a method of dis- 
covery, thus : 


7 i a S| dz i aie eal 
———— — SN = —-—— or —— oe 8SM 1 ——. 
Ve—(af—1) Veto J—1 


But, as will be seen in the next chapter, 


cos — sind V—1 = or —0 J—1= log (cos 0 — sin 0 V —=1 ). 
t 


. 


1 
; \/ z* — = 
Let sin@=-V¥—1, cos bt ni T, 
1 2 
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0 = sin C=} or J= sin? 


= log a/ = (v1) )= log ( fa? + aè +2) — log a, 


a result which differs from the last by a constant quantity. It must be 
remembered that since ør and px + const. have the same diff. co., we 
are liable, in using artifices of integration, to produce results which 
appear different, but which in fact only differ by a constant. This dis- 
crepancy does not appear when the integrals are taken between definite 
limits, since pa — $b and ga + C — (6b + C) are the same. 


—., Assume 2? — aè = 4°, and proceed as before, which will 


give as the result log (z+ Nr — a). 
dr 1l 7 d(Vbz) i. +(en/3) 
GE ee T Se ee ee ee v prs 
Vva—bx® Nd Na— (Nbr) Nb a 
dx l d ( Jou) _ 


i E DE 
aah eA a E a (aea 4 ba) 
Jat bx* vb Na+ (sox) vb 


di 2 ods- egl d (bL+2cx 


Jarbrtem* V4ac— 4 (b+2cx)' Vo V 4ac—b?-+ (b+ 2cr) 
dx ] = 
[= — log QQcr+b+ Nác (a+ bx+cz*)) 


Vat br-+ er? Ve 


dx 
bes J veo J v'4ac+b? — (2cr—b)? Ve \Wåtac Fe) 
dx fee 
——-— = log (r-+a4 /2ar+2*) + log 2. (Omit the constant.) 
Ni 2ar+ r? i 


dr a r—a~ , , £ 
— = sn 5 ) which may be written vers™’ —. 
a 


J/2axr—22 


We do not say the two last are equal, for they differ by a constant, as 
follows :— 

ae 2 2 v 

— + sin”? (= — 1) = cos" (1 — — |) = vers'-, 

a at at at 


2 
| Ware dz = a* ae -+ Lae 
Ju? +22 Va + a 


i — ee ee 
( 7 — = | aAa F A) = rNa ta — [vars iz) 
a’ +2 


l l dlcer- bhko anl ina [22N 


= palog (r4 ya Fa) + parata 
fve- dae = |v @— sin? d (asin 6) = at | cos Od (sin 0) 
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Jcos9 d (sin 0) or {cos*0 d9 = cos 0 sin 0 — fsin 0 d (cos 0) 
= cos ô sin 0 + fsin0 dð = cos Ô sin 0 + fdo — f coso do 


fe 
J Na —a dr = 4 ra —a’ +4 sin“ — 


Wes shall close this chapter with some examples of the preceding 
integrals taken between limits. We state again the theorem proved 
in p. 100, which establishes the connexion between a primilive func- 
iton and the limit of a summation. If ys be the diff. co. of pr, and 
if a and b be two limits of which b is the greater, and if we pass from 
a to b by n steps, a + 9, ‘a 20,. . . upto a+ nð =b: then the 
limit of (Ya + Y (a + 6)+. Re wb) 6, on the supposition that 7 
Increases w ithout limit, is an — - pä. 


. bt! — grt a 
. = — = = g — 1l 
Jz dz = Sel » [4 log a, | edr = 6 , 


Dat 
+1 


n 
7 r ets T, 
f oszdr=l, | osrdr=0, | conde = 2, | sinx dr=1 
0 0 -5 0 


1 dx r +! dx 1 dx T L dr i 
—_—_ = -, < == P, —_,, =- =- 
oNI—xz® 2 DRTE ‘IFTA 5 142? 2 


* ade — @=) (n—3)...3.1 
Nar n (n—2)...4.2 
,@—) ) (n—3).. 
n ~ (n—1).. 
fie dr = FẸ n (n—1)...3.201 otis as n is odd or even, 
+m dz l atm (°" dr l atm (°* dr 
f = — log f = — log ——-, | 


9 — 
mait a “acm Jot 2a ° acm Ja 


when nis even. 


(n an integer) [2° 2"dz = 0 whenn is odd, = 


a’ 
(n even) ; 


a” (n odd.) 


When a definite integral is infinite, the product in the theorem in- 
creases without limit. 


i = do Ť do a dx r 
=log /3, — —c, co 
o cosé cos 0 orta 4a 


° dz r % dx 
-= =>) == = log (2 3): 
J wees J Teepe er 
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Cuaprer VII. 


TRIGONOMETRICAL ANALYSIS*, 


Ir we apply Maclaurin’s Theorem, as in p. 75, to the determination 
of sin x and cos z, we find that they may be expressed by any number 
of terms of the following series, the error never being greater than the 
next succeeding term, (being in fact that term multiplied by the sine or 
cosine of 0x, 0 < 1,) 


f g E x? Cn 

Oe org 99.4.5 Bee e 
x? x4 x® 

cos z= l — -7 toT -33456 + &.... . (2). 


If these series be sufficiently continued they can be made as nearly 
equal as we please to the sine and cosine. For the following relations 


will easily be scen : ` 
In the first, (n + 1)th term = (nth term) x A 
In the second, (n + 1)th term = (nth term) x a ae 


in which, whatever x may he, mn can be taken so great that the 
(n + 1)th term shall be as small a fraction as we please of the nth, 
and still more the (n + 2)nd of the (22+1)st; and soon. The terms, 
consequently, must at some point begin to diminish, and from thence 
must diminish without limit. But the error caused by stopping at any 
term is less than the first term rejected: that is, diminishes without 
limit. These series therefore, carried on ad infinitum, have sin 2 and 
cos x for their limits, and are said to be convergentt. The same may 
be shown, as is done in p. 75, of the equation 

x ae 

53 Tau +&..... (3). 

The development of £” consists then of the terms which appear in the 
developments of sin z and cos 2, and of no others. If all the terms in 
(1) and (2) were positive, we should have sin v + cosx = €"; but as 
it is, no simple algebraical relation appears to exist among the three. 
But compare cos z + k sin x with ¢é**, writing (2”) forz* — 1.2.3...n, 
and we have 


cos t+ k sin z= 1 4+ kx — (2) — k (2*) + (24) + k (2#) — &c. 
E = l1 + kep (E) + KE) + kt (a) + EH e. 
Now these series can be made identical, if we can make 
k= —l, Po—kh, k=l, Šak, k= — l, &c. 


r 
Ja ea F: 


* This chapter may be considered as a continuation of the Treatise on Trigo- 
nometry. It may be omitted by the student who does not wish to go into the more 
difficult parts of the subject. 

. | See the “ Elementary Illustrations, &c.,” p.9, for the usual definition and cri- 
teria of convergency. 
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of which we may easily see that the first is impossible; but that if the 
first were possible, all the rest would follow from it. For if k = —1, 
then k’ = — k, kt = — k = 1, &c. If then we assume the identity of 
these two series, whatever may be said of the fundamental assumption 
k* = — I, it involves the whole of the question, the identity of the re- 
maining parts following from it by the common rules of algebra. Let 
us first investigate the algebraical consequences of this assumption, con- 
sidered without reference to the truth or falsehood of the assumption 
itself. 


If we take k = — 1 or k = VJ—1, the preceding series become 
identical, that is 
cos x + W —1 sing = e7! and cos z —V—1 sing = 677, 
The second of which may either be deduced in the same manner as the 
first, or may be obtained from the first by observing, that the series from 
which it is obtained being true for all values of z, we may write — q 
instead of z, observing that cos (—z) = cos v, and sin(— z) = —sin z. 
By the addition and subtraction of these equations we obtain 


E 


] — * v—, > s l ae q= 
cos 7 = l (gy5 + E`? E sing = (e n ¢* =), 
2\ 2v-1\ / 


These expressions will be found to have all the properties of the sine 
and cosine, but it must not be forgotten that they involve the expression 


W — 1, which has no algebraical existence, either as a positive or nega- 
tive quantity. They must be considered as abbreviations for the series, 
which expressions treated algebraically may be made to give the series, 
but which cannot be considered * as algebraical quantities. It must be 
remembered, however, that all algebraical expressions are combined 
and reduced by rules, which, though derived from notions of quantity, 
will produce the same results, if we alter the form of the primitive ex- 
pressions in any manner, consistently with the rules, even though the 
new forms should no longer admit of being considered as quantities. 
Suppose that we have a set of symbols, a, b, c, &c., representing 
quantities, and that we are going to perform an algebraical process. 
Let us, instead of a, b, c, &c., perform the process on 


a+ Vm — Wn, bym — Jn’, c +N m — Wn" &. 


As long as m, n, &c. are positive, the process and result will both be 
intelligible ; and if, after the process is finished, we suppose m = n, 
m = n', m" = n", &c., the result will reduce itself to that which it 
would have been if we had commenced with a, b, c, &c., in the manner 
first contemplated. Now so far as results are concerned, the applica- 


tion of rules will have the same effect whether /m, Wn, &c., repre- 
sent quantities or not, provided only that they be used as if they were 


* Of late years these expressions have been considered in a manner which places 
them on the same footing as negative quantities with regard to their definition and 
use. For an explanation of this method, which is not yet made a part of elementary 
reading, the student may consult Mr. Peacock's ** Algebra,” Mr. Warren’s Treatise 
* On the Square Roots of Negative Quantities,’ Mr. Peacock’s “ Report on the 
State of Analysis” (British Association, Third Report, 1834), a review of the algebra 
of the last mentioned author in the ninth volume of the “ Journal of Education,” or 
a “ Treatise on Trigonometry” now in the press, by the author of this Treatise. 
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quantities. If, then, instead of m, 2, &c., we write —1 at the end of 
the process, we shall produce the same results as if we had commenced 


with a -f- Saal Sal Te , &c., that is, with a, &c. (because since 4—1 
is to be used as a quantity, ey a I = 0). The preceding 
is exactly a case of this sort: cos x, which has no real algebraical equi- 
valent, is connected with the expression 4 (eVi eY) by a re- 


lation of this kind, that if in the expression, y — 1 be treated by 
rules of quantity, the series for the cosine is the result of developing the 


exponentials g yV-T, and e7#¥-1 , and of taking half their sum. 

The student who has duly considered the theory of negative quan- 
tities knows that every problem, the result of which is negative, is 
connected with another which has a positive result. To complete the 
analogy, we shall show that the sine and cosine, as deduced from the 
circle, and which have no possible algebraical equivalents, are connected 
with a sine and cosine which may be deduced from the hyperbola, in 
such manner that the properties of the two kinds are very analogous, 
with this exception, that all the relations which involve impossible quan- 
tities in the former, have no impossible quantities in the latter. 


OA=>a 
OM=~2 
BM=y 


+ y= a 


O’ A’ = a’ 


“Ss O' M'= x! 


Fi 
wee _ BM 


We have here a circle and an equilateral hyperbola, the equations of 
which are as written under them. The sector AOB is 4 a°0 in the 
circle, where @ is the angle AOB, (arc BA ~ rad OA,) and if A be this 
sector, we have, according to definition, for the circle, 

ia = = cos (“oro ) 2 = sin (= ore), 
a* ab \ & u \@ 


Now let us, by definition, create an hyperbolic sine and cosine in 
this manner: let the sector O’A’B’ be called A’, and let 2A’ -+ a’ 
have its sine and cosine, namely, let us lay down, for the hyperbola, 
(remember, however, that 6’ is not the angle B’OA’ as in the circle,) , 
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QA! a! 2 A’ ay! {2 A 
g= — — = cos | — or 6! A = sin{ —-- or 0' 
a © a a’? a \ a? 


It will hereafter be shown that the valuc of the sector O’A’B’ is as 
follows ° 


a’? zn! a! y’ 
A = Flog (Z +4) ae + 4. 
x! y' x' y' , x! j’ 
= _ -—— — — ) = 1, whence s’ =— — —; 
But vta \G a í a a? 


whence, by addition and subtraction, 


b i l 
cos 6! = AG + e”) sin 9’ = 5 G — E” \ 


corresponding to the equations obtained for the circle, namely, 


cos 0 = z (er + ied sin 0 = =h” Ean e h } 
2 a e 


We shall now proceed to show that these latter expressions have the 


properties of the sine and cosine, on the supposition that we use v—1 
as a a the powers of which are 


J= h eels. Se De Ts A as ee Dy, nD Re... ee 


Let us a construct sin 0 cos Ø, 


1 - =a 
sin 0 cos ọ = w= Ge — cnr) Ga 4 e795 j! 


T = — eH OHONI p gO) VaI  g-0-p) VAI 


= Wal 
case sin (Ø +0) +2 7—1 sin (9-0) ) 
=. 5 (sin (p-+ 6) + sin (od = o} 


a well known theorem. Let the student take various relations which 
exist in trigonometry, and make them identical by substituting on both 
sides the exponential values (as they are termed) of the sine and cosine. 
We shall now take a couple of instances in which results of more com- 
plexity are obtained. 

ProsLem. To expand cos "9 in terms of cos or sin 0, cos or sin 20, 
&c., n being a whole number : 


= -— l 1/ l 
Let * gv =r, then m = z? Cos = a\* + zp 


* Observe that we do not escape the impossibility by substituting 2 for e V=, 


f 1 
The equation cos / = 3 ( x +;) is impossible, fur z +5 can never be less 


than 2, (which prove,) and 2 cos / can never be greater than 2. 
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n VITI n —n ĝ V — . l l ] 
eg”? =x", then e~"°Y-! = — Die. =| eee 
” cos n 5 (= + E} 


1/ LEY 


ya 1 E E MES i n-1 l 
cos "0 = g e aN TTA z 


l l 
E a e a e +3} 


Collect together the first and last, the second and last but one, &c., 
ska iy 


pt 
ee (n—4) vs 


cos "0 = — 1G Sa atn( a4 ater yy 


= oa — | cos 26 + n cos (n — 2)60+n— 


If n be an even number = 2m, there will be 2m+1 terms in 
the development, which will give m cosines, namely, those of 2m9, 
2(m—-1)@.... down to 20, and an additional term corresponding to 
the middle term of the development, which is 


2m(2m—1)...(m+]1) , 1 2m (2m — 1). . . (m+ 1) 
pone PY by — or a 
br -2 sae g” | eS se: SI 


This term, which has no corresponding term, does not follow the law of 
l 
the series, for though we write 2 cos 20 for 2° t —» we cannot write 


2cos 00 or 2 for x°, which is 1. But if n be ada’ and = 2m + 1, 
there are 2m -+ 2 terms giving m +1 cosines, namely, those of 
(2m + 1)6, (2m —1)0.... down to 0, and there is no middle term. 
Consequently, we have the following theorems: 


2°"! cos?™ 8 = cos 2m0 + 2m cos (2m—2)0 +. 
2m (2m—1). . . (m+2) 2m(2m—-1). . . (m+ 1) 1 


NE E Ope e a A 
ka 2a. Gp? a. oe z’ 


2°” cos™+!0 = cos (2m +1)9 + (2m+ 1) cos (2m—1) 9 +.... 


(2m +1)2m.. . (m+ 2) 
eco + l 9 
e e d > m 


cos 0. 


An instance of an odd and even power is as follows : 


1 / 1 l l l l I 
cos f0 = z (aton +150- 1207 + 150% + 6x at =) 


=> (4 agi es +r = 10 ) 
2°. cos°O = cos 60 + 6 cos 40 + 15 cos 20 + 10. 
By proceeding in the same way, 
2* cos°@ = cos 59 + 5 cos 30 + 10 cos 0. 
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These results may be verified by the common method: that is, by 
means of 


2 cos 8 cos @ = cos (0 + $) + cos (0 — p) 
2 cos? = cos 20 + 1, 4 cos’9 = 2 cos 0 cos 20 + 2 cos 0 
= cos 30 + cos 9 + 2 cos 0 = cos 30 -+ 3 cos 0. 
8 cos‘? = 2 cos 0 cos 30 + 6 cos 20 = cos 40 + 4 cos 20 + 3, &c. 
ProsLem. To expand sin "6 in terms of cos or sin 0, cos or sin 20, 


&c. We have, 


l 1\” 
sin"? = ( 


y aay a); 
which gives four different cases, corresponding to the four forms of 
(s SI) namely, 
(J-1)™=1, (v= D"" = VHT, (WaT)? = - 1. 
(Jaa) = NIT. 
When n is even, the first and last terms, the second and last but one, 
&c. are of the same signs, consequently the expansion presents cosines 
only; but when 7 is evenly even, (of the form 4m,) the sign of the 
whole is contrary to that which exists when 2 is oddly even (of the form 
4m + 2). Proceeding as in the last problem, we have, making P, sig- 
nify the coefficient of z* in the development of (1 + v)": 
2-1! sin*"@ = cos 4m0 — P, cos (4m—2)0 
+ P: cos (4m—4)0—. . . —Pom_1 cos 20 + Pon, 
2 sin ***}6= sin (4m + 1)0 — P, sin (4m — 1)0 
+ P, sin(4m—3)0— . . . +P,,, sin 0, 
aint) sin*™+?6@ — — cos (4m + 2)0 + P, cos (4m)0 
— P, cos (4m—2)0 +. . . — Pon cos26+ $ Pomp 
ae"? sin +30 = — sin (4m + 3)9 + P, sin (4m + 1)0 
— Psin (4m — 1)9 + . . . + Pompi SNO; 
a complete set, for the student to consider first, is as follows: 
8 sin*@ = cos 40 — 4cos 20 + 3, 
16 sin°@ = sin 50 — 5 sin 30 + 10 sin@, 
32 sin*@ = — cos 60 + 6 cos 49 — 15 cos 20 + 10, 
64 sin’@ = — sin 70 + 7 sin 50 — 21 sin30 + 35 sin 0. 
These may be obtained from the following theorems : 
2 sin 0 cos? = sin (0 + Ø) + sin (0 —¢) =sin(¢-+ 9) —sin (4-86), 
2 cos cos% = cos (0 + @) + cos (0— 9) , 
2sin# sind = — cos (Ø +0) + cos (% — 8). 
Thus, 2 sin*@ = — cos20+1, 4sin°@ = — 2sin@ cos20 + 2 sin@ 
= '— (sin 30 — sin) + 2sind = — sin 30 + 3 sin9, 
8 sin ‘8 = — 2sin@ sin 39 + 6sin20 = cos 40 — 4cos 20 + 3, &c. 
These results are frequently convenient in integration; for by them, 
Jfsin"@ dé, and fcos"@ d0 may be reduced to the addition or subtrac- 


tion of integrals of the form fa cos mô d9, or fasinmé d0; but we 
have 
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fe cos mô dð = | cosmo d(mé) = Z sin mo, 
m m 


[m 
Jasin mô dð = A sin mô d (m0) = — 2 cos mô. 
m m 


ProsLem. The equation tan 6 = k tan0 existing between Ø and 9, 
required a series for Ø in terms of 0. We have à 


the last result being obtained by multiplying the numerator and deno- 
minator of the preceding by Y=. Let Y7! = F, and 2? = T. 


Then, using a similar formula for tan 6, and recurring to the equation 
of condition, we have 


À 
F-1 Tl apa 1-k+Q4+H)T_ pTi” 
Ral E S oor oe Lahey a E S 


C S D { N 
Q = ——]} whence log F = log T+log & + 7)” log (1 +AT). 


Now from the theory of logarithms (or from Maclaurin’s Theorem, 
which the student may here apply, if he be not acquainted with this 
series) 


q? 
log Q +a) = 2-3 + 3 = ae oe s». 


] A? l Ne ] 
-m iss E ES as Bes epee Weeks eee a ON 
log F =logT NG T)+ (T T) (T Ts + &c. 
But log F=log ere VT — 2oV — l; log T = log ELVT — 20 — l, 
l ne ax 
T" — aa = g0 VTi e g2- OT sin 2n0 ; whence 
2 ZI = 20V—1 — 2W7T1 sin 26 


ANLI. vy — l 
+—z— sin 40 — é 3 : sin 60 + &c. 


: A? AS 
@ = 0— A sin 20 + F sin 49 — T sin 60 + &c., 


a series of considerable use in astronomy. When & is near to unity, A 
is small, and the series is very convergent. In order, as much as pos- 


sible, to verify results obtained by the use of impossible quantities, we 
shall proceed to show the truth of this series without them. Differen - 


; : ; d, 
tiate both sides with respect to 0, and we have ( i sin m0 = m cos mo ) 
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F = 1 — 2) cos 20 -+ 2}? cos 40 — 2X5 cos O04... 


But, 


( ant0 
tan p=k tan 0, (1+ tan’¢) 2 = k (l+ tan?0), or dp _k(1-+tan*A) 


do 1+ kh? tan®0 ` 
À 


1—cos 20 l — k l— 
tan’@ = 5 GT and A= 7 z Bives k =>, 
k(1 + tan?6) l — X? 


which gives 


14k tan29 ~ 1+ 2d cos20 + 
We should have then, if the preceding be correct, 

l —a* 
1 + 2d cos20 +? 


= 1 — 2f cos 20 — X? cos 49 + X° cos 60 — &c.} 


Our object is then, to ascertain, without the use of impossible 
quantities, the value of the series A cos 20 — X°? cos 40 + &c. This we 
may do, in this particular case, as follows : take the general equation 
2 cos 20 cos 2n 0 = cos (2n + 2) 0 + cos (2n — 2)0, multiply by A’, 
and write the series of equations for all values of n from n= 1 upwards, 
giving a negative sign to the alternate equations. This gives 


2A cos 20.cos 20 = Acos 40 +À, 
— 2)? cos 20 cos 40 = — X cos 60 — A? cos 20, 
2)° cos 20 cos 60 = = A? cos 80 + X cos 40, 
—2X* cos 28 cos 80 = — A’ cos 100 —A‘cos 60. 
&c. &c. &c. 


Let the expression for the series required be called S; if then we sum 
these equations ad infinitum, the sum of the first column is 25 cos 26 ; 
that of the second is — S + A cos 26 divided by A; that of the third 
A— AS: so that 


— 5 + cos 20 A2 + A cos 20 
25 20 = T bed — xs = ie nS 
cos 20 x +A—AS or S 14 2d cos 20 L A? 
l — 2S = Saeed hich verifies the preceding . 
~ 142d cos 20-A? cna | p a 


Now, as an exercise, let the student substitute $ (v? + v~*), 


$ (vtot) , &c., for cos 20, cos 40, &c., v meaning ¢«**~*: the serics 
will then be reduced to two geometrical series of the form 


À 2 
1+ AP?’ 
by adding the two fractions thus obtained, the same result will be 
found for the series as is given above. 


The fundamental expressions et?Y-' = cos@ +v —] sin, lead to 
the following relations: 


enn — Gs) or cos 70 +4 —1 sin 26 = (cos 0 +V7—1 sin 0)", 


geva = (e—V-1 Y or cos n0 —V=1 sin n0=(cos 9O—V—1 sin 0)"; 


AP? — XP: + XP’ — &c., the value of which is 
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and also to the following: if 2 cos 0 = x + S- then 2 cos nO=2"-- = 
z 


and it also follows that 
aV—1 sino= 2 — - and 2V— 1 sin nO = a — —. 


These, which are the same in different forms, are called * De Moivre’s 
Theorem. 


The preceding considerations have led to an extension of the theory 
of logarithms. By definition, the logarithm of z (the only one used in 
analysis) is the value of y, which satisfies € = x, where ¢=1+ 1 


l l SE 
ET + . . . =2'1182818. . . and zis given. There is 


only one arithmetical value of y, which is accordingly the only real 


logarithm. But one of the consequences of admitting V—1 among the 
objects of algebra is this, that every quantity has an infinite number of 
logarithms, one of which is the arithmetical logarithm, and the re- 
mainder of which are of the form a+V¥—l. If in the equation 
eVi = cos 0 +V—1 sin 9, we suppose 6 = 2mm, m being a whole 
number, positive or negative, and w (here, as in every other place) 
the ratio of the circumference of a circle to its diameter, or 3°14159..., 
we have then cos2m7=1 sin 2mr =0, or &™Y-!= 1. This 
result, which, considered by itself, is one of the most singular in ana- 
lysis, draws upon no other principle except the one on which impossible 
_ quantities are used throughout this chapter, namely, that V—1 is to 
be used as if it were a quantity, so far as rules are concerned. Let this 
be done, and we have 

2 et 


es — 4m r SMT? — 
e 1+ 2m4 —1 5 = V—=1 + & 
4m?  16m'x4 Sm rs 
-== Gonn: een See &C. a l 2 S EYT" 
eS F034 TA ( E wa ) 


If the student, taking any value for m, say m = 1, and making 
m = 3°14159... were to calculate the value of each of the series, he 


would find the result to be 1 +s =I x 0, true to as many places of 
decimals as he took into account. If then y be the arithmetical loga- 
rithm of x, or if 


€! = x, we have also & x gimrVa1 a y xl, or gytime V= — x; 


that is, y + 2mrV — 1 is also a logarithm, where m is any whole num- 
ber, positive or negative. If then we take log z, as usual, to represent 
the arithmetical logarithm of x, and Log x (with the capital letter) for 
the more general logarithm, we have 


Log x = log x + 2mz/—1 Log z = log z + 2n7/—1. &c. 
Log rz= log zz +2 (m+n)r4 -1, Log = = log—+-2(m—n) ma- 1, &c. 


* Having been first given by De Moivre. They are in his “ Miscellanea Ana- 
-lytica,’’ 1730, but not in their present form. 
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Whence we see that if we add one of the Logarithms of z to one of the 
Logarithms of z, we have one of the Logarithms of zz, &c. 

A negative number has no arithmetical logarithm: but it has a 
Logarithm of the kind just found. If for 9 we take (2m + 1) r, we 
find 


e@mtrV=1 — cos (2m + 1) r +./—1 sin (2m + 1) 
=—1+0xVv—-l=—l. 


Hence Log (—1) = (2m +1) x /—1, where m is a positive or nega- 
tive whole number. We have then 


Log (—x) = Log x + log ( —1) = log r+ 2neV—14(2m+1)rV/—1 
or Log (—2x) = log r + (2m +1)7V—1; 


for 2n-+ 2m + 1 may be written 2m + 1, since m and m +7 are 
equally indefinite, meaning merely any whole number. 
` The value of Log ( — 1) gives 


Log (—1) 
a——..,.(A). 
J= (A) 


This result is usually deduced on the supposition that m = 0; and 
it is said that Log (—1) +V—1 = 314159. . . a result which — 


must appear surprising, if it be not remembered that in using JZIi 
by the rules of quantity, the sign = also undergoes an extension of 
meaning. We must remember that the result (A) can only be thus 
interpreted in the algebra here used : if ever, by the use of a negative 
quantity, intentionally or unintentionally treated as a positive quantity, 


we obtain Log (—1) + /—1, then the real process, if the funda- 


mental correction had been made, would have given some odd number 
of times r. 


(Qm+1)r= 


1 
e ° upa l 
Taking the general equation Log 2" = z Log x, we find 


l = o A. sme Vo 
Log 1" = — (2mr J —1) ordnes : 
p as n 


Imr — | 2mr 
+747 -ism E 


= COS 


1 i 2m+1 eV a4 


Log (—1) x == (2m-+1) m a —l or (—1)" =g” 
7 — l 
= cos er + J—1 sin Smti i; 


and thus we have expressions for all the roots of the equations z"=1, 
x" = — l, or 4” — 1 = 0, 2° +1=0. It might appear at first as if an 
infinite number of roots were thus obtained, since any value may be 
taken for m. But if we begin, say with the first, and make m = 0, 
m=1, &c. in succession, we have the following :— 
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Ist m=0 | Ist value f= = 
Qn ` 


2 — , 
2nd m=1l | 2nd be pa E 


4r —. , r 
ord m=2 | 3rd sa Aa i = cos— +v = 1 sin — 


(2n-2) T N ae er (Q2n—2) 7 


nth |7==n—]| nth.. .. =co 
n n 


2nr 
(n+1)th mæn | (n+1)th .. «, „e = cos =r WoT lsin — 


2n+2 
(n+ 2)th |m=n+1 | (n+2)th...= cos os a sin is 


&c, &c, &c. &c. &c, 


But since ane 27, and cos 2r = cos 0, sin 2r = sinO, the (n+ 1)th 
n 


2n+-2 
value is the same as the first; and ok a oF = = 29 += and 


= cos (2x 4- at) = = cos- —, *, &c., the (n+2)th value is the same as the 


scan: ; aaa in on. The first 22 values therefore recur in periods, n in 
each; and the n roots in each period are all that can be obtained. 
The same may be proved for the roots of —1. Suppose, for instance, 
that we would have the four fourth roots of — 1. The first four values 
of 2m + 1 are 1, 3, 5, and 7, and the corresponding angles are 4r, 37, 
Sa, and ir, which: expressed in degrees, are 45°, 135°, 225°, 315° : 
and we have 


cos45°= 1 V2 cos 135° = —}V2 cos 225°= = 1V2 cos 315° = 1 V2, 
sin 45° = 4 V2 sin 135°= 1/2 sin 225°= -44/2 sin 315°= -3-V2, 
whence the four roots are, firstly, ad 2 (1+ J — 1) ; secondly, 
Lo C= Et f 1); thirdly, 4 /2(—1—V—1); fourthly, 


L V2 (1— A 2.) Either of these raised to the fourth power will 
give —l, 


Square of Ist root is 4. 2 —1, the square of which is —1, 
Square of 2nd root is 4x -2V —1, the square of which is —1: 
The roots of +1 are of great use in analysis, and possess many 


remarkable properties. The method by which they are obtained rests 
entirely on this: that a” undergoes the extraction of the nth root by 
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substitution of = instead of x; that every whole valè of m gives 


cos 2mr + V—1 sin 2mr equal to 1; that this latter expression is of 
the form a*, being e""¥-"; and consequently that one of the nth roots 


- 2mr ; ; 
of 1 is made by writing — for 2mz in that expression. 
n 


4 
Every whole power of an nth root of unity is also an mth root. For, 


if « be an nth root of unity, that is, if @"==1, then (e”) = (a")” 
=(1)"=1 or a” is an nth root of 1. This is also evident from De 
Moivre’s Theorem (p. 125); for if 0 he 27-72, one nth root of 1 is 


cos m0 -+ /—1sinmé@, the pth power of which is cos mpo + /—1 
sin mp9, another root. Consequently, a being one root, a’, a°, af... e. 
(a” or 1) are all roots, but it does not follow that all the roots are among 
them, for the same root may be repeated twice or more. To explain 
this, observe that if n be a composite number, say 12, which is 6 x2 and 
4X3, among the 12th roots of 1 will be found all the 6th, 4th and 
square roots. Let ò be a sixth root of unity; then ô = 1 and (8°)? 
= (1)?=1, or °= 1, therefore $ is also a 12th root; and so of the 
rest. If, then, we take a 12th root of unity from among those which 
are also 6th roots, the series of powers of such a root will never give the 
complete series of 12th roots; but only a continual recurrence of the 
roots which are both 6th and 12th roots. For in such a case the series 
of powers will be 9, 82, 5%, 34, 35, ò= 1, 9’ = 3, 3 = 82, &c. &c. But 
there are 12th roots among the powers of which are found all the 12th 
roots : to prove which we premise the following 

TaEroremM.—It is impossible that sin x = sin y, and also cos r=cos Y, 
unless x and y differ by a whole multiple of 27, or a whole number of 
revolutions. For the solutions of the first are all contained in 
y = x £2mr and y = (2n + l)r — z, and those of the second in 
y = z + 2m'r, and y = 2n'r — z; m, m’, n, n', being whole numhers, 
positive or negative. But no whole values of n and n’ will make 
(2n + 1) a7 — x = 2n'r =x, or 2n+1 = 2, consequently, the solu- 
tions common to the two equations are all contained in y = x £ 2mr ; 
which was to be proved. 

Now, to apply this theorem, suppose 0 = 2r -- n, and let « = cos 9 


+ a —1 sin 6, the powers of which are «œ? = cos 20 + “—] sin29 


; paa IMT 
. e. a” =cos MO -+ /—1 sin m0, and moô or -T cannot exceed 0 or 


2r ; : ; 
= by a whole circumference, till m = n + 1, that is, the first n roots 


must be different, and therefore give all the nth roots (which are but 2 
in number). Consequently, cos§ + WV —1 sin @ is what is sometimes 
called a primitive nth root. Again, let s be a whole number which is 
prime to n (or let n and s have no common measure greater than 


unity): I say that a’ or cos sð + /—1 sin s9 is another primitive nth 
root. For let its pth power be taken (all its powers are also nth roots) : 
then ps0 can never differ from s9 by a whole number of revolutions 
until p = (n + 1). Forif ps0 — so = + 2Qur (v being a whole num- 
ber) and if for 2r we write its value n0, and then divide by 0, we have 
ps —s = tvn, all being whole numbers; which gives . 

K 
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ait s + = 

n p— 
or p less than n+1. Hence s and n have a common measure, which 
is against the supposition. Consequently, by the same reasoning as 
before, a is a primitive mth root. If a be a primitive 12th root of 
unity, then a°, af, a, a°, a°, and a? or 1, are sixth roots ; a’, a and a” 
are, cube roots; aë, a, œ? and «°? are fourth roots; a and a” 
(—l and +1) are square roots; and a, @’, a’, and a", are primitive 
12th roots. 

If we take p+q=n, or pO+ q0 = nO = 2r, we have pO = 2x — q, 
cos pô = tos q9, sin pe = — sin q9, that is, if cos pO + ,/—1 sin pO; be 
A+B¥/—1, cos go+v—1 sin gf is A~B/¥ —1, or the first and last, 
the second and last but one, &c. of the roots derived from the lowest 
primitive root cos 0 + /—1 sin 0 are pairs of the form A+B J —1, 


A—BV/—1. If n be even = 2m’, there is a root which is not in 
such a couple, namely, when p = n’, g = w, which case does not give 
two different roots. But this single root is always = — 1, for 
nð =ind = r, and cos r =—1, sinr =0. A similar theorem may be 
proved for the roots of —1. One great use of this theory is the 
resolution of the expression 2" + a" into factors, for the purposes 
of integration. It is known from the theory of equations that if an 
expression beginning with q” have &, a,....a, for its n roots, that ex- 
pression must be identical with the product (r—m) (t—a,).... 
(c—a,). First take 2*—1 from whence (æn o2.-+» a, being the n nth 
roots of 1) . 


a"—] = (4—a,) (1—a:) (1—8). - « (4—@,). « » C1.) 
A, A, A, 


ae: | 
y or is reduced to lower terms if p—1 be less than n, 


l 
Now assume —— = + — +... +4 . - (2.) 
zw—l @r—a, &—ay L — Oy 
Differentiate both sides of the first, which gives 
_, .. fProd. of all) , f Prod. of all} ee of a 
a [but r—a, as but x — a, Cen -T but 2—a, -s< + @) 


in which when z = q, all the terms vanish except only that which is 
free of x —a, , and so on, whence 


na = (a,— ag) (æi— 3) ° .(&1— On), Nag = (c2— 0) (a= a) ° (da an) &c. 
N a 
But «,"=1, &c., whence na," = z? &ce. 
1 


Multiply together (1) and (2), which give 1 as the first side, ‘and as 
the second the sum of A,, As, &c. severally multiplied by the products 
in (3); make x successively = @,, a, &c. and we have, 

a, Oe 


n 
= A,X (a, — ae) ° . (a1 — an) =A, a, or A, = a? A; = P &e. 


n a 
— = — =a E 
a—L z—a -a C— An 
If we proceed exactly in the same way with 2*+1, the only differ- 
ence is that œ” = —1 (ai— a). «© (7—8) = — NSH, and we have 


n Ot, Oe Gd, {0 He. being ad 


am (MBS aqme" = o Py 


a+ 1 L—a, T- "Tam \ of (-1)* 
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A real form may be given as follows. Let A+B J —1 be a couple 
of corresponding roots, as proved to exist in p. 130; then in the first case, 


A+BVY—-1 A—BWV—1 _ 2A(2—A) —2B? 
fa BNA ge BNE] © OAF 


So that each couple gives a real fraction. We shall resume this sub- 
ject in the sequel. Previously to closing this chapter, we must observe 
that, when we take the logarithms of both sides of an. expression, we 
must, if impossible quantities be in question, take the general loga- 


rithms as in p. 126; so that in p. 124, 2mr J —1, 2m' r J — 1, &c. 
should have been annexed, the effect of which upon the result would 
have been to make 


. Ø £ (wh . no) r = 0 — N sin?20 -+ .... 


but this agrees with the original equation tan Ø = k tan 0 ; for ġ and 
Ø + (wh . no) r, have the same tangent. If the nearest values of @ 
and @ be sought, then nothing must be annexed to @. 


CuapTer VIII. 


ON THE MEANING OF DIFFERENTIAL COEFFICIENTS, AND ON 
THE FIRST PRINCIPLES OF THE APPLICATION OF THE SCIENCE 
TO GEOMETRY AND MECHANICS. 


On a perfect understanding of the reasoning contained in this Chapter, 
it must depend whether the student will hereafter apply the Differential 
Calculus to geometry, mechanics, &c., or only its symbols and mechanism. 

The derivation of differential coefficients has been sufficiently ex- 
plained ; we understand what they are in relation to their primitive 
functions, which are algebraical expressions. But when we come to 
apply the primitives, and make them representatives of concrete magni- 
tudes, such as spaces, times, forces, &c. &c., we do not carry with us 
any relations between the diff. co. and the magnitudes in question. 

Our first question is this : gz being a given function of x, and @’z its 
diff. co., we know that for any value of x, Ø'x if a possible quantity, is 
either positive or negative ; it may for particular values of z, be O orc. 
What do these several states denote? 

If we suppose the variable x to pass through all stages of magnitude 
from — œ to + , that is, through all values, positive and negative, 
the function ¢z will pass through all its stages of magnitude; and we 
shall now prove the following 

THEOREM.—So long as ¢’z is positive, x and pv increase together, or 
decrease together ; or, let us say, take similar changes: but so long as 
o'x is negative, if x increase, ¢x diminishes, and if z diminish, @zx 
increases; or x and ox take dissimilar changes. 

We shall first give an example; let d2 = 2°, p's = 2r, which is 
positive or negative with z That is, when v is positive, z and 2° 
increase together or diminish together, as is evident. But when z is 

K 2 
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negative, an increase of x diminishes 4°; for instance, let v increase 
from —' to —6, and z? diminishes from 49 to 36. Increase and dimi- 
nution are to be taken in their algebraical sense. 

Let x increase to x+Ar (that is, let Ar be positive) ; then, if the 
diff. co. be positive {F (x+ Ar) —dr}—-Az is either positive, or becomes 
so when Az is diminished. For it approaches without limit to p'x, a 
positive quantity, and therefore must become positive before it attains 
that limit. But Ar being positive, Ø (x+ Ar)—¢ġx also is or becomes 
positive, that is, ¢(c+Az) is greater than gz for finite values of Az. 
So that x and @x increase together. But, if Az be negative, or r+ Ax 
less than x, then ¢’x being positive, and {¢ (x+ Az) — 9x}-—-Az becom- 
ing so before Ax = 0, it follows that ¢ (x + Ar) — gx must become 
negative, or Ø (x + Ar) becomes less than $2, or v and $x diminish 
together. i 

Considerations precisely similar show that when ġ'x is negative 
p (x+Ar)—dr must become negative before Ar =0, when Az is posi- 
tive, or positive when Az is negative. 

If dr = tan x, o'x = 1 + tan 2z, which is always positive: the angle 
and its tangent are always increasing together. Let the student verify 
this theorem round the four right angles. In the first right angle the 
theorem is obvious: but when z = $r, tan x = œ , and here, we might 
at first suppose, increase must stop ; but the following extension is a 
necessary consequence of the algebraical definition of increase and, 
decrease. When a quantity becomes 0 or œ , it may change its sign, ` 
but it may not. The only restriction is, that it cannot change its sign 
for any other values. Now, 0 and œ are themselves of dubious sign ; 
where they are accompanied by a change of sign, they themselves 
belong to neither sign more than to the other. In the case of ¢r=tan z, 


T, 
we have a change of sign when r= 47; consequently, tan 5 18 +a, 


considered as the final state of tan x in the first right angle, and 
— æ considered as the initial state of tan in the second. At this 
point then, there is discontinuity in the function tan x. 

In the rest of this chapter, understand that the change of state of the 
variable is always increase, unless the contrary be specified. 
r Let des e ey gos 

x x 

As long as z is less than €, or log x less than 1, the ratio of a loga- 
rithm to its number is increasing; but from the time when z = £, the 
same ratio decreases. Therefore, the number whose logarithm has 
the greatest ratio to it is € and that of 1; € the greatest ratio. Or, the 
number is never less than 2°7182S.... times its logarithm. 

DEFINITION.—When a function ceases to increase and begins to 
decrease, it is said to be a maximum; when it ceases to decrease and 
begins to increase, it is said to be a minimum. These terms must not 
be interpreted by their literal translationin to English; a maximum is 
not necessarily the greatest possible value of a function, nor a minimum 
the least. The greatest value of the function is the greatest of all 
its maxima, and the least value is the least of all the minima. A 
maximum may even be less than a minimum ; or the value of a function 
where its increase stops in one state may be less than that where its. 
decrease stops in another state. ) 
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THEeoREM.— When the diff. co. changes from positive to negative, 
there is a maximum: when the diff. co. changes from negative to 
positive, there is a minimum (the variable increasing in both cases). 
This needs no demonstration after the last. 

Let or = 2°—3r+2, ¢’x = 2x—3; there is a change of sign in 
gz from — to + when x = 3, or the function is then a minimum, its 
value being ? — 3.3 + 2 or —}. ‘That is, the negative values of this 
function never numerically exceed 4. 


Let ox = ar”, p'r = e77 (1—2). There is a change of sign 


when z passes through — } /2 and +1/2 ; but in the first case from 
—to +, in the second from + to —. Consequently, there is a mini- 


mum when z = — 442, and the minimum value of the function is 
— 42 e-t; there is a maximum.when z = 4/2, and the maximum 
value of the function is 44/2 e~. 


Shew that e-* isa maximum, and =1, when z = 0. 

Let $r = sin x, ¢'x=cosz. The sine is a maximum (=1) when 
x = $ v, and a minimum (= — 1) when r= $7; a maximum again 
(=1) when x = $7, &c. &c. 

Let pr = £, sin x, ġ'x = s7 (sin x + cos x). There is a maximum 


(= ety 4 /2) when x = 37, a minimum (= _ et" xh /2) when 
vain, 

What is that number whose excess above its square root is the least 
possible ?— Ans. 1. 

We have taken this method because it depends more upon perception, 
and less upon mechanical expertness, than the one commonly given, 
which is besides defective. We now proceed to the common method. 
It is obvious that the second diff. co., being the first of the first, is the same 
index: to the changes of the first diff. co. which the latter is to those of 
the primitive function. Now, since a function, which changes its sign, 
must either be 0 or œ , let us first consider the cases where ¢’z becomes 
=0, and in which also ¢'z is finite, positive or negative. Then, if "z 
be positive, ¢’r must be increasing ; but an increase through 0 involves 
change of sign from — to + : consequently, when ¢/z = 0 and ¢"z is 
positive, gx is a minimum. But when ¢”z is negative, ¢’zx is diminishing ; 
diminution through 0 involves a change of sign from + to — ; conse- 
quently, when ¢’z = 0 and ¢”r is negative, or is a maximum. But it 
may happen, that when ¢’r= 0, we have also @”x=0. If, in this 
case, fr, the third diff. co., be positive or negative, then ¢’z itself has 
a maximum or minimum * value = 0, and does not therefore change 
sign 3 consequently, there is no maximum or minimum when @'r = 0, 
ġ x= 0 and $'"z is finite. Suppose @!"x=0 and "z to be finite ; 
then "x isa maximum or minimum. Thus, let it be 


Pz = 0, ox=0, "x =0, oz is +. 


Then $x is a minimum (= 0); it is therefore positive immediately 
before and after the value of z for which all this takes place, or ¢'z is 
increasing ; that is, ġ'z passes from — to + through 0, or Øx is a mini- 
mum also. And by similar reasoning, if a certain value of z give . 


* The value 0 is the maximum of a function when it is negative on one side and 
the other of 0; and the minimum when it is positive on both sides, 
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gz = 0, oct = 0, O"2# =0, Gr is — 


then ¢"r is a maximum (=0), is negative immediately before and 
after, g’x is decreasing through 0, and changes from + to —; that is, 
gz is a maximum. But if ¢"z = 0, similar considerations may be 
applied to ¢’x and ¢"x; and the total result of all isthe following: that 
when a value of x makes a succession of diff. co. beginning with @/r 
severally equal to 0, dz is a maximum when the first finite diff. co. is 
of an even order and negative; and is a minimum when the first 
finite diff. co. is of an even order and positive. Take, for instance, 


hr = (r—a)fe 

p'r={(e—a)*+4(a@—a)*h E, A x={ (x-a) +8(x-a)+12(x—a)}s 
Qe = { (x —a)t+ 12 (w—a)?+36 (@—a)* + 24 (x—a)} £ 

"z = {(x—a)* + 16 (z—a) +72 (x—a)? + 96 (1 — a) + 24} 7. 


Here, when x= a, the first finite diff. co. is the fourth, which is 
24 £ and positive, or 0 is a minimum value of gr. But this is made 
much more evident by writing ¢’z in the form (z—a)? (x — a+ 4) &, 
in which case it is plain that @'x changes from —to + through 0 when 
. w==a. And generally it will be found much more easy to ascertain 
whether $’x changes its sign, than to determine $x for the completion 
of the common rule. The necessary process consists, 1. in ascertaining 
- all the values of x which make $’z nothing or infinite (for at these only 
can the sign change); 2. in finding out at which of the preceding 
values the sign changes, and how. In the preceding function we see 
that ’z also = 0 when += a — 4, at which (x increasing) (cx—a)8 is 
—, %— a + 4 changes from — to +, € remaining positive. Conse- 
quently, ¢/x changes from + to —, or there is a maximum when 
z = (a—4), namely, 256 £~, 

We now know what we can tell of a function from the sign and 
change of sign of the diff. co.; the question follows as to what we 
are to infer from its magnitude. In rough language, it is the measure 
of the rate at which the function is increasing, or of the quantity of 
effect which a change in the variable produces on the function. If x be 


dy 
: dz 
change made in the value of the function y. This is $’x Ax, if y = gz, 
so that for given increments of v, the changes in the function when | 
x =a and when x = b, are in the proportion of ¢’a to ọ'b; and this as 
nearly as we please, by making the changes of x sufficiently small. But 
this notion, though perceptible, is not definite; for we may see that 
there is no value of Av to which it has any particular reference. And 


= is itself a variable; while æ increases to x + Az, it assumes differ- 
ent values. We shall presently see that geometry and mechanics 
afford instances of the same character, but we now endeavour to give 
a more precise notion independently of them. When a diff. co. is 
the index of an effect which is being produced, we are easily led to 
this method of estimating the relative proportions in which the effect is 
produced for different values of the variable; namely, imagine that 
the diff. co. is made to stop at the value which it has for any given 
value of x, and to continue the same while z increases from 2 to t+ Az. 
Then the effect produced is that of a diff, co. which remains the 


changed into x + Ax, then — Ar is (if Ar be small) very nearly the 
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same, and we are not embarrassed by any consideration arising from 
its variation. Now the only function which has a constant diff. co. %, 
is kx + l, where / is also a constant, Let ox be a function which we 
are considering at the value æ = a, for which ġa is the function, and 
p'a the diff. co. ‘At and after x = a, let the diff. co. cease to vary and 
remain =¢ġ'a, which requires that px should cease to be the function in 
question, and ¢’a.x + / should begin to be so. And ¿is an indetermi- 
nate constant; let it therefore be such that when x = a, the value of the 
new function shall be the same as that of the old, namely, pa. That 
is, let d'a.a + l= ġa, or l = da — p'a.a, so that the new function. is . 
pa + p'a (x — a). Here is, then, a function which, when v = a,, 
agrees with z both in value and diff. co.; but in which the latter 
retains one value, while #‘z, the diff. co. of px, changes value with z. 
Now, while x changes from a to a + h, a + 2h, a+ 3h, &c., pa + p'a 
(x—a) changes from ġa tofa+'a.h, a+ G'a.2h, fat P'a.3h, &., 
that is, it receives a uniform increment Ø'a xh for every accession. of 
value, h, to the variable. Hence 1. The value ¢’a, which ¢’z has when 
=a, is thus connected with the increase of the function ; if the diff. co. 
retained this value while z increased to x + h, the increase of the func- 
tion would be ġ'a.h, for all values of h. 2. That in the function dr 
as it is, and with a variable diff. co., the actual increment made by 
changing a into a+/ may be made as nearly equal to ’a.h as we 
please, if A be sufficiently small, as is evident from ¢ (a+h)—¢a and 
p'a.h having a ratio whose limit is 1. . 


Th an 2 
If we take the function ġa + ¢'a (x—a) + ọ"a ae we have a 


function which agrees ‘with øx when x = a, not only in value and in 
first diff..co., but also in second diff. co. Similarly pa + p'a (x — a) 
2 3 
+ o'a cak + o"a e= agrees also in the third diff. co., and 
_ ale 

so on. But in the first that second diff. co. remains constant; in the 
second, the third diff. co. remains constant, and so on. We can 
therefore take a function, which, for a particular value of x, has its 
value and that of all the diff. co. up to the mth, the same as those of 
gx; but in which the nth diff. co. remains constant, instead of varying 
with that of oz. 

Among the words with which we are familiar in philosophical sub- 
jects, are direction, velocity, force, density, curvature, area, length, 
solidity or volume, &c. None of these terms can be fully defined; each 
is the mere expression of one of our most simple notions. Nor is it our 
object here to define them, but to show how to measure them, particu- 
larly in the cases in which they are varying from point to point, or from 
moment to moment, &c. Though they are the fundamental terms of 
very different sciences, yet the methods of measurement of several of 
them have great analogy to each other, and to the process last consi- 
dered in illustration of the connexion between a function and its diff, co. 
We have therefore brought them together from all quarters ; and, accord- 
ing to the previous habits and reading of the student, ideas drawn from 
the explanation of one will throw light upon those of the rest. 

1. Direction. A notion drawn from different straight lines being the 
most direct paths to different points. The line of uniform direction, or 
the line which has the same direction throughout, is a straight line. 
This netion is not one which immediately strikes us in regard to a curve. 
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2. Curvature. A curve appears to be more curved or bent in some 
parts than in others. The only precise notions we have to start with are 
these, that the curvature of a circle is the same in all its parts, and that 
a straight line has no curvature. 

3. Length. 4, Area. 5. Solidity, or Volume. These terms are 
sufficiently well known. 

6. Density. This term has reference to the quantity of matter in a 
body, our only measure of which is its weight. A body is uniformly 
dense when a given bulk, say a cubic inch, from what part soever it may 
be taken, has the same weight. 

7. Velocity. Quickness of motion: of points, that which moves over 
the greater length in the same time, has, on the whole, the greater velo- 
city. Uniform velocity exists where any equal lengths whatsoever are 
described in the same times. 

8. Force ; by which we mean what is called in mechanics, accelerat- 
ing or retarding force, namely, whatever increases or diminishes velo- 
city. Thus, a cannonball and a pea moving together, always with the 
same velocity one as the other, and therefore with the same changes of 
velocity, are acted on by the same accelerating or retarding forces. 

We shall take these several terms in order : 

l. Direction. A point moving on a straight line retains one direc- 
tion; but a point moving on a curve does not continue for any portion 
of time, however small, in the same direction. If it can be said at any 
specified time to have a direction at all, it is only in this sense: that let 
it move through a very small arc, and it will nearly move as if it 
moved over the chord of that arc. All the preceding sentence becomes 
more near to the truth the smaller the arc moved over is supposed to 
be: if then we can find a straight line to which the chord drawn from a 
given point approximates without limit as to direction, while it is dimi- 
nished without limit as to length, let the curve be said at that point to 
have the same direction as that straight line. 


Let PQ be a portion of a curve referred to rectangular co-ordinates ; 
and let its equation be y= ør. Take an abscissa OM, (a particular 
value of x) =a, and let MP, the corresponding value of y, be = b, 
whence b = 9 (a). From P draw a chord PQ, and let a + Az, b+ Ay, 
be the co-ordinates of Q; that is, let Ar = MN, Ay = ZQ in the first 
curve, Ax = MN Ay=— ZQ in the second curve. Then will the . 
chord PQ make with PZ (or with its parallel the axis of x) the angle 
QPZ, which, the sign not being considered, has QZ + PZ or Ay -—- Ax 
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for its tangent in both. Draw a fixed line PT, making with PZ and 
with the axis of v, an angle whose tangent is or Øx, that is, for this 


particular point, Ø'a; and let this line fall on the same side of PZ as the 
chord PQ. Then as Q is made to move towards P, or as the chord 


drawn from P is lessened, the tangents of QPZ and TPZ being zy 
~ Ar 


and a, (here = @’a,) and the former varying, with the latter as its 


limit, approaches it without limit. Consequently, the angle QPZ has 
the limit TPZ; or the angle QPT diminishes without limit. Hence, 
the chord PQ approaches nearer without limit to the direction PT, when 
Q approaches without limit to PZ. Consequently, by the definition 
laid down, PT is to be called the direction of the curve at P. The line 
PT is called the tangent of the curve at P. 

In the first curve ’a is positive, in the second negative (page 132). 
But the angles TPZ drawn in both have positive tangents ; and it would 
create confusion to be obliged to divest an expression of its sign. To 
remedy this, always measure the angle made by a line with the axis of 
x in one direction of revolution, namely, in that indicated by the arrow. 
That is, in the second curve let QP and TP be produced beyond P, and 
let Q'PZ (an angle with a negative tangent) and not QPZ, be the angle 
considered ; also let T’PZ be considered instead of TPZ. A negative 
diff. co. will then accompany an angle greater than a right angle, or one 
with a negative tangent. Hence, x being the abscissa of a curve, and 
ay 
dz 
tangent line, or line of direction of the curve, makes with the axis of r, 
at the point whose abscissa is g. 

Exampe. In the curve in which the ordinate is the Naperian loga- 
rithm of the abscissa, what is the angle made by the tangent line, or line 
of direction of the curve, with the axis of x, at the point whose abscissa 
is = 10, and whose ordinate is therefore 2°30258..... Here 


y or Ox its ordinate, or Øx is the tangent of the angle which the 


d ; a ; 
y = log az, =~ = = = ‘1 at the particular point in question. But °l 


is the tangent of 5° 43’, the angle required. 

Since the tangent line passes through the point * (a, b) or (a, pa), 
and makes with the axis of z an angle whose tangent is p'a, the equa- 
tion of the line, z and y now meaning the co-ordinates of any point in it, 
is (Algebraic Geometry, p. 23) y — pa = Q'a (t — a), or y= ga 
+ p'a (x — a); see page 135. 

2. Curvaturet. We shall consider the curvature of a curve as a 
quantity to be estimated as follows: take three points on the curve, the 
first being the fixed point in question, the second and third being points 
near to it, which we shall afterwards suppose to approach without limit 
to the first. Three points determine a circle; and the nearer the two 
‘latter points Q and R approach to the fixed point P, the more nearly 
may the arc of the curve PQR be considered as identical with the arc 
of the circle which passes through those three points. Let (x, y) be 


* This always means the point whose co-ordinates are a and b. 
t The beginner may omit this article. 
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the fixed point in question (2’,y’) and (2",y'') the contiguous points. 
If there be a circle having its centre at the point (m,n), and its radius p, 
and if X and Y be co-ordinates of any point in that circle, then (Alge- 
braic Geometry, p. 36) the equation of that circle is (X — m)? + 
(Y — n)? = pè. But (x,y), (vy), (2",y") are to be points in the 
circle; whence the equations in the first column below: those in the 
second are obtained by subtraction of the first from the second, and of 
the second from the third— 


igaya —7 2am 2 i l 
(S mE UNT, (2—2 +2—2m)-+ (y'—y) (y'-+y-2n) =0 
(2! =m)? + (y"-n} =p? (z —x')(a! +x -2m)+ (y -y')(y"+y'-2n)=0 
Subtract the firstin the second column from the second, which giveš 
ar! —Qy!? 4e — (2 —2x' +2) 2m +y" —2y +y — (y"”—2y'+y)2n=0. 


But if P be any function, which on two successive suppositions be- 
comes P’ and P”, then (Chapter IV.) AP=P'— P, AP'= P”—P’, 
AP = AP’! — AP=P”—2P’+P. Apply this to the functions 2°, 2, 4°, 
y, and the preceding becomes A?(2*)—A*zr.2m-+ A*(y*) — Ay. 2m=0. 
Now, if we consider y as a function of x, and suppose x to be- 
come successively a’ = x + Az, x” = x+ 2Az, which is the suppo- 
sition of ordinary differentiation, we have then A*z=0. But let us take 
a wider supposition. Let y not be given in terms of v, but let x and y 
both be given in terms of another variable ¢, namely, by the equations 
x =xyt y= wt, from which, by elimination of t, y = Oz may be found. 
For instance, in the curve called the cycloid, instead of giving an equa- 
tion between z and y, it is found more convenient to express both x and 
y in this way, y=a (t — sin t), z=a (l—cos t). Suppose that x be- 
comes z’ and z”, and y becomes y’ and y”, when ¢ becomes t+ At, 
and ¢+2Aé. Divide both sides of the preceding equation by (At)?, 
and then, to find the relation between m and n, which is perpetually 
approximated to by supposing Q and R to approach P, let Aż diminish 
without limit. Then, (page 81) we have - 

d’ (2) dx d’ (yY) dy 


de del” "de dé 


e el v2 2 2 2 
bE g dE Oa 28), tE EO 0 HY 4 ytt, 


2n = 0, 


dt dt’ dé dt) © TUE de 
d?r dy dix N? dy \? 
or (r m) aa + y—n) a tT a) +(Z ='0. 


Another relation is obtained from the first of the equations in the 
second column above, by writing Az for c’—z, Ay for y/— y, dividing 
by At, and taking the limit, remembering that 2’ and y’ have the 
limits vand y. This gives ; 


dz dy 
(x= m) z + (y — ») dt = 0. 


From which last two equations we easily obtain 
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d dx? dy\*| . {dy dw dr æ 
z — m = AES, y. y\ 


= = dx\" dy\| | fdy dx dx (Py 
a ae ae ae) ~ ldt d£ ~ at He 


3 
diN? | /dy\*\* {dy dx dx dy 
re ee | pa PN es foo ee eee ek F: 
P "= (G7 (3) ‘ \ae dt? dt des? 


the third equation being formed by adding together the squares of the 
first two, and extracting the square root. It might at first appear as if 
we might obtain as many different circles as we can make different 
suppositions with respect to t: but it will be shown hereafter that 
there is only one such circle; and this circle (by an extension of 
the same kind as that under which the curve is said to have a definite 
direction determined by the tangent) is said to have the same curvature 
as the curve has at the point (x, y), and its radius is called the radius 
of curvature of the curve at that point. 

Let us make the supposition that £= 2, in which case we have 
y =X, x= Yr, the second of which must be made identical, that is, 


the function yz must be z itself, and xz is the same as Gr. We have 
also, 


de dx P dy _ dy dy P d®y 
dt = =d®~ *? dt ~ dz d€ ~ dz? 
3 3 
2)? 2)’ p 19 
pois 2y Pt ee = dts) 
dx _ dz p"'x 


neglecting the sign, which we shall consider elsewhere. Let us suppose 
it required to find the radius of curvature at any point of a parabola 
whose equation is y? = 4cr, We have then 


pr = We Nz r= l + (p'r = TE 


> 


à 3 

p'a = —We x? p € ; y e © T xt) = Fto® 

x j a : 

c 

neglecting the sign. Hence, since the curvature of a circle is evidently 
the less, the greater the radius, it follows that the curvature of a para- 
bola diminishes as we go from the vertex, where it is greatest, the radius 
of curvature being there least, and equal to 2c. 

e may easily give a sufficient proof that the circle thus obtained is 
closer to the curve at the point P, than any other which can be drawn. 
For if possible, let a circle (A) fall between the circle of curvature (K) 
and the curve (C), immediately after leaving P. Then the circle drawn 


through P, Q,R, which approaches without limit 


pss to coincide with (K), cannot approach it nearer 
A ee, x than (A), which is absurd. Give a sim 
N 


( ilar proof 
CUN A that no straight line can lie between the tan- 
X gent and the curve. More formal proofs of 


both propositions will be hereafter given. 
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< 3. Length. (Read again the remarks in page 23, and also the pro- 
cess in page 30.) We now proceed to find the length of any portion 
of a curve whose ordinate is gr. Let it be the arc contained between 
the points which havea and a’ for abscisse. Divide the portion of the 
axis of x which lies under the given arc, a’ —a in length, into n equal 
parts, each of which is Az. Let MN (figure, page 136,) be one of 
these portions; and let OM = xz, MP=y. We assume as an axiom, 
that the arc PQ is greater than the chord PQ, but less than PT + TQ. 
And we have 


PQ=V (Axr)? + (ôy) PT = (Ax)?+(Ar)® tan TPZ = SA l A2) 


dy Ay dy | 
TQ= Ay -7z Ax = ar(S¥_ 2 = a Ay, 


here « and Ar are comminuent. Hence we find that 
The arc PQ( . nf : Ay? re dy \° 
lies lieg Ax LF (2) and Ar ( l+ zx) + a 
SS eee ee Fe ` 
peed! ANa a ai J 14(H +a |. 
di dx 


Writing Ø'x for a, and making V1 +('z+a)° == V1+(@'x)* + B, 


we see that 8 and « are comminuent, as are therefore 8 and Ar. Re- 
peating this process for every one of the parts into which the whole arc 
is divided, we see that the whole arc in question must lie between 


Z | Ax (V11) +6) $ and È {$ Ar (VIF WES + a), 
or > ( Ag 1+(9'x)?) + 28Ax and 2 (Ar V¥1+(¢'x)*) + DaAc. 


Now, when 2 is increased without limit, or Ax diminished without 
limit, (n Az = a! — a) @ and £ are in every portion of the arc dimi- 
nished without limit. Consequently, A and B may be always greater 
than the greatest of the values of æ and £, and yet be comminuent with 
Ar. In that case nA and nB must be greater than 2a and 2f,and 
nAOz and nB Az greater than 2(aAr) and S(8Ax). Remember that 
Az is the same in all. But nA Az = A(a'—a) and nB42=B(a'-a), 
which last are comminuent with A and B, and therefore with Az. 
Consequently the limits of the two preceding functions, when Az is 
diminished without limit, are both the same as that of 2 (Aad 1+(¢'r)"), 
which (page 100) is J f V1 +(x)? dr. Hence the arc of the curve, 
which always lies between these sums, is itself the limit just found; 
that is, the arc of the curve whose ordinate is Øx, contained between the 
points whose abscisse are a and a’, (and called s) is 


* æ may be reckoned positive, though the expression it represents may be nega- 
tive. We have nothing to do but with the fact that its numerical value (indepen- 
dent of sign) is comminuent with Az, 
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c= [VIO a= fA (BY ae 


~ Exampce l. Required the length of the arc of a parabola whose 
equation is y? = 4cz, which begins when xz = 0, and ends when «=a. 


pr= V4cr Pir = ne VIFO = 0/24 : 


i os (ae ape 1 £2r+ Cc ae is 


JV24+ cx 2) Ve + cr 


(ater) 
2At cx te +cxr 


= 7 + cr +5 log (r+ 5 +V2"+er), 
the last being obtained as in page 116. Hence we have, 


f uf ts te dz = JVa® + ca + 5 log (a+ s4+-VaF+ca +ca)— = log = 


eects) 
a ; 


= a+ ca + = log ( 


EXAMPLE 2.—What is that curve the arc of which, beginning from 
x= 0, is always = /2ax? The diff. co. of Jo°W1 + (9/2)? dz is 
//1-+ (¢’x)?; and therefore since 


[ivi + (9x)? dx = /2ar we haveV/1 + (p'r) = se 


T 


NE "AN 

wor (F Medii or — = 5, 7) Let > = 2k 

y= | Z-as [N/Ż ars B? 
NV 2 kr. r? 


=} 2k — — 2s + 2k iz (_a (2kr —2*) + Oh (__4 dr 
J hx — x ~ J ON Ska a J N 2kr- 


= N Qk — xè + 2k vers™ = z T constant, (page 116). 


Any value of this constant may be used. In fact, if the constant be 
made =p, then the curve which has the two first terms for its ordinate is 
raised or lowered from or to the axis of x by increasing or decreasing p: 
but the arc intercepted between any two ordinate lines is not changed. 
4. Area.—The number of square units in a rectangle is the product of 
the numbers of linear units in its sides. Let it now “be required to find 
in square units, the value of the portion of space contained between the 
points of the curve y = gr which have a and a’ for abscissze, bounded 
by the arc of the curve, the ordinates of its extreme points, and the 
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axis of æ. Let the portion a'— a of the axis of x be divided into n equal 
parts, each = Ax, as before. Then (figure, p. 136) let MN be one of 
these parts, and draw ordinates (as in figure, p. 30). Hence the por- 
tion of the curvilinear area MPQN is composed of the rectangle PMNZ 
having the area yAz, and the curvilinear triangle PQZ, which is less 
than the rectangle contained by PZ and ZQ, or less than Ax Ay square 
units (neglecting the sign of Ay, if it he negative). Hence the area 
MPAQN lies between yâx and yAr + Ay Az, and the whole area of the 
curve lies between ZyAzr and Èy Ar + ZAy Az. But, Ay being com- 
minuent with Az, it follows by the same reasoning as in p. 140, that 
Ay Ar is comminuent with Ax ; and thence, that the two preceding 
sums have the same limit S 2 ydax, which is therefore the area in ques- 
tion. That is, the area bounded by the ordinates whose abscisse are 
a and a’, and the arc and axis of z contained between them, is /,” ydz 
or S a ox da. 

Examre 1.—The area of a parabola, whose equation is y? = 4cz, 
contained between the vertex, the axis of x, and the ordinate whose 
abscissa is &, 1S fe OV cx dr = 4 ¿s a? = 4 abscissa a X its ordinate. 
In this is condensed the whole of the process in pages 30, 31. 

EXAMPLE 2.—What is the curve, whose area contained between the 


ordinates to the abscissee æ and 2, is always (in square units) clog p p 


We have here ydx = c log =, and differentiating both sides y = - 


or ry = c, the equation of an hyperbola. Observe, that. this area being 
an integral between certain limits æ and r, must be of the form Yr — ya, 
and we have accordingly assumed it so, inclogr—cloga. ‘The arc is 
also an integral, and a similar assumption is required. It was made in 
the second example of the last article, for the limits are there, O and z, 


and a Wz is arz — av 0. 

5. Solidity or Volume.—The method of finding the solidity under a 
given surface must be deferred until we have more developments of the 
Integral Calculus. 

6. Density.—When any solid (or fluid) contains equal quantities of 
matter in equal bulks, from what part soever they may be drawn, the 
uniform density which is then said to prevail, may be measured, for the 
purposes of comparing one density with another, by the different quanti- 
ties of matter (or weights) contained in any one given bulk. If the 
same vessel filled with fluid B, weigh twice as much (independent of 
the weight of the vessel) as when it is filled with fluid A, then without 
knowing the content of the vessel, we pronounce fluid B twice as dense 
as fluid A. But as it is generally more convenient to employ absolute 
than relative terms, we obtain the necessary language in the same 
manner as in the case of length, by choosing an arbitrary magnitude, 
and calling it wnity or 1. Let pure water be said to have the density 
1; then any substance twice as heavy as water, bulk for bulk, has the 
density 2, and so on. An accidental relation in our metrical system 
makes the descent from the mathematical notion of density to the terms 
of common life immediate and easy. A cubic foot of water weighs (very 
nearly) 1000 ounces avoirdupois ; so that if we say the density of gold 
is 19°362, we infer that a cubic foot of gold weighs 19362 ounces avoir- 
dupois nearly. Let us now suppose a thin rod of matter whose uni- 
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form density is 1, or a cubic foot of which weighs as much as the same 
of water. And let there be another such rod, not of uniform density, 
evidenced;by our finding that any two equal lengths of it have different 
weights. Let the law of the weights of different portions be this, that 
x inches taken from one of the two ends, which is specified, always 
weighs 2* ounces; that is, the first } inch weighs 1 oz., the first inch 
l oz., the first two inches 4 ounces. In the case of a uniform rod 
we might always find k by dividing the weight of any portion by that of 
an equal bulk of water: but in the second case we have no definite 
measure of density, though it is clear that the weight of equal portions 
goes on increasing. 


A-— a a SD 


D B C 


Let AB be a part of the rod in question = z,and let BO@BD=Az. 
Then the weight of DB is z? — (x — Ax}, and that of BC is 
(x + Ar)? — 2*. These are 2 rAr — (Ax)? and 2x Ax + (Az)? ounces. 
Let the weight of a bulk of water, such as that of DB or BC (which 
must, ceteris paribus, be proportional to Az) be eAz, then the density 


ee , 22—A 
of BD, if the matter in it be uniformly distributed, is SE and that 
2x +- Ax 


e 

are not correct ; nor according to the definition of density, can we say 
what the density of the rod should be at B. But we may see that the 
weights of the successive equal portions DB, BC, approach ` without 
limit to equality when Az is diminished without limit, and that 


of BC, on the same supposition, is These two suppositions 


a i 2x 
the presumed densities approach without limit to ra Let us say 


; . 2x ; ; ; 
that the density at B is ys we have here an assertion which will be 


nearly verified hy a small portion of the rod taken on either side B ; 

more nearly on a smaller portion, &c., and in this sense we may admit 

the assertion. Similarly, if the weight of the length x inches be x oz., 

it will follow in the same manner that the density at the point whose 

distance is x will be ¢’x divided by e, the weight in ounces of one inch 

of water. And hence it follows that the density being given at the 

distance x and called y, the weight in ounces of a! — a inches taken. 
between the points which are a and a’ inches distant from the end is 

ef” ydz. 

1. Veloctty.—When a point moves uniformly, that is to say, describes 
equal portions of length in any equal portions of time during the motion, 
it is said to move with a velocity which is measured by the number of 
units of length described in a unit of time. Thus taking feet and 
seconds, with reference to these units the velocity 10 is that of a point 
moving over 10 feet in one second of time, 20 feet in two seconds, 
5 feet in half a second, and in the same proportion for every other time. 
Hence it is evident that v being the velocity (length in one second) and 
i the number of seconds (called the time) vt must be the length de- 
scribed, which call s; hence s= vt. Hence, knowing the length 
described in any time, or knowing s for any value of t, we find v the 
velocity by dividing s by t. .It may help the student to make him 
remember that as £ seconds is to one second, so is s the length described 
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: : sxl 
in ¿ seconds to a 


or = the length described in one second (the velo- 


city). When speaking of length moved over by a point, it is usual 
(but incorrectly) to call the length space. Thus it is said that one point 
moves over more space than another. | 

Let there now be a point which does not move over equal lengths 
in equal times; but suppose it to move in such a way ‘that at the 
end of £ seconds, it has ‘always moved over € feet. Suppose, that in 
the last figure, D, B, and C are its positions at the end of £— At, and 
t + At seconds. Then the lengths described in the At seconds* (or of 
a second) immediately preceding and succeeding ¢ seconds elapsed are 
è? — (t — At)? and (t + At)? — E, or 2t At — (At)? and 2¢ At + (At). 
For by hypothesis AD = (¢— At)’, AB=#, AC = (t + At)? If, 
then, DB and BC were uniformly described, the velocities (length per 
second answering to those lengths per At) would be the preceding 
lengths divided by At; or 2¢ — At and 2¢ + At. But this supposition 
is incorrect. Nevertheless, if we speak at all of the point having a 
velucity at B, we must assert that velocity to be 2¢; and this assertion 
becomes more and more nearly true on one side and the other of B, as 
we take Aż less and less. Let us then say that the velocity at the end 
of ¢ seconds, of a point which has then moved through @* seconds, is 2¢: 
not that the point will continue to move uniformly at the rate of 2¢ feet 
per second for any portion of time however small; but that the length 
moved through in the ensuing At, is nearly as it would be at that rate 
if At be small, more nearly if At be smaller, and so on without limit. 
In the same way it may be shown that, @¢ being the feet moved over in 
t seconds, the velocity at the end of ¢ seconds is g/t; and if v (a given 
function of ¢) be the velocity, the length described between the end of 
a seconds and a’ seconds is f a vdt. Moreover, the time of describing 
from a feet to a’ feet from the origin of the measurement is = if v 


- be a given function of s: or, 


ds ` 
T s= fod i= =. 


ExamPLE. 1.—The velocity at the end of t seconds being 


a 
i+ js what 


function is this same velocity of the length described, the length being 
measured from the beginning of the motion, so that when = 0 s =0. 
Here we have 


ds _ a 
dt 1+t 
But when ¢=0, s=0, or 0= alog (1) + const. or const. = 0: 
whence s = alog (1+¢). Hence we have, 


£ dt 1: ds ae: 
t—¢e*—1, =-&, —=Svoae s’, 


ds a dt 
Here is an instance of a continually retarded velocity. 


s = alog (1+¢) + const. 


* Let the student always remember that under the phraseology of units we 
include parts of a unit ;—a feet means also a of a foot if a be less than unity. Let 
him also remember the analogy of multiplication of fractions, 
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ExamP_Le 2.—Supposing the point to move with a velocity which is 
always connected with the space described by the equation v? = as; 
what is the length described between the end of 10 and 20 seconds, and 
what function is the velocity of the time ? 


ds ds s %2 ds '2 — — 
fF V as a o v Va 


1 


Supposing the length and time to begin together, we have const. = 0, as 
before. Or, 


gan 


S ds 
t=2 4/5, s= tat’, g ea ra. 


8. Force, or accelerating force, is that which changes velocity, includ- 
ing the change from motion to rest, or from rest to motion; or which 
would make such change, if there were not to our knowledge a coun- 
teracting force. When motion is not produced, the presence of force 
is made evident by pressure. We have nothing to do here except 
with force, as evidenced by change of motion ; and, therefore, we shall 
only state that the connexion between pressure and acceleration is 
found by experiment to be contained in the two following principles :— 

1. All other things being the same, the velocities communicated by 
different pressures in the same time are proportional to the pressures. 

2. The velocities produced by the same pressures upon different quan- 
tities of matter, are inversely as those quantities of matter. Thus, the 
same pressures acting upon two masses, one of which is double of 
the other, for the same time, will communicate to the smaller mass twice 
the velocity which is communicated to the larger. 

There is in the minds of all who begin to consider forces, a notion of 
a something called an impulse, meaning a force which communicates 
a finite velocity instantaneously, such as is imagined, for example, 
to be the case where a bat strikes a ball. But this notion must be 
entirely got rid of in the consideration of forces: and it must be remem- 
bered that any pressure however great, requires time (smaller as the 
pressure is larger) to produce any velocity whatever. 

Force being merely (for our present purpose) that which changes 
velocity in course of time, we can only call that a uniform force which 
produces equal accelerations of velocity, or equal retardations of velocity, 
in any equal times. And such forces may be measured for the pur- 
poses of comparison, by the effect produced upon the velocity in one 
second. For instance, with reference to feet and seconds, the accelerat- 
ing force 10 means that which adds ten feet to the velocity in one second, 
not instantaneously, but in such matter that it adds a fraction of ten feet 
to the velocity in any the same fraction of a second. And similarly for 
a retarding force. If, therefore, at the beginning of the motion in ques- 
tion, a body have the velocity a feet per second, which is uniformly 


accelerated by the force b, its velocity at the end of t seconds is a+- bt. 
That is, 


ds ? 

att sm at + 1b; | 

there being no constant required if the length be measured from the 
L 
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point at which the body is at the beginning of the time. If the initial 
velocity a be = 0, the length described in £ seconds is simply } bt’. 

Supposing the velocity at the end of ¢ seconds to be @ feet per second, 
it is plain that the velocities at D, B, C (fig., page 143), are severally 
(t— At)’, @, and (t + At)’. Consequently, in the interval from £ — At 
to ¢ seconds, there is an accession of velocity amounting to 


Ë — (t—At)> or 3 At—3t (At)? + (At)? feet per second: 
and in the interval from ¢ to t+ At seconds, an accession amounting to 
(t + At) — E or 3t At+ 3¢ (At)? + (At)? feet per second. 


Now, if an accession of Av be made to velocity uniformly throughout the 
time At, then the force (corresponding accession in one second) is found 
thus. As At is to one second, so is the acceleration made in the time At 


Av xl a Av 
At At’ 


the preceding accelerations had been uniformly made throughout their 
several times, it is obvious that the forces producing them would be 


30 — 3t At + (At)? and 3¢? + 3t At + (At). 


But this supposition is incorrect ; nevertheless, in saying that the 
force at the end of the time t is 3é2, we make an assertion which is the 
more nearly true the smaller Aż is supposed to be. And in a similar 
way, if dé be the velocity at the end of the time ż, ¢’¢ is the accelerating 
force at the end of that time. Similarly, if f be the force at the end of 
the time ¢, the velocity at the end of a’ seconds, communicated in the in- 
terval from that of a seconds, is f7 fdt: so that 


Vel. at end of a’ sec. = Vel. at end of a sec. + f” fat 


(namely Av) to the acceleration in one second. If, then, 


The following are then the equations connected with the motion of a 
point which has described the length s (or s feet from the origin of 
measurement) and has a velocity v, and is acted on by an accelerating 
force f. 


ed 
=! dv _ ` dt d*s 
— dt dt dt dt?’ 
dv ds dv 
Uap ak or vv = f. 


The last equation finds the velocity directly when f is expressed as a 
function of s: for by it we find v? = 2/ fds + C; and if we know the 
square of the velocity when s is a, and want to find that when s is a’, we 
have 


(vel.)? at distance a’ = (vel.)? at dist. a +2 f< fds. 


Let the known velocity at the distance a be A; and let the superior 
limit a’ be indeterminate. We have then, 


ds \2 ds l 
—)=AP42/3fds t= | = + const. 
at ) Jef V+ 22 fds 


where the constant must be determined by the circumstances of each 
particular case. 
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We shall end the chapter with some examples of this method: but 
we have occasion first to consider the preceding cases in their connexion 
with each other, as well as in reference to the distinction between posi- 
tive and negative. . 

l. It has doubtless appeared that terms which seem as independent of 
the conventions of our science as direction, density, velocity and force, 
have been treated rather as if they were mere definitions springing out of 
a process of differentiation, than words which convey common notions, 
and were well known to the student, as he may think, before beginning 
this Calculus. We have proceeded with common ideas, and common 
phraseology, so long as uniform density, uniform direction, &c., were in 
question; but when we come to consider a point which has a varying 
motion, &c., we no longer deduce a function, and say, this zs the velo- 
city, &c. ; but we say, let the term velocity, &c. be applied to such and 
such results of the Differential Calculus. Has, then, a point in vary~ 
ing motion no title to be considered as having a velocity, &c.? Such 
will be the difficulty that must at first occur. But it may easily be 
shown that the preceding process is only such a refinement of the rough 
Differential Calculus which all people who deal with material objects 
are obliged to use, as is rendered necessary by its inexactness. If we 
assign a definite direction to the motion of a point over a curve at every 
instant, it is because our senses presume that a curve and a straight line 
may coincide for some small space: which is not geometrically true. If 
we assert a stone falling freely to have a definite velocity at every point, 
but one which continually increases, it is because when motion changes 
gradually, we think we may take a time so small, that the motion may 
be actually uniform during that time; which is not correct. All these 
suppositions spring from one common falsehood (in mathematics) or 
truth sufficiently near for practical purposes (in common life) : namely, 
that every whole has parts which are such small fractions of it that they 
may be rejected without causing any error. To this, the answer is that 
there is no such part of a whole; but that since for the last four words 
may be substituted “ without causing any error greater than one which is 
named, which may be as small as we please,” the limits arising from 
taking the parts in question smaller and smaller must be considered as 
the functions to which the terms in common use would be applied, if . 
those who used them were cognizant of the exact considerations which 
form the ground-work of this science. And it is an evident corollary, 
that since the common notion is an approach to the more exact one, 
a results of the former will always nearly coincide with those of the 
atter. 

The student must avoid the notion that he is dealing with densities, 
velocities, forces, &c. as real things, and must remember that his 
symbols stand for nothing but numbers or fractions which are the mea- 
sures of the sensible phenomena in question, upon purely arbitrary sup- 
positions. For just as owing to the resemblance of certain algebraical 
and geometrical terms, nine students out of ten have a mysterious 
notion that a straight line multiplied by a straight line is a rectangle *, 
which is nothing less than supposing that the addition of numbers 
together places two straight lines at right angles to each other, and 


* Which ought to mean that if the xwmber of times which one of the sides con- 
tains a foot (au arbitrary length) be taken as many times as the other side contains 
a foot, the resulting number will be the number of times which the rectanyle con- 
tains the square whose side is a foot. 


L 2 
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draws parallels through their extremities; just in this manner, we say, 
many students are perplexed for a long time with such notions as that 
the force multiplied by the time gives the velocity, using the words in a 
sense as concrete as occurs when we say that force, if allowed to act, will 
in time produce velocity. To avoid this, we recommend our reader perpe- 
tually to recur to the definitions of all numerical measures ; for instance, 
frequently in using the preceding proportion, force X time = velocity, 
to remove the mystery by remembering that it means nothing more than 
this; if that which gives a feet of velocity in every second be allowed 
to act for b seconds, then ab feet of velocity must result. Finally, he 
should recur to the notion of matter having velocity as implying merely 
the being in such a state of motion as would, if continued unaltered, 
cause it to describe a certain number of feet per second. 

2. Several of the preceding cases may be considered as belonging 
to one general proposition. In the last, treating of force, we have 
directly the notion of cause and effect; and in treating of the diff. co. 
abstractedly (page 135) we are easily led to a mode of speaking which 
looks somewhat like the supposition that the diff. co. 1s the cause of the 
increase of the function. To avoid the possible misconception of the 
words cause and effect, let us speak simply of a precedent and a conse- 
quent, the former of which has a numerical value a, which, allowed to 
remain the same, makes the consequent =az, or gives a for every unit in zx. 
If, then, the consequent, instead of az, were dr, the precedent, if consi- 
dered as existing at all, could not be Øx, unless ¢ (x + Av) — gr were 
equal to a Arx for all values of z, which is not true except for dz=az. 
But 


d(a+Ar) — pr= p'x . Ax +i" («+ OAz). (Ar)? O<1; . 


and the first term on the second side is to the second as 9/a to 
4.¢"(4 + @Az) . Ar, that is, can be made as nearly the whole .as we 
please. Hence the supposition 


o (x + Ar)—ozx = g'z . Ag, 


(which would result if the precedent were ¢’z,) may be made as near 
the truth as we please; and if we should say there is a precedent, no 
longer uniform, but variable, that precedent cannot be considered as 
having any other value than @’z. i ' 

3. We have to consider what are the negative suppositions which 
correspond to the positive ones we have made. In the case of direction 
we need say nothing more; in that of curvature, a purely arbitrary 
distinction, if any, must be made; but to this we shall return. The 
occurrence of a square root in the consequences more than was in the 
premises, is generally the index of a power of selection as to sign. This 
applies to the question of finding the arc of a curve ; though here we 
lay it down as convenient that the arc should be measured positively in 
the same direction as the abscissa. 

But with regard to area, we must take care to distinguish the alge- 
braical amount of all the rectangles from the arithmetical one, in all 
cases where the ordinates are negative. It is evident that (a'> a) if y 


be negative from z = a to x = “', fydx between the same limits is 
` negative also: both from the summation of which this is the limit (p. 
100), and from this also; that if fydr generally be gr + const., we 


have 
, fydr = ga’ — ġa; 
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and ¢/z or yis negative from x =a the less to x =u’ the greater, 
whence (p. 131) ġa’ is less than da. If, then, y be negative for any 
interval between the limits of integration, all the area obtained from 
that interval will be negative, and will be subtracted in the result. For 
instance, let the ordinate in feet be the sine of the angle made at the 
centre by forming the abscissa into a circle (repeating the folds if 
necessary) whose radius is one foot; or let y = sin z. Then the arca 
from the origin till the whole circle is completed on the abscissa, is 


f >) sing dx: but 
J sin edx = — cos x for sina dr=(—1)-(-1)=0. 
or the whole area OMANB = 0, 


which is not true unless we consi- M 

der ANB is negative, which it is 

in the integration. To find the o B 
arithmetical amount of OMANB, 

we first integrate from v =0 to ọ B’ 


æ = r giving OMA= 1 — (—1) 

or 2 (square feet) : then integrat- 

ing from v = vr to x = 2r we find (—1) — (1) or —2, which, arith- 
metically considered, is 2. Therefore the whole area, in the arithmetical 
sense, is 4 square feet. But if we remove the axis of 2 to O’B’ 
(OO' = a) giving for the equation y = a + sinz. we find 2ra for the 
area, namely, that O'OMANBB' = rectangle OO’BB’, as is sufficiently 
evident. In this case the arithmetical consideration of ANB would 
lead us wrong. 

With regard to density, we have no idea corresponding to that of 
negative density, except when we consider it as immediately connected 
with weight. If the weight considered be in air, and if part of the rod 
were lighter than air, then the tendency of that part would be to rise, 
and the density of the corresponding part must be considered as negative. 


Velocity is negative when 7s negative, that is, (p. 131) when in- 


crease of time decreases s, or (s being positive) when the point is moving 
towards the origin of measurement. Hence, if we would solve the 
question of the motion of a point which moves towards the origin with 
a velocity, which, absolutely considered, is $f, we must form the equa- 


d : vo 
tion 7; = — I, and integrate. 


i , dv.. l : ds ies 
Force is negative when as negative, or when the velocity diminishes 


as the time increases; that is, when the force lessens (algebraically 
speaking) the velocity. This amounts to saying that the force must be 
directed towards the origin of measurement, which lessens both kinds of 
velocity, for the negative velocity is thus made arithmetically more and 
negative, the positive velocity arithmetically less and positive. 


aa Va ee on | Tan e 


A P . B 


ExAaMȚPLE.—A body at rest at B (AB = @ feet) begins to be driven 
or attracted (according as the cause of motion comes from behind or 
before) towards the point A, with a force depending upon its distance, 
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so that, when at P (AP =s) the force is ms; that is, if, being such as it 
is at P, it were allowed to act uniformly for one second, it would add 
ms to the velocity in the direction PA. In how many seconds will the 
body move from B to A? 


dv ds dv 
The equations of motion —=—-ms, —— — = — ms. 
quations of tom are T ms Ti v vs, 


Integrate the latter, which gives v? = const. — ms”. 


But v = 0, when s= a 0 = const. — ma’. 


v? = m (@— s?) i= [E= |- 
v —V'm (a — s 


(We use the negative sign because the velocity is towards A.) 


: aid : Co (5) + const t 
Se SS r S = >. = |, 
a'm Ve—s lm a 
l 
But ¢= 0 when s = a —cos' (1) + const. = 0 const. =0. 
lm 
; ] S 
Time from B to P = T cos™} (é). 
Nm a 


: l 
Place P at A, or make s=0 and whole time = —==— isa 
Nm 2 


This result is independent of a, that is, wherever the point was 
placed at first, it will fall to æ in the same time. This result will not 
appear strange when it is considered that the farther the body is placed 
from A, the greater the force which begins to act on it. If, therefore, a 
number of puints were placed at different distances, the farthest would 
immediately begin to gain on the nearer ones, and all might come 
together (as has been shown they would) at the point A. The whole 


velocity acquired is /m . a. 


; ae m 
ExameLe 2.—Other things remaining the same, let the force be a" 


2m 2m 
v -— = ——, V= — + const, 0 = — + const. 


s a 
1 l z cme 
Jaca G 7 a wa / a 
f << f sds (= 
—— ds = Latina: SO iets, cae aie 
e N a—s Vas—s 2.) Vas —s? 


l — 2s)ds a ds 
(a s) ya 


OC ——— — 


e ae vas — s 2 Vas—s 


Se eee ee 2s 
= const. * — Nas — è + g vers r . 


* Observe that though this term is immediately multiplied, we simply write const. 
as before, because it is as before nothing but an undetermined constant. 
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ae 3 
2m 24/2m z 
at 
But ¢ = 0 when s = a, or 0 = const. + 0 — ——— vers™! 2; 
22m 
3 


and m = vers™' 2, whence const. = 


Ea Pa Ae 9 
Time (from B to P)= saa — vA J as — 5+ — vers’ = 
) 22m 2m Alm a 


na? 
242m 
The velocity increases without limit (numerically) as P approaches a; 
the reason is that the accelerating force increases without limit. 


We now pass on to some extensions, which are necessary in the 
further application of the methods contained in this chapter. 


(s=0). Time from B to A = 


i 


CHAPTER IX 


ON THE CONNEXION OF DIFFERENTIATIONS OF DIFFERENT 
KINDS. 


WHEN we propose an equation between two or more variables, it may be 
differentiated in as many different ways as it allows of expressing one 
variable in terms of others. If we wish to consider one variable as 
actually expressed by means of the rest, the equation is written in the 
form u = (2, Y, z...); but if it be merely required to signify that a 
relation does exist between such variables, we write @ (u, z,y,z ..)=0. 
In the first case w is explicitly, in the second case implicitly, a function 
Et Y 2s 32 

Certain values of all the variables being taken, which satisfy the 
equation, and increments given to each, the permanent existence of the 
relation ọ (u, ...) = 0 gives an equation between the increments, from 
which any one may be determined in terms of all the rest. Thus taking 
U, T, Y,-..- SO as to satisfy the equation, Ar, Ay, ... may be assumed 
at pleasure; but Au must then be taken so as to satisfy 6 (u + Au, 
x + Ax, y + dy,...)=0. But there evidently exists this mutual 
coexistence of thesame values of the increments; namely, that if 
Ar =a, Ay = b, .... will permit Au =m to satisfy the equation, 
then Au =m, Ay=b.... will permit Ar = a to satisfy the equation. 
For this condition being fulfilled, it is indifferent which of the incre- 
ments is supposed to be determined by the rest. Hence, one equation 
only existing, and any admissible supposition being made as to the man- 
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_ ner in which Au, Az.... shall diminish without limit, the diff. co. 
du dx A - 
O T and 7 ate reciprocals. For whether we suppose the equation to 
a 
assign-win terms of z, &c., or z in terms of u, &c., any values of Aw 
and Az, which are simultaneously admissible on the one supposition, 
are the same on the other; so that Au =- Az, obtained on the first sup- 
position, is the reciprocal of Ar—— Aw obtained on the second; and 
their limits are, therefore, reciprocals. But it is far otherwise with 
du 1 Gr du J ax 
—, and —, — and —-, 
dz? du? dx? du’ 
of x and a relation between them, namely, that of equality ; 2 becomes 
æ + Az, then x + 2Az, &c. The successive increments of u are then 
‘determined ; and will not, generally speaking, satisfy that relation of 
equality which, by a similar convention, is the foundation of the process 


&c. The first requires successive increments 


nha el, i : ia 
by which i is determined; namely, the supposition that u becomes 


u + Qu, u + 2Au, &c., from which successive increments of x are de- 
_ termined, which, in their turn, are no longer equal. Observe, that we 
are considering the 2nd diff. co., not as the diff. co. of the first diff. co., 
but as the limit of the second difference of one variable divided by 
the square of the difference of a uniformly increasing variable (p. 
80). Though the two results are the same in form and value, they 
are obtained by different processes, and the second process is frequently 
. the more convenient origin to suppose in reasoning. 

The only relation in which successive equal increments to v give equal 
increments to uw, is any one of which au — br = 0 is a necessary conse- 


ie get d? d’ 
quence, and in this case both Ta and = are = 0. 


oe and = 
dx” du” 


Let ġ (x, u) =O and abbreviate 


£ (n accents) i 


Let u = $2,727 = Wu, follow from y (x, u) = 0, so that u’ may be 
found as a function of 2, or s'as a function of v, namely, u! = ¢/z, 
a’ = y'u. And wand zx! are reciprocals (p. 53), whence wz! or 
Ø'x . y'u = 1, which will be found to be a necessary consequence of 
P (x, u) = 0. We can now solve the case in which w’ is given asa 
function of u (not of x as in common integration). Let 


du | dx 1l du ,. 
i U, then mwm Uy 7 ={F which suppose = fu. 


Then the solution of x = fu gives u in terms of x. 


into w “@eaccents) and 


d ; : 
EXAMPLE. = = smu: required v in terms of z. 
dx ] ( du sin u du (* d.cosu 
~= -— = | -— = | = | ——— 
du smu J snu 1—cos*u J 1—cos'u 
-1, /l+cosu | [E021 
= log i) +C, whence u = cos (Fesi) 


where C may be any constant whatever. 
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To find the relation between u” and z” procecd as follows :— 
dt ype Mula 1 ayn 
dp r y'u d dx y'u id dx 
_— 1 dyu du Ee a Ct 3? 
(lu)? du dx ai" du T du® 


u? = 0. 


e 4 du 
To remember this, Ja 
Differential equations are A i as if the diff. co. had 


dy 
distinct numerators and denominators ; thus, <P j is written dy = Pdr. 


Remember that the second implies only the first; and thai as far as 
first diff. co. are concerned, we see in p. 53, that they have the ordi- 
nary properties of fractions ; ; but it would not be safe for a beginner to 
proceed in the same way with higher diff. co. For instance, we should 
not recommend him to write the preceding thus, d'u dr + Ëx du = 0, 
though it is certainly true that upon the implied suppositions with 
regard to the successive increments, A’u . Ar + A®r . Au diminishes 
without limit as compared with (Az)*. As far as the mechanism of the 
operations is concerned, this process is safe enough ; the risk is that the 
student should forget, when there are several variables, which of them 
received successive uniform increments in order to form the several 


second differences. 


š dx 
EXAMPLE. u = sin v, what is me. ? 
du 
Vx dx? — sins u 
Ferina a a OTTA eee 
du z) (cos) a u)? 
dx 


: ; d 1 @& 
Verification. x = sin™'u, = NES a -4 (l-u) ti- -2u). 


Pu ; l ; 
Let = —— za be a given function of u, = U. Required w in terms of x. 


oe =U. Let U=<, V being f Udu 
Gu dV du du _ 9 dV du by dV 
dx* du’? dx? ` de dudx dx ` 


du d'u _ du? dV d 
But 2 —. — = z = (F } which therefore =2 — i (2V), 


or (Z) = =C+V=C4+97/Ud, “= + VOF2/ Udu. 
Qt 


The sign is to be ascertained by the conditions of the probem; as also 
C, the arbitrary constant. 
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dx l ; f: du 
— = Sot = | HO fu; 
du VC42fUdu VC+2/ Udu i 


' and u being found from the last equation, the problem is solved. C and 
C’ are specific constants when the problem implies any conditions for 
determining them ; but when the question merely is, what function of 
u has a second diff. co. equal to a given function of w, they are perfectly 
general, and may be any whatever. . 
Verification ; a! = eee (C + 2fU du) ® 
du JC+ 2fUdu 


Cu du’ d?x du? 1 /duN` 
m=-(p) m=- ie) x20) =O 


d? 
EXAMPLE. = =u, US; 2f U du = v’? 


du ENRE EERTE 
v= | -= = log 3 E — 2, 
i. log (u + VC +u’) +C u+NC+u 
u = } ET —1 Ce @-™, 


This result contains a complication of constants, which is reducible 
to simplicity, as very frequently happens in the results of integration. 
The preceding may be thus written : i 


u = 4e Ce — 4 CET E. 


But } £ -” may be made anything we please by giving the proper value 
to C’, and then—C x 4¢~° may be anything else we please, by giving 
the proper value to C. Hence these two coefficients simply amount to 
arbitrary constants, and we may simply say that w= Ke*+K’e™. 

Exampce II.—Instance of the transformation of an equation into 
another of a totally different form of solution, by the use of impossible 


quantities. In the preceding equation, let x = 9 J/—1. Then u may 
be made a function of 6. And we have 


du _ du d0 1 du 


dx d0 dx /—j dé’ 


ud ( 1 du dð / 1 a 1 _ŢȚ_ Cu 
a oa o] ae Ny ao E 

2 d a 
Therefore — ast Os + u = 0 gives u = Ket K's- °v- 


(p. 119) = (K +K’) cos 0+ V —1 (K—K’) sin 0 = C cos +0’ sin 0, 
on similar reasoning to that immediately preceding this article. We 
shall now produce the same result directly. 

du du 

—— == = =` = — u? -= ————— 

76 u, U u, 2f Udu ue O DFY 
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N : = i ) 
or 0=sin= ( 5a)’ u= Csin(0- C)=VC cosC’sin@—V/C sinC’ cos6. 


Assume 
t 


VC cos C'= K, — VC sin C’/=K’, or tan C' = — =, C=K? + K'?, 


and u = K sin 0 + K' cos 0, in form as before. 


ExampP te III.—Instance of a more complicated integration, attained 
by preserving the less complicated form, but generalizing the constants 


e e °. u . e 
into variable functions. Let 76 +u= T, a given function of @. 


Whatever the solution may be, it can be represented in an infinite 
number of ways by Ksin0@ + K’'cos6, zf K and K’ be functions of 0. 
If it were u = 6%, and if we chose to assume K + K’=6, we can 
satisfy the conditions K sin 0 + K’cos@ = 6 and K + K'= 0 by the 
simple method of algebraic solution, which gives 
K=(6? —6 cos 0) — (sin@ — cos0) XK'= (0 sin 6—6*)—(sin 6—cos 8). 
Therefore, not only may we assume u = K sin 0 + K' cos 0, but even 
then we are at liberty to assign any relation we please between K and K’, 
which does not contradict their being functions of 0. Let us make the 
assumption, which gives 

du ict dK . dK’ ` 

Ja cos 9 — K’ sin 6 + Go 810 0+ “79 098 0. 

dK . dK! 

Let our assumed relation be 7 0 0 + 79 °° 6=0. 


S 


Then ee aT E T, sin 8 


dé 
“ait -K sin6-K’ cos0+ “E cos sinO= -ut E coso- sin 0, 
or T= ae cos — = sin 0 Beo <= T cos 6 
and o=% sino + * cos IE =—T sing 


by the ordinary solution of algebraical equations. Hence 
K=fTcos@d6+C, K’=—/Tsin@ d0 +0 
u = C sin 0 + C’ cos0 +sin@ f T cos@ dd—cos@ fT sino dé. 


The above: solution makes use of the following notion. When T=0, 
we have found a solution which contains two constants. Itis not un- 
likely, then, that a similar form, but with more complicated coefficients 
for sin 9 and cos@ than simple constants, will be the solution of the 
more complicated equation. This of course is no argument, but only 
reason enough to make it worth while to try u = K sm 8 + K’ cos@, in 
the manner preceding. Our suspicion turns out to be correct in this 
case. 
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l. a +u=0, u=Csind+C’ cos0+sin0/0 cosd dð — cos0 f0.sind dð- 


f 9 cos 0 d0 = 0 sin 06— f sin 0 dé = 0 sin 0+ cos 0 
J9 sinð dð = — 0 cos 0+ f cos 0 dO =— 0 cos 0+ sin 0 


u = C sin 8 + C’ cos 0 + 6 which may easily be verified. 
2. Th + u=cos 0, u=C sin + C’ cos 0 + sin 0 / cos?0 dO -4 cos6 fsin 20 dé 


cos d= f (4+3 cos 20) dd = 40+4sin 20, f sin 20 dd= - }cos 20 
u = Csin6+C’ cos 6+40sin 0 + 4 sin 20 sin 0 + 4 cos 0 cos 20 
= Csin6+C’cos 0+4 6sin6 + cos 0 
= Csin 04+C’cos6+46sin0. (Explain this step ?) 


du 


3, =a u=, u=C sinb +C cosé+sin 0 fecosd do—cos0 fe’sind do 


SE cos) d= £° sind— fe sin @ do, fe sin ĝ do= — £’ cosð+ fe cos 0 d0 
fe cos0dd= g E (sin + cos 0) fe sin 0 dð = 4 e° (sin 0 — cos 0) 
u = C sin 0 + C cos0 + te’. 


We shall afterwards have to return to this equation. 
d? . 
Show, in a similar manner, that -= — u = X (a function of x) 
gives u= Ce + C’e* + tet fe*X dx—te*/ e*Xdz. 


We have placed the first two differential coefficients by themselves, 
not only because it is comparatively uncommon to see third, &c. diff. co. 
in applications, but also because we are, as has been seen, in possession 
of a general method of solving the inverse cases, or those ‘of the Integral 
Calculus. That is, we can reduce the solution of w = U, or of u” =U, 
to the finding of a common integral. But we are not in possession of 
any such method with regard to u” = U, u” = U, &c., and these equa- 
tions can only be reduced to explicit integration (with our present 
knowledge) in a very few particular cases. 


or a du d'u 
PROBLEM.—To express T dat? CC terms of TP’ dat? &c. 
u! dx da" d u" 
ae, E e aa SS eee D __. diia = telat 
page eye ul? dë du si Ta) 
sae, — 3u’? a! du’ 
dx 


df uN fde 1N_ 1 dé 
=<(-3r). (Gg )=-9- ye 
a! u!!! — 3u"? 
a 


N B. In differentiating a fraction of which the’ denominator is a 


power of .a function, such as P — (Q)", abbreviate the rule deduced 
in page 52, as follows :— 


Differentiate as if the function were P—-Q with these alterations, 
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1. After differentiating Q, multiply the term by 2. 2 . instead of Q? 
in the denominator, write Q"t'. i 


„ dP „dQ dP dQ 
EPIS uae ds a Te a 
dz Q" ag Q™ = Q’t 
d'x d” _ d (3ul? — wu! _ d /3u"?—u' u" (d£ 1) 
du! dus du\ u'* ~ dx\ u” tz id w 
l w (6u a w" — uu) 5u” (3u”!,— u'u") 
AETA a ee as St oe a 


wu” — 10 u'u” u + 15u" 


u!? 


We leave the following to the student : 


ga u u — 15 w? u" u” — lO u’? w? 4-105 (w w" — u"?) u"? 
—- a T aaas muaas IMlauaaMlull$Þl 


77 


The problem which we have solved amounts to this: given u = @z, 
and therefore the power of differentiating u with respect to x, required 
the diff. co. of x with respect to u, without the necessity of actually 
inverting the equation wu = @z, and making itr = yu. Hence, when- 
ever Maclaurin’s Theorem applies, we can from u = $2, not only expand 
u in powers of z, but also v in powers of u. For we know that-in 
every case where an infinite series is admissible, we have (p. 74.) 


N dx \ (PN w dN u’ 
L me (x) efe (e “P (Ga) st (a) ° 237 e œ (1.) 


f dx 
where‘by (2), (F) &c. are meant their values when u = 0. Now, 


when u = 0, let x= k; or let øk = 0: then (2’) (x”), &c. can be 
found by making x = k on the second sides of the preceding relations, in 
which u’, u”, &c. are all functions of x. Let A, As As, &c. be the 
values of a! x" x", &. when x = k; then we have 


u? w us | 
T =k + Aut A- tA gmt Art. b a a 


ExampLe.—Given u = axr+ ba? + cxt er + fat &c. required v in 
terms of u. 


Here, when u=0, one * value of x is r=0, and we will therefore sup- 
pose u and x to be beginning together from being simultaneously = 0, 
by which we shall produce a series for x, which will be true until we 
come to another value z = k, which makes u = 0, after which we 


* There may be (often will be, we say, but perhaps the student may not have 
come to the point at which this is proved) an infinite number of other values of x 
which will make x =0. The practice of assuming that x=0 is the value (meaning 
the only value) of x which makes u—0 infests elementary works, both English and 
French, to a great degree, The consequence is, that when the student has finished 
his elementary course, he learns that several of his general theorems are not general 
at all, 
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must take another series beginning from the simultaneous values u = 0, 
z=k, &c. Consequently, we find 


ul =at2b24+3 cè +4 er4+5 fát... A= a 


u! = 26 +2.3cr +3.4 ex£+4.5 f+... Ags=26 
ay! es 2.3c +2.3.4e74+3.4.5 fa?+..., A;s=2.3¢ 
SS 2.3.4¢ +2.3.4.5f% +...,Ap=2.3.4e 
u = 2.3.4.5 f +...,A;=2.3.4.5.f 
&c. &c. &ce. 
A 2b A,A,—3A¢. 6ac—126? 
(=> SAW e-Tis N - S 
w A, “Ay — DARA, ISAS 24a%e — 120 abc + 1208 
(x) = — as Se 
= A®A,—15A,2A,A,—10 A,2A,? + 105 (A,As — As?) A” 
Se ar es pes A Ae 
120 a®f — 120 a®be — 360 a° + 420 (6ac — 45") b’ 
= se Oe E E LEN 


Substitute in (1) and write the terms in a form alternately positive 
and negative, which gives 


2 Torpa b° 
patu- fut? i ae a ee a 
Be 6a*be TORC Sa f ETO Saas j; o 


a? 
Thus u=zr+ 2P +32 +... gives rt=u—2u 45u — l4ut+ 42u°+&c. 


We recommend the student to try various cases, and shall proceed to 
observe of this reversion, as itis called, of the series ax + b +..... 
that z terms of the series determine n terms of the reverse series, so that 
two terms of the latter are given when a and b are given, three terms 
when a, b, and care given, and so on, We now proceed to another 
case of our main subject. 

Instead of supposing u to be an explicit function of x, let us now sup- 
pose u = xt, r= We, so that u and v are not connected together by a 
given equation, but by one implied in the coexistence of these equations, 
and which may be obtained by eliminating t. Let accents now denote 
differentiations with respect to £ and let the question be to find the 
diff. co. of u with respect to x, in terms of those of u and x with respect 
to t. 


du dudt u’ du e fu\ dt a'u” — u'z" 
drt dt de x dè HOF g’? 
du xv’ (xu — ut") — 31" (Lu! — u'r") 
PA A 
dtu a! ?(x'u" —u't")— Ta'a" (a'u — ul el") -38(x'x" — 5x" Y) (vu -u'x") 
AEN eee ee ee 


- Exercise.—If u=ai+b+c+... and z=a,t+6,@+c¢,@+... 
find the three first terms of u expanded in a series of powers of zæ. 
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The equation w=@z can be made to result from two others of the 
form u=yt t=Wt in an infinite number of ways; for assuming xt 
at pleasure, Y can be found by determining x from gr=yé. But 
whatever y¢ and yt may be, consistently with u=%t and z= we giving 
u= px, the function (2! wu” —u'x")—x” will always be the same func- 

2 


tion of z, being always T=, Thus u = Vz follows from any case of 
the following, 

u =xyt «r= (xl), giving w = y't, u” = x'"t, 

gz'= 3 (xt) x't, x" = 3 (xt)} x"t + 6xt (xt), or 


dx? | { B(x)" xt f° 
= -5 TT = — +5 a—%, the same as from u = Wr. 


Exercise. If u be a function of t, t of v, and v of æ, show that 


du du dt? d?  d't du dv® 4: du dt dv 
da? dê `diè dxè © di? dt dè ' dt dv'dz 
and verify this in the case of u = 0, t= v, v= a*. To avoid the 
Ses . du? , 
inconvenience of parentheses, it is usual to write Ta instead of 


du\* 

dx 

We now resume the supposition (page 151) of there being several 
variables independent of each other. To take the simplest case, let us 
suppose u = ọ (x, y). We have established all that is necessary re- 
specting successive differentiations made on the supposition that z 
becomes v + Az, x + 2A x, &c. in succession while y remains constant, 
or that y becomes y + Ay, &c., while x remains constant. But we 
have as yet said nothing of differentiations in which first one and then 


the other is supposed to vary. 


; ; be ccd du 
The diff. co. with respect to x is written Tr and that with respect to 


d ; ; 
Y, p But we cannot too emphatically remind the student not to 


extend ‘the analogies which (page 54) have been shown to exist 
between diff. co. and algebraic fractions when all the variables are 
connected, to the case where there are variables independent of. each 
other. In the present case y may vary independently of zx, and z of y; 
the variation of u takes different forms according to the different sup- 
positions. Hence Aw springing from a change of x into Az is altogether 
a different function from Aw which comes from changing y into Ay. If 
we have occasion to use them together, we must invent a symbol of dis- 
tinction : but since we want nothing but diff. co. or limits of ratios, the 
apparent denominator is sufficient distinction. 
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du 
dx 
the variation of u by which this fraction was obtained. 

Similarly, as to second differences, Au may either represent the dif- 
ference (x varying) of the difference (x also varying) ; or the difference 
(y varying) of the difference (x varying) ; or the difference (x varying) 
of the difference (y varying); or lastly, the difference (y varying) of 
the difference (y varying). In all, Aw is the difference of the differ- 
ence, but to each repetition of the word difference a supposition is im- 
plied as to the manner in which the difference was obtained. The two 
cases in which the variable is the same in both have been already 
treated, the only difference being in the notation. For whereas hitherto 
there has been only one quantity which does or can vary, we must now 
introduce another quantity as a possible variable, but which, so long as 
it does not vary, has all the properties of a constant. Thus hitherto we ` 
have included, for instance, 2cr — z? under the general symbol øt : 
whereas, in future, if we mean to imply that we are at liberty to make 
c variable, we shall write it œ (z,c). Thus A¢ (a, c) = ọ (x + Az, c) 
— (2, c) is an equation of the same force and meaning as A¢x= 
$ (x + Ar) — Gz, with this addition only, that we remind the reader 
of the quantity c, which might have varied, had we thought fit, but 
which, in the preceding equation, does not vary. 

We shall take Au where u = 9 (z, y) on the four possible suppo- 
sitions 


When we see —, we know that it was the variation of x which made 


when x only varies Au = $ (r+ Az, y) —¢ (2, y) 


when y only varies Au= ¢ (a, y+Ay) — (r, y) 

x varies twice, 

Atu=$(2+2Az, y)—26(¢+Az, y) +¢ (2, y). 
æ varies, then Y, 

Au=p(r+ Ar, y+4y)— plr, y+ Ay) —O(2+Ax, y) +(x, y) 
y varies, then 2, ° 

Mu=p(x+ ha, y+ hy)—b(2-+ Az, y) — O(a, y+ Ay) +(x, y) 
y varies twice 

Atu= (a, y+ 2Ay)—20(2, y+ Ay) + O(a, y), 


the second and third of these are the same: that is, in a second dif- 
ference, formed from one variation of x and one variation of Y, it is` 
indifferent which is supposed to vary first. From this it may be shown 
that the order of the suppositions as to variations when these variations 
are altogether independent of each other, is itself immaterial. For a 
moment let D and A refer to andy. Then A (Du) = D (Au), in 
which it is usual to omit the brackets. Then AADu = ADAuù or 
` AA. Du = AD (Au) = DAAu, that is A. Du = D. Au, &c. &c. Ge- 
nerally A", D'u = D", A™w. 

Let us now expand each term of the differences by Taylor’s theorem, 
applying the theorem of Lagrange (page 73) at the second differentia- 
tion. 

Let Ar = h, Ay = k, and let differentiation with respect to x only, 
to y only, be denoted by an accent above or below: while, when there 
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are two differentiations with different variables, the one which is made 
first has its accent in parentheses. Thus , 


d/d l d/d 
pO (2, DET (= $ (2, y) ) and Øo (y) = T (Z4 )) 
b(e + Ary =C y) +H (AY ht Wet hy) O<1 


je 

blz, yt dy) = 9Cr tony) k+ buoy tM zy AKL 
In the first write y+Ay for y, and develope the two first terms 

(u< 1). 

ke 

p(z+Arz, ytAy)=O(2, y) +4, (z, y) h+h,, (z, y+ k) 2 


. he h? 
thid! (x,y) t”) kth”, y+uk) a +9"(2+Oh, y+k) z 


From the last increased by $ (2, y) subtract the sum of the two pre- 
ceding, which gives A'u (where both z and y vary once); or 


2 
Artu=, (2, y) AR+G, (a, y + ph) T 


ke 
+ 3 fp" (1+9h, y+ k) — 9" (x + Oh, y)}. 
But ġ" (1 +9h, y+k)—" (r+ h, y) =," (2+0h, y +vk).k, v<1. 


Divide both sides of the preceding by Ar. Ay, and we have 


Au 
Ay Ar = p” (z, y) T ło,” (x,y +pk)-k+ $p, (1 +9h, y+ vk) x h, 


in which if we t h and k to diminish without limit, we have 


w 

p” (z, y) = AE P (z, y) J 

If we had fake in the same way, with the- saute only of 
substituting x+ Az in $ (r, y+ Ay) instead of y+ Ay in $ (z + âr, y) 
we should have found 


. ee Atu ' a d/d 
limit a Py (2, y) = 1E $ (2, ”)», 


where in the first we have Au (x varies, then y); in the second A*x 
(y varies, then z). But these two are always the same, and therefore 
the first sides are identical, being limits of the same function. Hence 
the second sides are the same; or when two differentiations are per- 
formed with respect to two variables independent of each other, the 
order is immaterial. 


limit of 5 


For instance u = €& sin y a =e 2r. sin y` x = ° .cosy 
d (du : d (du\ 4s 
meni —— N. % pa oo — 2 e 
ay (ae) = 2x cos y Nal S T. COS y, 
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du ` du 
uep d i P Da 
d /du ; d (du a 
1 ee -= y—l . — — |= a | ee 
dy \da a 4. yx log x Gid yx" log « + = 


2 ° 
Now, as a is so denoted, because though originally obtained thus 


A*u 


(Az)? ; in like manner let 


d /du\ .. Semi 
=( Z) , it is shown to be the limit of 


À i e e 
| x ( =) be denoted by =a because it is shown to be the limit of 
Aru 


Ay dr’ And if we place on the right hand the increment of the va- 
riable with respect to which differentiation first takes place, we may 
express that the order of the differentiations is indifferent by the follow- 
ing equation, 
du du 
dydx — dz dy" 


In a similar way it may be shown, 1. That A™*"v, where x varies m 
times, and y varies n times, is the same in whatever order the variations 
may be made; and also that m differentiations with respect to z, followed 
by n differentiations with respect to y, in whatever order they may be 
made, will give the same result, namely, the limit of 


ane hich limit we represent b eu 
Az” Ay" s Whi P y dr” dy" ` 


But it will materially facilitate the transition from ¢ (x) to ¢ (x, y), 
where xand y are independent, and both vary, if we pass through the 
case where‘ y is a function of x. In that case we have the partial diff. co. 
(page 91) just considered and the total diff. co. connected together by 
the equation 

d.u _ du , dudy 


dr dx dy dx 
' d ; 
Repeat this process, (remember that z- does not contain y) 


d.u d /du dudy d /du | dudy dy 


d? da\dx ` dy dz) © dy\ dr dydz)' dr 
d?u du dy , du dy du dy . dudy? . 


Se au de y dae eia e ddr 
l d.u du 9 du dy , dudy | dudy 


dè ~ dz dz dy dz ` dy? dè ` dyd?’ * 


or 


If we take the simple relation y = ar + b we have the following :— 
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ot 4 he 

dx dz dy ’ 

Ga bay 2a + eat (A) 

= a ar 3a + n ad + F d, 

iut Fa . 4a + og. Bat + dal at 


the law of which, and its connexion with the binomial theorem, is 


obvious. 
Now apply Taylor’s Theorem with the theorem as to its limits to the 


expansion of g(a + Az, y + Ay), y + Ay being a (x+Axr) +b, and let 
US, be the a total diff. co. just obtained. ‘This, gives (Ar = h). 


ul d.u hè h” 


(x+ Arx, y +y) = ut 7 á T ike — + esoo + UR sn, y-++oah es (B). 


To expand the last, observe that if Si) (a, y) represent the partial 
(m+ 2)th diff. co. in aich x varjes m Mee: and y n times, we have 


Un, y+0.ch — p" (c+ 9h, y + 9ah) + pr~ (r+ 9h, y+ Oah) na +.. 


Substitute in (B) from the set (A), which gives, making ah or ie k, 
du d’ Pu 

o(2+Az, ytAyj=ut | -— theo k+- AG, ie "H PE i dy? “he ). 
1 (du d'u du ze 

2 Say Ws 
hE dz’dy Sith E pta ze ), 
1 /du,, d'u 
= 2.3.4 To +.) 2.3. res Ceca +) 
+ the result of writing 2+0h for x, y+9k for y, in 
] _ d'u, d"u d'ua) 


—7) h] n 
2.3...n! dx" dx*"'dy Ee ae f? 


which equation contains z, y, h, and k, and not a or b. But it is true 
for all values of æ and 4, that is, true for all values of y and k. Con- 
sequently this equation is always true whether y be a function of z or not. 

A theorem.of the same sort may be found for a function of z, y, and z, 
by making y=ax-+b, z=ex+f, and proceeding in the manner above. 
But the following consideration will tend to fix the method in the 
memory, as well as to introduce a remarkable view of the subject. 

If there be a number of operations successively performed upon wz, 
- denoted by A,, Ay, &c., and if they be all-of what is called the con- 
vertible kind, namely, if A, performed upon A,w gives the same as A, 
performed upon A,w; and also of the distributive kind, by which we 
mean that A, (a + 6—c)is the same as A,a+A,b — A, C, &c.; we 

M 2 
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may for every such set of operations invent a new algebra, or show that 
the old one has been more than necessarily limited, as follows. If we exa- 
mine the processes of algebra, we find that, so far as the juxta-position 
of letters is concerned, whether by multiplication or division (which.is a 
case of multiplication) it is the convertibility and distributiveness of 
the operation denoted by ab which gives the form of all processes after 
addition and subtraction. Let us suppose we know that a, b, &c. are 
magnitudes, and that we assume addition, subtraction, and the rule of 
signs. But let us not be supposed to know anything of the meaning of 
ab except this, that whatever it be, it is the same as ba, and also that 
a(b-+c) and ab + ac must mean the same things. That is, let us 
assume ab to be 1., some magnitude in its result 2. obtained by a double 


z let 


b or be means a. Then all the rest 


operation of a convertible and ‘distributive character. Again, of 
a 
b 


of algebra follows in the same forms of expression as when ab means 
multiplication. For instance, 


(a+ b)(c + d) means (a + b)c + (a + b)d, 


us know nothing, except that 


of which 
(a + b)c means c (a + b) or ca+cb, and (a+b) d means ad + bd, 


and soon. Now among the operations which are convertible and dis- 
tributive we have 1. successive differentiations with respect to the same 
variable, 


d” (d'u d'u — d (au ad™..; ~ d"u | d™v 
=e = ee = a (ae) dg UTS Te T ae 
2. Independent differentiations ; for instance, 
ddu_ dde d (du, do) _ du | d 
dx dy dy dx dx\dy dx) dz dy dz” 
3. Differentiation and multiplication by a constant, 
d dy d dv dw 
z (hv) = kg? h (v + w) = hv + hw, T, tw) ae + an’ 


and the same for finite differences. Now consider the theorem 


asians du h 4 duh? du k 
= a | L Ae ‘<5: atm SS 

dx d? 2 dæ 2.3 

We make a step, the details of which the student cannot follow, 
further than to show the coincidence of some of its results with those 
already obtained. We assume all the formulæ of common algebra in the 
case of convertible and distributive operations. The last equation (looking 
merely at the operations performed on w, and considering differentiation 


: ; ae: ean, 
with respect to x as an operation whose symbol is a which for a mo- 
x 


ment we call D) is 


3 


2 3 
L+OS14+Dh+ D+ DS 4 Met Se. 
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the last symbol must be to the student at present a symbol of abbre- 
viation, derived from looking at the expansion, and remembering what 
it would be if D were a quantity. That is, if we treat A and D as 
quantities, in the equation (1 + A)w=e*.u, until the expansion of 
both sides is made, and u replaced after A and D, D*, &c., and if we 
then restore to A and D their meaning as symbols of operation, we have 
a true result. Now let A’and D’ imply a difference and diff. co. with 
respect to y, and we have accordingly (Ay = k) 


u + Au + A (u + Au) =u +u 4 D.(u + dauyk+... 
or collecting operations as before, 


(1 -+ A’) (1 + A) u z= ED" (E™t) u= EPET DR gs 


the last result being that which would exist if D and D’, &c. were 
quantities. Let us try the same mode, namely, treat D, 4, &c. as quani 
tities until the development is completed, and then restore the original 
meaning. We thus have 


(1+4) (144A!) u= {1 + (Dh + D’'k) +$(Dh4 D'R) +...}u 
= u+hDu + kD'u+} (A°D2u +2hk DD'ut+kD"u) +.. 


which evidently agrees with the expansion in page 163. 


` We shall now follow the preceding method freely, in order to show 
l 
that its results are true. Firstly, what should A~! mean, or A? consi- 


dered as a symbol of operation? By definition A (A~! x) means z, or 
if Au=2z, uz Ag'z. 

But Agr = ¢ (x + Az) — ọ (x), and if Adz=wWza, we find that 
the following is one solution, if not the only solution, of Adz = wz. 

pr =C + y(x — Ax) + w(x — 2Ar)+.... ad infinitum, 

which, by changing v into x + Az, and subtracting, gives Aga = yz; 
C being any constant whatsoever. This we have introduced merely 
to show that the relation in question is capable of being satisfied; what- 
ever the general solution of the equation Adr = wx may be, let it be 
denoted by pr =A™'wr. We proceed by assuming that the form in 
which the binomial theorem enters remains true when we make the 
exponent negative and = — 1, and we obtain the following, in which 
the first side of the final result is a symbol to be explained, the second 
side (if the peculiar assumptions we are considering lead to no error) 
admitting of explanation. 


A= gP!" — l A = (s? — 1)" A? — (e — D 


or A~ u = (e — 1)'.u. 


If our process be correct, the expansion of the second side, in powers 
of D as a quantity, and the subsequent restoration of the meaning of 
D*u, should give an explicable result. That it will do so, we shall show 
in a subsequent part of the work ; at present, we shall take an instance 
we can more easily verify. 

Since i 

1+A=e", we have Dh = log (1 +A) hDu = log (1 + A)u. 
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On expanding the second side, and restoring the meaning of A'u, we 
have 
du 
h— = Au—tA'u+}Au—tAu+t..... 

We may easily verify this result on particular cases. Thus when 
u = T’, Au=30h+3rh' +h, Mus 3h(2rh +k) +3h, Au 
= 6h*, Atu = 0, &c. 
oi 
dx ` 

We may now consider ourselves as having advanced by the route of 
analogy to a theorem which we should never otherwise have suspected, 


'but of which we have not yet got demonstration. But having the 
theorem, it is easy to furnish a demonstration. Firstly, we shall show 


Au —% Au + } Au = 3h x°, which is also k 


d 
that o may be expanded in a series of the form of A Au + B A’u +... 


The accents denoting differential co-efficients, we have 
A h a j h3 
= ions ete 
u=uUn+uU z TY gga] 

Take the difference A of both sides, which gives Au = h Aw + 
$ hk'Au” +... and in place of each term write its corresponding 
series derived from using the theorem just given with u’, u'', &c. This 
gives for A’ u a series of the form 
| Au =u" k Mu" ht Nht... 

Repeat the process, writing for A u”, &c. their values, and we have 

A'u = u" e + M'u" ht +N wht. 
and so on; where M,N, M’, &c. are specific fractions determined in the 


‘process. Substitute every one of these in the series A Au + B A'u + 
C A'u- ...., and we have 


2 8 > 
A (wh + ull 2 + ul! 2 + &c. ) + B (u"h + Muh? + &c.) 
+ Cuk +...) : 
which can be made identical with h = by A=1, 4A4+B=—0, 


= A+MB+C=0, &c. It is not necessary to determine any 


term, for as soon as we know that any form of Au’ can be expanded 
into A Au + BA’u+.... where A, B, &c. are independent of the 
function chosen, and of A, we can immediately find a function which 
shall point out what these co-efficients must be. Let u = (1+a)*, and 
let k = 1; then we must have Au = (l + a.a Au= (l4 ay.a 
&c. 


‘((1+a)? log(i+a) = A (1+a).a+B (1+a)* a’ + C (1 +a)’. ®t... 
or log (l4+a) = Aat+Ba’+ Cæ + ....=50a — 4a +4 +... 
whence A=1, B= —34, C=}, &c. 


ON ALGEBRAICAL DEVELOPMENT. 167 


Let the student now interpret the following, and verify the second. 
d 


h (2+ Az, y+ Ay, ztAzj= ee ° $ (2, Y, z) 
d 


d oo d ar ay 
Paser +i)e ge Pey= At Z)P. 


d d 
art gatta 


/ —l : 
By D™ or (=) , we are to mean, by definition, a function such 


d du DNS 
-l — Cm —— To 
that D (D'u) = u, or a whence ( i) u is S udr 


Let us apply this to the last, and see whether we can derive a verifiable 
theorem from 


dN- l d No d d \? è 
(=) (Pe)= e+ 5) poe (1-3 +(5) — t) P, 


2 
or f Pe de = e (P-E + oe T &) 


This may be immediately verified by parts; thus 
d P 7 9 a #P _ 
JPd.e = Ps — {= e*,.dx = Pë — T E + S dr, &c. 


We shall conclude, for the present, with another remarkable instance. 
Taking Taylor’s Theorem, and changing h into — h, we have 


$ (x— h) = pr —Peht+ "zx m px ie + oz en &c 
2 2.3 2.3.4 f 


As h may be anything whatever, let it = x, and a simple transpo- 
sition gives 


gn o~ qè 

ae / — ch! i mn = 
gx = H (0) + p'r z o'r 5 +. 235 &c. 

or l du du £ du zx 
a eae aa ag 
where (u) is the value of u when r=0. As this is true for all functions, 

‘substitute the mth diff. co. of u instead of u, and we have 

d"u d'u)  d't'u LEP u x 
a = - tr eea 
da \dx"/ © drt dx"** 2 


oo this when n = — 1, on the suppositions hitherto employed. 
Then 


&c., 


+ &c. 


du qx? du x 


r d'u 
Judes (Jude) + E a + a a 


&c. 


S d'u ` e ° 
Here we must ask what 7,0 means? Since in the method by 
x 


which these extensions are made the symbol D is used as a quantity 
until the end of the process, D° will not occur except where it is unity, 
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when considered as a quantity. Hence u itself is D°u; but we will 

make the theorem just obtained the test of the correctness of this, so far 

as one instance can be a test. If we assume the point, we have on one 

yee I udr — ( S udr) or J udz — its value when < = 0, that is J zuda. 
nd thus 


du x? dèu x 


oud = E at wo a a 
Jeudi = ae ee Pe a3 


&c. 


which is called Joun BERNOUILLI’s THEOREM. It is verified thus: 


du 
f ude = ux — f rdu a F gdz, 


— ur — 2 ae xL d du g 
i dr 2 Se d 

du x dlu xè du 2 dv. & 
UT de 2 det 2.8 og 


We have not yet applied the great principle of the convertibility of 
independent differentiations in any problem of primary importance ; but 
we shall now proceed to establish what are called LacRancGe’s and La- 
PLACE’S THEOREMS. They are contained in the following :—Given Fr, 
gx, and Yx, and the condition that u must be such a function of z and 
z as is implied in the equation 


u = F (z+ rou) 
Required the development of yu in powers of z. 

Since Wu is to be developed in powers of x, and since it must be 
(with u) a function both of x and z, the ¢o-efficients of the development 
will be functions of z, and considering x alone ‘as variable, we have 

dyu 
x 


(page 74) 
d 2 
yu = (ya) + (‘SF ).2+ (GH) 5 + o 2 « « « (I), 


where the brackets indicate the values when x = 0. The determina- 
tion of these is the point on which the solution now depends; and the 
consideration by means of which we succeed is the following. When 
a function is to be differentiated with respect to x, and z is then to be 
made = 0, we have a result which can only be indicated, unless the 
. function be explicitly given. For if we made x = 0 before differen- 
tiation, we should only have a particular value of the function, or a con- 
stant. But when we have to differentiate, and then to make a constant 
= 0, these operations are convertible, and either may be done first. 
Thus to differentiate Pr + cyx, and then to make c= 0, is to take 
g'x + cx'x, and then g/t. If we invert the order, we first reduce 
px + cya to pz, and then take $’z. Accordingly, if we can express the 
diff. co. of u with respect to x in terms of those with respect to z, then as 
in the latter case x is a constant, it may be made = 0 before the dif- 
ferentiations. ` We proceed with the problem as thus reduced, which is 
simply this :—Given 


u = F (2 + x pu), 
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in terms of diff. co. of U with respect to z only, U 


to express z 

0 P dx” 

being any function of u (remember that x and z are independent). 
Let 


du dFudv du div dv 
z+argu =v; then u = Fv, — 3. dp de dee Taare 


© = pute = gute ae, 
or =P + aul , T TAR 
T = Fy idun: so'u i a= Se 


hi ; du , du 
whence it is plain that -— = pu 


dx dz’ 
a result independent of the function F. See pages 63, 64, where it is 


shown that an equation between partial diff. co. may be true for a whole 
class of functions. 


du dU du dU du dU dU 
If = pu TE =, then + T SOU a or g = ou 


d : : i : 
ou E2 is a function of u ; and is therefore the diff. co. of some function 


of U, say of V ; then 
= = „ wv du dV du _ dV 
wu de oe dis dz dz’ 


d 
PU aay aw_ d (e =) 


dx} dxdz` dzdr 


dV du 2 o dU du\ _ , dU 
~ de =( du dz T) Dh Ø ) du dz = (Gu a) 
d 
for the equation == = ou A is true of all functions of w. 
dU dV dU d/dNV du d dv 
? — = — — Z — ——$ 
eit) du du’ mae dz ‘dz? 


GU _ dV dU_ddv_ d ‘av 
dz dz*? dè ~ drd? dz*' dx 


cd? dV’ Z 23 / dV du ed d? / dU du 
z(u dz ) a ( qa Pag de) = al Ow eal 


aU we dU 
or s 7 a i (@u? 
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dz 


dU dV. dU _ d (dv du) _ dY 
nke Oe a ae Haig =a 


T) 


Of, du ES p dUd dt i), 
= 5 (% PRAO du dz = ae (0 dz J? 


or if 


- To give the general law, let oy = s=i( uy" >) 


aud ev d a _ 


dztt'~ dr dz" dz" dx = 


= aalw) ta ra glwt) 


But this law has been proved to hold true as far as the third diff. co. : 
therefore it is true for the fourth, &c. 

We have now expressed diff. co. with respect to x in terms of those 
with respect to z; and making x = 0 on both sides, and taking yw as 
the function represented by U, we have 


-= (E) 


but on the second side we may make x = 0 before differentiation. Now 
when r= 0, z + chu becomes z, and u or F (z + cpu) becomes Fz. 
Consequently, 


(yu) is Fz and (5) s (gu da M) is pe Ea 


and generally 
d o d "i a*-* dyF 
(ae) ey TI) i ge (Ghar Bf 


Hence by substitution in (1) we have 


dyYFz\ x” PFA sdYEZN a 
dz gT dz. dz /2.3 


wu=wWwkz+oFz + 4 t+ alone x 


which is LarLace’s THEOREM. E we take the particular case of 
Fr = 2, or u = z + ru, we have 


yusyetoz.Weet — =(¢ (d2)* We J + (6s O + &e. 


which is LaGrance’s THEorEM. The most simple case of this is 
where Yus=u, y'u=l; in which case u=z4+ rou fs 


ET = assy + &c. 


+i 


d 
u=2z + ġz.xr+ T (92). > aa 
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Taylor’s Theorem is a particular case of that of Laplace, as follows : 
let du be a constant =a, and let Yu=u; then u=F (z+axz), and 


dF z ga Fz x ,¢ Fz 2 
u=Feta—-.t+a TF a a en ae 


and making av = h we have the well-known development of F (z+A). 


+ &c. 


Example l. u= sin (z+ x£“); required log u? 
Fr=sin r, gr=e*, yr=log v pFz=s"*, 
= ~- = d = 22 aai 


: sinz d 2 sinz g d’ Bin % a 
log w= log sin z+€""*.cot z.2-+ ae (e*""* cot z) 5 tT cot 2) z 3t 


&C.; 
and the differentiations only remain to be performed. 


EXAMPLE 2. u =z + xsin u; required 2 tan™’ (a tan u). 
This is a case of Lagrange’s Theorem, or Fu=u ; pu=sin u, 


2 a 2a 
per -1 2z = — r. c l MMM 
yz=2tan™ (atanz), ve l+a@*tan*z cos*z l+(@?—l)sin?z 
2a sin z 


2 tan~’ (a tan u)=2 tan`! (a tan z)+ 1+(a?— l)sin*z L 
2asin®’z \ 2 


d / 
t UFE) sin *z/ 3° > 


- 


EXAMPLE 3. u=z-+2sin u; required u. 
: d ; 2 a? , 3 R 
u=z+sn z.z 4+ ae (sin 22) > + d= (sin z)*. T5 are 


The student must not believe that theorems have been invented or 
perfected by the methods in which it is afterwards most convenient to 
deduce them. The march of the discoverer is generally anything but 
on the line on which it is afterwards convenient to cut the road. Wallis 
made a near approach to the binomial theorem in trying a problem 


which we should.now express by the question of finding ti o (a°—2*)"dx, 
Newton, following his steps, did what amounted to expanding the 
preceding in powers of z, and afterwards found that the expansion of 
(a+ 2)" was involved in his result. In the case of Lagrange’s theorem, 
Lambert (of Alsace, died 1777), in endeavouring to express the roots of 
some algebraic equations in series, found (for his particular case) a law 
resembling that which we have just developed. He published his 
results in 1758, and Lagrange generalised them into the theorem which 
bears his own name. Finally, in the Mécanique Céleste Laplace made 
a still further extension. 

. We now proceed to the consideration of singular values. 


CHAPTER X. 


ON SINGULAR VALUES. 


By a singular value we mean generally, that which corresponds to 
any form of the function which cannot be directly calculated; and the 
only way in which we shall say the function has a value at all in such 
a case is this: if = a give a singular form to the function, then the 
limit of the values of the function when x approaches without limit to 
a, is the value of the function. That it cannot have any other value, is 
readily proved by the process in pages 21, 22, and perhaps a proper 
method of considering the symbols 0 and .c, as bearing a tacit reference 
to the manner in which they are obtained, might render it easy to say 
in absolute terms, that the singular forms of functions have values*. 
But with this question we have here nothing to do; our object being to 
find the limit towards which a function approaches, as we approach the 
singular form. The language used will, for abbreviation, be that which 
calls the limits so obtained values of the singular forms. 

The most obvious singular forms are, 


0 oC 
52 OX @, = 0, 0, &, ©, C—C, 1 , &. 


Thus with reference to forms merely, x = a gives 


x? — a 0 à : ~ cosec (x —a) 
;==-7, (x — a) co (x a) sere coer y = 


stat idor N eee 
(ama E eO, (a) aie, 


1 
( l pee cosec (x = a) — cot (xr —a) = @ = c. 
v-a 


These forms are easily settled, when there is no compensative effect 
1 


in the various increases or decreases. For instance, in GY where 


x diminishes without limit, it is evident that a continually increasing 


* Much discussion has formerly taken place as to whether the fraction i for 


instance, has value ; which seems to have arisen from previous neglect to ascertain 
whether all parties agreed in their meaning of the term value. If it mean value 
derived from the application of the ordinary rules of arithmetic, it is clear that such 
a fraction has no value, er any value whatever, according to whether we reject the 
absolute 0, or employ it as a number. In the former case, it is an inadmissible 
symbol, in the latter 0 may contain 0 what times we please. But if an expression 
be said to have a value when we can by reasoning of any kind prove that we can 


answer a problem in numbers by means of it, then g may have value. In. any case 


it is clear that the only way of avoiding confusion is to define value previously 
to entering upon the discussion whether this symbol or any other has value. Even 
numbers are values in one sense, and not in another. Thus 2 is no value if we 
understand concrete value ; it represents no length, for instance, in itself. 
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number, raised to a continually increasing power, increases without limit. 
And in this way we briefly express the following : 


CSC, eo S050 =0. OF = cx, 


e t e e 1 
or P® increases without limit when P and Q do the same; P~® or pa 
diminishes without limit when P and Q increase without limit; Pe 
diminishes without limit with P, and still more when Q increases, since 
the raising of a power diminishes quantities less than unity; and P~° 


\Q 
or ( = | when P diminishes and Q increases is included in the first 
j 


case. But of the rest we can say nothing. For see Introductory 


0 ’ 
Chapter; and the rest not hitherto mentioned can all be reduced to this 
form. 


Let gr and yr both become nothing when z=a, then, page 69, if 
the diff. co. $'a and w’a be finite, we know that 


$a +h) _ # (+h) 
¥(ath) = y' (a+ Oh) 


Now, h diminishing without limit, the first side approaches the singular 


UEL. 


a . : i ae 
form - or o> but its equivalent continually approaches the limit 
4 


aa which is the limit required. If Q'a only be = 0, then the function 


in question diminishes without limit: if Y'a only = 0, it then increases 


without limit: but if both $’a and w’a = 0, then by the theorem already 
cited we have 


d(a+h)_ atoh) ga 
y(ath) wv" (a+oh) 


subject to similar remarks. But if ġ"a =0, y"a=0, then ġa and 
ya must be used, and so on. Hence the rule is, to find the value of 


— is the limit, 
y'a 


se, 3s . 0 l 
a function in the case where its form is p substitute for the nume- 


rator and denominator the first diff. co. which do not, for the value of 
x, assume the same form. 


l — cosx . sin T i oak 

EXAMPLE 1. a where r = 0 = ES = 0 or is commi- 
nuent with z. 
EXAMPLE 2 3 (wh 0) l l 
° when t = — e = è 

rn id E 

2x sin r— T 2 sin xr+2r cos r 
EXAMPLE 3. L(a = ae Ce Oe x ~T « 

COs x 2/ —sin T 

(x — a)" dant ae 

EXAMFLE 4, = when x = a iseither 0, €-°, or œ according 


as n is greater than, equal to, or less than, 1. 
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Remember that in the relation which produces the? form > any 


letter may be treated as the variable. For instance, 


z — y? 42° — 2y 


TER when y = 2” has either a T] for its limit, 


which are the same when y= 4° ; that is, we may either suppose v to 
approach towards y or y towards z, and the relation which produces 


5 makes the results of both differentiations agree. But if, as in the 

case of (82°—2zy— 2) — (3x* — y) we observe that without assigning 
0 

any general relation between r and y, the form g occurs when x = 1 


y =3, we are not to expect the same result by substituting 1 for x, and 

making y variable, as we should have if we substituted 3 for y, and 

then made x variable. The two processes give 
6—2 , 8z? — ôr — 2 
= always = 2, and 373 


having limit = 3. 


Let dx and wx be functions of x which severally become O and œ 
when x= a; then $x X Wr is ¢r= T in which fraction both 


terms are = 0 when v= a. This case is then treated by the last as 
follows : 


r o'x 
S eR 
Yr (Yr)? i 


It must be observed that any finite value of z which makes yz in- 
finite, makes all the diff. co. infinite: for œ can only arise, in such a 
case, from the denominator becoming = 0; and page 65, no deno- 


minator is ever got rid of by differentiation. There is then the form = 


in the denominator of the preceding. To this form we proceed. 
Let dz and yx both become infinite when r=a; their reciprocals 
then become nothing, and we have 


] y'r 
TN 6 DE A E 
wr l p'x wa) p'r wr y'r’? 
gr (a)? 


the rule for this case is then the same as in the first, but @/r — yz 


also has the form — It will however frequently happen that a factor 


disappears from the numerator and denominator, or that some other 
_ reduction may be made, by which the value of the original ratio may 
be more easily found. Some instances will show the mode of pro- 
ceeding. | 
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EXAMPLE 1l. 
] 
ald te G x -})= = —=0. 
Pr = 
EXAMPLE 2. 
zr" nx" n(n—1)2** n(n—1)....1 
g (when z= cc )= = ee es coe = ahah 


which last is = 0 when xz = œ. That is, as æ increases, the ratio of 
x” to € continually diminishes, and without limit. 

When an expression becomes = œ for a finite value of the variable, 
all its diff. co. do the same: consequently the rule can only be applied 
in such cases in order to see whether the fractions formed by diff. co. 
exhibit any circumstance by which the process can be closed. 

The cause of the singular form is the existence of a factor which 
becomes nothing or infinite, and is common to the numerator and deno- 
minator: differentiation may remove this factor in common algebraical 
expressions : but it frequently only exhibits the factor, and allows it to 
be removed by division. 

In the case of 0°, «°, and hae remember that P® is c@'°6? and 
Q log P takes the form 0 x £ o in all these cases: namely, in 0°, 
Q=0, log P= — œ; in œ o Q=0 log P= «œ ; inl**Q= toa, 


1 
log P = 0. Hence, in all these cases log P — — is either ~ or 0 
Q oc 0 
/ 


{ 
and is determined by the ratio of the diff. co., or by - or |, that 


Q'» 

Q J 
po 

is, when P® is 0°, œ”, or 1**, its value is that ofe P% , 


2 ; Iai _1 2 
Thus, xe when z=0 is ¢7*"'*** | ore $s , and = 1l. 


b . ah Bo” fs b ` 
(1 +ar)® when z = o is * log op xan (Fae x- F) 


—— -1 ab «a ° 
= log (Eren 


but when z = 0, the value is e”. 


In the case of P — Q, where P and Q both become infinite when 
x = a, remember that 


3 E P pi 
P—Q = log = and A TE when t=a andis = E P 


El & AT 
pP’ 
Hence P — Q = P —Q + log Q 


* To avoid exponents of considerable complexity, remember that just as sin—'z 
means the angle whose sine is x, log—!2 may mean the number whose log is z, or «* 
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Either then P—Q is infinite, or a =1. Inthelatter case P-Q 
may have a finite value when in the form œ — œ. The value may be 
determined by reducing it to one of the preceding forms. Thus 
sec r— tan z, in which the preceding condition is satisfied when 


l ; ' ; í 
z= 5 7 may be written in the form (1 — sin x) -> cos 2, the value of 


which, when in the form z is = 0. 


We shall now proceed * to the cases in which it is customary to say 
that Taylor’s Theorem fails, as it would have done if we had not taken 
notice of the limitation, namely, that in the expansion 


he 

$ (a +h) = pa + pa. ht pa +... 4° (at Oh) —, 
all the diff. co. up to "a inclusive must be finite. But opse dii 
happens that the diff. co. next following ¢"x (and, page 65, all which 
_ follow zt) become infinite when z = æ. This implies that a factor is in 
the denominator of ¢"*' 2 which was not in that of "x: this constantly 


happens in differentiation. For example, take Pai, whose first diff. co. is 


oat P ig P’, its second iss a P + BaF Pp! + at P”, and in the 


rT . : l a 
third differential co-efficient we have > : Sat 2 P+ &c., or powers of z 


begin to appear in the denominators: and generally, if u = V”P, we 
find 


u'=mV" PV'+V"P!, ul =m(m—1)V"-? PV’? + 2mV™" P'V! + &. 
yor a,V"-*PVv"* 4a, Vet pry te &e. 


where dy, @,, &c., are functions of m. If m be negative at the outset, 
V is in denominators from the beginning: if m be positive and in- 
teger, V never comes into a denominator, since the differentiated term 
previously disappears by, introduction of the factor 0: if m be positive 


* The beginner may omit the rest of this chapter, and it is perhaps necessary to 
give the more advanced student some reason why this subject is treated at such 
length. Until very lately, all analysts considered functions which vanish when 
x=a as necessarily divisible by some positive power of x —a. This is only one of 
a great many too general assumptions which are disappearing one by one from the 
science. It appeared to be true from observation of functions, and is so in fact forall 
the ordinary forms of algebra. But observation at last detected a function for which 
it could not be true, as was shown by Professor Hamilton, in the Transactions of 

1 


the Royal Irish Academy, some years ago. The function in question was € 2", 
or log"( — z) which janiti when xv is nothing, but is not diyisible by any 


positive power of x,as can be independently proved. From this hint I have been 
led to the classification of functions which is here deduced, and of which I will not 
undertake the unlimited defence. But I feel disposed to maintain that the con- 
clusions of this chapter are more rigorous than any demonstration which has been 
given ot Taylors Theurem, except only the one in Chapter III, which is founded 
on that given by M. Cauchy. 
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and fractional, then the series of exponents m,m—l,. . . has no 
term = 0, but in time negative fractions appear. If then a par- 
ticular. value of x make V = 0, say r= a, then the diff. co. may be 
either infinite from the beginning, or become infinite, according as we 
have the first or third cases. 

Tueorem. If a certain value of m give P = ġr -- (x — a)” a 
finite limit when z = a, then every greater value makes P infinite, and 
every less value makes P vanish; and if two values both make P either 
infinite or nothing, then every intermediate value does the same: and 
if any value of m make P infinite, so does every one greater; while if 
any value of m make P vanish, so does every less value. And there is 
at most but one value of m which will make P finite (m is supposed 
positive throughout). j 

All this will immediately appear by looking at the following equations, 
and remembering that when z — a is small, division by any positive 
power of it increases, and multiplication diminishes, any expression. 


ġx f ọġr 7 Se or _f or a eee 
(z—=a)" l(z—a)”] TE) (x-a) t" l-a" f MUFRE 


We must now consider the various singular forms of a diff. co. ; and 
we shall confine ourselves to singularities which are created by differen- 
tiation, and did not exist in the original function. If z= a make any 


0 
diff. co. assume the form > then we must presume that the factor 


which the numerator and denominator contain in common, existed in 
the original function ; for differentiation introduces no new factors into 
both. And the same applies to ° x œ, and to all the other forms. 
Moreover, an exponential never appears in a diff. co., unless it were 
in the original function. All this is to be taken as very insecure reason- 
ing, for the purpose of poiniing out the cases which, as our knowledge 
of functions stands, require or do not require a particular consideration. 
It has been of great disadvantage to analysis in general that there has 
existed a strong disposition readily to take for granted theorems which 
appeared to be generally true, only because they were true of the most 
ordinary functions. For instance, it is only very lately that the follow- 
ing proposition has been doubted : “ If px become nothing when r=a, 
then $x can be expanded in a series of positive powers of x, such as 
az + bs +....;”? and the reasoning was as follows, sanctioned by 
the name of Lagrange*: let @r be expanded in a series of powers: 
of «x (the possibility of which is assumption the first) ; then if there be 
negative powers, there are terms which will become infinite, and the 
series will become infinite (demonstrable when the number of negative 


* Perhaps the object of the Thćorie des Fonctions has not always been fully com- 
prehended. Did not Lagrange simply say to his contemporaries, “ You found your 
Differential Calculus upon a mixture of the theory of limits and expansions; l will 
show you that your algebra, such as it is, is sufficient to establish your Differential 
Calculus without the theory of limits.” This appears to us sufficiently apparent, 
when he says “ it is clear” that radical quantities in a development must spring from 
the same in the function. What makes this clear? Certainly not native evidence 
in the assertion. It must be then the ordinary algebra to which he appeals. And 
those who are acquainted with the controversy upon this subject know that. the 
opponents of Lagrange (Woodhouse, for example) are at the same moment those of 
that part of Algebra to which he appeals under the name of the Théorie des Suites. 


N 
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terms is finite, but the truth of this when the number is infinite conti- 
tutes assumption the second): this is against hypothesis, therefore äll 
the exponents must be positive, in which case the series is evidently 
= 0 when r= 0, because all its terms are nothing (this is assumption 
the third). The third assumption is demonstrably true when the co- 
efficients, a, b, &c., are such as to render the series convergent for 
small values of z. But in the case, for instance, of 1 + 22 + 2.32*-+- 
2.3.42° + &., it is easily shown that the summation of terms gives an 
infinite result when x has any value, however small. It must be ptoved 
then, and not assumed, that the equivalent expression for this series 
becomes 0 when x = 0. 

We shall point out some instances in which distinct singularity of form 
appears, without denying the existence of others. Taylor’s theorem 
readily applies, as has been proved, to all cases except those in which 
a diff. co: becomes infinite. But there is a possible case in which all the 
diff.. co; vanish, in which case the following theorem (page 73) must he 
true :— l 

h” 


p (a+ h) =p (a + h)a 


6<l; 
n EA, |À <l; 


in which there is nothing like expansion in powers of h. We shall now 
‘give the instances. 

l. snz, x= (l + 2), tan x. All the even diff. co. vanish when 
ae bs eae O; 

2. cost, a*+(142°), s“. All the odd diff. co. vanish when 
TE A 

3. e—-(1+ 2"). All the diff. co. vanish when x = 0, except the 
Ist, the (n + 1)th, the (2n + 1)th, &c. In these three cases there 


is no singularity ; certain powers of x disappear from the development 
called Maclaurin’s theorem. : 


7 
4. (x—a)-+4 (x—a):. The first and second diff. co. vanish 
when x = a; the third is then = 6, and all the succeeding ones are 
infinite. | 


10 a 
5. (c—a)s. The first three diff. co. vanish and all the rest be- 
come infinite, when z = a. 
1 


6. E. This, and all its diff. co. vanish when r=0. For the. 
nth diff. co. will be found to have the form, 


-1/@ b 
e S P + p] + eree ) 3 
the several terms of which are of the form 


2 
QET z az? 
— , or —, where z= œ when z= 0, 
g? E* 


which may easily be shown (page 175) to be = 0, when z = 0. 
.Tueorem. If c= a make $x infinite, it also makes Ø'x infinite. 


This was matter of observation in ‘preceding chapters ; we now prove 
it for all functions. 
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For if possible, suppose ¢/z not to increase without limit as x ap- 
proaches a. ‘Say then, that however near a, shall be to a, ¢/a, shall 
not be greater than A, while by the hypothesis $a, may be made as 
great as we please. Divide 4, the interval between a,—A and a, into 7 
equal parts; each = Az, and take Ard’(a,—h) + Ar p'(a,—h+Ar)+.. 
up to Arg’(a,—Az). This sum is therefore (as in page 100) always 
less than Az. A xn, since each term is less than Az.A; or it is less than 
hA. Its limit consequently does not exceed AA; but this limit is 
Spx dx from z = a,—h to s=a,, or ọ (a) — $ (a—h). Now that 
gx increases ‘without limit as x approaches a indicates that whatever 
$(a,—h) may be, ga, may be made as much greater as we please, ‘or 
PCa) — (a,—h) may be made as great as we please, which is absurd, 
it being less than AA. Consequently ¢'x is not always less than a given 
quantity A as x approaches to a in value, or ¢’x increases without limit 
in such case. And this is our primary signification of the phrase 
“ g'z = œ ‘when z = a.” 

Corollary. Hence, if ¢r=a when x=a, every diff. co. is infinite, 
For ġ'a being infinite, its diff. co. 6a is infinite, and so on. 

A function which has some diff. co. finite, preceding the nth which 
becomes infinite, can have all the difficulty of its development reduced 
to that of another in which all the diff. co. preceding the mth, and the 
function itself, vanish when =a. Let the function itself, and its first 
n — l diff. co. be A, A, : . . .A,_,, all O or finite. Then the 
function 


1 
D ee 


vanishes with its first — 1 diff. co. when « = a@, while its nth diff. co. 
is @"r, and becomes infinite when r = a. 


pr- Ay — (2 —a) A (e—a) 2... (e—a) 


Tarorem. If ¢z be 0 or finite when z = a, and increasing from 
z = a to z = z, but if Q'a be infinite, then f (pz — pa) dz must be 


l 
_ greater than 5 (¢x — ġa) (x — a), or at least must become so if zx be 


taken sufficiently near to a. For by definition of a diff. co. (6z—¢a) 
-= (z — a) increases without limit as' z approaches a; let then x be so 
near to a, that from z= x to z =a the preceding function shall be 
always increasing ; that is, 


bz—Ga a or (1—4) (2-Ga) > (px—pa) (z-a), 


aa . £ 


consider these two last as diff. co. with respect tò z. Then, since they 
remain finite from z =a to z = z, and since, from the process in page 
100, it follows that P being always greater than Q within certain limits, 
í Pdz is greater than J Qdz, both being taken within these limits: it 
follows also that . - 


(t—a) JS (gz — a) dz > (px — ġa) fe- a) dz from ma tuz=z, 
or : 
(x a a) [gz — ġa) dz > (¢z—¢a) X > (7—a)?, 
N 2 
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l 
and S (gz — ġa) dz > 5 (or — ġa) (x — a). 
(px — pa) (x— a) 
S (bz — $a) dz 


ever small. 


Hence is less than 2 for any value of 2, how- 


i 0 
As x approaches to a, the last fraction approaches the form =; for 


the denominator being /7Pdz is of the form fx— fa. But being 
always less than 2, so must be its limit (at least it cannot exceed 2) ; 
and this limit being determined as in page 173, by the ratio.of the 
diff. co, (the denominator being considered as a function of 2) we see 
that the limit of . 


Per Coote cl a does not exceed 2, or oh wo) 
pr— pa pr—pa 


e 
( 


< or = 1. 


Hence, if ġa =0, the limit of oe does not exceed 1. 


If ġa be finite, then ¢'2 (x—a) + ox decreases without limit: for 


o'r (r—a) _ ¢'r(x—a) Gr— ġa 
QT — ga—fa ` Qr ’ 
e factor of which remains finite, the second diminishes without 
also since oz — ġa < pr— ġa, F (pz—ġpa) dz <(ġr- ġa) S dz, or less 
than (ġpr—ġpa) (t—a). Hence 
(ġ1—ġa) (t—a) (z-a) | 


i 
> ——— > 1 and limit of a 


JS (¢z—9a) dz 


Taeorem. If everything remain as above except that 9’a = 0, then 
the limit of @’x (x — a) — (px ~ þa) must be greater than unity. 

For everything is as before, except that ($z —ġþa) + (z-a) dimi- 
nishes without limit; that which was the less of the two integrals is 
now the greater, and the final result is that 


> 0 or positive. 


pee | 
limit of eed) is greater than, or =1, which was to be shown. 
oxr— a z 
If ġa = œ and therefore p'a = æ , let 6x x yr= 1. Then 
pz o Ye $y yz 


$2 pa fe OOS yg OO) 
and the limits of these are the same with different signs. But ya, = 0, 
and therefore one of the preceding cases applies to it. And the limit of 
y'r (z— a) + Wx being always positive when finite, that of $'r (x—a) 
+ px iş always negative when finite ; and can never be = 0, because 
the only case in which this limit = 0 for wz, is when ya is’ finite, 
which cannot be if -ġa = œ. 

Tueorem. If: $a, d/a,. . .. up to $%a be severally = 0, but if 
¢"t'a and all the rest be infinite, then the limit of $’r (xz —a) + $a 


J 
/ 
, 
j 


( 
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lies between n and n + 1, or at least is either n, or n + 1, or some 
fraction between. For by differentiating the numerator and deno- 


9 when r = a, we find 


minator of this fraction, which takes the form D 


p”r(x—a) 


; _ " 2 r 
$'z (x-a), ovr (x a) to'r ] + limit fas 


limit of —— = limit of ————— 


$x o'z 


(repeat the process) 


m z nein (in 
= 2 Limp E aad ooee = n + lim. of i 
pz "x 


but because $"x =0, and $"*'r=«, this last limit does not exceed 1; 
‘whence the theorem. 

Hence it appears that the more remote the diff. co. which first be- 
comes infinite the greater the limit in question; or if the diff. co. ad 
infinitum be = 0, this limit is infinite, or $’x (x —a) — $z increases 
withont limit. “When all the diff. co. are = 0, then by the usual pro- 
cess $c — (x —a)™ is = 0 when z =a (0 —1.2.3...m) for every 
whole value of m, and therefore for every fractional value (page 177). 
And it will immediately be proved independently, that if 6's (c—a)+ px 
had any finite limit, this could not be the case. 

.THEoreM. If $x be nothing or infinite when z=a, and if its diff. 
co. be all infinite (as must be when ġr= œ) or all nothing up to a 
certain point, and then all infinite, it will follow that, p being the limit 
of $'z (x —a)— dr, the function ¢z itself, divided by (z—a)?, will be 
a function which does not vanish when z=a. 


pr . . O « 2 
Goan’ which call yz, is G7 a for when z=, 


p is negative, as was shown. We have, when z=a, 
; = aif ee 'n (x— 
= log a —Kc Pr = bg wa =~ — lim. pelea) (z a) - lim. eee 2) (72) 
log (t—@) oc Pr wor 


observe that, the first fraction being always p, a finite quantity, and its 
denominator increasing without limit, so must its numerator, therefore 
even if log Ya = œ , the numerator œ —o , must increase without limit. 
Without this remark, there would be a tacit assumption of the question ; 
namely, that wa iis finite. But by hypothesis, the preceding equa- 
tion is 


In this case 


y'r (x 


=p—li Oe Vins 2 
p = p — lim. pe or lim. ; == 0. 


Therefore ya must be finite: for of all suppositions, this is the only 
one on which the preceding limit = 0. 

Consequently, when the (n + 1)th diff. co. becomes infinite, make 
the preceding diff. co. vanish by the method in page 179, and suppose 
the function then becomes of the form ¢xr—da—(«—a) p'a- &c. This 
then may-be written (x —a)?’ xz, where p is the limit obtained , from 
gx —hda—. . . and xz does not vanish for s =a. We have then 
(p lying between n and 2+1) 


e aes 
aac CT) xe 


pr = a+ (1—a) h'a. +... . + (x-a) 
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The development of $ = i h) becomes (t=a+h) 


p= hat Pah + Hae beet fas 
or the (n +1)th diff. co. becoming infinite when v=a, is a sign that the 
development of $ (a + h) contains fractional powers all higher than n. 
The process must be repeated with xz, if any diff. co. become infinite. 

But if ġa = æ , then at once determine ¢'x (x — a) + $2, and its 
limit, and we have then br = (x — a)? yz, where p is negative, ‘and ya 
finite. Hence @(a +h) =h x(a + h), and negative powers occur 
in every term of the development. Proceed in the same way with 

xX (a + A). 

But if all the diff. co. become nothing, the development of (a +h) 
cannot be made in the form hitherto specified, which contains ascending 
powers, and nothing but ascending powers, whether whole or fractional, 
whether beginning from O or from a negative power. The only re- 
maining case is that in which the development i is in descending powers, 
that is in ascending powers of 1 <A, in which way therefore all func- 
tions can be developed in the case in which all diff. co. are = 0, or in 
no series of simple powers whatsoever. 

The formal application of the preceding theory will not be necessary, 
since the instances to which it might apply are generally such as are 
easily reducible by common methods. But its use is to complete the 
theory of development, and to prevent the student from imbibing thé 
notion of the universality of the common form of Taylor’s Theorem. 


In the case of Vz" z* — @, for example, which is to be developed when 
=a + h, we see that me =0 p'u = œ: and the function may be 
written E (£x + a)? ; when =a +h this becomes h2 (2a+ h)? 
the second factor of which can be developed in the common way, and 


+ Hy ath). 


the whole development will then be in powers of h of the form n 
where n is a whole number. 


hen z is expressed as a function of z, it can only take the form 


0° in consequence of factors being both in the numerator and denominator 
of the original function. But if this diff. co. be expressed as a function 
8 Į 


both of y and x, its appearance in the form F is a sign of its having 
several aes as-follows : Let 
_ $, y) 

Z= Ww (1, YY 


ud let r =a y= b, make $ = 0, 4 = 0, it being understood that 
the arbitrary constant of integration must be so assumed that in the 
original function iz = a, when y =b. Differentiate both sides with 
respect to z, of which y is a function: then 3 


dp | dọ dy an dy dy \ dy dy 


op ps r= 


dx dydx \dr ` dy ds Tar Yaa a (A). 
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Let p be the value of | sought : then making r= a, y=b, ~=0, 


in the Jast, we have 
dd dd dys dN ._ 
(ae) +(e) e- Gr =e 


where (2) &c. are the values of do &c., when r= a y= b. If 
\ dr dx 


these be finite, there is an equation of the second degree giving two 
values for p. But if pas determined from this equation be 0° dif- 


ferentiate (A) again, and it will be found that the terms containing y” 
and y”' disappear, leaving an equation of the third degree to determine 
p, which has therefore three values: and soon. There will be further 
illustration of this point in the sequel. We now pass to the considera- 
tion of differential equations. 


CHarter XI. 


ON DIFFERENTIAL EQUATIONS. 


ALL that we have yet done has been in one sense or other on dif- 
ferential equations; but this term is more particularly applied to rela- 
tions between diff. co. and functions, where we wish to find the primitive 
relation between the functions. We have already (p. 154) in thé coursé 
of investigation come so near to some very important diff. eq., that it 
was worth while to stop and solve them. A differential equation iş 
considered as solved, when it is reduced to explicit integration, as in 
), 155. 

i Firstly, how does a differential equation arise? By differentiating a 
function, no doubt. But our present question is, how does that dif- 
ferential equation arise which belongs to one stipulated function, and to 
no other whatsoever? Not always by simple differentiation; as in the 


case of y = ax, which gives 4 =a, certainly a differential equation, 


and certainly true of y = ar, but not in the sense of being true of 
nothing else ; for it springs equally from y =ar +b. And it is clear 
that since integration always introduces a constant, there must always 
be at least as many more in the primitive equation as we need inte- 
grations to pass to it. If then we would have a diff. eq. which belongs 
to y = ar only, we must so differentiate that a shall disappear in the 
process; or if not, we must eliminate a between the primitive and the 
differentiated equation. Either 


` 


ea Se ye EN os 
l. Write y = ar thus a=% 05 (2 qa y); or, 
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j dy dy 
2. y = ar, raua ee Pi 
‘ dy ` , 
Both give the result y — -= z = 0. 
dx 
ExamĮmrre l. y= € a «OS s, mie log y). 
Or =e .a =y BY; doth give z Z — ylogy=0 
r dz ay rro 0 g Ep y 108g Yy = U. 


Example 2. yoocr—c, 2c= — z tN — 4y, 


dy 
iar ae dy — ' 
0= -=l 4- t-22- Nrt, 
Ja uD 4y Ax 
square both sides, to avoid ambiguity, and we have 
OY ag OU as eal | 
, dy dy y 
— — fu’ — = = Y == 
Or, y= ox — c”, d i Jr? a? 3 before 


We see thus how it happens that we introduce one constant at least 
in every integration; but may not an integration introduce more than 
one constant? We are not to conclude that because differentiation 
destroys only one constant, and explicit integration introduces only one, 


cau SS dU 
that therefore elimination of one constant between U = O and a =< 0 


will never eliminate more than one. There are cases enough in algebra 
in which two quantities so enter two equations, that one cannot be eli- 
minated without the other. Where is the evidence that no such thing 
can take place in the two equations just mentioned ? 

Assume y= ọ (x, ¢, c'), c and ¢ being two constants, and let the 
common dift. co. be denoted by ġ' (x, c, c’). 

Let y = 9 (a, c, c’) give c = Y (x, y, c’), consequently direct differen- 
tiation makes c disappear ; if possible, let it also make c’ disappear. 
Now since ¥ contains 2, directly, and also through y, direct differentia- 
tion gives 


dys 
dz dy dr - d dys rovers ‘ 
dy 


i _, ay. ; ; 
which answers to the way in which ~ is obtained without c, above. 


Compare it with Example 1., thus : 
log y dy log y d4 _ 1 log y l dy o 


Y (z, y) = Se an Te. cee? dy zy? Ta ry dx 
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Now the fraction (A) can only be independent of c’ in two ways, 1. by 
neither numerator nor denominator containing ¢’; 2. by their both con- 
taining the factor C’, a function of c’, and not containing c’ in any other 


_ d 
way. In the first case, since —- does not contain c’, then % must 


dz 


have the forma (x, y) + B (y, c’) (x and È being functional symbols) 
for c’ can only occur combined with terms which disappear in differ- 


entiating with respect to x, that is, with functions of y. And since a 


does not contain c’, % must be of the form y (s, y) + 9(z,c), for 
similar reason. Hence 


a (2, y) + B (y, C) = y (2, yY) + ô (z, c) 
or B (y, c") — ò (x, d) = y (x, y) — a (x,y), a function of xand y only ; 


consequently 6 (y, c’) and ô (a, c’) can only contain the same function 
of c', disengaged of all functions of y and x respectively, for if c’ could 
enter combined with a function of y in the first, it could not disappear 
by subtraction of the second, which must not contain y. That is, 
the preceding forms must be B(y) +C and ô(z) + C, C being a 
function of c. Ory has the form f(s, y) +C. But ¥ (x,y, c’), 
or Y, is = ¢, or the equation between xand y may be reduced to the 
` form f (x,y) = c — C, in which the two constants are in reality only one. 


But if a and Tu have a common factor, a function of c’ only, 
£ 

which call C’, then y must have the form C'a (x, y) + 6 (y,c’) and 

C'y (x,y) + ò (x, c’) for reasons as before. Hence 


1 
a (m,y) + a Be) = y y) + Gy E); 


the second terms of which are only other forms of f (y, c’), and 
f (2, ¢'). The same reasoning applies, the two sides can only have the 
form f(x, y)-+C”, and y can therefore only have the form C’ f(z, y) 
+ C” C’, which being c, we have 
— MIC! 
f(z, 4) = a, which is equivalent to but one independent con- 


stant. 
But may not both numerator and denominator in (A) contain a factor, 
which is a function of c', z, and y; c’ not being contained in the other - 
dy dy = 
parts ? If possible, let ae MV dy = MW, M containing c’, but — 
Vand W not containing c’. Then we have 
aus dM .. d) — dM 


dedd de’ |* dydc dc’ ’ 


from which we find; putting for V and W their values, 
d dy 1 dMdy 0 d dy 1dMdy _ 


rs ee ee 


drdd Mde dct’ dydd? Md'dy ”’ 
ddy dy ddy dy _ 
dy dc’ dr drede ’ dy 
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the last of which (by the lemma in the next page, proved independently 

of this) shows that SY must contain z and y only through y, or det = 
fOp); giving 


eC o Me ; ; E S N E, 
which, with the preceding, gives M aa fy. But Fu dct ~ l 


e Tog MoE A eE, o graer 
2 O Bge o b 


“del fede’ — dee 


whence 


where Z is a function of x and y (or may be, since x and y are the con- 
stants of the last integration). 

Hence M is of the form f‘y.Z,, where Z, does not contain d’. And . 
thus we have 


and neither VZ, nor WZ, contains c’. Let f (fy)“dy==yy, then 
VZ, and WZ, are its diff. co. with respect to z and y. But neither 
contains c’, hence yẹ itself can only have the form F (z, y)+C. But 
since the original condition gave c = y, we have therefore 


| xc=F (x, y) +C or xc -C=F(a, y), 
so that the two constants are equivalent only to one. 


Before we proceed further, we must require the student to remember 
that there will be between the diff. co. employed a distinction analogous 
to that of known and unknown quantities in algebra. If we actually 
assign a function of v and y, say ty*, we shall never need anything to 
remind us that its diff. co. are given, for we absolutely write them, 
namely, y”, and 2zy. But when we reason upon a given function which 
is not specifically given, but merely assigned or laid down as given 
(like the known letters of an equation in algebra), we are in danger of 
confounding the diff. co, of a given function a(r, y), which are given 
without an equation, and which we can specify as soon as we specify 
the function—we say, we are in danger of confounding these with such 


du du 
a CO. as als. 
equation. What are the diff. co. of zy*? Answer, y° with respect to 
x, 2ry with respect to y: this question is answered without an equation 
expressed or implied. What are the diff. co. of u? Answer, with 
respect to x and y both equal to nothing, for u is not a function either 
of x ory. But what are the diff. co. of u when it is meant that u is 


Yv 


which have no existence except under an implied 


du du a: 

always =zy?? Answer, = y’, dy = 2ry. Hence then we see 
, A u dP 3 i 

that such an assertion as u = P, therefore Ta = an? &c. 1s not use- 


less tautology ; for it implies that we have u, a given function of x and 
y, with diff. co. which can be found, and the second equation of the last 
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pair is a symbolic imitation of the process of finding the unknown on 
the first side by means of the known on the second side ; an imitation 
which catmot be rendered real till we specify P, in which case an alge- 
braical result takes the place of the symbol of differentiation on the 
second side, but not on the first. 

Lagrange, in his attempt to reduce the Diff. Calc. entirely to the 
principles of common algebra (in the Théorte des Fonctions), adopted 
the following notation : f (x, y) being a function of x and y, its diff. co. 
with respect to x and y were dental by f (a, y) and f, (x, y). As this 
notation will be frequently convenient in functions of two variables, we 
notice it here. In like manner w’ and u, may be the diff. co. of u. 

We shall adopt the following notation. Let ¥(z, y,c)==0, give y= 


dy 
(x, c) when solved with respect to y; and let 7 = x (z, 3 a) | be the 
resulting ‘diff. eq.. 


í du dp du dp _ 

_ Lemma. . If p = a(r, y) and if —— Eu U TF 0, then u 
cannot be any function of x and y other than some function of p (the 
converse appears in page 97). For if possible, let u = f (x, y), such 
that finding y in terms of p and z from p=a (x, y) we obtain u= F(p,z), 
where-x as well as p appears. Then wu contains x directly, and through 
p; but ų contains y only through p. Hence 


du _ dF | dF dp du _ dF dp 
dr .d« ` dp dx dy dp dy’ 
; d du d d 
and ou Op: CE Pen ee =0 (by hyp.) 


dx dy dy dx dx ` dy 
dp. ; l dF : 
But iy is: not = 0 if p be a function of y; therefore T: = 0, that is, 
F is not (as was supposed) a function of x directly, or F (p, x) is only 
of the form of some function of p. 


z e 
Ana 1% equation az = x (x, y) cannot result 7" two 


hó we 


db _ d® dy _ dil dil dy 
dr ` dy dr dx dy dr ` 


which are both satisfied by oY x (z, Y), or is the same in both, 


Eliminate this, which gives 
dd dod i 
indy S = 0, whence (r, y)=some f° of IT (2, y) 


or; c= f{I(z,y)}, k =TI (x,y); let c = fz give z= fic. 
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Then fic = II (2, y) _ which gives y = œ (x, fic) one primitive, a 
cT (z, y) ..--. + yoea(a,c) the other, 

or the two primitives only differ in the form of the constant, 


Consequently, a differential equation of the first-degree cannot have a 
primitive with more additional constants than one, nor two different 
primitives with the additional constants entering in different manners. 
It only remains to ask, may not some one particular case of another 
primitive, made by giving its constant some one particular value 
(and thus making it cease to be an arbitrary constant) solve that diff 
eq. whose primitive, with the constant, is y = ¢ (a, c)? 

The preceding case includes this as well as any other, for whether k 
be supposed to have a particular or a general, but constant, value, the 
investigation is the same. (The student must always remember the 
difference between “ let X be 10, or 11, or any other assigned constant,” 
and “ let k be anything whatever, but let it not vary,” which is the 
character of an arbitrary constant.) It should seem then that the 
question is answered; but here we are obliged to remember the con- 
dition which runs through all our reasonings, unless the contrary be 
specially mentioned, namely, that diff. co. must not be infinite. And 
it is essential before we proceed to show why we did not find it neces- 
sary to allude to the possible case of ®’ or ®, being infinite in the last 

‘theorem. yee, RA 

When we differentiate a simple function of x, specific values of x 
may make y’ (y= $r) infinite, as already discussed. But when we 
come to functions of x and y, not only specific values of z, but specific 
forms with unlimited numbers of values of x and y, will produce the 
same effect. Instance, 


u =N + yl — = xa ifya] 


This was immaterial in the preceding theorem, for since ® (z, y) was 
without an arbitrary constant, so were its diff. co., and if T had had a 


denominator æ (x, y), then a (x, y)=0 could not have given a value of y 
in terms of v, with an arbitrary constant, which was necessary to every 
case then under trial, But now, when we are considering the possibility 
of some specific case of another primitive satisfying our equation 
d ! ; 
Y — x (x, y), we are bound to consider those relations between zand y 


dx 


d dè... 
which make =- or a infinite, for they may now (that we are con- 


sidering relations without arbitrary constants) be the cases in question : 
and no others can be such, since the preceding theorem is conclusive as 
to all the cases which it includes. Returning then to the preceding 
theorem, it appears that we must devote our attention to the cases in 
which the diff. co. of ®, or any of them, are nothing or infinite, and to 
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the relations between y and x which produce that result. But having 
thus defined the question, we have a more easy method of proceeding 
than direct investigation of its several cases, as follows : 

The equation y= (2, c) may be changed into any equation what- 
ever y = wr, by making c, not a constant, but such a function of x as 
will be obtained by finding c from ġ (zx, c) = wx. Let us then suppose 
c a function of z, and let y = w.x thence obtained be the particular case 


(if there be any) of another primitive which satisfies 
d d 
- = x (2, y), obtained by eliminating c from y= (az, c), a=@(z, c). 


_ - dy dp dọ dc 
But y =ġ(x, c) (ca f° ofr) gives Tx Si Varah 0), 


r dp dp, | 
where, since AE supposes c constant, 7 ¢' (2, c), 


— d , dọ de , 
and since = = x (x, y) satisfies (1), % (2, y) = O'(4,¢) + a 


But x (2, y) = $'(2, c) is satisfied independently of c by y = $(z, c), 
because y= ọ¢ (z, c), y'=Q' (x, c) together give y'= x(a, y) by 
elimination: so that x(z, y) = $'(x, c) is made identically true if 
y =¢ġ$(x,c). From hence it is immaterial whether in y = ¢ (z,c) 


; do dc 
we suppose c constant, or any function of z. Consequently a T myst 


` : d i 
= 0 in the case supposed. Either then =- = 0 (or c is constant, 


which reduces ¢ (x, c) tothe usual primitive), or 2 = 0, that is, a 
certain function of z and c is =0, from which c may be determined 
in terms of z. . 

For instance, in y=z2-+ (c—z)’, we have, to form the diff. eq., 

dy a dy — 

-2 =- — 9) om $ ] — — —_ =E ee@ee ° 

iz 1—2 (c—z) : eliminate c, and 7 ov y — zr (2) 


Ifc were a function of x, then* dy = 1] —2(c- r) + 2(c—z) ie ; 


az 
Now required c so that (2) shall still be true, or that 
(y being r+ (c — x), 


1—2Vvy—7= 1—2 (c —zr)+ A(c—2) = 


Observe that 1 — 2V/y— x is1—2 (c-2), therefore 2(c- x) = = 0; 


and either c is constant, or else c=, in which case y=r+O0=2. And 


* Though the following caution appear rather trivial, yet some difficulty to the 
student may be avoided by it: the sign = includes all the moods and tenses of the 
phrase “ is equal to."’. In the present case read it, would be equal to. 
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oe GY pe 
= satisfies 7 = 1 Wy -T3 

but is no case of the primitive y=x+ (c—zx)’, c being constant.: It is 
then the only particular case of any other primitive which satisfies (2); 
the primitive of (2), which has a constant, being y = z+ (e = 2), — 

This new kind of solution has been called a singular solution,.a par- 
ane Solution, and a particular integral. We shall adopt the first 
title. a 

The point of view under which the singular solution takes its most 
remarkable form in geometry answers to that of a species of connecting 
Junction between the different cases of the primitive, such as arise from 
giving different values to the constant. Thus y'= y (z, y) iè true for 
y=9(2, c), whatever the (constant) value of c may be. It is equally 
true therefore of y= (x, c) and of y=9 (z,c+Ac). Now P(a, c) and 
o(«, c+Ac) are generally of different values; but there may be specific 
values of x for which they are equal. Let us consider then the case 


be =. 7 dp - -d (dg 
P(t, e) =p, c+ Ac) = P(x, ce) + a Ae +ga a Te 
dọ , dp - 
or Wet Ze fe tee: =% 


If Ac be very small, then the resulting value of z is very nearly that ob- 
tafned from a =0; if still smaller, still more nearly ; and so òn Without 
limit. But if NeD absolutely, then (x, c)=¢(x, c+ Ac) for all values 
of x, and of course among the rest for those obtained by ii = 0. Still 


the solutions of the last equation have this property, that the values of x 
for which the two functions have the same value when-Ac is small, -ap- 
proach nearer and nearer to them without limit, as Ac diminishes: For 
example, in the equation y=x+ (c—z)?* already discussed, if we inquire 
for those values of z which make 


‘ B+(c—2z)? = e+ (c+Ac—z)? or 2(c—z) Ac + (Ac)? = 0, 
we find that 2(c — 7)+ Ac=0, ‘or r= c+ 514e, which approaches 


nearer and nearer to x= c (the supposition from which the singular 
solution was derived) as Ac is diminished. ; 


We return to page 186, in which it is shown that no case of any 
other than one primitive will satisfy a diff. eq. so long as the suppo- 
sitions implied in the demonstration exist ; that is, so long’as none of 
the diff. co. employed have singular values, Whence it follows that 
the singular solution really obtained must belong to a case in which 
diff. co. have singular values. 


do dé ‘dy 
a aa 
we cannot have, by one supposition, both ®’ and ®, = 0 ; for that sup- 
position (say it is y = fr) would show that ® (a, y).is by y = fæ re- 


d dy 
And —— = p+, = 
ad since z> (z, y) = +Ò, Tn 


- 
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duced identically to a constant, and this case is therefore included in the 
primitive y = (2, c) or c= O(a, y). We cannot have b= 0 and $, 
infinite, for if we suppose c=wz to be the value of c which gives the 
singular solution above, we have then 


wr (x, y) and w'r=9p' +0, x(x, wz). 
But $, is = œ, and w'x not being generally infinite for all values, 


of x, we can only have y (x, wx) =0 or Z = 0, which is not uni- 


versally true; for the singular solution, as well as the ordinary primitive, 


gives 7 a function of xand y. Neither can we have ®’= & and 9, 


=0, for then w'z =œ , which cannot be generally true. There only 
remains then the case where ®’ and 4, are both infinite, so that (remem- 
hering that algebraical quantities, upon finite suppositions, only become 
infinite when a denominator is made = 0) we have the following 
theorem. 

If y= (a,c) give y'= x (x, Y), and c = (x, y), then the sin- 
gular solutions of y =x (7, y) will all be found among such equations 
f (2, y)=0 as make ©! and 4, infinite, or a common factor in their de- 
nominators nothing. Observe, we have not proved the converse. There 
may be values which make &’ and 9, infinite, but which are not singular 
solutions. 


Exampce l. yor+(c— x), givesc=2+,/y — x, which dif- 
ferentiated with respect to x and y, has only y — x in the denomi- 


nator. Therefore, if there be a singular solution, it is y = 2. 
Verification. This is the singular solution we found. 


ExaMPLe 2. Let y=c*—2caz, cor+Vy+a2*. As before, if there 
be a singular solution, it must be y=—«2z*. Treat this by the other 
method, and we have 


d 
lz, c)=e—2ex, 2 = 2c—2r1=0, c=r, or y= 2? —2rt= — r. 


As yet, we have only found the singular solution from the. primitive 
itself. We now proceed to show how it may be connected with the 
diff. eq. From y=@(2, c) giving c=@(z, y), we obtain 


0= p+ o TY o dy = Hr = y (x, y) by reduction 
= F ds P, X Ts Y) DY : 
But if we prefer the direct elimination of c, we take y = (a,c), 
d d ' i 
-i = = a function of x and c. Let this last equation give 


dy l ; 
c= F( T, Ty ) , then the diff. eq. is 


dy i dy 
y= (: , F (z 3) equivalent to r X (2,4); 
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e e ) d e es 
so that the substitution of x for = in , as last written, would make 
z 


y= identically true, independently of rand y. Or we have y=¢ (z,c) 


dy de 
rp J if = be made = y(a, y). 


This equation, then, on ia suppositions, may be differentiated par- 
tially with respect either to x or y, and thus we have 


is made identical by c = F G 


dp dd dc 
p = I , d% de | do de dy .. dy dr dc dr 
— —-—,_ giving, + = ———— 
dr ` dc dr dc dy dx > dx dp dc 
sae ar 7 
l ad oc dx givin : 
de dy dy © dy db de 
de dx 
As an instance of this process, we take y=x + (c—z)°=Q(z, c) 
Y=- —2(c— 1) = 2A or e=5 ~ a i x= F (s4) 
l d d 
M -3 %2) = o(ar( a2) 


which is rendered identical by oY = 1 — My- y— r= = x(x, y), 


dr de dx_ 1-2(c—x)4+2(c-7)X1 _ E AEN 1 _ dx 
df dc l Te-a Were dr 
a es —AUce— es y 
de dx Gaul) 2 

ae ] ae A O T. «ey 
dede ~ ~ az-e yee dy 

pafat = Men Yar 
ied 2(c—a1) X 


Now, returning to the general expressions, we know that the sin- 


d 
gular solution requires c to be such a function of x as will make ae == 0, 


dc 
l ly. a. : ; 
and therefore as and “x infinite, unless it happen at the same time 
: y 
: . d : dy. d 
that oe: is infinite, or else oF nothing. But — is af | in both cases; the 
dx dx l dr dz 


e o, ponei 
last therefore cannot be: and to. suppose dx infinite would be to sup- 


do i dy T 
To gives a 0, or that 
x does not contain c, or that y= (x, c) must be of the form y =fx +c, 


pose that F (x, x) = c, re-inverted into x = 
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a case we presently consider. There remains then only this case; that 
= being = x (z, y), all the singular values of y make x and 
both infinite. 

In the preceding, we have supposed x (.r, y) to be really a function 
of both x aud y; but if it happen that the diff. equ. be of the furm 
y'= x(r) we may see at once that the primitive is y= fyr dr +c; 


d ; 
= +c. The singular solutions of 


XY 
these are only such as can be derived from y. = œ and yy= œ ; as we 


shall now show. 


while if y’=yy, we have v = 


Tueorem. Ifever we imagine a letter to be a variable, and differen- 
tiate with respect to it, while under our implied conditions it is a 
constant, then the diff. co. which we expected to find finite, will be 
found infinite. 

Suppose, for instance, v=4+ kyt, which we imagine to vary with ¢, 
but which does not, because, as we afterwards find, k=0. If we then 
differentiate y with respect to 2, we have (y being really variable with £) 


dy. yc OG L AY nw. sys 
de dt dt kwtdt ~~ DEEN 


dy d 
If Jr T XD and if r=a make yr= æ , then > = 5 ad r= 4, 


or a constant value given to 2, satisfies the differential equation. But 
this is an extreme case of singular solutions, and will be satisfactorily 
illustrated when we come to apply the subject to geometry. 


di TEET ; ; 
EXAMPLE 1. = = Vr—y. The singular solutions, if any, are 


y= + T, or y= — zx: but neither of these is a singular solution, for 


neither satisfies the diff. eq.: they give dy = +1 or— l, while 
de 


ig ee f ENES 

g? — yY = 0 gives = =0. But z = 1 44. #—y* has y= +2 for its 
singular solution: it is usual to add, unless it happen to be a particular 
case of the primitive ; and certainly the not being a case of the primitive 
which contains the arbitrary constant, is the fundamental definition of 
a singular solution, But as it may happen that a particular case of 
y = (z,c) may have, with the single exception of being such a par- 
ticular case, all the characters of a singular solution, and particularly 
all the geometrical characters, we shall not attend to this distinction. 


dy 
EXAMPLE 2. y Ae =Vx+y—a!—a. The singular solution, if 


any, is y= +v a*— 2, and this does satisfy the diff. equ. 


We are now in possession of all the possible forms which can satisfy 
an equation of the first degree y/=y(2, y). We shall now take severa! 
O 
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leading forms which admit of complete solution, reserving those which 
require particular artifices for a future chapter, or specific application. 


~ dy Swans ; 
l. PA f(z). This evidently gives y = [fx dz + c. 


2. Z = fo); s= [Pre or y = (r — c) where, {2 


being ay, Yr is such that ay = x — c gives y= Y-(2—Cc). 


d l 
EXAMPLE. =y, ree y= =a 
AEE OY gs 
3. de StS [ol affede te 
dy ly ate 
EXAMPLE. Ja T U log y =3 2 +c, y= E€ . 


4. oe x" f (2) . Under this general symbol is included every 


homogencous function of z and y, meaning either rational and integral 
functions, all terms of which are of the same degree, or any functions of 
them made as follows. The number or fraction n, positive or negative, 
is the degree of the function. 


i P E a 
aay ty ra| 1+ = T E) is of the degree 2, 
\ a eti 


rE or 2” ey 0, 
x—y l— yt 
__ r Ni l 
x pat 14- ee ee ee e 
Jz ty or 2 ( ae 5 
at AT nae cla pee 
Va $y? VI+ (yea) 


Assume y= xu. Then we have 
du 5 
u + r — = r" fu, 
dx 


which is immediately reducible ta integration only when 2 = 0. Sup- 
pose this, and 
l du _ 1l 0 au 


fu-udr x’ J fu-u 
for instead of c, which is perfectly arbitrary, we may write log c. Let 


d 
a = Y, and let W u=v give u SU w, then y = ry" (log cx). 


Here by 4~'u we mean the function inverse to yu, so that Yy(y~'u)=u 


= log z + c = log ca, 
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We have thus integrated oy =f ( 3 to which P + Q 3 = 0 may 
be reduced, if P and Q be homogencous functions of x and y of the same 
degree. 
ay 


dz 


d 
y? gives Y = 


EXAMPLE, 2°-++ ry a a 


Zox —9 ° — D, a (=). 
wor =v 2logcxr : or y V2. x log ap 


Verification. 


dy _ ay Ee l = ( ee ee 
q, = V2 Y= log ex + 2x «5 (—log cx) -5)=t-5. 
dy 

5. In 
Let y =w, which may be satisfied in an infinite number of ways, 
and we are at liberty to assume one equation between u and v, or to 


assign a value to either, the other remaining to be determined by the 
diff. equ. We have then 


+ Py =Q; where P and Q are functions of zx. 


dv du dv du 
us tug. t+ PUR oru( F+ Po) +o =Q, 
Let 


d (a 
-2 + Pv=0 or = = — [Pdz +c or v me Pert ms ge, g Pis, 


dx 
for which we write ce~*, since € is merely an arbitrary constant. 
du du l 
We also have v — =Q, or — = -QP ., 
dx d. c 


l ‘hg Ld 
Hence u = — | Qe?“ dr + c', c' being another constant, 
c dD 
ye er, fQ dx + cle 4, (writing c' for c' Xc) 


in which one constarit has disappeared, and only one distinct constant 
remains. We may verify this result as follows: 


Z = gde ( — P), [Qet dx + EPQ + cle? (—P) 
= — P (Pa (Qe? dz + dQ = —Py¥+Q. 

EXAMPLE 1. z +ay=Q_ gives y = E77 S7 dx + ce. 

EXAMPLE 2. 2 + Py=P_ gives y=1 + ce”, 


o2 
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dy 
EXAMPLE 3. Let 5 TY, P= —1 J Pdre -z Q=a, 


[ee dr = =se = E, yo—x—l+ce. 


d 
6. y= itt = 


integral evidently is y = cx + fc, which gives = = c. This primitive 


f being any function whatsoever. The 


is remarkable for its singular solution, found from z+ f’c=0. If this 
give c = Wz, then y= cx + f(x) is the singular solution. 


_ dy ee oa ope hs te ; 
EXAMPLE 1. y= qn + sin an Elves Y = ca + sin7*c. Its sin- 
gular solution found from 
1 gb, SAAE 
=n ore = is y =Var°— 1 + sec™'2z. 


EXAMPLE 2, y= = me + (2) gives y = -33 7 , the sin- 


gular solution. 

We are now in possession of the means of integrating equations 
enough to illustrate their theory; and particular instances can only 
acquire an interest in connexion with problems which produce them. 


The most general attempt to integrate P + Q 2 = 0, where P and Q 


are any functions whatsoever of x and y, is one which fails by requiring 
the previous solution of another species of equation; but its principle 
is highly instructive. We return to 
F dò  dỌ dy 
= É (x, c) giving c =¢(x, y) and 0 = — + — = 
which latter is in fact the differential equation, since it does not involve 
ce But if ®’and ®, have a common factor M, so that $% = MP, 


e e d e 
©, = MQ, substitution and division show us that PQZ = 0, which 
z 


may be the diff. equ. in the form in which it is first presented to us by 
a problem. Now, how are we to know whether a factor has or has not 
at ae the following simple process. if 
dö dỌ Y 
P = 0 presented to us, be reall — — 
to which direct derivation from the primitive would wa us, then, be- 
cause 


dd d db d? dQ 
ae ie ay (page 162) we must have iy Ge 
pe 2 da 
Thus, in 2° + 7 4 = 0, we see that —— = cy. = 0 (partal diff. 


dy dx 
co.) 
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„di dy d (zry) a. lz? 
== = os Ry 1s not E — = 2r. 
dx 


In the first, a: we have no factor to look for, in the second a 


' But in e+y24+ a dy 


. dP dQ. es 
factor has been lost. This equation d = < is called the condition 
of integrability, and we shall see that integration can really be per- 
formed without further preparation it exists. 


Let 7, = 7 then in P + q , Pisa diff. co. obtained by sup- 
posing y constant. Integrate on a supposition, then S Pdr + const. 
is the primitive. But since y was a constant in the integration, the 
latter term (const.) may have been a function of y ; for such a function 
may have disappeared by differentiation with respect to æ. Let there- 
fore f Pdr + fy be the primitive: then, because Q is the diff. co. of 


the primitive with respect to y, we must have 
d d 
ES j = — y= Q. 
T ([Pdar+ f) =Q or Jy S Pda) + fy Q 


dv dP od dV_ da dV. 
dx’ dy dy dx dz dy’ 


lo *d dN dV 
or F dr = (=. a = 7 (J Pda); 
so that, in like manner as the order of independent differentiations is 
indifferent, so is that of a differentiation and an integration with respect 
to independent variables. 


Hence = Q- fd fy = f(Q- [Fas dy. 


The latter integration is made on the supposition that y only is 
variable. ‘This might appear to require that a function of x should he 
added ; which, howe ever, must not be, because by such an addition the 
condition already satisfied, namely, that the diff. co. with respect toz is P, 
would be undone again. Hence, the function whose diff. co. with re- 
spect to z and y are P and Q (which call U) is : 


"dP 
= frd f(Q- fF d) d: 


Eo an for verification, remembering the theorem just proved, and 


Let S Par V; then P= 


(/dQ dP dP dQ 
T= +] +E- dy =)= P, because S qe? 
We |Se+Q— f[Fa=-a 
dy dy dy 


Exampie. From what function springs 
/d (x + 21y)  d(a*+-7*) 


d 
x + Qryt (a + y’) i i 
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[Pas = f (e+ 2ry)de = = + a j 


e= dP ann p? mot n2 fi dP we i 


and the function is = + ry + ay 
from which we infer that the solution of 


: dy l I 
2 2y Lo ees — — 72 2 — y’. 
x-4 Qry + (22+ y E is c= 54 Taye 

In the preceding operations, observe that none of the signs J imply 
the addition of constants, those having been considered in the pro- 
cess. And also that the term annexed to y, though it appear to contain 
a, is really a function of y only, since 


d dP dQ dP 


InP+Q = we have hitherto supposed that y is some function of z, 


it is not known what. If we make the preceding = 0, then y is the 
function of x defined by c = U. 

We have reserved the notion of differentials (which we may abbre- 
viate into diff.) as distinguished from diff. co., till we have come 
to a point at which the occasional rejection of the latter in favour 
of the former will produce an advantage more than compensating the 
liability to inaccuracy which the former are said to involve*. (Read 
here pages 14, 15, 38—41 of the Elementary Illustrations.) If 
u=(z,y)- give Au = Ø' Ar + ¢, Ay + &. (page 87) we write 
du = ġ' dz + $, dy as an equation 1, which approximates without limit 
to truth, as dx and dy are diminished ; 2. as one which gives the limits, 
so soon as ratios are formed by division, upon all suppositions. The 


* The author takes this opportunity, once for all, to dissent from notions which 
have been lately promulgated in English works, relative to the rejection of differen- 
tials. To such a point has this been carried, that the very striking and instructive 
analogy between ZyAr and /ydx, as compared with that which exists between 

d r ° 
= and T, has been lost to the eye by the introduction of /+y to stand for 
Jydx. But has this great sensibility to notation been accompanied by a similar 
feeling with regard to the assumption of principles or theorems? Have those who 


d : 
imagined they were more accurate when they wrote 5- = p instead of dy = pdz, 


rejected the assumption that f(x -+4) can always generally be expanded in whole 
powers of h, or the attempts at @ priori proof, after the manner of Lagrange, that 
fractional and negative powers cannot enter? And have they been equally attentive 
to phraseology? Have they rejected the expressions about the failure of Taylor’s 
Theorem, which would imply that the said expansion, not having the process by 
which it was declared universal before its eyes, but being moved and instigated by 
the vanishing of a factor, did wilfully and of malice aforethought, refuse to be true 
in Chapter II., the same being against the proof in Chapter I., its truth and 
generality? Until these questions can be answered in the affirmative, we are 
reminded of differentials by the relative sizes of a gnat and a camel. 
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only warning necessary is, never to separate a partial differential from 
its denominator without making a proper distinction, since the removal 
of the denominator removes the existing distinction. Thus 


d 
du = ~ dr + r dy cannot be written du = du + du, though we 


have 


du (when both vary) = du (when z only varies) + du (when y only 
varies). 
; , : du du 

Which might be written du= d, u + du, but T’ + di dy 
will be found more convenient. 

We shall now suppose that in Pdx + Qdy, the condition of inte- 
grability is not satisfied. Let M be the factor which has been lost, so 
that MPdz + MQdy is a complete differential. 


Then AMPI = d (MQ) or P hi — PEAS = M(= EN ‘ 
| dx dy dx dx  dy/ 
Thus, if we wish to render ydx — xdy complete, we have 
dM dM 
P=y Q=-vz Tae ae ee 


or we have to solve a partial diff. equ., namely, to find M, a function 
of x and y, between which and its partial diff. co. the preceding relation 
shall exist. This we cannot do generally, but thereupon, seeing 
that this proposition is true: “ given the solution of all partial diff. 
equ. that of all common diff. equ. follows, both being of the first degree,” 
we may suspect the converse, namely, that we shall be able to solve all 
partial equations, so soon as we can solve all common ones. And this 
we shall find true, with just enough of variation to remind us that the 
assumption of converses is dangerous. 

Treorem. If N be a function of x and y, giving dN = pdx + qdy, 
then the equation du = VdN is incongruous and self-contradictory, 
except upon the assumption that v is, as to x and y, a function of N; 
or only contains xz and y through N. 

Let N = y (x,y) give y = X(N, x), and suppose, if possible, that 
the substitution of this value of y in u gives w= ĝ (N, x), x not disap- 
pearing with y. Then, x and y varying, 


_ dB dN dB dN , dB 
du = oN ay a + dN dy T Tr SA 
_ dp dB 
or du = zq aN et. apt = VAN, 
which equation being universal, is true on the supposition that x does 
not vary, or that dr = 0. This gives all =m 
> dN 


T Van te= VaN, 


d TON" e 
because oe and V being independent of the variations (as are all 


dN 
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diff. co.) whatever relation exists upon one supposition exists upon all 


d A ; : 
others. Hence dy = 0, or 6 does not contain « directly, but only as 


it contains N. We have purposely introduced this demonstration here, 
because it gives the opportunity of dwelling on the point most likely to 
confuse a ‘beginner in his first use of differentials. In the equation 
dN = pdr + qd y, which is true of dN, dr, dy, not in the ratios which 
they ever can have, but only in those to which they continually approach 
as they diminish, we can no more suppose dz = 0 absolutely, than dy 
or dN, except only on the supposition that x does not vary at all. The 
smallness of dy, if it be supposed small, is no reason for the rejection 
of gdy as compared with pdr. Or let dé be a comminuent with dN, 
dx, and dy, and let 

dN di dN _ dp dr dN ' 


ar &c. be limiting ratios as usual, Tosno IN di aT arr 


is absolutely true, upon all E If then x do not vary, we 
have 


dx dh. _ dh dx _. dN 
Ta a verte dt dt’ 
: : sms „dx . dB PF. 
which being true independently of a? must give fa 0, as before. 
Again, 
dN aN aN \ _@ dN 
du=VdN = N Tr dx + V a d gives -y> = (Vos ANA 
qy 8 as ) = ae Yay) 
dV dN daN dV dN , d dN dVaN dVdN 
SAE Ve i et Ve, OF A =0, 
dy dx dydx dx dy dx dy dy dx dx dy 


whence (page 187), V, as to z and y, must be a function of N. Let it 
be fN, then du = fN.dN , u = f fN .dN + const., a function of N. 
Hence, du = VdN requires both V and u to be functions of N. 


Tueorrm. du = Pdr + Qdy, u being a function of z and y, cannot 


dQ 
be true, x and y being independent, unless ~ T me 
du du 
Ta det, dy = Pdz + Qdy, 
dit du dP dQ 
ancl unless ie P o =Q giving U ae 


we may easily show that no given function of x and y can be = u, 
unless upon a supposition which connects x and y. ‘Thus, in the case 
of du = dx + «dy, we cannot, for instance, have u = a? + 1, unless 
we have 


2rdr + 2ydy=dzx-4-ardy or a = say , 
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which is only true where y is one particular function of e Similarly, 
wecan only have v=zy +y, where y is another function of r, and so on 
for every function of x and y which u can be. But in du = rdy+ yea, 
we have u = xy, whatever y may be. This latter sort of connexion 
between u and a function of x and y is therefore impossible in the pre- 
ceding case: which was to be proved. 

Where one equation only exists between two variables, as in y = @z, 
or ¥ (x, y) =0, there is one independent variable. But there is one only 
when there are two equations between three variables, three between 
four, &c. To take the former case, let us suppose $(7, y, u, c) = 0, 
W (x, Y, u, c’) = 0, each equation containing an arbitrary constant. 

If we differentiate these, we have 
dd dø., ,dp, _ dy dy Ae 
re dx + dy + Ta du= 0 7 de + T dy + da du = 0, 
from which four equations we may climinate c and c’, leaving two equa- 
tions between z, y, u, and their differentials, cr when more convenient, 
the diff. co. of any two with respect to the third. We may also in the 
same way obtain singular solutions, satisfying the diff. equ. by substi- 
tuting in the equations the values of c and c'in terms of a, y, and u, 

do dys 


derived from ae = 0 dct = 0. All this will be also true when both 


equations contain both c and c’, except with regard to the singular 
solutions, which we shall have to consider hereafter. And the diff. equ. 
may be obtained directly (as in page 184), by explicitly obtaining c and 
c' from p =0 y=0. Let these give c= @(z, y, u,), ci = V(2,y, u,) 
from which we obtain diff. equ. of the form 


Mdr + Ndy + Pdu=0 M'dz + N'dy + P’du =0, 


where M, N, P, do not contain c or c’, and are either partial diff. co. of 
®, or diff. co. stripped of a common factor. And the same of M’, N’, P’, 
and ¥. But we are not to conclude that these will always be the diff. equ. 
presented by a problem of which the result is that p =O y= 0. For 
if we multiply the second by V and W successively, and add the results 
to the first, we have 


(M + M’'V) dz+(N-+N’V) dy-+-(P+P’V) du = 0, 
(M +M’'W)dx+(N+N'W)dy+(P+P'W)du= 0, 


the truth of which implies, and is implied in, the truth of the first pair. 
And these, with some particular form of V or W, may be the conditions 
at which we arrive. 

But now suppose we require, not that the preceding equations should 
be both true, but that v, 2, and y, should be connected in such a way, 
that either of them will be true when the other is true; that is, 
either is to be a necessary consequence of the other. Supposing the 
equations to be so combined, if necessary, that the restoration of a factor 
shall make the first side of each a complete differential (say the first of 
and the second of Y), then our requisite condition is this, that d@ 
shall = 0, when d¥ = 0. This will be true if such an equation as 
d =—Vdy¥ exist, that is, if @ be made a function of ¥. Hence, we have 
this 
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THEOREM. If the diff. equ. of Ø (u, z, y, c, c') = 0, and Y (u, a, Y, 
c,c’) = 0 may be so connected that either shall follow from the other, 
then ® and ¥ being the values of c and c’ deduced from ¢ = 0, y = 0, 
we must have =f (YF): and conversely, (it may be shown from 
di=f'¥ dY) that © = f(¥) makes either of the diff. equ. deduced 
from = 0 | = 0, follow from the other. 

Though we have shown that Mdr + Ndy + Pdu = 0 is incongruous, 
except only in the case where 


du = — 5 dx — M dy is a complete differential ; 

yet two such equations existing together, have meaning and rational 

results. For by eliminating du we obtain a relation between dz and dy, 

which implies that y is a particular function of x; as also appears by 

eliminating u between the primitives 6=0 y= 0. This is a sufficient 

sketch of the theory of simultaneous diff. equ. for our present purpose. 
What function of x and y is u, so as to fulfil the condition 


du du 
ee a aw e w (1) 


where each of X, Y, and U, is a given function of the three variables 
zx, y, and u, all or either. To begin with a particular case, let us take 


2 = +y T = u. Now u being a function of z and y, gives 
d ; d l ) 
du = = dx + 7, (for all functions) = = dx + 7 (u — in) dy 


(for the case in question). 
d 
That is, ydu — udy = = (ydr — zdy). . . . (2). 


This immediately shows us that u must be of such a kind that ydu — 
udy = 0 follows from ydx — xdy =0: of which the first gives u = cy, 
the second y = c'x. Hence, in the theorem preceding, c or ®, or u -=y, 
must be a function of c’ or ¥, or y +z, and therefore 


œn du du is rA ; [Y 
— — = l — =e 
if x an FY a u have a solution, its form is u = y f (2) 


The next question is, will any form of f be a solution, or does this 


require any particular forms, and what? To try this: observe that (2) 
may be immediately reduced to 


Ue et E a GPE eh a N aO 

a.(3)= y? AOL "yla a(*)= rž) a(®) 
x? du yY du y? y 

then should = F (2) O ie n 2). 


which, u being y f (y = x), is true for every form of f. We now pro- 
ceed to the general case. 
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In the value of du substitute s from (1), which gives. 


Ydu — Udy = - (Yde — Xdy). 


Consequently, u must be such, that Xdu— Udy = 0, and Ydx— Xdy=0 
shall follow one from the other. If then their primitives can be found, 
and the two constants deduced in terms of x, y, and u, the value of u 
must be among those derived from making the expression for one of the 
constants a function of that for the other. It only remains to show that 
the one may be any function of the other. Let c= ©® and c'= ¥ be 
the values of the constants above mentioned ; whence $= f¥ is the 
form to be tried. 
We know my (by the manner in which p and ¥ are obtained) 


dò y db dY dY dY 
— dy = = — d — dy = 
n TE dr ne a dy =o: du d dr T t dy oy = 0, 
may be transformed into, and imply and are implied in 
Ydu— Udy = 0 Ydx — Xdy = 0. 


If then we use the two last, and eliminate dy and dz from the two first, 
we produce (eliminating a quantity from equations which are the same 
in different forms), identical EE a are 


d® d d® CE A: 
U —+xX—4+Y— = 0, US pcos Y — 
dit de dy Tet T 
These results are necessary consequences of the manner in which ® 
and ¥ were obtained. Now I say, that the supposition of d= fF, 
makes these render the equation (1) true, whatever f may be. For, 
differentiating the last with respect to x and y separately, we find 


d® Oe a ( dY du dY 


oi = f'y = 
du dx iu dx * dr 
g 4 ee GAD 
dọ du | dd = phy (a du | d¥\ 


du dy du dy my dy j 
Multiply the first by X, and the second by Y and add, remembering the 
preceding equations. We then have 


PAPAE) RUES E (aE) -Zu k 


dx dy du dx dy du 
d® ay du du 
E Que = 
5 (= Pra a) A (x dic PE dy -U)= j 
“oe W jaiero Eo may be, we ee either 
— f'y or x4 y%-U=0: 
a dy 


of ais we id show that the first not only requires a relation to 
exist identically between ® and Y, but is even then only true of one 
form of f. Assume the first, then from cquations (A), we have the 
following additional equations : 
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\ 

sae gn aed and © = pry 

dx dr dy 
which three relations imply that ® and P- a are identically the same, 
or at least only differ in constants, or in quantities not containing either 
v,a,ory. Now © and ¥ contain nothing arbitrary, being entirely 
determined when X, Y and U are given.: the one therefore cannot be 
made identically a function of the other ; and even supposing that we 
had obtained a case, in which ® was a certain function of ¥, the first 
could only be one definite function of the second; that is, f could not 
be, as was supposed, of any form whatever. Generally, therefore, 
p = fY gives equation (1). And we have thus obtained the most 
general solution ; for if not, let the more general one be w (a, y, u)=0, 
which is such, that when we substitute values for «and y in terms 
of u, ®, and ¥, from ® = @(a, y,u), ¥ = Y (x, y, w), we do not find 
u disappear also, but suppose we find y (u, $, ¥y=O0 giving d= f(¥, u) 
instead of the former solution. The equations (A) then require the ad- 
dition of terms to the second sides arising from f containing 7 and y 
through u, which enters directly, as well as in YW: that is, terms of 


df du J df dit 


the form a de i ay ay: The multiplication and addition then 
makes the final equation become (f’¥ meaning now the partial diff. 
df i 
ay = 
ao 2) (xt +y% u) RLAR GES F 
a du/ \ dz ~ au dz Y ay / 
and this does not satisfy the celui ep for the admission of that 
equation gives 0= —U Ta Now, if U be finite, this gives 
df 


a= 0, the very equation which denotes that u does not enter where 
du 


it was supposed to enter: but if U = 0 the preceding equation is then 
reduced to 


db tag dY df du 7) = ae 
(E ad du T) (x dx ea j 


The first factor docs not vanish, by reasoning similar to that already 
given. The second factor therefore vanishes, or the equation (1) is 
satisfied ; but our new supposition @ = f (¥, u) still exists, as a solu- 
tion ; has the equation really a more general solution when U = O than 
in other cases? If we return to the diff. equ. we find that U=—0- 
(Y being finite) gives du = 0, Ydx — Xdy = 0, and one of the pri- 
mitives must be u = c; that is, v itself is either ® or Y: be it either; 
still d= f(¥,¥) or $= f(¥, ®) show, either directly or by deduction, 
that ® is a function of F. 

Thus an arbitrary function is in partial diff. equ. what an arbitrary 
constant is in those which have only one independent variable, a neces- 
sary part of the most general solution of any one, however simple. We 
now give some examples = 

du 


l. 7 U. Here X = 1 Y=O andthe diff. equ. become Udy=0, 
dx 
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Xdy = 0, or y= c satisfies both. In fact, owing to only one variable 
being differentiated, this is a common diff. equ., in which the other pos- 
sible variable is constant. The arbitrary function is one of y. 


du du 
dx dy 
du = 0, dx + dy = 0, the primitives of which are u= c ty = 0, 
and u = f (x + y) is the solution. (Tor the converse, see page 62.) | 


2. X=1 Y= — 1, U=0, and the equations are 


du dit CO du du 
a" a” gives u = f (x — y) aN et ae ee 
] 
gives u = f (ay — bx) + Z, 
4, ET ae gives u = f (22 + 4°) reba at te PE 


gives v = @ (2? — y/’*), 


5. Let X, Y,and U, be severally a function of x only, of y only, and 
of u only. Then the solution is the value of u derived from 


du dy dy dx 
Son JERES) 
6. TET gives u= a(t). 


1. Explain the following assertion :—If f may be any function, then 
f(P — Q) + P, and f(P —Q) + Q are the same zn form; and so are 


p AP 
Pf| = ) and =]. 

s(a) mAg) 

We have thus completed what it is necessary the student should 
know on equations of the first order (of differentiation), and of the first 
degree (as to powers or products of diff. co.) both for two variables (one 
independent) and three variables (two independent). With regard to 
those of the second order, we have already integrated (in page 154, &c.) 
by far the most important of those which occur in practice. Those of a 
higher degree than the first are not of primary utility. Without making 
further application than is necessary for elucidation, we shall content 
ourselves in this chapter with pointing out the most important general 
considerations connected with them. 

Let there be an equation y= Ø (£, Cis C2,» . . ) containing n ar- 
bitrary constants ; three will be sufficient for our purpose. We may 
then form n different diff. equ. of the first order, according as we eli- 
minate one or another constant. From any one of these we may elimi- 
nate a second constant, and thus we shall have equations of the second 
order with only n — 2 constants in each. Proceeding in this way, we 
may by means of the primitive equation, and the n equations imme- 
diately deduced by n differentiations, eliminate all the constants, and we 
shall thus have an equation of the nth order containing no arbitrary 
constants. For instance, suppose y = c,2* + cza? +cat? (A) whose 
differentiated equation is y = 4c, c° + 3c,27 + 2csx, from which 
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Eliminate c, giving 4y — zy’ = Cot? + 2c,2*s....By 
e o Co e. oo 3y — xy’ = -- Cc, 74 + Gd vee, 
>. v © ə Cs eevee 2y — ry! = — 2c, at — E basa 5 


The differentiated equation of the first is 


By! — ry" = 3c, 2° + 4c; 2, 
from which, and from either B,, B2, or Bs, another constant may be 
eliminated. 

Proceed in this way, and show that the first equation in which all 
the constants are eliminated, is 

xy! — 6r y" + 182ry' — 24y = 0, 
which equation has (A) for its complete primitive. It might be sup- 
posed that there are 12 equations of the second order, namely (denoting 
by B,’ the differentiated equation of B, , &c.), two from each of the fol- 
lowing pairs, according as one or the other constant is eliminated B, B’,, 
B: B’,, B, B’,, and one from each of the six other pairs B, B's, B.B’, &c. 

But four of these twelve contain c, only, and are identical, and the 
same of c, and c}. However an equation containing c, only may arise, 
it must be, with one order of processes or another, the result of elimi- 
nating c, and c between A and its differentiated equations A’ and A”. 
Hence there are n ways (supposing 2 constants) in which one constant 
can be omitted, or n diff. equ. of the first order; $n (n — 1) ways in 
which two can be omitted, giving as many of the "second order ; and 
finally, one only in which all can be omitted, or one of the mth order, 
Thus, in one equation with 4 constants, there are 4 equ. of the first 
order, 6 of the second, 4 of the third, and 1 of the fourth. 

Hence, n is the least number of constants which an equation of the 
nth order can have in its complete primitive, and also the greatest. This 
last point is one of which a complete and final proof cannot easily be 
given ; we shall therefore (here at least) content ourselves with remark- 
ing, that as our only method of reducing an equation to the next lower 
order is common integration, which introduces one constant only at 
each step, we know that a primitive with 2 constants, independent of 
each other, is the most general which we have the means of finding. 
We shall now proceed to consider the general properties of the expres- 
sion 
Sey Pa Sot we Puntea Py + O= V, 

x du 


where Pa, P,_,, &c. are any given functions of x and y, and V = 0 is 
the general diff. equ. of the nth order and first degree. If for y we 
substitute any given function of x, then V becomes a given function of 
x, and is integrable, or supposed to be so: we shall hereafter show that 
approximate ititegration, at least, is always possible. But there may be 
cases in which this function is what is called integrable per se, that is, 
whatever function y may be of x; that for example, in which Q + Py’ 
is such, has been already investigated. But what we have at present to 
show is this, that excepting only i in the case last instanced, or in that of 
Q + Pay + Piy’, the preceding function cannot have arisen from 
direct differentiation. Nothing more is necessary to show this than 
actual differentiation of a function of æ and y. Let the function be U, 
and let U’, U,, U”, U’,, U,,, &c. be its partial diff. co. with respect 


P 
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to z and y. We have then, y, y”, &c., being the diff. co. of y, the 
following results for the diff. co. of U, considered as a function of x, 
both directly and through y. 


‘Ist diff. co., 
=U'+U,7/’ 2nd diff. co. = U"+2U', y/+U,,y2+U, y", 


3rd diff. co., 
=U0"+3U "y +3U, y” +U, y +20" y" +20 pyy" + (U+ U, y')y" +U y" . 


It appears then that the nth diff. co. of u, thus obtained, contains not 
only y' y” , &c., but powers and products of them: so that V cannot 
be such an nth diff. co. when P,, &c. are simple functions of z and y. 
The only exception is the first diff. co., since Q + P,y + P,y’ may be 
identical with U’ + U,y’. But if we are at liberty to suppose P, , &c., 
functions of z, Y, y’, y", &c., then V may, in particular cases, be an 
exact diff. co. independent of any specific connexion between y and z. 
We shall proceed to ascertain when this is possible. 

By integrating / Vdz by parts, we can now attain the condition (for 
there is only one, as will be found) under which this operation can be 
performed independently of specific connexion between y and x. Let 
us take the general term 


m » m-l m—l > Im — 
iL y dz which is {Pq d.5 Yor n-li Yap.. 
m m dz a | dgr- m 


ATY ar ACA™ Ty) _ a(F=5) 


For, Ar being constant, Aon aye = Ne 
dP m : i 
Write dP,, in the form =a dx, the diff, co. being total (throughout 


this process, y is an implied function of x) and continue the process, 
which gives 


m m—l m-l 
fe so a (| dr 


s dx™ dxr™— dx dz" 

Za d" y = dP d*y ; (Cd P. d y 

—s m dg™-! dx du”? : dr? dr -? 

= P dnly 7. dP n d"~*y d’P,, dy E CLP m alt= a d 
“d dx dx"? di dx™-* da da MP 


ps m ipa! a de dz™-? T3 dr? dr™-3 “a di™ ydr, 


p y d’y dP, dy d? P d’ P 
“h — es C — —— _—_— ——- ana =; 2 4 cdl pay | 
ag? f ` dx ® dx? dr dz dr? * f pen 


d™—ty dP, d”—y ; PPa d™—°y ; FS {= 


Substitute these several terms, up to m = n, in J Vdr, and we have 


° dP d dP. dP 
JNdr= fQdr+ f Poyds + Py- J; yeet Po sav | Gates 
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d =P, 
PE ye + Sty — Svit be 


`d? = dx dr dx? 
ae at bm + oe fe | 
(pEr) Bra ie 2 2) 
ca ( i4 ir a + seve + me (P,). 


But the integral in the first line is not attainable without specific 
connexion between v and y, unless we suppose that Q, y, Pa, &c., are 
so connected that the multiplier of dx is a function of x only: let it be 
xz, whence the following theorem, obtained by equating thai multiplier 
to xz, and substituting the value of Q thus obtained (we leave out xz, 
because xs dr alone is evidently integrable; and if the whole be inte- 
erable, and one of its parts, so is the remainder). The expression 


d"y ee i dP, dP, oP, 
. m dx" E Paai gpi dz" nee +P, 3 ty dz C oe tT, 
is integrable per se; and its aa is 
d'y ( dP,, \d"~*y ay. dP, 
— — : Co. eee 
Pei > (Pan 7 r—2 +(Piaé vee) T7 nase ety (P, T ). 
a ay dP, d? 2 ce dP, ~ dP 
Examples : Piz + y— PE. and Psa aca Pi 7; Obs dz) 


are ee ; the first we know well Paii ; the ian of the second 


P, 
13 Pre 24 (P, — 7) y, Which may easily be verified. 


These are the conditions upon which one integration is possible; we 
might apply the same method to ascertain those upon which a second 
Integration is possible; and so on up to n integrations; but as this 
would not be uscful, we sha!l merely give the results of one case as an 


_ exercise for the student. What are the conditions which make 


Re 
-4 T Poy +++ (A) completely integrable ? 


ade, € Pe Ps 


That first integ". may be possible P, = 


dr E dx da” 
irst i : Cy dP,\ dh dP, dP, 
First integral is .... P, Te 4 (P. — Ta =) = a P, 2 et = 


Condition of 2nd integration, 
P, E dP, = d P ka dP, dP, wit dP, Sp dP, dP, 
du = date Sde di dat z 
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. oe , dy dP, aps 


: a dP, © dP, dP, 
Cond”. of 3rd integ". PR- 257 = aw or P, = 3——; 


—=— « 


Third and last integral P,y. 


Show, from the conditions, that 
py dP, d*y lP, dy CP, 
r r T ET 


The student should attend particularly to this process, as it is of 
importance in the Calculus of Variations, to which we shall come. 
Suppose now that V, instead of being integrable one step per se, is 
not so because it has lost a factor, as might have happened if V = 0 he 
an equation given. We shall confine ourselves to the second order of 
diff. ae Let M be the factor ; consequently, 
ad(MP,) d*(MP.) 


dy 
MP, S? a+ MP, oY z TMP, yis integrable, and MP,= = dz 


From this last, if M can be found, we can integrate V =0 one step. 
But this is itself a diff. equ. of the same degree as V=0, and we therc- 
fore appear to have only reproduced the difficulty in another form. Nor 
have we done more relatively to the order of the diff. equ.; but at the 
same time observe that all that is necessary to M being a factor fit for 
our purpose is that the last equation shall be satisfied. We do not 
want its general solution, or even a solution with an arbitrary constant ; 
any solution will do. For the preceding process makes it evident that 
the mere existence of the condition, arise how it may, is sufficient to 
destroy, or to render a function of x only, the indeterminate integral 


part of Sf Vdr. We have then made a particular solution of one diff. 
equ. the only condition necessary for a step towards the general solution 
of another. For instance, I propose the equation 


d’ d , 
at 5 aw y= 0 root = — 2r, Pie 2. 


d(—2xM) EM). 
dx de 


2 
og tory, + OM =o 


Let M be the factor; then 2M = 


which may be reduced to 


Now suppose by trial, or other means, we arrive at the knowledge 
that M=1~+ 2° will satisfy the last, which it will be found to do. 
Then 


dy 2 dy Qy.. . . dy 2 
AT Tr t ws integrable ; it gives Aa og Ye 


Consequently, page 195, 
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: sf as 
y= fe |e fe J dx + |= —cr 4 dè, 


which is the complete integral of the given equation. 
This method can only be applied with success to cases in which 
P,, P,,, &c., are all functions of z Let the student apply it to 


dy 
dx 
integrable, is log! ( /Pdr), whence let him deduce the solution which 


was obtained by a particular artifice in page 195. 
When P,, &c., are all constants, the equation 


+ Py =Q, and show that the factor which makes the first side 


d*y dy dy p 
n Tra + Gn Roane: Ey ri ay = X (f°. of x), 


admits of complete integration. We shall take the third degree as a 
case. Let M be the factor which makes the first side integrable; then, 
taking the equation of the third degree, the condition for determining 
M is 
dM dM PM 
ee a ae 

A particular solution is readily found. Assume M = e—**; then we 

have 


E (do + ak + a, k? + azk?) = 0, 


which is satisfied if kbe either of the roots of a,+a,k + &c. = 0. 
Let ki, kz, ks, be these three roots; use them one after the other, 
and we determine the three primitives of the second order belonging to 
the given equation, as follows (multiplying both sides by e“*, inte- 
grating by the formula, and then dividing both sides by e-“*) ; 


2 


l E 
a + (a+ ask) (a +a,k,+a3k,*) y=" S Xe" dr , 


as 
dy dy k k 
Qs Tre za (aat aske) 75t (a + ako task?) y= E 7 f Xe- dt, 


d d | 
5 5 + (e+ daha) T+ (a talat aki yee f Xe de. 


It is unnecessary to integrate further; for the elimination of y! and y” 
between these three equations will give y in terms of the three explicit 
integrals, each of which contains an arbitrary constant. To perform 
this elimination, determine A, u, and v, from 

N+tptv=—dO, kiA + kep + kz v = 0, 
which are satished by X = ke— ks, p=ks— ki, v= kiı— k. 
Multiply by A, u, v, and add, make Ak,?+ pk? + vk =K ; then 


Ngk 


ome renk x a pers? -k verse z 
yY K [xe dz 4 K f xeran Exe * dx, 


ls 
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If X= 0 the integrals are arbitrary constants, and we have, writing 
Cı Czy C3, for the complicated coefficients, which are in reality arbi- 
trary and constant, 


y = ce? + cee” + eyes”, 


If two of the roots be equal, say k, = k,, then v = 0, and one of the 
preceding terms disappears, whence the solution not having three arbi- 
trary constants, is not complete. In this case two of the three primi- 
tives of the second order are identical, so that having only two distinct 
equations, we can only eliminate y”; do this from the second and third, 


giving 

d 
a(k- ts) =" + (ko—ks) {ao + ag( ky +s) + yee [Xeeda-e's* [Xe-'' de 
But a, + a; (kz +k) = —ask,, in all cases, by the theory of equations; 


d 
or the first side of the preceding becomes a; (ke — ka) ($ —hy) ; the 


factor which renders this integrable is €™%*; multiply by this, and 
integrate, which gives (since k, = ks), 


@,(ky—ks)yee? = fdz f S Xeda} -f l dretso" f Kes dz} 9 


which, involving four integrations, may seem to introduce four arbitrary 
constants; but this is only in appearance. For the second side of 
the preceding differentiated twice successively, gives 


[Zesde — e%s-*)* f Xede and (ke—k,) etso: [XE dz, 


whence ay E" = f f dx f (dx. et: fxe dz)} 3 


in which there are three integrations only. (It is always possible to 
make a single integration appear two or more; thus 


f PQdr = P fQdz — fÈ few baz ). 


When X=0, the first integration gives a constant, say c; the second 
gives 


C 


k3—k , 
- eGa-k)= tonto! , 


e@syke)* L e, and finally a,ye"*= 
Ks— Ro s. 


ee 
(ks — ks)? 
or y = Ces + (Cx + CO”) ets? 


When all three roots are equal, the three primitives of the second 
order become identical; and we should then integrate the primitive of 
the second order twice successively. But the form to which we have 
reduced the case of two equal roots does not lose a constant when k,=,, 
and gives (with three integrations), k being the root, . 


aye = f{dr f (de fXedz)}, 
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when X = 0 y = (C + O'r + 0”) e. 
The most important case is that of the second order, or ` 


and proceeding as before, we find that the factor is either e~1* , or £7*:7 
k, and k, being the roots of ak? + a,k + a = 0: the eves Ble 
of the frit order are 


d 
Qs m + (a, + ak) y = €* S Xe% dr, 


d: ; 
a F + (a, + azk) y = 81" f Xe*27 Lz, 


giving a,(k,—k.) y = 1 S Xe"? dr — eke J Nev" de... (A). 


If both roots be = k, the integration of either of the first pair gives 
E oe that a,k + a, = — ak, and that the first side becomes 


a (2 as) ) , of which the factor is e~**) 
aye = fazí fxe" da} Pama (B). 
when X = 0, yee + ge, or E (e, + c), 


according as the roots are unequal or equal. But let us suppose in 
(A), that k, is a variable which approaches to k, as a limit, in which 


, 0 l , 
case the value of y in (A) approaches the form 5° Differentiate both 
numerator and denominator with respect to k,, remembering that (< 
ae l Ip 
and k, being independent) a =e Pdz -|T dx, and the value of 
i 
a,y will be (since a — (k, — ky) <p 


she f 


~k)z ekir 
dk, ‘|x 7 dy+s [xe 


To which (B) is immediately nial by parts. 


a, y= 


-dr=" f of Sedz- fXne"*dz}- 


If the two roots be impossible, we have 
(kh =a + 6V—1 kı= a —BY—1), 
ght JS Ker r= s" (cos Pr4 J —Jsin Br) S f cos 8x- yJ- 1sin Baje Xdr 
e1 f Xe J p= s (cos pæ- V =1 sin Br} f {cos Br+4—1 sin bu\e-*Xdx 
26V —lagy = 
2e™*,/ -1 sin Bx f Xs—* cos Bedr — 2s*/—1 cos Px S Xe™ sin Arde 
aye" =sin bx JS Xe“ cos Bx dx —cos Bx f Xe“ sin Bx dv. 
If « = 0, we have the case already considered in page 155, 
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-~ The following theorem is the synthetical construction of the solution 
of such equations: If y be multiplied by £, and the product dif- 
ferentiated ; the result multiplied by e“2~“v)* and the product differen- 
tiated; the result multiplied by «“s—*)* and differentiated, and so on 
up to multiplication by e“.~*“n-1* and differentiation : and if the result 
be then divided by e“»—".-v* ; the final result will be 
n n= | 
ts er o.e à ta 2 ay, 


+ Gy 


where @,-:=hy + ka Fee an- = ki ke ki ka ive GC. Tao = kike okn. 


We now come to equations of higher degrees than the first. It will 
be sufficient here to consider 


dy A) (Z aa 
@ +P(% +Q dz) +tR=0. go: So KL) 
where P, Q, and R are functions of x and y. This equation gives three 
distinct forms for A answering to its roots, considering it as of the 


third degree: let them be 


d d : 
eA, a Ay wm As (An As, A) f™ of x and y). 


If we can find the primitive of either of these three, we have a solution 
of the equation. Let the primitives of these be V, = 0, V,=0, and 
V,==0; either of these then satisfies (1); but no others satisfy 
Vi Va Va = 0: consequently, let V,, Ve, and V;, be combined by mul- 
tiplication, and let y be deduced from the product. This value of y will 
contain three arbitrary constants, contrary to what is proved in page 184. 
But it must be remembered that in what we have just said we have 
tacitly extended our meaning of the term differential equation beyond 
what was allowed in the page just cited. The equation (1). gives a 


dy l 
choice of three forms for 7, , and may be written 


(t- .) (Z-a) (Z-a )=0. EE (2). 


And V, V; Vs=0 gives a choice of three primitives. If we choose V,=0, 


we satisfy (2) by means of the factor a — A,=0, which follows from 
V,=0. But y as obtained from V, V, V;==0 being differentiated, 
and c, (one constant) being eliminated, will the result be the equation 
(1)? To try this, suppose the three primitives to be written c, = W,, 
ce = We, c= Ws, when (c,—W,), (co— W.) (c,— W) =0 is 
the complete primitive, as far as we have yet gone. Differentiate 
this, and we have 
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(c= Ws) (cs— Ww) Mi teo- Wa (q-W,) = ba 


=) 


d.W 
+ (c,—W,) (¢s—W,) ae 


Eliminate c, from the original, which can only be done by making 
cı = W,, and the preceding is reduced to 


(c2 — Ws) (cs —Wa) -7 Au 


which is not the diff. equ. (1) or (2), but has a factor in common with 
it, so that both are satisfied together by c, = W,. For by supposition 


= 0, 


dy 
c, = W, and V, = 0 are simultaneous, and the latter gives ie J _A = 0. 


But if we make c, = c = c so as to have only one arbitrary constant, 
the elimination of c, will lead to the equation (2). Suppose (to give a 
more simple example) we take the form (1) but of the second degree, 
everything remaining as before, except the suppression of As, Vs, &c. 
Then (c — W,) (c —W,) = 0 gives 


° e e 3 d. 
ce —(W,+W,)c +W,W:=0, Wi aa EAA PE A Ws 
dz dz 
d. m 
Eliminate c; then (W, — W): — LEAL - (3) 


But 


d.W, _ dW, , dW, dy dy = dW _ 
dr = er “dy d? and dz —A,=0 follows from aE = 0, 

whence 

_ dW, d.W, dW " dy 

ie ds or ae = Wak a A.) and (3) becomes 


dW,dw LW 2 / dy, 

W; —W, 2 --— a -—— o — 
9 Ty dy de a (ar ) ý 

which is the primitive diff. equ. affected only by factors not containing 

dy 


ae Hence the real primitive, in the sense used in page 184, is the 


product of all the S with e same arbitrary constant in all. 


For example, let - (a42) l+ a2= 0, which is satisfied either 


dy dy KR : 
by | Pa the primitives of which are y—az—c=0, and 
y — $ —c=0, and 
y’ — (ax +42 + 2c)y+ (ax + c)(42 +c) =0 
is the complete primitive. 
The student must here remark a distinction which has no specific 
name, but is of considerable importance. The ambiguity which exists 
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in algebraic expressions arising from the occurrence of the radical sign, 
has two characters, 1, when the root in question can be extracted in a 
more simple algebraic form ; 2, when the root cannot be so extracted, 
An example drawn from geometry will do better than anything celse to 
illustrate the difference. Let y=V and y=W be the equations of two 
curves, V and W being functions of z. Let it be required to find an 
equation to both curves in one; or &(z, y) =0 is to be satisfied when z 
and y are co-ordinates of a point in either curve. This may be repre- 


sented by means of the ambiguity of P+ Q?; let P+ VQ =V, and 
P ~VQ=W, and we have 


J 
P=k(V+W) Q=}(V—W)* y=}(V+W)+3(V?—-2VW4W)4, 
which is either V or W, according as we take one sign or the other 
for the square root. Thus, under the appearance of an ambiguous 
single form, y may have either of two perfectly distinct forms. But if 


we now consider y=a-++-", we have two varieties y=a+Nz, and 


y=a—V x, belonging not to two different curves, but to two different 
branches of the same curve ; where by the same curve we mean the 
same to common perceptions. We can geta circle and a parabola 
into one equation of the first kind, but y=a+,/x and y =a — 4x belong 
to two different branches of the same parabola. Thus the equation 


y= (2+0)? exhibits an hyperbola, or +Vx24+c and —V22+e are 
ordinates of different branches. But let c become =0, and we have 


y= (2°)? ; that is, y= + x or y= —z, and these two branches together 
form two straight lines. It is true that this system of two straight 
lines is an hyperbola, according to every definition that can be given 
of that curve: but it is equally true that this is an extreme case of 
the hyperbola, which presents a peculiarity of its own; namely, that for 
this single case, the hyperbola degenerates, as is sometimes said, into 
two other lines which, both together possessing the properties of an 
hyperbola, are yet each complete in itself. 

The last diff. equ. we took was one which belongs either to a straight 
line or a parabola; but let us now consider one which cannot rationally 


s dyN? 
be resolved into factors, say (2) =y. We have then either 


d d z x y 
=y or =y and Vy = łw+e or —Vy=hr+<e, 


the complete primitive is 


(ke+e—WVy) (Aa+e+Vy)=0 or y=($2+c)’, 
the equation of one parabola, each factor being that of one branch. 


We shall now proceed to applications of the differential calculus 
which are valuable in themselves, as well as for illustration of prin- 
ciples. We have before us the fields of algebra, geometry, and me- 
chanics, which we shall take in the order in which they are mentioned, 
placing a chapter of examples on the subjects of all the preceding chap- 
ters between those on algebra and mechanics. 
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CuarTER XII. 
FURTHER APPLICATION TO ALGEBRA. 


A FUNCTION of two variables may have a maximum or a minimum ; 
that is, it may be possible to assign r=a, y=), so that G(a+h, b+ k) 
shall be always greater or always less than (a, b), or become perma- 
nently so from certain values of h and k to anything short of h=0 k=0. 
The law by which these values are to be determined is obtained as fol- 
lows: such an absolute maximum or minimum remains if we suppose y 
any function of x, subject to the single condition of that function being 
=b when r=a. For if all species of values of A and k satisfy any 
condition, so do those which arise from supposing k=a(a+h)—aa; 
and conversely, k may be made = any given quantity, a and A being 
given, by choosing a proper form for œ. Thence $(z, az) is to be made 
a maximum or minimum, whatever may be the form of « ; that is 


d.o(2, y) Pye a Fe db dọ , 
e WN (YET), or da dy 


changes sign, whatever œ'x may be (page 132), in passing from r=a-h 
toa+h; and this, however small A may be. That there may bea 
maximum this change must be from + to —, or the last function must 
be decreasing ; for a minimum, it must be increasing ; or, 


for a maximum) d’*¢ . ad d'h dd "y (must be = 


ree Lee Set wT Cal a2 
for a minimum dai- P“ dedy wey dy’ y's dy * ¥ {must be + 


We shall confine ourselves here to those maxima or minima which 
arise when ¢/+@,./r=0, (it must be either 0 or œ ), and since this 
must be true independently of a'z, we must have ¢’=0 ¢,=0. Making 
,=0 in the last, which is thereby reduced to @! + 2¢/a'r-+¢,/(a'z)*, 
we know that this cannot be always of one sign whatever a’z may be, 
unless the values it would give to ez, when equated to nothing, are 
impossible or equal; that is, unless @”q,, be not less than (Ø). In 
this case ¢” and $, must have the same sign, and this sign determines 
that of the expression. Consequently, 
determine all the values of x and y which give sa =0 o_o, 

dx dy, 
dp dh / dd ye 


then for any pair which give da® d T Kadi j 


a positive sign, 


2 


: ; l a d 
p(x, y) is a max. or a min, according as = and are — or +. 


We also exclude the possible case in which $”, ¢’,, and @,, vanish 
with ọ' and. @,. 

Example. p(z, y)=v+y'—ry—32, f'=2r—y—3, go =2y—z, 
p =2,6,,=2, o/=-1: o"$,>(¢/), ¢’=0 and¢,=0 giver=2,y=1. 
Consequently ¢ is a minimum (=—3) when =2, y=1. 
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We have introduced this method here as subservient to the demonstra- 
tion of an important theorem in algebra; namely, that every function 
of z, whose diff. co. cannot become infinite for any finite value of z, can 


be made =0 by giving z a value of the form a+b V —1, where a and b 
are possible quantities, positive, nothing, or negative, finite or in- 
finite. The assumption made with regard to impossible quantitics is, 
that the processes of differentiation may be applied to functions con- 
taining them, and all general conclusions applied to them. This being 


premised, expand f(r +y a —1) and f(a—y 4—1) by Taylor’s 
theorem, which gives 


a nae 2 ‘ 7 
f(2tyN¥—1)=P+QV=1 P= fe—fls Z+ "no g7 ke. 


TN ae a TY a ge, y— f'n 2 aac 
f(a-yV=D)=P-QV=1 Q=f'z.y fla etl tea ghee. 


dP_ dQ dP. dQ . 
Whence we find that a a a ape ADS 


eP_¢Q ap dQ__ PF. 
dè dredy dy? d?  dady dy? 
whence P” P, —(P’)? and Q” Q, — (Q)? are necessarily negative; that 
is, P and Q are of a class of functions which cannot have absolute 
maxima or Minima. 


Treorem., If P andQ be real functions of v and y of the form just 
given, and if f'z can never be infinite for any finite value of z, then 
p2+-Q* cannot have any minimum value unless there be simultaneous 
values of x and y, which make P=0, Q=0. 

Firstly, since /’z can never be infinite, and since 


pata A E asa ne See 
f'ae+y D= gte e- Ds AN; 
neither can P’ or Q' become infinite; for such a supposition would 
make 


P (+y v=) + (x—yN —1) or f’ (e+y¥—1)—f" (x—yV—1) 


one or both infinite, which cannot be. Next, if P?+Q* be a maximum 
or minimum, it must be when < and y are such that (for their particular 
values) 


J 
P pa E a: 


Now, if Pand Q be neither of them =0, these equations will give 
a pas (= ( oe =0, the brackets denoting that we do not 
dz) \ dy) \dy) \ dz, 

assert this of all values, but only of those in which for z and y hava 
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been substituted the particular values which satisfy (B). But equa- 
tions (A), true for all values, show that the last is equivalent to 


dP dP dP 
($ a) A - ) 0, which requires —- =0, a $ 


dQ dQ 


and also from (A), Pr 0, a : 


P dP l 
If Q be =0 and P be finite, we have ak 2.0) —=0, gS 26; 7Q 0, 
ax dy dz dy 
from (A) and (B), and, similarly, if P=0 and Q be finite. 
Finally, if P=0 and Q= -0, the equations are thereby satisfied. 
Let Pe-+Q°=u; form u”, u, and u,, we have 


aP* dQ, rQ 
a "= (at T dat? Rtas 
dP dP , dQ dQ EQ N 
ur „(s Gedy deer” ae atti T) 


Hence in all the preceding cases, except where P=0, Q=0 (since 
P'=0, &e. ; the condition of the minimum requires that 


FAN (p gT P aQ 
(E a as) aa 


should be positive or nothing, for the values of x and y in question. 
But, using P”, &c., for abbreviation, this is 


P (P” P,- P?) +Q (Q” Q, —Q7) +PQ (P Q, +P, Q"—2P Q) ; 


the first two terms of which are necessarily negative, and the last 
vanishes, for, from (A), 


PQ, +P,Q"=P/Q/+P/ Q 


Therefore there cannot be a minimum, unless there be one when 
P=0, Q=0. 
If we suppose P =0, Q=0, and if P’, &c., be finite, then 


uu — u =4 P +Q") (P+ Q”)—4(PP, + Q= Q,— PQ); 
and is necessarily finite and positive, being 4(P”+Q”)* 

Now, since P?+ Q? is always positive, there must be some one value 
which is less than any other whatsoever, or a number of equal values 
which are each less than any other whatsoever. And with regard to 
these equal values, they must either be separated by finite intervals, in 
which case each is a real minimum, or there must be such a relation 
possible between A and & in ọ (x+h, y +k), where $ (zx, y) =P? +Q?, 
as will by taking A and k accordingly give @ (z, +h, y+ k)=const., 
where z, and y, are values which give ¢ (z,, y,)= the same constant. 
That is, writing z and ax for z, +A and y,+é which is determined by 
it, there is some function which gives (2, ax) =const. In this case 


aT tl r=P—+Q5 4 PT +QT alamo 
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But since the values included under ¢ (a, ez) are less than any others, 
it follows that every value of Ø (x,y) in which y=«azr has the pro- 
perties of a minimum for every change in æ and y, except only that which 
makes Ay=a (a+ Ar) —az. 

But if ¢’ +4, B'x must change sign for every form of Bx, except only 
Br=axz, we must have Pp’ +9,6'r==0 independently of Bz, or #'=0, p, =0 
for these values; and the other conditions of a minimum must hold. 
Hence by the same reasoning as before, P=0, Q=0, are the necessary 
conditions of this case also. Buta minimum or a collection of consecu- 
tive minima there must be, which there can only be when P=0, Q=0; 
consequently P and Q can be made equal to nothing for some possible 


values of x and y. Hence P4QV—1 or f(atyV=1), and 


P—QV—=1 or f(a-y V1) can both be made =0 by the same 
possible values of v and y. 
From hence it follows that every algebraical equation of the form 


Ao?” +A, 2T.. nn. An z +A =0, (n a whole number,) 
has n roots, either possible, of the form z=a, or impossible of the form 


z=a+bV—1. The common proof of this, granting that every equa- 
tion has one root, we presume to be familiar to the student. Supposing 
TiTa »..T„ to be the roots of the preceding, it is then the same as 
A, (2—7,) (2—72)....(2—7,). If two of these roots be equal, say 
1,72, then 7, is also a root of the diff. co. of the preceding with 
respect to z, for that diff. co. has either z—7, or z—r in every term. 

If ġx be an integral and rational function of x, of the form A,2*+ 
A, 2"~'-++ &c., and if its diff. co. ¢’r be made a divisor, and the common 
process be followed for finding the highest rational divisor, we have a 
series equations of the following form: remembering that the remainder 
is always one degree at least lower than the divisor, so that we must at 
last come to a remainder which isnot a function of z, but of Ay, A,, &c., 
only, if the expression have no equal roots. Let the quotients be Q,, 
Q., &c., and let the rth remainder be that which is constant. We have 
then a set of equations as follows: 


or=P'z.Qi¢R, Pe=R,Q+R, R=RQ,+Rs.-.-.... 
Ros R, Q, + R, 


Now suppose the same process to be thus modified; let V, be the 
first remainder with its sign changed, with which proceed to the next 
equation, and let V, be the next remainder with its sign changed, and so 
on. That is, suppose 


oz=9/4.Q,-—Vi, Dr V, Q,.—V., Vi SV Q= Vini eee 00o 
. fo er Q.—V,, 


where Q,, Qe, &c., are the same as before, or differ only in sign. We 
shall give the result of both processes, in the case of e3—z*—4r+3=$2, 
32°-2r-4—=¢'x. Observe that,in the same manner as in the common 
rule of algebra, we may multiply any dividend or divisor by any number 
or fraction, without affecting the sign of any subsequent quotient or 
remainder, or the conditions under which it is nothing. We omit the 
quotients as immaterial. 
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hd 
to 
© 


Common Process. 


Brt? —2r—4) = 2— 4243 
(x3) 3r’ —32°—122+9 
3r? —22°— 4x 


— z? — 8r+9]) 


(x3) — 32—241 4 21 
— 3+ 214 4 


— 26r-+23)32°—22—4 


(x26) HS1? —52r— 104 
782° — 69r 


(x 26) liz— 104 
442r — 2704 
442r— 391 


‘ 
—— EE __—— 


— 2313 


Signs of remainders changed. 


First remainder — 26x + 23 
Sign changed 262 —23 


26r —23) 3r? —2x—=4 


Second remainder — 2313 
Sign changed . 2313 


dr= P— r’ —4r—3 
‘v= 3x7? —-2r —4 
Vi=262 — 23 

Ve 2313 


V, and V, as written, are not the expressions which would satisfy the 
equations above, but multiples of them: this 1s of no consequence, as 
our only concern is with the sign. 

Now the theorem* we are going to prove is this; that in all cases, the 
number of real roots, if any, which lie between z=a and =b (greater 
than a) can be determined as follows. Note the series of signs which 
x=a gives to the series $2, $’7, Vi, Va, &c., and compare it with the 
series of signs which =b gives to the same. Then the number of 
variations (from + to — or — to +) which is found in the last falls 
short of the number of variations which is found in the first by the 
number of real roots which lie between @ and b. But if no real roots 
are contained in those limits, the variations of sign are the same in 
number in both series. For instance, in the preceding, r=2 gives to 
dr, d'z, V,, and V,a, the signs — + + + (one variation), and r=3 
gives + + + + (no variation). Consequently, there is one real root 


* This theorem was presented a few years ago to the Institute of Paris by 
M. Sturm, and is published in the Mem. des Savans Etrangers. It is the complete 
theoretical solution of a difficulty upon which energies of every order have been em- 
ployed since the time of Des Cartes. “Atranslation has been published by Mr. 
W. H. Spiller. John Souter, St, Paul’s Churchyard, 1835. 
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between 2 and 3. If we wish to know the total number of real roots, 
we substitute for r, ~a and +a, both so great that they shall render the 
three first of the same signs as their first terms, and that anything greater 
than a shall have the same effect (the possibility of which is a common 
theorem of algebra). The signs will then be — + — + for r= —u 
and + + + + for v=-+a. There are then three real roots. 

This theorem is demonstrated by showing that if we suppose x to 
increase from — œ to +o, through all magnitude negative and posi- 
tive, the series of signs of pz, ’z, V,, &c., will always lose a variation 
when z passes through a, a root of dx, and will never either lose or gain 
a variation in any other case. We suppose there to be no equal roots of 
pz, so that dz and ġ'x cannot vanish together. (If there be equal roots, 
the equation may be cleared of the factors belonging to them by com- 
mon methods, and the remaining expression treated by this method.) 
And no two consecutive ones of the set gx, $'£, &c., can vanish together, 
for then the equations show that all which succeed would vanish, and 
there would be equal roots, since the vanishing of the last remainder 
(which is no function of x) shows a common factor in ox and @’r. 

Firstly, let pa=0, and let V, V,- +. be all finite. Then however 
near a may be to a root of ġ'z or V,, &c., atu may be taken so near tu 
a that all shall remain finite, and with the same sign. And (page 132) 
? (a+u) —¢a has the sign of ¢'a, while $ (a —u)—ga has that of 
—ġ'a. And ¢a=0; whence (a+u) and H (a—u) have different 
signs; that is, (the other signs all remaining the same, since u is taken 
so small that no root of ¢’z, V,, &c., lies between a+ u and a— u,) the 
order of signs for Ø (a —u), &c., is either — +, &c. or +—, &c., and 
that for d (a+) is ++, &. or ——, &c.: whence a variation ts lost 
when x, in ils increase, passes through a root of pz. 

Secondly, no change of sign can take place in any other part of the 
series except only where either Ø'x, or V,, or V 2, &C., becomes nothing. 
Let V,=0 when z=h; then, as before observed, both V,_, and View 
are finite. More than ‘this, they have different signs; for V, = 
Ve Q.—Vi41, from the hypothesis of formation, in which V,=0 requires 
Via — Vig Take u so small that no root of either of the last shall 
lie between k+u and k—u; then whether Vx change from + to — or 
from — to +, we see that the part of the series of signs arising from 
Vk- Mig Vr- 18 changed, when z passes through A, either from 
+—— to + + —, or from + + = to + —-—, or from — — + to 
— + +, or from — 4- + to —— +; in all of which we see a variation 
and a permanence, so that no variation is then lost. Consequently the 
number of variations in the series of signs is neither increased nor 
diminished by any of the changes of sign of @/x, V,, &c., but all the 
effect produced is, to remove a variation from one part of the series to 
another. Hence the theorem follows immediately ; for if da give n more 
variations than @ (a+-5), there must have been n epochs between a=a 
and z=a-+6, at which @cv=0. The number of impossible roots is 
determined by finding the number of possible roots, and subtracting that 
number from the dimension of the highest power in @r. 

The following instances are from the Memoir cited (remember that 
Vo &c., here given are multiples of their values in the system of equa- 
tions) : 


( Grae —Qr—5, hem 3x°—2, Vi=4r+15, V,—-—643, 
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There is one real and positive root. 
Pree Tile 02a age | All the roots real; two positive, 


lp 2 wh a) 
p'r=31* +222 — 102 both between 3 and 4. 


Vi2=85427 — 2151, V=441 

The method of approximation to the roots of equations called after 
Newton is based upon the theorem $(a+h)=Ga+¢@' (a+89h).h. If 
we have found m, which is nearly a root of an equation, and if the real 
root be a, let m=a-+h, and we have ġ (m)=ġ' (m—(1—0)h).h. If 
h be small, we have pm=¢ġ'm.h nearly; in which it must be observed 
that ¢’m must be considerable when compared with dm; for if not, 
om—d'm, or h will not be small. 

We shall now proceed to the theory of series, and to the consideration 
of the conditions under which we may speak of an infinite series as 
the subject of algebraical operations. The subject of their arithmetical 
consideration has been discussed in the Elementary Illustrations, (pages 
8—10), in which will be found the development of the following asser- 
tions. 

DEFINITION. The series a,-+-a,+a;,+&c. ad. inf. is said to be con- 
vergent (and by an arithmetical series we mean only a convergent 
series) when there is a limit L to which we continually approach by the 
addition of terms of the series; and this limit is called the sum of the 
series. 

Turorem. The preceding series must be convergent if @,4,—-d, 
approaches to a limit less than unity, when n is increased without limit: 
may be either convergent or divergent (that is, one series may be con- 
vergent and another divergent) when unity is the limit of the pre- 
ceding; but must be divergent if that limit be greater than unity. 

TueoremM. The series a@+a,2+4,2°+&c....., if dnp tan have 
any finite limit A when n is increased without limit, must be conver- 
gent for all values of x lying between — (1-A) and +(1+A); may 
be either convergent or divergent (in one series or another) when x 
has either of these values; and must be divergent if x be numerically 
greater than (1--A). And if @,,,+a, diminish without limit, the series 
must be convergent for every value of z, however great, while if 
dna, increase Without limit the series cannot be convergent for any 
value of z, however small. 

In convergent series, we include those which begin divergently, but 
afterwards become convergent. Such, for instance, as the development 
of €. Here the direction to form the (n+1)th term from the nth is: 
multiply the nth term by z, and divide it by n. If2z=1000 the terms 
continually increase until n= 1000, and the 1001st term is the same 
as the 1000th: but the term after the millionth is only the thou- 
sandth part of the millionth term, or at that part of the series the 
convergency is rapid. And since we are not now speaking of methods of 
summing series in practice, but only of the way in which we can satisfy 
ourselves as to the fact of there being or not being a finite limit, great or 
small, we do not weaken our reasoning by the supposition of a million 
of million of terms being divergent. For a million of million of finite 
quantities is a finite quantity; and if all the remaining terms have a 
limit to their sum, so has the whole series. 

When the terms of a series are alternately positive and negative there 
is certain convergency if they diminish without limit, For any even 
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number of terms of a 6+c—e-+.... must be less than double the 
number of terms of a—b+6—c+c—e+...., which js either a—b or 
a—c, or a—e, &c., that is, less than a. Consequently, in the series 
a,—a,+a,—a,+..., the remnant* amı — änt... is less than deni; 
that is, diminishes without limit. But in the case where a,, @,4;, &c. 
approach a finite limit, and diminish, we cannot, by pure arithmetic, 
assign a finite limit. For instance, in 3—24+23;—2}4+&c.,, the limit 
of the individual terms is 2, and counting from the first term we see that 
no subtraction is ever compensated by the next addition; consequently, 
if there be a limit, it must not exceed 3. But counting from the second 
term we see that no addition is ever compensated by the next sub- 
traction ; so that, if there be a limit, it must be greater than 3—24. 
Then between 4 and 3 lies the limit, if there be any, which is all we 
can now say. We cannot show by the preceding process that the 
remnants diminish without limit. 

By considering a series algebraically, we mean that we do not inquire 
for any arithmetical limit of the sum of the terms, but only treat the 
series as the result of applying rules of algebra to algebraical expres- 
sions, or formule. And though the algebraical consideration includes 
the arithmetical, yet the converse does not apply. All arithmetic is 
algebra, but all algebra is not arithmetic. For instance, suppose an 
algebraical problem gave as a result r=1+azr, an equation which has 
its arithmetical cases, and its cases which are not arithmetical, the 
latter when a is >1. We proceed to solve this by the method of suc- 
cessive substitution, the principle of which is to suppose the required 
whole made up of parts, and to endeavour to find these parts suc- 
cessively by any steps which given relations point out. This notion 
of the whole made up of parts is at first purely arithmetical; and 
we proceed accordingly. If our process be such as if its own nature 
cannot have an end, we cannot thereby completely attain x. And one 
of these two things will take place: either our method will give us con- 
tinually smaller and smaller parts, whose sum converges towards a limit 
which we can ascertain, and in this case we have arithmetically found 
the unknown quantity ; or we shall at last come upon a part (a supposed 
part) which more than completes the whole required, in which case the 
next process is not arithmetical. Our first notion would be that the 
next part should turn out to be negative, a result we should immediately 
comprehend. But it may happen that we choose a process which gives 
us continually greater and greater parts without end; are we then to 
conclude that the quantity sought is infinite? We shall immediately 
show that, sometimes at least, it indicates that the quantity sought is 
negative, and that we have proceeded to determine it as if it were 
posttive. 

Let c=1+ a2, and, presuming x positive, it must be >1; for it is 
l+ar. Takel as the first part; then 1+-a@ x1 is still too small; for 
since v is 1+az, then ]+aX less than z is less than z. For a similar 
reason l+a(l+a) is too small, or 1+a+a*. So, therefore, is 
1l+a(1+a+a’*) or 14+a+a?+<a3; that is to say, 1+a+a?+.... is 

* The term remainder being constantly used in connexion with subtraction, and 
the word ‘ rest,’ answering to the French reste, being of ton general signification in 
our language, I have borrowed this phrase to signify what is left of a series, when a 


certain number of its leading terms is removed. Thus, in a—b-+-cmet+..., 
—e+tf—....&c. is the remnant after c. ° 
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always too small, however far we may go. Now if a=4 this is intelligi- 
ble; 1, 14, 14, 14, 144, &c. &c., are all too small. The reason is evident; 
the answer is r=2 (2= 1 +3} 2), and our method is of a character which 
cannot terminate. But if a=2, then proceeding as before, 1, 1+2, 
14+2+4, 1+2+4-+8, &. &c., are all too small, or v is infinite. This 
result is wrong; the fact is, that z=—1, (—1=1+2 x —1), and the 
fundamental supposition z>1 is incorrect. When, therefore, we write 


—1=14+24448+4+16+4 &. ad infinitum, 


the student must not think we intend to assert any arithmetical equality, 
or other arithmetical resemblance or analogy of any sort or kind what- 
soever, between —1l and 1+2+&c. Every attempt to establish any 
idea of such connexion must end in utter confusion. But we mean this: 
we assert that 1+2+4+4+4+8-+&c. is the result of an attempt to procure 
an arithmetical result, upon an arithmetical process, to represent a quan- 
tity which is net arithmetical; and = means, as in every other similar 
case, that the two sides of the equation are thus connected: the first 
side is the quantity which was attempted to be found by the process 
ending in the second side. And this result being obtained in strict 
conformity with algebraical rules, the first side and the second will be 
found to have every property in common, if we consider the infinite 
series as an infinite series, dropping every notion of its numerical 
character, and considering it as a whole. It has no connexion, for 
instance, with 1+2+44-+8, though the latter expression’ contains some 
of its terms; nor are we to be considered as making any approximation 
to its value by stopping anywhere; such idea being reserved entirely 
for arithmetical series. And in a similar manner, we consider the 
equation 
l : is a” 
i~ l+a+e+a3+ &c. ad inf., arising from t=1 +ar. 
We shall now apply the ideas here laid down to methods, by which we 
shall in various instances return to the finite algebraical expression frorn 
which divergent series are produced. And, firstly, we shall apply the 
series just obtained. Let 
U= do 4a TH l ttd BP+a,wi+...., 
where a, @,, &c. are not functions of x. Multiply both sides by 
(1—x), which gives 
u (1—r)=a,+ Aa, r+ Aq, z+ Aa, 2+ ,... 
Let u,=u (1—2z)—a,; multiply by 1—2, which gives 
u, (l—a2)=2 (Aqnt ia rA a 2+ art+....)3 
let usu, (l—r)—Aa,.x; multiply by (1—2z), which gives 
> Ug (1—a) = (aot Aart Aa a.nn) 
let Yy =U: (1 —r)— A*a, 2?; and so on. We have then a set of series, 


the first of which, w, is the one in question, and Ui, Us, Uls, &c. are con- 
nected with w (or wo) by the general equation 


Unsy , A” ao T” 
(a l—z 


Ung = Un (1—7) — A" a,x", or u,= 


| 
e 


We now invert the process, and apply successive substitution to the last 
equation to determine wu. We have, then, making 1+(1—a#)=X, 
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u=ll X +u, XA, X+ (åa. X+u, X) X 
=a, X+Aa,.2 X'+ u X’ =a, X+ Aa, x X*°+ A? ay. a X? + uy X’ 
=a X +Aa r X AA anu’ K. nnn HA aa X" uy, XT, 
l Ea a 
OF data, ta t't... Sraa C are —— +A? ce = 3) eet. .). »-(A) 
If ao, a,, &c. be such that all the differences vanish after the nth, that 
is, if a, be a rational and integral function of v of the nth degree, we 
then see from the method of formation that v,,,=0, and v is expressed 

by a finite number of terms. We thus obtain 


1+2r+37°+.. Ta sib a: = l 


l—x l—wr (l—.z)? 
(14; 3r 2r? ae Aa l+r 


2 2 2 — 
1°+2 a i ak TEF ta S) Oa" 


If we change the sign of x, we afi 


F Ls. a 
Ao~ ly VEA Tm. n. 6. ER la- Aa, —— Er —— + A*a, —— Urr ` ° .). ° .(B). 


r 3 
Let us now take u= a +a, t +4:— z teg atte 
2 23 


Multiply both sides by ¢-*=1] — z+ ae gter 


which gives ue~*=a,+ Aa, r+ A? a — an May 5 5- 3 


Fee 2 


x x” 
nta tta- + eee Pe — ale oT: eee ) vec e C), 


x 


“2 
Apa, T Ta T...» =e a Am t+" ay = — s... ) eee ~(D). 

By integrating the expressions A and C with respect to 2, we obtain, 
provided we may suppose the right-hand side to vanish when t=O, 
(see p. ads note,) 


z d * «dr 
mita ~ by = + Oiss =a [i + 4a | a at dess CIS), 


a vt 
Ay t+ a, Fay bo, +. 0 =a fi e* dr+Ad f; rdr+ . (F). 


We have thus obtained a large number of cases in which equivalent 
series may be found, and which become finite expressions if all the 
differences of a, Quy &c. vanish from and after any given difference. 
To these we may add all the cases which can be expressed by the deve- 
lopment of f (a+r) by Taylor’s theorem. We shall now consider 

u=þpr+ o't. hp plx http" r MP+....,; 


which is the evident result of successive substitution applied to the 


i E, aa 
equation u=prth—, which gives (p. 195) 


u=C s — =- €| s “dr dx. 
A 
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Let U, be the value of the series when r= a, 


gr+G'r h+o'c.he+....=U, a oe = E f Foa dz 


or—G'2 h+o"rz h®—....= Vee * + etl beaz; 


a 
V, being the value of þpa— p'ah+.... 

Though all these reductions may occasionally be useful, yet our prin- 
cipal object in making them is to show that there is an abundance of 
series, including every variety of form, which are by the common pro- 
cesses of algebra, or otherwise, reducible either to convergent series or 
finite expressions, or definite integrals ; or, at least, can be shown to be 
precisely what would arise from the process of successive substitution 
applied to an equation. Wherever there is anything like successive 
operation following a known law in the coefficients a, a, &c., then 
a,+a,x2+&c. can be materially altered in form. 

With regard to series, all whose terms are positive, we can only make 
arithmetical use of them when they are convergent; and the limits of 
the value of x within which they are so must be determined as in p. 222. 
But when the terms of a series are alternately positive and negative, 
it has this remarkable property; that if it converge for any number of 
terms, and afterwards diverge, the convergent part makes a perpetual 
approximation to the arithmetical value of the original function. For 
example, let us take the series 


a gt 
log (+s)=2-> ta g tke. ad. nf., 


of which the individual terms sooner or later increase without limit when 
x is anything greater than 1. Let us suppose z=1°3, in which case 
the series becomes 


1°3— °845+ °7323....—°7140....+4 -1426—(increasing terms.) 


Now so long as the terms are convergent, the error committed by taking 
convergent terms only will not be so great as the first term thrown away ; 
for instance, 1 '3—' 845 + °7323 will be too great, but not too great by 
"7140. The sum of the first is 1°1873; and the logarithm of 141°3 
or 2°3 is *8329, and 1°1873 exceeds *8329 by less than °7140. 

The general proof of the proposition is as follows. Assuming 
a, — a, t+a, 1?—&c. to have a definite algebraical equivalent, pr, we 
know that ¢ (0) =a, $’(0)= —a, &c.; for by p. 75, the only series of 
whole powers of x which can be algebraically identical with $x is 
}(0)+/(0) c+.... And since a,, a,, &c. are all finite, we have 


x” sig gt 
7 ae aad 02) a nat 


a= (0)+$'(0) z+. .. +9" (0) o<. 


Now since ¢**z begins (when x=0) with a contrary sign from 
"t'r, as long as it preserves that sign, ¢"t'r must be in a state of 
decrease if "**x he positive, or of increase if negative, when considered 
algebraically ; that is, in a state of numerical decrease in both cases. 
Consequently, if x lie within the limits in which ¢"**(z) retains its 
first sign, O*t'(Or) must be numerically less than ¢"*'(0), and 
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"+ (0x) e __- cuinerically leas than’ 4"? (0) RS 
A a n e EECA y eap ey 


or anp: 


that is, at any point whatsoever of such a series the arithmetical value 
of the remnant is numerically less than that of its first term. The 
student must always remember that the above can only be applied to 
cases in which no diff. co. of dr up to »”t'z becomes infinite between 0 
and x, and where ¢"t*z preserves one sign within the same limits. This 
will be the case in most of the necessary applications. And the theorem 
is not untrue in the divergent part of the series, but only useless, since 
the convergent part alone gives a surer approximation. It is also true 
when the series is altogether divergent. Nor need the terms be alter- 
nately + and —. If the series have only one negative term, the theorem 
is true, within the proper limits, if we stop immediately before that 
term. 

TueoreM. Whenever the series a,ta,7%+a,2°+ &c. is the deve- 
lopment of a continuous function, the value of that function, when 
T=0, is ay, even when the series never becomes convergent for any value 
of x, however small. For if, a) and a, being positive, we suppose x to 
be negative, then the diff. co. being all finite for 20, the value of 
the invelopment* will lie between a, and aota, x, if r be taken of 
sufficient numerical smallness. And its limit, when x diminishes with- 
out limit, is therefore a. And whatever may be the signs of a,, &c., 
the theorem may be proved by taking x such that two consecutive 
terms may have different signs. 

The theory of series is both difficult and incomplete; but the 
difficulty is not of the kind which a student perceives, and the deficiency 
is also unseen, because, in fact, the imperfect theory which is first pre- 
sented to him is more than sufficient for all the series of which he has 
any experience. He grows, therefore, in the conviction, that whatever 
series may be proposed, or may occur, the theory may always be made 
satisfactory. Now it is my present object to prevent the growth of such 
a conviction, by showing the difficulties of the subject. 

A complete theory of series would be contained in the answer to the 
following question: Given a series 


Aot At A+A +A, +A, + &c. ad infinitum, ` 


in which the terms are connected together by known laws, so that any 
one of them, A,, can be assigned, required the finite algebraical expres- 
sion which may in all cases be substituted for the series, and from which 
the series may be obtained by development. But if there be no such 
expression, or if different expressions be necessary for different sets of 
values of any variables contained in A,, As, &c., required a criterion of 
determination of these several cases. 

The preceding question is one of almost as great a width as the follow- 
ing: ‘* Required a mode of solving all algebraical problems whatsoever.” 
This is the first point on which most students will find they have a wrong 
notion. Instead of being an isolated branch of algebra, the theory of 


* The inverse term to development: thus = is the invelopment of 


l—r+2°— &e, 
Q2 
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series is an infinite subject, in which, as in geometry, every question 
answered will point out questions to ask. 

We shall first consider such series as arise from successive substitution. 
Let pr, vv, px, be functions of x, and let w(ur) be abbreviated into 
pear, u (p (pr)) into wp*z, and so on. 

Let @x be a function of x, which is ascertained by the following 
equation, ` 

þr=ux+yr. Gar; 


or x is that function of z, which is such that a similar function of az is 
reconverted into the simple function of z, by multiplying by vz, and add- 
ing ux. We have then the following series of equations : 


þpr=ur+yr. pax, par= paut + var, ha'r, 
pa r=ua t+ rva’. þar, þpur= par + ya’r . patr, &c.; 
which give by substitution 
pr=ur 4yr. paut tyt. vat. pat 
=u 4 yx patt yt. vax. patt yt. vax. yax. patr, &e.: 
so that the function rx is composed of, 1. the infinite series 
pb ve pat pryr.var.paretyr.var. var, waar + &c. 


2. the limit of the set of products vx. ġar, vr.var.ga®xr, &c. &c., which 
we may denote by 


9 x a 
VL VALVEL. essees. YA L.Ga T. 


Let the limit of the series ax, «°x, a®z, &c., or a 2, be denoted by L; 
and let yr be any function which satisfies yr=vr yar. Then by a 
similar process of successive substitution, we shall find r=vzr. vax. yar 
=y0t.vax.var. YT =I yazva... va Tyl, or the limit above 
mentioned is 


¥? oL; so that we have 


yL 
GL — Yr = petyr. par-bryr.var part &., 


where L is as yet wholly undetermined. 

Now it is not uncommon, in the theory of series, when such a case 
occurs as pr+yr.par+ &c., to observe that it satisfies the condition 
pr=px+vx ġar, and having ascertained what appears to be the solu- 
tion of this equation, to equate such solution at once to the given series. 
For instance, suppose ; 


pr=xr—=r 4 a (1—8) + 2 (at — 2?) +27 (—a) + &e., 


which appears at once to be equal tox; being r—2?+ a°— 27+ 27— &c. 
But it also satisfies the equation ¢r=2r—.2?+.2¢ (2*), and @r=2+2"' 
is a solution of this equation as well as dr=z. Though, therefore, the 
series satisfies the condition pr=pr+vyr ġar, yet when this equation 
has more than one solution, nothing but attention to the preceding pro- 
cess can preserve us from error. 

With respect to the equation dGr=pr+vzr ġar, it can be shown that 
its most complete solution is as follows. Let wx be one solution, and let 
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xx be one solution of the equation Yr=vxr yax, and let wr--xx. gxr he the 
most complete solution. Then we have 


wtr+ xr. Fe ptt yr (wart xar. ar) ; 


but by hypothesis wr=pr+yr.war, and xr=vx.xar, therefore 
čar= čz, or with the particular solutions above mentioned, nothing more 
is necessary than to find the most general function which remains un- 
changed when z is changed into ax. In the same manner it may be 
shown that xv.ġx is the most general solution of ¢r=vx.gur. We 
have then 


pr wr- xxr. gr a"x __ wa't xau"r. gr 


Wr XT. Er 4 Warr XUT. Er 


x being the function which is absolutely unchanged by changing 
x into ar. If n be increased without limit, we have then 


gL wbtxbegr yy Oe ne Oe. 
bs ‘bee © So wey eS 


so that the equivalent obtained for the series is the same, whatcver 
solution of the equation was taken. 

We have thus obtained the absolute arithmetical sum of the infinite 
series; for the process was equivalent to finding the sum of n terms, and 
then increasing n without limit. Whenever the series is divergent, the 
term xr. wL--xL will become infinite. Thus if we apply the process 
to rztar+tur+&c., which is obtained from pr=x+ġ (ar), where 
p=, yr =], ar=azr, a`x= a"r, we shall find as the sum of the series 
x (1—a* )—-(1—a) which is finite only when a<1, and infinite in all 
other cases. i 

The preceding is literally nothing but a modification of the method of 
taking n terms of the series, and then increasing n without limit; but 
it will lead us to the following conclusion; namely, that the algebraical 
expression for a conyergent series may be discontinuous, or not always 
the same function of x. This we shall show if we prove that L may 
have different values for different values of r; or that a’z, when n is 
increased without limit, is not always the same for all values of x. For 
instance, let az=, then a2x2=—w, r=”, &c., as to which it is obvious 
that they increase without limit if x >l, remain always the same if 
x1, and diminish without limit if r<1. 

As itis here my object to prevent the formation of an opinion, and not 
to establish any general method, one example of every difficulty will be 
sufficient. Let us now consider the following series : 


oL aL 


too ar a 
— g$ Qa— 78 qie—yr'® 


Looking at this series, we should suppose it to be one which we 
might safely use as a common algebraical quantity, for it is always con- 
vergent, except only in the single case of s=a, when every term 
evidently becomcs infinite. To prove this, form the ratio of each term 
to the preceding (p. 222), and we have 


a r? a‘ x4 ase 


RNE. e —— Åc., ' 
apace ae ae a" par i 
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which must diminish without limit; for every term may be written in 
either of the following forms: 


(x-La)? (atr) 

1+ (1a)? (a=—x)? 4+1’ 
and either x-a or a-v is less than unity (with the exception above 
cited); so that one or the other form explicitly shows the diminution 
without limit, when p increases without limit. Now observing the 


terms of the series, we may readily see that it is derived by successive 
substitution from 


x g? 
baa Te \, 
of which a particular solution will be found to be ¢r=1+(a*—2z"). 


Applying the result of the preceding pages, we have ys= 1, a particular 
solution of fYa=y (a*—+a); wr=2*+(at—x‘); vx=1; and 


ee, a es oe 
Re ee eo 
2 2\2 4 8 
Now ar=—, œr=— Ga ae r=, &c.; so that L must be 
a\a/y a a’? 


the limit of z?-a?~', when p increases without limit. According as x 
is less than, equal to, or greater than, a, this limit is 0, a, or ©; so 
that 


> a R ] 
when r<a, the series 1s ’—————, or ——_—~——- : 
‘aa a at (a®—z*)’ 
l EN 
when Toa, ccccecsese pak fea or infinite ; 
l l j 
when naam 1) E ae EE joa or eal 


The terms of an infinite series must be connected by some law, other- 
wise the series is not given and distinguishable from others. A finite 
number of terms may be written down, and each is then given; but an 
infinite number of terms cannot be written down, and can only be said 
to be given when a law is pointed out, by which, when 7 is assigned, the 
rth term can be found. 

Let us now consider the ordinary algebraical development, namely, a 
series which proceeds by whole powers of a variable quantity. Let the 
(r+ 1)th term of such a series be F (x +r) a’; so that the series is 


-  - Fe+F (24+1).a+F (1+2) a +F (e+ 30 a°+....; 


which is derived by successive substitution from 6r=Fx+ad (r+). 
We have now this question to consider :—1. Can the equation 


pr=Fr+aġ (2+) 
always be solved by a continuous function wz, when F is a continuous 
function ? 
This question will, as we shall see, bring us to the following: Can 
a continueus curve be drawn through an infinite number of points sepa- 
rated by finite intervals? We know that through any finite number of 
points, however great, an infinite number of continuous curves can be 
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drawn : it is quite certain, for instance (as will appear in a subsequent 
chapter), that if we had ten million of given points, nothing but opera- 
tions of impracticable length would lie between us and the power of 
obtaining as many continuous curves as we please, cach passing through 
all the given points. As an instance, suppose the equation of a curve is 
required which, when r=a, gives y equal tu either A, A’, or A”; which, 
when x=, gives y either B or B’, and when r=c gives y=C. Let 
xy be any function of y which does not become infinite when z is a, b 
or c, and find y from the following equation : 


(y—A) (y— A’) (y—A") (2b) (1—0) + (y—B) ty- B’) (2-4) (#—0) 
+(y—C) (t@—a) (x—6) + xy (x—a) (2-6) (w—c) = 0. 
Here, when r=a, the equation becomes 
(yA) (y—A’) (y—A") (a—b) a—c) =0, 


which has three roots, y=A, y=A’, and y= A”, and so on. 

Seeing, then, that through any number of points, however great, we 
may draw a continuous curve, it may appear that we can do the same 
through an absolutely unlimited number of points. On this postulate* 
the following considerations rest: let it be granted, that whatever is true 
of any finite number of points, however great, is true of an infinite 
number of points. 

We now return to the equation ¢r=Fx+ag(v+/). Observe, that 
we do not want a solution of this equation for all values of z, but only 
for =k, w=k+l, v=k+2l, &c., ad. inf., where k is some value 
assigned to x. Multiply the equation by a*‘, and let a**'gr be called 
xz. Then we have 


xea' Fr+y(r+/), or yr—yx (t@+-)D =a! Fr=fr. 


Draw the curve whose equation is y=a**'Fz, and on the line of 
abscissee cut off k, k+l, k4+2/, &c. 


Let A, B, C, &c., be the points of the curve y=a’**' Fr, whose 
abscissæ are k, k+l, &c., and let MP be taken for yk. Take Na=AP; 
then Na=MP—MA=yk—fk=y (k+l). Similarly, take Q6b=Ba, 
Rc=Cb, Sd= Dc, Te= Ed, &c.; we thus obtain an infinite number of 
points, and the curve drawn through them, if it be y= yz, satisfies the 
equation x«—fz=y (r+). 


* Several other methods which I have tried of obtaining the same conclusions 
end in the necessity of the same postulate, 
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series is 


~Z2a@(t+n 3 
a! ( amt) or wr—a"a (x+nl); 


a ! = 


aIt— 
er. J 


in which n is to be made infinite: it being always remembered that wv 
is a function of a as well as of x. If we assume s+ nl=z, the pre- 
ceding becomes 


e X z 


wr—a 'xlimitof(a'az) {z=0}; y 


and the limit in question may be nothing, infinite, or a function of 
a, which, for anything yet appearing to the contrary, may be continuous 
or discontinuous. And upon this limit depends the convergency or 
divergency, continuity or discontinuity, of the series. It is my object 
now to show that discontinuity cannot take place without the series 
becoming divergent at the epoch of discontinuity. Let us suppose the 
series to be convergent for every value of a, from a=a’ to a=a", both 
Inclusive. 

The continuity of law of a function is not to be presumed from the 
simple continuity of its values (page 45.) To return to the geometrical 
illustration: two different curves may join in such a way that the value 
of y increases continuously in passing from one to the other through the 
point of junction. If they have a common tangent at the junction, 


di : : l 
= may also vary continuously in value; if they have there a common 


d? : 
radius of curvature a may do the same. And two curves may be dis- 


tinct, though the value of y and of any finite number of diff. co. increase 
or decrease continuously in passing through the point of junction, But 
if all the diff. co. increase or decrease continuously, then the second 
curve is only the continuation of the first. 

Now if wx satisfy pr=Fx+aġ (r+), it follows that ax satisfies 
p'zx=F'xr+ap' (x+, and so on; and whether we differentiate the result 


t 


ar—a |x Lim.(a'wz)=Fr+F (e+l).a+...- 


n times, or whether we treat the equation 6Mr=F™a+ag™(x+1) by 
the method of this chapter (and by pages 172—175) we find the 
following: 


hs log a`” s 
o™r—a (= "6 3 x Lim.(a! az)= Fr FO(etl) at... ; 
s 


l 


so that the convergency, &c., of every differentiated series depends upon 
the same function as that of the original series; namely, Lim. (a= 'wz). 
If, then, the first be convergent from a=a' to a=a”, so are all the rest. 
Name any number of them, m, which may be as great as you please. We 
have then m+ 1 convergent series. Let ¢ be a number of terms so great 
that for no value of a between a’ and a” can ¢ terms of any one of the 
m-+1 series differ from its arithmetical sum by so much as 9, where @ is 
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a definite quantity, as small as you please. This is evidently possible, 
though to bring some series a little within the limit it may be necessary 
to take ¢ so great that others shall be very much within it. Let the 
sums of the £ terms of the several series be represented by È, 2’, 2”, &c. 
It is clear that >, >’, &c., are a set of continuous algebraical functions, 
finite, rational, and integral with respect to a. And the values of ar— 
(the limit in question), and of its m diff. co., do not differ by so much 
as 0 from those of >, >’, &c., for any value of a between a' and a”. But 
if there were any discontinuity of value in any one of these expressions, 
this could not be the case ; for the discontinuity must take place at some 
definite point, and be of some definite amount. If possible, let a be the 


abscissa of a curve, and let w™x—&c. be discontinuous in value 
between a=a' and axa". Let AB be the arc of the curve y= 2™, 
contained between those abscissze, and let PQ, RS, represent the dis- 
continuity of value of y=a“z—&c. Take 9 less than the half of the 
discontinuity QR; and let the dotted curves be those whose ordinates 
are always greater by 0, and less by 9, than those of AB. Then PQ, 
RS, by what has been shown, lie entirely within the dotted curves, 
which is impossible, since QR is greater than 26. The supposition, 
therefore, of discontinuity of value in any one of the diff. co. of 
À ar—a !Lim.(a'wz) 

is inadmissible as long as the series which it represents remains con- 
vergent; whence we have the following 

Tueorem. If A, B, C, &c. be coefficients independent of a and 
following any law, the series A+Ba+Ca?+é&c. ad. inf. can never 
change the function of @ which it represents, in passing from one 
value of a to another, without becoming divergent in the interval between 
those values of a. 

Hence we have no further occasion to consider the possible discon- ` 
tinuity of such a series; for if it become divergent for any one value of 
a, it is divergent for every greater value; and the discontinuity, if any, 
takes place in a function, of which all the values are infinite. But in 
periodic series (see next Chapter) we shall have occasion to use this test. 

We now see a reason for the appearance of discontinuity in series of 
other forms, which does not exist in those we have just considered. 
Looking back to the general expression 


ez + +yrey 2x4 &c. ad. inf, 
— Lt Xe LEYT VAT. MA C. ° s. 
ers) i y pa ‘ad Ly 


we have seen that a"s may have different limits for different values of 


ar-xx« Lim. 
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xz. Butin the case before us,* ex=—27+1, o'r—2+2l,...a°r=a+nl, 
and o is the only limit. In the example of page 230, the discontinuity 
arose from (#--a)” being 0 or œ, according as vis <a or >a. I have 
now carried this subject far enough for the purposes of this work ; but the 
same conclusions might be extended further. It 1s always true that a 
series cannot change its equivalent function without passing through 
divergency, or some other singularity of form. 

I now come to the question of convergency or divergency, considered 
apart from the connexion between a series and its algebraical equi 
valent. 

THeorEeM. If P,+P,+.... and Q,+Q,+.... be series, of which 
the terms continually approximate to a finite ratio, so that by making n 
sufficiently great, P,Q, may be made as near as we please to the finite 
quantity c; I say that these series are either both convergent or both 
divergent. 

Begin from the terms P, and Q,, and let P,<-Q,=c,; then P,+P,,, 
Hoe Cp Qa t Cry Qauit..... And since n may be so great that 
Cay Caziy &C., Shall be as near to c as we please, they may all be con- 
tained within c+6, where @ is as small as we please. Certainly, then, 
CnQn FCn Quiit..-. lies between (c+9)(Q,+Q.ui+....- ) and 
(c—9)(Q,-+Qragit...+)3 or P,+.... lies between (c+6)(Q,+...) 
and (c—@)(Q,+...-.). If, then, either of the two, P,+.... and 
Q,+...., increase or diminish without limit, or approach a finite limit, 
so does the other; which was to be proved. 

Let two series, in which the limit of P,Q, has a finite ratio, be 
called comparable ; those in which the same limit is nothing or infinite, 
incomparable. 

THeorem. If On be a function ofn which increases without limit 
with n, then @n—n* may have a finite limit, but only for one value of 
e; every higher value giving diminution without limit, and every lower 
value increase without limit. 

The first part of the theorem is well known; the second is thus 
proved. Let @n—n* have a finite limit L; then if f be positive, 
on—n is (pnn) xn”, and its limit is LXO or 0; but (pnn) 
=(dn—n’) x nf, and its limit is LX œ , or infinite. 

The value of e is easily found; for since m°—gn takes the form 
œ —-00, when m=, we know that its limit is the same as ‘that of 
en’—'-—'n, so that the limit of n@’n—egn is unity, or e is the limit of 
np'n—dn. If this be infinite, then n'-—øn has the limit O for every 
finite value of e; but if it be nothing, then m°~n increases without 
limit for all finite values of e. The properties of the limit of n°, 
when n=œ , may be readily deduced from those of 6zr—~(x—a)" in 
Chapter X. 

Derinition. If P,Q, have the limit c, let P,+... be called higher 
than Q,+...., when cis greater than unity, and lower when c is less 
than unity. But when the ratio increases without limit, let the first be 
called incomparably higher than the second ; and when it decreases with- 
out limit, incomparably lower. If, then, a series be divergent, all com- 
parable series are divergent, and all incomparably higher series ; but if a 
series be convergent, so are all which are comparable, and also those 
which are incomparably lower. And any divergent series is incom- 


* Also vara, pF, xx =a-**!, 
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parably higher than any and every convergent series. All this readily 
follows from the last theorem but onc. 


i NPE : ; 
Tueorem. The series Lrg -» + 18 convergent when e is 


(no matter how little) greater than unity; and divergent when e is 
equal to or less than unity. 

Firstly, let e be less than 1; then the sum of » terms of the serics 
being greater than n times the least of them, is greater than 
mxn~ or than n'~. But this increases without limit with n; con- 
sequently, the sum of n terms of the series increases without limit, or 
the series is divergent. 

Secondly, let e be equal to unity; the series then consists of 


: ; RS oe SR eS RN a | ] l l E A 
EEST TA statyti) + (eight terms ending With 


sap a Secret 
75) + sixteen terms ending with gg + 80-5 which is evidently greater 


l l 1 l l : . 
than l+ t2x y t4x g +8x7 +16x 55 tke. But this last is 


] 
2 
ceeded by the series in question, the latter is therefore divergent. 


Thirdly, let e be greater than unity; make parcels as before, and the 
series is 


1 1 l l f ; 
the divergent series Le -= z 4+- 3 eae as +...., which, being ex- 


l ( AE ETNA l 
l tyta +7)+(4 terms beginning = )*(2 do. do. 5 )+ &c., 


which is less than 
lL 2-4. 8 
Ito tae tg tg tec., 
and still more less than 


| ETE E | 8 
Itat ytrtgt e 
l l 


l 
or ltet an += 


y Tomi t get ge + &c., or 1 +27 +v +v ++ &c., where 


EN ; Ea 
jl =} In this case, therefore, the series is convergent. 
Da ihe 


Turorem. If gn be a function of n which increases without limit 
with n, the series 
] l ] ] l 
P 82) BB) t Gay 
may be convergent. To ascertain whether it is so or not, find e, so that 
n'—-pn is finite when n is infinite. If, then, e be greater than unity, 
the series is convergent; if unity, or less than unity, divergent. But 
if n°—dn be infinite for all values of e„the series must be divergent; if 
nothing for all values of e, convergent. 
To find e, ascertain the limit of n@’n—@n, when n increases without 
limit: but n'-—ọn increases without limit when no n—gn diminishes 
without limit; and diminishes without limit when nø'n-ọn increases 


.. ad. inf. 
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without limit. So that the complete test of convergency or divergency 
may be stated as follows:—the series whose terms are reciprocals of 
gn is convergent when the limit of n@’n—~@n is greater than unity 
(infinity included), and divergent when the same limit is unity, or less 
than unity (nothing, negative quantity, and —« being included.) 

The proof of the preceding is obvious. If n°~-dn have a finite limit, 


] l 

the two series £ = and È D are comparable, and are therefore con- 
Tt 

vergent or divergent together; that is, convergent when e>1, divergent 

when e= or <1. But ifthe limit of 2°+@n be always infinite, or that 


E TI ; : SENIE 

of oa nE then, taking e< 1, the given series 1s incomparably above a 
n 

divergent series, and is therefore divergent; and in this case the limit 

of n>’n—Gn is nothing. But if the limit of n-—øn be always nothing, 


L- | PO 
Bn n” then taking e>1, the given series is incomparably 
below a convergent series, and is therefore convergent; and in this case 
the limit of np'n=—øn is infinite. 
If yn, the term of the series, be used instead of on, its reciprocal, we 


have 
1, pn y'n 
EUSE aie era wn 
1 1 | 
ExameLrE I. (2—1)+(0?—1)+(23 —1)4(rs—1)+.... 
1 
xlog x 


t / 
H =r" — d — oa sA F 
ere yn=x" —l, an n imn eT 


The limit of the denominator is log x, whence that of the fraction is 1, 
and the series is divergent. 


or that of 


A 
Examr_eE Ii 14274+22+2°+....yn=27""', —n ao? log x. 
: n 
If x be <1, the limit is +œ , and the series is convergent; if r=1 or 
be >1, the limit is O or —c, and in both cases the series is divergent. | 
A negative limit denotes that sort of divergency which is shown in the 
series 14+2°+3°+...., where e is positive. 


yo ee 

perai 
It will hereafter be shown, that when n increases without limit, 
1.2.3......n and 1.3.5......(2n—1) approach without Jimit to 


E iiot Ea 
XAMPLE . tty tz at: s.. 3 gn 


a a! s n : 
Norn tign and 2T? n" E`", frorn which the application of the rules 
shows the series to be always convergent. 

Exampe IV. F (z+/).a+F (142) a+. ...yn=F (r+nl)a" 
'n f, F’Cet+nl) ] F’ (24ml) ! 


But log F (r+ nl+l)=log F (x+n) + 


F’(x+nl+ 61) 
F (xz+nl+6l)° (9<1)5 
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Fetal), f 
whence the limit of eFG+™) is that® of — F 2t (ntl) £1) 4 If this be 
¥F (2+ (+n) 


finite, the series is convergent when the limit of aF (x+(2+1) 1) + 
F (z-+nl) is less than unity, and divergent when it is greater. But 
when that limit is unity, the convergency or divergency of the series 
depends, agreeably to the rule, on the limit of 


—n log feos Dis 


F (x+nl) 
1 l oe ke 
Examp te V. z (log. 2)? + z dog 3)? . . 1s always divergent when 


a is unity, or less, whatever may be the value of b. 
j 


The expression —n T the limit of which is greater than unity 


whenever Zyn is convergent, may be written as —n x diff. co. log wn. 
The limit of this, when n increases without limit, is not altered by 
writing €" for n; in which case 

w'n d 

—n — becomes — — (log we"). 

un Inl 54e) 
The result may be stated as follows. To ascertain whether the series 
Lyn is convergent or divergent, take the function ¥%, or any more 
simple one the ratio of which to yn neither increases nor diminishes 


without limit when 7 is increased without limit, and find the most 
convenient of the following expressions : 


n dyn n d(ẹn)`' dlog yn dq 1 d (nyn) 
yn dn’ (yen) “dn > dn’ dn (eye ies, yn dn ` 


If, then, the limit of the result be greater than unity, the series is con- 
vergent; if unity or less than unity, divergent. But first examine 
Y (n+1)=ẹn, since this test can only be necessary when the limit 
of this is unity. 

As to series of the form P,—P:+P,—.... we have seen that 
they are necessarily convergent when the terms diminish without limit. 
Consequently, the series is convergent, all whose terms are positive, 
provided they can be represented by P,—P., Ps—P,, P,—P,, &c., where 
P.\>P,>Ps, &c. But this last is not altered by adding the same 
quantity to both of every pair; that is to say, the series 


P,+A—(P,+A) + (P3+B)—(P,+B)+(P,+C)—(P,+C)+.... 


seems convergent whenever P,, Pa, &c. diminish without limit. Thus a 


* The reasoning here given is correct only on the supposition that 


F\(a-+nl+ 2) s ng ECD 
Eeen a RAA EET) 


approach the same limit when z is increased without limit. 

For accounts of the tests of convergency up to the proposal of the present one, see 
Professor Peacock’s Report to the British Association, in page 267, &c. of the second 
volume of their Reports; or Grunert’s Supplement to Klugel’s Wir lerbuche, vol. 1. 
page 416, I have another proof of the correctness of the test, founded on entirely 
different principles, which will appear either in the sequel of this work, or elsewhere. 
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series of alternately positive and negative terms may apparently be con- 
vergent, even when the terms increase without limit; and if A=B=C 
&c., we have then a series, of which’ the nth term (independent of 
sign) is P,+A; and because P, diminishes without limit, this has the 
limit A, And we might certainly suppose that the preceding series can 
mean nothing but P,—P,+P,—.... in a different form. Is it 
possible that there can be an error in the following reasoning ? 

If P,\—P.+P;,;—.... be a series, which may by summing its terms 
be brought as near to M as we please, then certainly the sum of 
P,—P,, P,—P,, P,— Ps, &c. can be brought as near to M as we please. 
But P,—P, is the same as P,\+A—(P,+A), and P,—P, as P,+A— 
(P;+A), and soon. It follows, then, that P;-+A—(P,+A)+(P,+A) 
— &c. can be brought as near to M as we ‘please; or that if such a 
series as the last should occur as the answer to a problem, we may con- 
clude that M is the answer required. 

I say we have no right to draw any such conclusion; and the 
reason of this is contained in a principle which cannot be too 
often remembered by the student of this subject. Whenever a deduc- 
tion is made from purely arithmetical principles, by means of purely 
arithmetical premises, it must not be extended, without proof, to cases 
in which the premises, or any of them, cease to be the objects of arith- 
metic. In the preceding series, P,—P,+P,;—.... approaches without 
limit to a fixed arithmetical quantity, and an accession to the number 
of terms taken always brings us nearer to a certain limit. The same is 
true of (P,—P.)+ (P,—P,)+...., each term of which is compounded 
of two of the terms of the preceding series. The same is also true of 
the series whose several terms are 


_ first, P. +A—(P,+A), second, P;+A—(P,+A), &c. ; 


which is, term for term, identical with the preceding. But the same is 
not true of the series, whose terms are first P,-+ A, second P,-+-A, third 
P,;+A, &c., alternately positive and negative. For since P,, P,, &c. 
diminish without limit, the series may, by proceeding to a sufficiently 
distant term, be represented as nearly as we please, from and after that 
term, by A—A+A—A+...., which has no arithmetical signification. 


1 
Thus, if we take I +++ +6e, which has the limit and add 
© 


one to each of its terms, we find 2—— + oH 2 


F... 
g7 
Let the terms of the first series be collected, and we find the set of 


1 3 5 11 2l 


results 1, 2a! p 16’ 33 &c., alternately greater and less than 


3° but perpetually approximating to it. Treat the second series in the 


LR © @2 21 
same way, and we find 2, 2 P 8? 16’ 30° &c.; of which the even 


; 2 ; : 5 
terms only approximate to 3° while the odd terms approximate to —. 
If, then, we were asked which is the arithmetical limit of the preceding 


set 2 
series, we should have no mode of deciding between — and 3 
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In the preceding theory is contained all that the student needs, to 
enable him to apply the theory of series to questions of geometry and 
physics; and I shall now recapitulate the principal results, desiring 
the reader’s attention to the summary, as distinctly marking the point 
at which we have arrived. 

1. An infinite series, even when arithmetically convergent, may be 
the arithmetical development of different functions, of one for one 
value of x, or set of values, and of another for another. Or, the con- 
tinuity of any series must be proved, and not assumed, (page 230.) 

2. If the series be of the form a+6r+cz?+...., or developed in 
whole powers of x, it must represent one function of r, and one only, 
throughout the whole range of values of x, for which it is convergent, 
(page 233.) 

3. When a series is given, and nothing is known of its invelopment, 
it cannot yet be used in any case in which it is divergent. But when 
the series is produced from a given function, the necessity of absolutely 
considering a divergent series may be avoided, as in page 226, by using 
the theorem of. Lagrange on the limits of Taylor’s series. 

I shall, in a future chapter, consider this subject further, and shall 
conclude the present one by giving some theorems which may be con- 
sidered as instruments of operation merely, not giving any proof to their 
results, except in cases to which all the preceding reasonings will apply. 


THeorEeM. Let dr—a+a,r+a.u°+....ad inf. 
Ye=ab+a,b,r2+a,b,2°+....ad. inf. 
2 
Then yr= bpr+Qb.9/2.2+ 8b. gS +A%b. gat Hoey 


where Ab, Ah, are the successive differences of b, obtained from b, 
bis be, &e. 

N. B. We have already had cases of this theorem in page 225. 
From page 79 we have 


b,=b+Ad, b=b+2A4b+A%, b,=5+3Ab4+ 3A%+A°), &c. 
Substitute these in the second series, which then becomes 
b (a+a,r+a,2°+....) +46 (4,4 2a, r+ 3aga?+...,.) 2 


+A*b (a,+3a,2+6a,2°+...) EHA b (a;+4a, 274100, 22+....) 2 
+ ° ° ° e e e e ° 


Now p r=a+a, statt +a, +a, +a, +.... 
z= a +2ax +3a,2°+4a,7°+ 5a, t+... 
" 
ae a, +3a,r +6a,2°+100,2°+.... 
In 
a ad, +4a,0°+10a,2°+.. ., &e.; 


and the results of this set, substituted in the preceding development, 
will obviously give the theorem in question. 


Examp te I. El tetattattatt .» +. (page 225.) 


- 
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Let Wwe =b+b,2+b,2°+b,2°+h2'+.... 


b Ab. x Ab. A3. r? 


Then yr = = EE at Ua — N En e... 


x? q? qi 
Exampte II.* log(l toys ae aT Doi 
£. bar? ba? bir 
Yr =b 2-7 a a ETE 


Abr 1 Ab. 1 A%b.2° 


Ue) i “eee Saal +a)" 
— 2 
ExamĮmrLe III. b+nb,7+ ts —— lj ten- ae Maese 


tidevantacnlceee AD (142)? a+... 


faz” 
2 i 
A b (I Ly, © © 9 a 


a 
ExamPte IV. bab abe Eby a+), r 


a 
+n 


=(1+2)* [btnad 

TER 
x* x 

=g fB +Ab.2 +A% — +A" — +.. p. 


b Tihane 
EXAMPLE V. 2 —bs za t Sy aa 


x 9 


3 2 
R A N, sat uid Jf rsine (BAE, ; .) 


x x, 
and b—b > +8, 53.4 


a , x2 
= —4’ b — i : et— 3h — eee = 
=cosz fò A*b 5 +.. sinz( ab —A’b 5 aF 


where the differences must be taken from the complete series b, b, bs, 5,, 
b,, &c. We shall see more of this when we come to treat of interpola- 
tion. 

This theorem enables us to give a finite expression for Wa, whenever 
r can be expressed in a finite form, and 6, is a rational and integral 
function of n, (page 83,) in which case A") is nothing, for all values 
of m which exceed the degree of b,„. 

The theorem itself will afford an instance of the truth of results 
obtained by separating the symbols of operation and of quantity, as in 
page 164. 

The symbol for b, is (1-+-A)"5, and the whole train of operations 
performed on b, to produce ab+a,b,x+a,b.2°+.... 18 


fa+a,(1+4)2r+a,(14+4)?2°+....}5, or O{x7(1+A)}.), 


* Let the student apply this example to the case of ab==1, A9%5=1, A8%b—1, &c., and 
explain the result. 
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or [ørt pz zato" a ‘| b, 
or {bbe-+Ad. $2.24 Ap" as ie T 


I now apply the preceding theorem to the transformation of 
b+-b, cos 0.r-+ b, cos 20,2°-+ 6, cos 30.2°+.... 
and | b, sin 0. +6, sin 20. x°+ b, sin 30.2°+.. 
The first series, writing z for e°V-1, (as in Chapter VII. may be thus 
written : 


l 1 f £ x 
5 {b4-b, 20+ bz +2... it 1 b-+b, = +6: ate l: 


or, by the use of the theorem, 
2 
be si rae A [ 


x ‘ay ee 


and the two, collected, give a series of terms, each having the form 


a b Ab. zr 


1 
2 matamapt Hs 


g” 
1 g™ x” am 
- A” rrr ares a A A S. A e 
3° á (l— Gzh t j 2 er (A) 
z 
But 1—zr=1— 27 cosO—z2z sin o.i, 
1——= l—arcos9+2z sin 0. —1. 
Assume l—zx cos 0=r cosġ, «sin0=r sin Ø, 
; : sin 0 
which gives r "=1l—2x cos04+ x2, tang= a ; 
1—.2 cos 9 


and (A) becomes (since 1—«z=rcos¢+r sing. Ji, &c.) 
1 Af | (cos m0-+4—] sin mo) x” 
2 (cos m+1¢—V—Isinm+1 p) ret" 
(cos mo—V —] sin m0) x™ 
(cosm+1¢ +V—Isinm+1 p) rH i 
COS u EN - +V¥—] sin u 


But 
COS y cosyğġv—1 l sin y 


—=cos (m+ y) +V_—1 sin (u+); 


whence the preceding is 


A™ m c ne ee seamed 
ean 7.cos (m0-+-m-+] ¢)+V¥—] sin (do. do.) 


-+ cos (do. do.) —V —1 sin (do. do.) r, 
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A™b.cos (mO-++ 1 $). z” 
oS 
(1—2r cos 042°) 2 


Hence, making m successively 0, 1, 2, &c., and adding the results, we 
have the following THEOREM: 


or 


1 
2 


) ing XX 
If r= (1—2r cos 0-+2°)?, and p=tan-( Ae 


l—zx cos 9 


seit at ( sin ON ee ( l = 7 cos *) , 
7 \ 


> 
T T 


then b+b, cos 0.x +bcos 20. 2*-+-b; cos 30 r34... 


=b cos p— +Abcos (0+2¢) <+A% cos (294-84) = 


+ A*d cos (30-440) = Sees 
T 


For instance, let b=b, =b: =... . =l; whence Ab=0, A’b=0, &c. ; 
we have then cos =r, or (1—z cos 0)-}7°, for the sum of the series; or 


1—2 cos 6 
1—2z7 cos 0+ 2° 


which may be verified by page 125. 

The transformed expression may be discontinuous, for ¢, or tan™' 
{x sin 0-(1—acos@)} has an infinite number of values, one of which 
may apply for one value of 0, and another for another. We have shown 
that no discontinuity can be produced by a change in the value of x 
(page 223.) 

As long as our conclusion preserves its present form, we are warned of 
the circumstances which may produce discontinuity by the explicit 
appearance of the ambiguous symbol tan-’. But if we take a case in 
which the ambiguous symbol disappears, we may be led to a false 
result, if we do not take care to retain all the ambiguity of the original 
form. Suppose, for instance, z=1; then sin 6—(1—cos 0) is cot 3 9, 
or tan ($}7—3$6); and @ is therefore tan“ tan (4 7— 40); that is, 
any one ofthe angles which has the same tangent as 4 r— 40. All these 
angles are included in the formula mr+4a7— 40, where m is any 
whole number positive or negative ; whence we have, by substitution in 
the expression for the transformed series, (since r= +2 sin} 6, when 
t= l). 


=1 +cos 0.x +cos 20.2 + cos 30.2°+...3 


b +b, cos 0+ b cos 20 +b, cos 30-+.... 
_bcos(mr+4 =) Ab cos (2mr +r) 


t2 sin 40 4 sin? 40 
Ab cos (38m+1 7+} (m+0)) 
+8sin°i0 pe 


in which A'b is multiplied by cos (¿+1 m+474+7—1 40). Now it 
will be found on investigation, that these cosines, beginning from the 
first, are 
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F sin(—}6), —1, +tsint6, +cos0, Fsin20, —cns20, &c.; 
the upper sign being used when m is even, and the lower when m is odd. 

We have then an ambiguity of sign in both numerators and denomi- 
nators of the alternate terms: but returning to the original equations of 
condition (which become 1 —cos 0=r cos ġ, sin 0=7 sin ¢, in the case of 
x==1) we see that if r be positive, sin 0 and sin®@ have like signs, and 
cos@ is positive; that is, Ø lies between O and $7, if 0 lies between 0 
and r, and lies between 0 and —$7, if 0 lies between r and 27. All 
these conditions are satisfied by making m=0, or any even number, and 
the final result is as follows: 


b Ab  Arbsink@, A%.cos@ Atbsingd 
b+b,cosO+. +. = E BAE BOO Ce ene Ud, 


An easy verification presents itself when 0=7; the preceding then 
becomes 
b Ab Ab A*% A'b 
—b E — 4 —— _ }- 
aisha 2 4*8 16732 
which is a case of (B) in page 225. 
An analysis of precisely the same kind, it being remembered that 


2/—1.sin mO=2"—2-", shows that we may substitute sines for cosines 
in the series obtained; or that (r and @ being as before) 


—_— . 
©. 0-00.0.9 


; l , v 
b sin 0.4 basin 20.22 +. . . =b sin ġ +46 sin (6 +29) + 


2 
+ A% sin (20-++3¢) Ste. x 
If b=b,=....=1, as before, we have sing-——7 or rsin 0-r? for the 
sum of the series; or 


x sin @ 
1—2r cos 6+ qr? 


sin 0. v +sin 26 z? sin 30 23+ 2.2.03 


and, in the case of c=1, we may find 
; i b A?b cos $6 
b sin 0+bsin 204... s7 cot 3 ee 
, Adbsind | A‘bcos $0 
"16sint‘}0" 32sin't@ “°°°*? 


the terms of which, after the first pair, are positive and negative in 
alternate pairs. An instance of verification, though not so simple as 
` the former one, may be found in the case of O= r. This gives 


b (A% Ab , Atb\  (A% Ab ADN 

—_—_—_— — —— + — A e ra FE] — estee 3 
EAA E eB) MIG. PIG | Seo) 

which we leave to the student to verify by means of the separation of the 


symbols of operation and quantity. He might, however, be perplexed 
by the reduction, if I did not call his attention to the equation 


i= b:4-8 65 xe 


AN / AN _ AS 
(14+) (1+4+7)=l+7 


THEOREM. If Or==a@p)+ayx+ att ap eee. 
R2 
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Then Sdo cato Z)j= ayta, cos0. £+ a, C08 20.2°-+, ... 


am f (<2)—0(= t= a sin9,r-+a,sin 20.2°+.... 


where z==e’"—", The student can easily prove this for himself, and 
also the following :* 

” nl 
n) T -£08 20-9 # C0830 | 
2 2.3 
o"x.sin 20 p "a sin 30 


= +o! 

ays eta- -p(24 j= ¢/xsinO+ 5 an Re 
Let iei x, and let the upper signs be used: we have then 

cos 20 _ cos 30 


T (xtz)+ 0 ( a2 )=prtg'z.cos 04+ 


0 
slog (-+2)-+5 log (242) log z+- 


i a Tae 

(x*®+ 22 cos 0+ ‘ee cos@ cos20 cos398 cos 4é 
or log A aq = —— rar tees 

x x 22 323 4x4 
l 4z sinô sin 20 sin30 sin 40 
and OM ia log Sete res * gen as ae F s... 
But pga _t+cos0+V—Is sin 6 cos o4+V—] V—Ising__ p#V, 
epet x+ cos — M ino cos Pp — a sind 
; , er _,f sin 
in which x+ cos 8=r cos ġ, sind=rsing, or ġ=tan 
e -+ cos 0 


(page 126) log eN -T= Oba — l +2nr V — 1], —1l, n being any whole num- 
ber, positive or negative. This gives 


f sinb N sin@ sin20 sin 390 
tan™ | ——— nt — + 
xv -+cos 0/ x 7s aaa 5 
If z= —1, then @ is tan~' (—cot } 6), or tan7' tan (r—4 0); so that 
sin 20 sin34 
3 
m being = + any whole number. This simply amounts to 


Lotmr= sin 9p NE n, I 

The meaning of the undetermined quantity m may easily be shown. 
The second side of the equation is periodic, giving the same values for 0, 
64-27, 0+4r, &c. It also vanishes with 0, and becomes 1-4+4-..., 
or ir, when 0=47, and changes sign with 0; and it becomes 0 again 
when 9=7. This requires that m should =0, where 0 lies between 
—m and +73; but that in all other cases m should have such a value 
as will make 0+ mr lie between —r and +r. 

I now proceed to some developments and examples, part worked at 


T—}0+mr+nv=—sin 0— 


@eety 


* These theorems are due, I believe, to M. Poisson. 
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length, part merely sketched out, and part proposed for excrcise with 
their answers. In considering these, the student should read again 
carcfully those parts of the preceding chapters which arc cited. 


CHarter XIII. 
MISCELLANEOUS EXAMPLES* AND DEVELOPMENTS. 


1, Required the successive diff. co. of Pe*, P being a function of x. 
Ans. The first is € (P+ P^, the second e (P+2P’+P”), the third 
E (P +3P'+3P”+P™), and so on: the nth is € (P +n P' +m P”+ 
na P’... +P®), where 1, n, nag 23, &c. are the coefficients of the 
—l n-1 n-2 
9° hare “3 &c, 

2. Find the diff. co. of PQ the product of two functions of x. Ans. 
- The nth diff. co. is PQM + nP’'Q°-Y +n, PRECI p... HPO. 


3. Diff. co. of P” Q" is P- Q"! {mQP’+nPQ’}. 

4. Diff. co. of =- is aa {mQP’—nPQ’}. 

5. Diff. co. of e°.Q is e” {Q’+QP’}. 

It will be worth while to retain the three preceding results in 
memory. 


6. (Page 63.) What is the diff. equation of y=s œ (cx)? This 
gives 


dy _ 7 ret y / -l y 2y y 
aTe (ot erg! (c= Lady fa L (E 


where fx means r+rq/¢—'z, and gw is that function which gives 
pper. 


—e CE op dy y y 
T. y = xE" gives La (1 +l 2) 


, n 
several terms in (1 +x)", or 1, n,n 


8. Eliminate the functions from z=¢ (ytar)+y (y—ar) ny 
means of partial diff, co. 


. lz : 
Teh (O tan) —ay' (y—ar), Fa= Cp" (ytaz) +y" (y-as) 
s ie n 
ae p' (y tar)+ ¥'(y—az), ar p! (yzax)+ 4" (y—az); 
therefore wz taia d'z 
dx? ye 


. * Many theorems of primary importance are deductions of so immediate a 
character from the principles before laid down, that they are here introduced, con- 
trary to the usual practice, as examples, They are so far developed that no student 
who has found himself able to follow the preceding portion of the work, will find 
any great difficulty in completing what is left undone. 
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9. Eliminate the functional symbol from — T97 =) 


tu ,fdu\ du d?u git du\ du 
Gp dsp dads? a Nae) aa 


er Cu du (4 JE 
therefore re » dy? ae dy = 


10. (Page 65 and Chapter V.) What relation exists between the 
two diff. co. of u, when u is that function of x and y which is obtained 


by eliminating a between 
u=ar+ġa.y+ya 


4 f du 
O= r+o'a.y+ya, or ang 


du yau Ula f M pa du da 
do “Tda dr O dy * da dy 


du du 
dy =e =) 
11. Eliminate the functions from z=¢ (y+ar).% (y—az). 


Plogz  ,@logz dz „dz 1 /dè dz 
By (8) ae =o? e ae (ga T) 


=¢a, 


dz dz 
ee] a 2 2 x od 
12. 2z=(@+y)* $ (2’—y*) gives y ue 
2 


; d'z 
13. z=ġx + Wy gives aay 


dz _ l dz dz 
14. z a eer 
were es dx di y z dx dy 

1 \ 1 dzdz 


dz 
z= Yy ae 
aE e rae dx dy =(1 tig z) z dx dy 
15. Required the expansion of tanz in powers of x, by Maclaurin’s 
theorem. 


zs l du , au du 
Let w=tanz; then go ltu an" ae “= 2u 4 2u3 
du 7 i d'u 5 
737 = 2+ 81? +6u', T — = 16u-+40u° + 24u 
Bu 
A ——-= 16+ 136u?+ 240v“ + 120u5 
du 5 
Ir” 272u + 1232° + 1680u5+ 72047 
Ou —9704-20680-4+.... PY mnoséut 2. ee 
dat A- u+. To~ Ut aooo gp 1936+... 


a? 2a 1]x7 622° 
tnexot Stig tas Ta 


et Te 
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16. Required the expansion of =: 


This expansion (which is of great importance) may be facilitated by 
the following process :— 


Let p=- ; then ġgr—p (—27)=—2; consequently px can have 


no odd power of x except the first: for cvery odd power which appears 
in the expansion of øx must appear in $x—P(—~2); and every cven 
vower in Gr+(—z). Let u=ġx; then 

us =ru, &(utuj=l4w, E (utu tu), 

E (up3u' +3 4u =u", E (u+nu' t...) =u. 
Make r=0, and let the values of the function and its diff. co. then 
become U, U’, U”, &c. The preceding equations then become U =U, 
U=1, U+2U'=0, U+3U'+3U"=0, U+4+4U'+46U”-H4U"=0, &c. 
Or, generally, 
n— l 

2 


E Ek U"... n UG) 4+ nUGCV=0......(A), 


the labour of using which is diminished by our having proved separately 
that U’=0, U’'=0, U“ =0, &c. Let n=2m+1, which gives 


2m—-1 2m=1 2m-2 2-3 Umo... 


(2m Janne ay c (ND) — ns 
U m A U m 3 3 3 
U 
on WT : 
mu U 2m4 1 


This series exhibits the dependence of the terms on one another, after 
U"; but the series (A) is more easily used. It gives 


U+2U’=0, or U'=—53 U+3U'+3U"=0, or U"=5 5 


U+40'+6U"+4U0"=0, or U"=0; U+5U’+10U"+5U"=0, 


yh eS 
a Un 30? 
UÜU+1U'+21U"+35U0"+7 j“=0; or Uies; 
U+9U!' +36U" + 126U"+84U"+9U"™=0; or U= - a3 
U+11U'+ 55U" +3300" + 462U"+ 165U'"'+11U*=0; or Uses 
ip te OD SO Bas ee BOLT” a 48869 
Xii e eN XIV am. XVI amao a 8 XVI : 
27307 U = 6 510° 798° $C 
Hence, if [n] denote 1.2.3......7, we have 
£ l 1 2 1 a l zæ 1l æ 
Se EE A T e a E S 
F—] 2°t6 2 30 [4] 4216] 30{8]t 


The values of U, U’, &c. are called the numbers of’ Bernoulli ; 
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and though they do not follow a visibly regular law, yet the con- 
nexion between them is simple. We shall in future call them B, 
B,, Ba Bs, &c.: thus 


l l 
B=], Bi=—>5 Ba B,=—0, B, =— = &c. 


17. Required the development of = : 3 by Bernoulli’s numbers. 


xr T ien 2x 
e—-] #41 & -l 


2 = Fab ipi 


=—B,—3B, Ż— (2—1) B, =— (2—1) B 


ory s 
s*-+] a s [6] (E E 


=37 22 Tafa) aft’ 
18. Required the development of tan x by Bernoulli’s numbers, 
TIPTE Dy, dn Bada E 
NZI eye at VO] 141 
St fee AER 
v—1 a S P 
=-= (1428, +6B, -a l }2(2—1)B, “at see) 


tan r=a— 2 (2‘—1) B 


ay 


4 a 198 2° — l B Tna a 09 

m+ e—D Bag 

in which the law of the terms is sufficiently obvious. Reduced, this 
becomes 


2x5 17a7 622° 
t = S E eeegs 
ans=rt y sis 1p t315 T2835" 


19. Required the ii of cot x by Bernoulli’s numbers. 


cotr=V¥—1 Gt) 


1/ 
am I (av =i) 
-= 2 a me | 
=v- (aF J Piha: 2a ) 
l z æ 2 x7 2x9 


—z 3 45 945 4125 m ee 


20. Required the development of ——— a =U, 


ue*+ue7=2 
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N 
\ 


Ces! 


f as ita 
nth diff. co. us =*= F E~ ame 5 : W=... .) 5 E ed 


f 
nth diff. co. ue”? = € \ 


as in (16.) Une ag Ge / Se — ae 


U'"+....0, 


which is true for even values of n, and there can be no odd powers of x 
in this development. 


U=1; U+U"=0), or U"= —1; U+6U"+U"=0, or U"=5; 
U"=—61, U™'=1385, U*=— 50521, and so on; 
a may SoTa ONE NOE Oe hak, 

Spes 2 [4] [6] [8] [10] 
21. From the last it readily follows that 
x2 52t 612% 13854° 505212" 


eee E a ee) ee 


d the development of —— =~ 
22, Required the development of ——— =u. 


-7 


[Why do we not attempt to develope 1+(e°—é™) by Maclaurin’s 
theorem ?] 
ue —Us 7 = 2r, 


E (u +u) 4 E~™ (u—u')=2 UST, 


l n—2 n—3 
After which Ut+n U" +n ee =a z U”... = 0, which 


is derived from odd a of n, i ko gives the even diff. co, No others 
can enter, for reason in (20.) 


I 
U+30"=0, or U"=—33 U+10U"+5U"=0, or v=% 


3l 381 
Jri me <a os viii — — 
i 21 Å 45 


or l vw 7 a 3l 28 _ 381 2° 
=] —- — + — — = ee 
e—e* 32 '15[4] 21 [6] 45 [8] 
23. From the last it follows that 


Lane 23 ake 381 2” 
F 15 [4] "21 [6] 45 [8] 


(24.) What is the best formula for approximating to an arc of a 
circle by means of its chord and the chord of its half, and what is the 
error, nearly; the arc being supposed not very great ? 

Let 0 be the angle (m theoretical units) subtended by the arc S, and 
a the radius (unknown): let C be the chord of the arc, and C’ that of 


1 
cosec Teo -+ 


Fees 


. . 1l 
its half. Then S=a0, C=24 sin . 0, C'=2a sin I 0. 
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Let pC-+qC’ be the formula required; then 


pC +qC =2a (z sin z zO tI sin ) 


=20{(242)o-(2+2) S +( E+ rom) = see 


Assume +4=5 Eti =O » p= q= 
sc’-C_. eo N 
3 = © ~ 4680) nearly. 


Ans. The third part of the excess of eight times the chord of the 
half over the chord of the whole is nearly the arc: the result is too 
small by a-proportion of the whole, which varies nearly as the fourth 
power of the arc, and is about 1-7680" for an arc subtending an 
angle of 572°. 


25. If C” be the chord of the quarter of the arc, then 


C +256 C” —40C’ f 08 
45 ey i a casa 


26. In $ (x+h)=fx+Ø' (2+6h).h required an approximate value 
of 0 (p. 73.) 


Assume @=A+Bh+Ch?+..0. 


Then b (c+h)=gr+q'xr h+q"r. Oh? +p" haa ETES) 


=ġr+ ps. h+Ag"a. w+(B papat T )e 


3 
+(c pc+ ABY"24+- 29's hh+- eaaa 


m 
Agle=5 g'z, Bo"2+ A? — . = J 
Co'r+ ABO" z 4- ~ $x vs 
had l ox o'x p”x— cali 
= x tai oe ie ——h ae ($72) oo ee 
If h be small, and "x considerable when compared with h, =; 


nearly ; or 
h (a+h=pe+o (2+7 z) h nearly. (See p. 74.) 


27. Required x in terms of sin x (s=sin <), 


pen d.sinz =(1-s) bas 


l- sin? q x 
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De ad Pe i ea 
=I+55 tag’ taget.. 
Is? 1.3 8° 1.3.5 97 

Integrate ; a far +345 +3-4.6 ates »(A.) 

No constant is necessary, since s and x vanish together. But this 
conclusion cannot be universally true, for the first side may increase 
without limit, while the second is periodic, going through the same 
cycle of values from 2=27 to r=4r, &c., as are obtained between 
æ=0 and 2=2mr. Some error then must exist in the preceding process. 
On looking through the process of page 100, it will be seen that the 
definition of an integral cannot be made intelligible if the function 
integrated become infinite between the limits of integration. This is the 
case in the present instance, if we suppose the result to be true from 


v=0 to =r; since, when r=}7, (1—82 is infinite. Between 
s=—$r and z=+$7, the preceding is unobjectionable, there being 
no value of x between these limits which makes ( 1—st)3 infinite. 

There is another objection to the preceding result, as soon as x 
becomes greater than 47. When z increases, after becoming =} r, 
then s (and consequently the second side of the equation) begins to 
diminish; or an increasing quantity is always equal to one which 
diminishes, which is absurd. The reason of this is that 


desin g or CS2 Ax 
J/(l—sin? x)’ ~— J(1—sin? x) 


should have been taken negatively when cos z becomes negative. Con- 
sequently, after r=} r, we have 


(l—- 5°)? ds, or 


the constant 7 being introduced because s=r when s=0. 

Denoting the series (A) by A, our final result is that when z lies 
between — $r and +37, c=A; but that when x lies between $r 
and $7, s=r—A; when between $r and $r, c=27+A, &.; 
which may be all included in the following : 


When z lies between (n—5 x and (n+5) wT, LEnr+ (—-1)*A, 


28. If r=ġr or s=1, we conclude that 


l 1 1 1.3 1 1.3.5 1 
oto E AEE T a a 


We proceed to ascertain whether this series is convergent or divergent, 
29, Granting, as will afterwards be proved, that 


1.2.3... n =N 2r n"t3 E” 
has the limit unity when n is increased without limit; required an 


expression which may be made as nearly equal as we please to 
1.3.5...,2n—1, on the same supposition. 
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Let 1.2.3... n= 2r ni e., pn, so that ọn has the limit unity 
when n increases without limit. Then 


1.2.3..2n221.3.5..(2n—1).2.4.6. .2n=1.3.5. .(2n-1).1.2.3..n.2"; 
Non (Qn)"*? e —2n -p2n =+} » = gn PA ded a 
or On n"t em bn gn’ 
and 2"*4 n" e” is the expression required. 
30. The series at the end of (28.) has for its (2 +1)th term 
1.3.5..0.(2n— 1) l arm n” eT” p2n—gn l 
2.4. 5. on Ont” PF Vor n't? e pn 2n+V 
L 1 2n l 
Ni nE (pn)? m+’? 


which (since $27 and gm have the limit unity) has always a finite 


‘6 1.3. 5. a e (2n — 1) = — 


or 


3 
ratio to n 2. Consequently, the series is of the same character as 
3 


En ?, and is convergent. (Page 235.) But it may be shown in a 
similar manner that the original series is divergent when s>1, in which 
case x is impossible. Here, as in many other cases, a series becomes 
divergent at the moment when its algebraical expression becomes im- 
possible. 


3]. When z lies between nr and (n+1) 7 

l cos'x 1.3 cořg $ 
aan g A pna w ee nts A EN al e.o fe 
ra(ntg Jro J Eaa et 


Prove this, both from the preceding, and also independently. 
32. Required v in terms of tan x. (tan =t), 


d.tan r 
— => — £? 3 -e 00 © 
diz itt? =(dit—tdt+ dt ) 
i Pegi, E 
v= ae 7 + wee 9 
the constant being nothing, since x and ¢ vanish together. This is true 
from rem to a=, oF from t=—« to t=+«, though the 


ies de l 
series is convergent only when z lies between a Bo and jga a, the 
former exclusive, the latter inclusive. Generally, when 2 lies between 
1\ oe l 
(2-5) |r and (+5) T, t=nr-+tan oe tan? Bowes 


33. The following series may be so easily deduced from some of those 
which precede, that they are left to the student: 


| ae ama E ne 2 x l z E 


log =]og a ne e eee re et ae 
og sin t=log r— 3B 2 454 9456 4725 8 93555 10 
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log cos r= — ae Ra e e a Da eve 
2 3 4 #15 6 315 8 2835 10 
p sin 2.v ' 
Verify these by log Eaa log sin z+ log cos z. 
I now give some examples of finite differences, (Chapter IV.) 
; l 


, f: l Ne « 
34, Asin v= 2 cos( t+ Ar ).sin—Az ; 
i, Sg z 


; l Soe 1 
A cos <= —sin t+ > As -sin > Ar; 
35. Let Ar=26 


A’ sin z= — 4 sin (+ 26), sin? 0 A? cos t= —4 cos (4 +26) sin? 
A’ sin r= —8 cos (x430) sin’ 0 Acos r= 8sin (7+36) sin®6 
Atsin r= 16 sin (r+ 40). sin‘ 0 At cos t= 16 cos (+46) sin‘ 6 


36. Let n be any whole number ; 
A” sinz= 2” sin (1+478) sin" @ 
AY" sires 2A cos (x+4n+16) sint! o 
At! sin r= — Q!"*2 sin (+4n-+ 20) sint? g 
A+ sin r= — 2*"*3 cos (2+ 4n +36) sint 0 
A" cost= 2* cos (r+4n6) sin” @ 
AVH cos r= — 2""*! sin (2+ 4n-+ 16) sint! 6 
At? cos r= — 2*"** cos (x +4n- +20) sint”t? o 
AH cos r= 2+8 sin (r+4n +30) sint o 
37. Required the successive differences of the first term of the series, 
Oo", 1", 2", 3", 4%).. s+» s.s (m à positive wh. no.) 
m=) &£:0=1 2.0] 0. WO 0 AYO] 0. A’.0:20 &e. 
m=2 AOS] 2.0 2° AOS 0 AOS 0 A.0=0 &e. 
m=z ACH] A.C] 6 2.06] 6 ata 0 2.00 &e. 
m=4 A.0'=1 A’.O'=14 A’.0'=36 A*.O'=24 A®.0‘=0 Ke. 
38. The fullowing table contains the differences for the first ten 
powers, and the same divided by 2, 2.3, &c. 


A lAz2] As | AS As AS A7 A | A9 | Ato 


Mm m 
10 | 1 |1022/559S80 |318520|5103000 |16435440|29635200!30240000| 16329600| .. 3628800; 1 
9 | 1 | 510/18159 |186480| 834120 | 1905120| 2328480| 1451520].. 362880 li 2 
8 | 1 | 254| 5796 | 40324| 126000 | 191520] 141120|.. .40320 3 1; 3 
7 | 1 | 126| 1806 | 8400] 16800 15120 5040 6 7 l' 4 
G| 1] 62| 540 | 1560} 1800 720 10 95 15 l' 5 
5| 1] 30| 150] 240]....120 15 65 90 31 1 6 
4| 1] u| 36 |....94 21 140 350 301 63 i! 7 
3| 1 6]....6 28 266 1050 1701 966 19% 1! 8 
2/ 11...2] 36] 462] 2646 6951 17 3025 255 1! 9 
1 |..1 | 45| 750 | 5880] 22827 | 49595) 34105 9330 511 1 10 


| | | | | S 
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The upper half of this table, including the dotted lines and all above 
them, gives the differences as marked at the top, of the powers as marked 
on the left. The lower half shows those same differences (read as in 
the bottom line, the powers being on the right) divided by 2, 2.3, 
2.3.4, &c. Thus A508 == 126000, and A®.0®?—2.3.4.5= 1050. 
The following will not be found in the table: A®.0°—-2, A8. 0°—-2.3, 
A*t 0!+-2.3.4, &c.; but (page 83) each of them must be unity; for 
x" being a rational and integral function of the mth dimension, we 
must have A". 2"=2.3....7, for all values of x. And for the same 
reason A"*,0"=0 when n is greater than m. 


oa 
39. (Page 19.) 2™==0"4+2.0.0"+2——— A*,0"4.4.4.. 


T =T 
Part s(xr—l) 

e=r+-3x2 (r—))+ xz (e—1) (27-2) 

at=e+72 (t1—1)4+ 62 (4—1) (1—2) + 2 (4#—1) (x-2) (x-3). 


40. We leave the following notation, much used by the German 
mathematicians,* to be explained by the student : 


vær!" g(eta) =r! — x(x-a)(24+2a)=2°!* &c. 
g=2'! g(x—l)=r'!™ x(x—1)(x—2)=r!-! &e. 
1.2.3=1°?!! 1.2.3.4=1!!}! 1.2.3... .n=]"! 
1.3.5.7.9=1!'? 1.4.7.10.13.16=1°!°? 
atng (x+n) (x+2n)....(m factors)....(a+m—12) 
irca xX (rn) rehe y (mly. 
41. (Page 84.) O"741"+42"+....4+(@—1)" is 2x", 
x—l r—la— 


2 
m g Nm 
5 A.0"+2z 5 3 A? 0”... 


22 =r (c—1), e=; x(x—1)+ T (z—1) (x—2) 


Dr”. 0” 4a 


yanl, (v—1l)+zr (x-1) (2-2) 47 v(v—1) (e—2) (r=3) 


wo 


pond 


ri 6 ] 
{— _ 2{—1 -— 71-1 — gil-) -— ři! 
Dx +354 +37 tee 


mt =O 


sre tll gl gti et ggstat gd eit 
2 4 6 


42. Calling such expressions as r(v+a) (7+2a), c”!", &c. factorials, 
.t is required to deduce 2°, 2°, &c. to factorials, without the use of any 
general theorem. 

1. Let x, r—1, r—2, &c. be the factors; then 


ear (x—l)+ ar : =r (v9—1)+2° 
* The only English work of which we know, in which the student can find in- 


stances of the use of this notation (which has not found favour anywhere but ia 
Germany) is Nicholson’s “ Essays on the Combinatorial Analysis,” London, 1818. 
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=x («—2) (e#—1) 422 (2-1) +r 274+32 (@—1) 42 (x#—1) (1-2) 
x= 29(a-1) +28 = 2°(2-2) (7-1) +227(a-1)4+-2°= 2(x-3)(a-2)(a-1) 
+ 32r(x-2)(x-1) 4+ 22(2-2)(2-1) + 4a-(a-1) + 24+ 
3x (2-1) + x(x-1) (2-2) = a+ Ta(x-1)+ 62(2-1) (2-2) +2(2-1)(2-2) (2-3). 
2. Let x, r-+a, r+2a, &c. be the factors, then 
x=a2(rt+a)—ar, 2=2*(a+a)-ar°=2(2+2a)(t+a) 
—2ax(r-+a)—azr(r+a)+er 
=2(2+ a)(«+ 2a) —8ax(t@+ a) + a’zx 
ata xt! — bar’! t 47a al abe 
x= zl" — lOar! -425a rlt — 15a? x?! tatr. 
If a be negative, all the terms will become positive. 
43. Required the law of the table for A" 0", (page 253.) 


— r 
A". 0” =n"*—n (n—1)"+n = 


(n—2)"—..0. $tn.,1"F0” 


Ara Sa" '—(n-1)(n- eat 


sil E 7) E ob baa 


But the first series.is n times the second, a a by the nature of differ- 


ences A*t, 1" is A", 0”-!-+A".0™"-}; so that we have the following 
simple law 


A", 0” =n (A™! 0"-1 4A" 0"-') 
for the upper part of the table; and for the lower 
APO ALO y A” or 
E a E 
This we may verify from the oie as pPI ; 
240=4(36 +24) 1800 =5(120 +240) 126=2(62-+1) 
350=4.65+90 301=3.90+31 63=2.3141 


44. To form the differences, and the divided differences, of 0". 
Taking those of 0° from the table, we have 


A.0OMW= 1 A*.0%: 1022 A20"— 55980 
A? 0"= 1022 A*.0'"= 55980 Ar O’= 818520 
1023 57002 874500 

2 3 4 
A?,0"==2046 A?,0"=171006 Ato" 3498000 


and so on up to 
AY 0"= 3628800 
Ano 0 
3628800 
11 


A".0"= 39916800 
Let the divided differences be signified by attaching accents instead 


of RUMEN to the letter 4. Thus A” 0" means A’ 02,3, A" 0” is 
A‘0"=—2,3,4, &c. Then 
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A® Oo" — Ale-) on-! +. nA” o”— 


A’ 0°= 1 A” OPS 5l A” o= 9330 
2A" 0'°= 1022 3A" 0°= 27990 4A” 0°—136420 
A” 0" = 1023 A"! 0"=28501 A” 0"= 145750 
and so on up to 
At OP! 
11A* 0°=0 


45. To find the law of the series for x”, expressed in factorials of 
xr, r—a, x—2a,&c. In (39.) substitute r+a for x, and multiply both 
sides by a”, 
=ar 7+ A" 0” a? zl SaL AM 0”, a™—-3 281 =a CAN 0” qn a l B n E 

=r" z A=) 0”. az” | =a „j AGH—2) oO” ae a —s 4. oer 

46. Let the terms of a series be, a(a+b) (a+2b)....(a+.27b) 
the first, (a + b) (a + 2b).... (a+ (x+ 1)b) the second,..... and 
(a+(n—1)b) (a+nb)....(a+(r2+n—1) b) the nth; required the 
differences of any term, and the sum of any number of terms of the 


series, 
Aa=b 
Aa (a+b) =(a+6b) (a+ 2b) —a (a+b)=2b (a+b) 
Aa (a+b) (a+ 2b)=3b (a+b) (a+2b). 
Aa (a+b) (a+26) (a+ 3b) =4b (a+b) (a+ 2b) (4+36) 
Aa (a—b) (a—2b) (a—3b)=—4ha (a—b) (a— 2b). 
Thus, denoting by [a@, a+b] the product of a, a+b, a+2b,.... 


a-+-xb, we have, on the supposition that successive terms are made by 
changing a into a+b, 


A [a, a+xb]=(x4+1)b[a+b, a+2b] 


al No. of \ „ (Comm. Diff. \ | / Prod. of all the factors 
= 1x xX | 
\factors/ \ of factors. ) \ except the lowest. Jj 


A [a+yb, a+rb]=(1—y+1)b[a+ (y +1) b, a+ zb] 

A‘ [a+yb, a+ rb]=(x—y+ 1) (ty) b [a+ (y +2) b, a+b] 

A’ [a+yb, a+ 2b] =(#@—y4+1)(2—y) (4 —y — 1) [a+ (y +3)b, a+xb] 
47, What is the sum of the series 
[a, a+yb]+[a +b, at+(y+1) b]+.,-.+[a+crb, a+ (y4+2) dj. 


This (page 82) is the function whose difference, when x is changed 
into z+1,is [a+(2+1) b,a+(y+%+1) db], and whether zbe changed 
into r+1 or @into a+b the result is the same in any single term. It 
is also denoted by È [a+ (x+1)b, a+(y+2+1) bd]. Now 


(y+2) b[at+(2+1)b, at+(y+r4+1)0J=A [a+ ah, at+(y+e24+1)0], 


+ xb, ytr+l1)b 
or S[a+(e4l)b, at (g++) 0] =04 EE EMEEN, 
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but by the hypothesis, 2 [a, @-+yb]=0, since there are no terms pre- 
ceding [a, a--yb]: whence making x= — 1, we have 

lab ¢ a+ yb) | 

0 =C+ 
~ (y+2)b ? 


so that the final result is as follows: 
_ [4+2b,a+ (y+a+1)d] 
[2,a+yb]+...+[a+xd, Oy Sa) a A 
A [a—b, a+yb] 
(y+2)b ` 


48. The following instances should be completely solved by the 
preceding process, as well as by its resulting formula. 


4.5.6.7—1.2.3.4 
4.1 = ae 


5.6.7—1.2. 
2.848.444.545.6= 00128 gg 


a(e+1)(2+2)(4+3) 0.1.2.3 
a E 


2.3.44+3,4.5+4.5.6= 


1.2.342.3.44...42.(241)(c+2)= 


L24334... =2E+D 
 24.6.8+..422.(224+2)(20-+4) (22+ p= Er Cot Orr Ober) 


49, Required 1"-+-2"+,.... +2", or >(t+1)”. 


(e- Dra eeu 


J +C. 


(1+1) =x (+1)+(r4+1), E (r41): = 


But 2. P=0, C=0, and È (t41) = a (x +1) (2x+1) 1) 


onm 
Again, (39.) (v+1)"= A0" (x + 1) rane (c+1)2 
Te 0” 
ag th zG@- L)+ oe. 


F(e+)"= = z (1+1) 2 (7—1) 


AO” A? 
5 (v+1) or 
AO" (et1)a(2-1)(2-2)+ 
UIE 3 A t T AH © » 
Compare this with (41.) 


50. Required the successive differences of 1—-[a, a+ xb]. As an 
instance, take 


l 1 


a (a+b) (a+2b)’ (a+b) (a+20) (24+30) me 
l ] 1 


a et eet ne 
a(a+b) (a+2b) (a+6) (a+ 2b) (a+3b) a(a+b) (a+2b} 
S 
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7 3b 
a (a+b) (a+2b) (a+-3b) 


Similarly, if Ui, Us, Us, &c. be in arithmetical progression, 6 being the 
common difference, 


A ] i 1 1 nN ‘Ui ~ Une 
Uy Uges e.Un Ug UlgrsceUys, UsUzeo eUn Uy Ug Ugess oUniy | 
b l 1 
= pene Lien whence 2 ——— = — : ——————— $C 
Ui Uzo ca Unti TE E Unis nb ` U, Ugo oo oUUn 
1 1 l 
Uy Ueseeetyn  (N—1) O UU... at 
ai. “Required = ae eee z 
eoe 2.8.4°3.4.5) t a @4l)(@+2) 
1 l 1 1 1 1 


4 
DGH C GDG 22.3 2GIG 
for C must be such that È vanishes when {=1. 
l 1 


1 
s i a ee ee ee ng 
Ber Required To garas ia aa ao ee 
The sum of z terms of the preceding is 
1 1 1 l 1 


2 (z+1)(r+2)(@+3)(2+4) 31.2.3 3 (a+1)(a+2)(@43)’ 


oto aes 1 1 
which, when « is infinite, becomes 3102.3" 
Verification. 
11 / 1 L l the 
31.2.3 \3.1.2.3 3.2.3 EEK ~ 8.3.4.5 
1 
= T.2.3.4 E pease 
1 1 1 ; 
a a 5.5.7.9 T * 07 formes 
l l1 1 1 
2 Grd (22+ 1)(2e+3)(2z+5)(204+7) 61.3.5 6(2r+1)(Qe+3)(22+5) 


; "E. 
and the sum ad infinitum is L35 


S4. Required a"+ (a+6)"+...+(a@+2b)", or Z (a+ (x4+1)b)" 
In (39.) write oe 


tos for x, which gives (44.) making ch, 


(ktr l)” =A OM(h-+-24+1) +A" 0% R42-+41)K+2) 
+A" (eet) (ktr) (R+2—-1) +4 00005 
the sum of which, made to vanish when <= —], is 
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l . 1 
> A0” (k+x) (R4+a+1) +> AO” (k+ —-1)(kh+2)(kR+24+1)+... 


-5 A0" (k —1) k=." 0" (&—2)(6—1).k— oe 
Restore a-b for k, and multiply by 6", which gives for 2(a+(x+1)L)” 
i 
z 40" b"-? (a+ bx) (a+bxr+b) 


+ A" 0" b” (at br --b) (a+ br)(at+ba+b)+.... 


1 
— A0" b"- (a—b) a= A" 0" b"-8 (a —2b) (a—b) a—.... 


Thus for 1"+4+3"+....-+(2p—1)", (a=1, b=2, z=p—1), we get 
l eee EENE eat se 
z AQ” 2”-? (2p—1.2p+ D+ A’0".2"-9(2n —3.2p—1.2p+1)+... 


1 1 
— A0" an? x (—1 x1) -z A" 0" 2" x (—-3BX-1x1)—... 


55. From the preceding 1°+3’-+....+(2p—1)? is per 
2 7y\2 __ 
and 1°+3°+- .... +p- = SP 
which may be thus more simply deduced : 

(2p+1}=(@p+1) 2p +2p+1=(2p —1)(2P+1)+2 (p+) 

_ (2p-3)(?Pp—1)@p+1) _ 22@p—))(2p+1) 
i= E A A 

Z @p+1) 3x2 + ga tO 
This must vanish when p=0, that is C=0. Again, 
(2p+1)°=(2p+1)*.2p-+ (2p-+1)?=(2p—1) (2p + 1).2p+ 2.2p(2p + 1) 

+ (2p—1)(2p+1) +2 (2p+ 1) = (2p—3)(2p—1)(2p+-1) 
+3 (2p—1)(2p-+1)+2.(2p—1)(2p-+1) 
+2 (2p+1)+(2p—1)(2p+1) +2 (2p+1) 
=(2p—3)(2p—1)(2p +1) +6 (2p—1) (2941) +4 (p+), 
the sum of which, made to vanish when p=0, is 
(2p —5)(2p—3)2p—1)Qp+)) ie (2p—3)(2p—1) pt) 
4.2 3.2 
g Cr (2p—1)(2p+1) 1 
22 O g 

Both of these expressions give the same results as before. 


56. Required expressions for A 0"+? (that is for A" 0"+r-=2,3. .7) 
in terms of n. We have (43.) 


AM otr — ACD grrr 7AM orit, 


Let A™ 0"t? be œ (n, p); we have the 
S2 
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Ad (n—1, p) =nd (n, p —1), 


where A refers to n. This gives Ad (n, p) =(n-} 1) $ (n+ 1, p—1). 
Now p=0 gives A™ 0", which (page 84) is =1, whence 


Ad (ns 1)=(m-+1) X1, or P(r, =5n (n-+1)+C. 


But A.0'*? is always =1, whence all these expressions become unity 
when n=1. Hence C=0. 


Ad (n, 2)= (0-1) $ (1+1, 1)=; (n+ 1)+2) 


a, z=” ai or’ i (xn—1)n et 1)\(n+2) 


(n+1) (n42) (n+ 3) n(n+1)*(n+2)(n+3) 


Ad (n, 3)= a a4 
_[n, 2+3] [n—1, n+3] [7 — 2, n+3] 
PODS oa) “ee eae 


57. From the last it appears that ¢ (n, p), or A™ 0"*’, when divided 
by the product of all numbers from n to n+ p, both inclusive, consists of 
p terms of the following form : 


A@) o"t? 


mean A, tA, (7—1)+ A, (m—-1) (n—-2)4-.... 


+A [n l, n- p41]. 


Required the law of the coefficients A,, A,, &c. 
These may be easily expressed by means of the following p quantities, 


A") 0? (or 2 A® 0?+?, &c...... up to A” 0”, Assume nin succession 
to be 1, 2, ..p3 We have then 
A0) a A@® 0?+r A® 02tr A® oltre 
r;tsvin? =A; noe = Ao+A,, ÀA S mmn 1i: 
[i, 1+p] [2,2 +p] [2,2+p] [1,1+p] 
A® o#+P AC) g3te DAG) Ort A® oite 
== Aot 2 A it 2A 29 5 it eee 
[3, 3+p] [837] (2,2+p]" (1,1 +e! 


A® otter 3 A® Q3te à A® (tP A oltre 
“imite B+ [2,2+p] O, Fp] 


giving a law in which the coefficients of the binomial theorem will be 
always found. We have then (k not >p) 


AW okte k A-1) gk-1+P? A ]| A-2) Qk -28+P 
ktp Ep "2 ap 
58. Apply the preceding to express A™ 0"+$, 


3.2.As 


[1, k—1] A; = 


Al) 0°t4 
ie mupa i a 1) +As(2—1)(n—2) + A,(22—1)(n—2)(n —3) 
A ett i Ls el eer, 1 25 
2463.4. ~2.3.4:5.6 1.2.3.4.5 1.2,3.4.5.6 
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301 31 l 105 
Te 8.8.4.006 T.23.. PEN] 
1701 301 31 ] 
3.2As=7 67.8 °3,4.5.6.1 1° 2.3.4.5.6 1.2.3.4.5 
630 105 
9.3.4.5 adii =2.3.4.5.6.7.8 
vr nt) eee: 
AM ort pi (n—1) +840 {77 a} +105 = AN 


59, In Fs pal it is found, that if 
U, A, t+ Aint Agr (2-1) +... vi p-1 [n 2—p+ 2], 


then [1,k] A= Us —kUki t T Se 


provided k<p. This also is an obvious consequence of page 79, which 
gives 


U= U TAUFA g °n(n—1)+.. 


the first and third series (<p) contain the same number of terms, and 
are identical: we have then 


A‘ U, | 


M= 53... Tk =z- 


TUE RUz-it..-+ } 
60. To expand (e’—1)" in powers of t, n being a whole number. 


n — 
In E ne tn 


w 


1 
E-N ne tne pl 


the coefficient of "-(1.2.... = is 


n”—n (n—1)"4+0— oe 2)"—.. . Enl” eo". 


But the last series is 4".0”"; and this is =0 whenever n> 7”: 
whence 
Aror AEO Aso" 
(€ — 1) =- pk t 


ASE nt2 ote 
2.3 ES Deen ee 


: a 
61. Required V, = fini n= =. -.+(p terms)... drù, 


l nf n— l l 
oe ha I eeu ly» —— cl 


These are easily found by multiplication and integration: thus 


3 


which, taken from n=0 to n=], is 


n— l1 n—2 1 J l nê 
Jn 5 dn=z J (n° 3n*+ 2n) In=5 F —.73 +n’) 
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But at every step the difficulty of the reductions increases, and the 
following method is given to show the manner in which the process of 
finding a large number of successive results may be shortened. 


S O+ dn=(1+42)"+log (1+2) 


o +r) 1 iog. 1+.) log(1+2) log (1 +z) 


n—l n—2 
9 QE tenes 


P i- (14r) dn=1 4V, 24+ Vat tV tt.. 
or V,, is the coefficient of x” in the development of e—log (1 +x), or of 


(1+2)'=1t natn" attn 


fe. A hens, Eek 
1+(1-524 52 Fag tees) 


1 
Toye pee ee a a ae 


Clear this equation of the fraction, and make (1+V,r+.....-) 


l X e e e e o 
( L—5 a +... ) identical with 1, which gives 
\ / 


ie al 1 
Vio Vi= p 
1 1 1 
Marg ig Mog 
l 1 1 1 
ťa Vet- A T ae V= 24 
1 1 1 I 19 
Pay Va ta ET Vit p Ve — 720 
1 1 1 l 1 3 
Te NV a — V —— 0 w i 
a ag e ea ne Vs 160 
1 I 1 ] 1 l 863 
Ym Yke YT Vet Var Vit==0 Vie — 60480 
and so on. 


62. Required A"@zx, in terms of diff. co. of ør, the series from 
which the differences are derived being prx, 6 (x+h), $ (x +2h), &c. 

It may be shown, as in page 166, that A"@z can really be expanded 
in a series of the form ad™z.h*4 a, hr, htp... e, where a. a, 
&c. are independent of the function chosen. It therefore only remains 
to assume the function by which they may be most readily found. 
Assume 

A*hr=aGMr h ap Me, h'*'+ apex A*t®+.... 


Let pee’, then Adume*t*—e*= (l)e; APhr=(e'—1) (6° —8*) 
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<=(e*—1)?e7; and so on: whence A'pr=(s*— 1)". And d™xr 
PCr, e o o e e =e": whence 


GES DUTI T a A a 


or (60), 
A” : ort! A". (+2 
eae Te E E A sg 
he h8 
Apr=ġp'x h +6" x 2 + On os le is oe 
Ths 
A’dr=h" x. o"x, h +r 34 + woos 
. 8h 5h5 
Mormon. h+ "a + $a — Sera 
4 i 4 vi 13h° 
Mops hr. ht +h" x. 2h + pv Ey Feos 
n+l 21 n+2 
A’or= bon htt gern gern, EEn ) M + ee. 


63. Required the inversion of the preceding process, or the expan- 
sion of ¢x in terms of Agr, Apr, &c. 

As in page 166, it may be shown that a series may be assumed of the 
following form, in which a, a,, &c. are independent of the function 
chosen : 


h” pMrmab prta, Apr ta A" or+... 
Let ¢z=¢", and we have, as in the last, 
h™= a (e*—1)"+ a, ($1) t +a, (e*— 1)" 8+ 20 
Let #—l =z, or h=log (1+) ; whence 
{log (1-2) p =ar +a, t 4a, 2" + 000, 


whence @, a,, &c. are the coefficients of the expansion of the nth power 
1, 
of log (1 +2), or of the nth power of z= t... 


64. Required the expansion of (l+br-+cex®*+er°+fa'+... )” 


Let u= P", then P Tam; or if uv=1 4Br 4Cr Ert... 


we have 
(Lbr+ect t... .)(B2Cr+....)=n(1+4Br+4Cr+....) 
(b+ 2cr+....). 


Develope the mutiplications, and equate the coefficients of corresponding 
powers of x, which gives 
B=nb 
ae n=l 
2C +Bb=?2nc+nbB; C=nc4n 


2 
z Of 


Proceeding in the same manner, and making 
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n—l n—l1 n—2 
=n, ta aT E a, &c. &c., we have 


n 


B =nb . 
C =ne +n. b? 
E=ne+n,.2bc+n;. b? 
F =nf +n, (2be +e) +n. 3b +n, b* 
G=ng +n, (2bf-+ 2ce) + n (3b%e + 3bc*) +n,. 4c +n, b3 
H=nh-+n, (2bg+2cf+e) +n, (3b f+ 6bce--c*) +n, (46°e+ 6bc?) 
+n. 5bte +n b. 
Though this is a good exercise in the method of indeterminate 


coefficients, yet the preceding coefficients (as far as H*) will be found 
more easily by actual development of 


ltn (brt...) +n (bt...) + 
: f 1 Ls log (1 — x)\" 
65. Required (1 t3 Eee 5 Js or 3 ° 


_ I l l l | | 
b=» C=p i Jz => h= 


l 
Bopn 
1 l 3n+5 
C= ar T 24 
l ] _n(n+2)(n+3 
E= Teas nebo 3 Atas EUn- te 
_ il 13 l l 154+ 150° + 485n? +4 502n 
P= tag hs ig oap0 
l ll 17 1 1 
a a 
l 7 5 
H=77 n+ Si mtir Bto] q tanta 6° 


Changing the sign of x, we have 
(ata) —1—Br4 Cr?—E2x?+Fr*—..... 


Verify the results of (61.) by making n= —1. 


66. From (63.) and (65.), 


l 1 l 1 i 
o'x h =Ax 5 Wats At Atr + T ASt —.... 


ll 5 137 
" 2— A2 A&r + —- Afr —— AS —— LST—..er0 
pa A?=A*x— fidi g Antigen 


2 15 29 
"2 k= Atr—= Atrp — A Nri A'a Ea Omer 
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7 967 
p" «2 ht = Ata — 2A = Atr— 2 A7x +55 Akr—. 


67, Required f7 y, dx, in terms of Yy, Yo, Yz... 
Ja Yz di= f} Ys dx+ f? y,dt+. .. +f Rip Ys dx 
Let r=k9 +v0 SE ya de= f} Yrotu Odo 


v—l 
Yropvo = Yro F VAY t v E AY t co o.e) 


the differences being taken from the series ge Yaire e> By (61.) 


o Viatu OD OF) f. _ 19 9 


A this result to the ae intervals into which nô is divided 
above, we have 


l l l 19 
So Ys ar=(yt5 AYo— 75 A htag MYo— 759 AMYo +e. .) á 


1 19 
df; vara( ats Ay,— L Atos ot Le 720 Ayten JO 


1 
SE- Yx I2=Yoriyt 5 Yayo ++ e 


The addition of which gives 


Sty de=] Byn + 5 BOY; 1 way yata A Ya e, be 

TA Yro= A Yot AYst » -o FA Yn-1y0==Yno— Yo 
TM Yay =S Yt AY t oe oe FAY ay on Xe. 

J 8.420225 (Yny) Ty (AY Ay) HE CAYA) — 

68. As an example of the preceding, let y,=., 
LY n= OFO+4+20+....+(r—1) o=: n (n—1) 0 
Yro— Yo N9—0= 79 ; Ay p= 9, Ay,=0, A*y.=0, &c. 
Jey: d=: n(n—1) O45 n +0=5 n? 6°, 
which may easily be verified. 


69. Required Xy, in terms of y, and its differential coefficients. 

From (67.), making nO=2 and 6=1, it is obvious that if the values 
of Ay., &c. be substituted from (62.), a series will be obtained which 
may be reduced to, the following form : 


= fo y2de+P (Ys—Y) +P: (Y'= — y) + Pe (ya yo) -e 
where y'= diff. co. Y+ and y’, is its value when z=0, &c. And P,, Ps, 
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&c. are independent of the value of z and the form of y, We must 
therefore choose a function by which they may be determined. 
s*—] 


Let y= E”, then 2e*=1+e°+..6. + Sar 


eI 
[jet ds=——, y=], yy, =4 (1) 


fy a (ev—1), y m —y" "=a (e= —1), &e. 
Substitute, multiply by a, and divide by e**—1, which gives 


== +Pa+tP,@+P,a°-+P,a+P, a? +Ps de + eee 


e*— l 
l < ] at 1 a 
(16.)= 1—; a+ = —30 Ta] +35 [6 digs 
Hence 
"i z 1 1 y',—y’, 1 yt —y"", 
2y: Siy d= (Y:=— Y, — 30 -334 
t y-n 1 yy 5 yy 
og G — — &e. 
+152.3....6 302.3.. 66 2.3.... 10 C 


This is the series alluded to in page 165, and it might be obtained 
from AT u=(s*-—1)~'u. 


ae it Pee a a x TE: s 2 æ 
70. r r r a tS 2v=7 -F5 tF 
zry EOI LI (an41)—1) 432. 


The following are examples on the subject of Chapter V. 


7l. z=0 (2,y), y= (2,2), or z is the same function of x and 
y, which y is of z and x: required all the diff. co. of this system. 
There are three variables, and two equations; consequently there is one 
independent variable. 

First, let the independent variable be x; let ọ and ¢, denote the 
function of x and y, and of z and z. 

dz dd _ do dy dy _ of dz do, 


dz dxe dy dt dx” dz dx dr 


dy _ (ay a vjs (1 do, d 


dx T \ dz dx corr dz dy 


MEAE, 
- dx dy dr E No dz dy 


Secondly, let the independent variable be y. 
dz dbdx _ dọ dh, dz dp, dz 


dy “dredy ` dy 7 dz dy ` dx dy 
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dx . dh dp Bi dp, dp dh 
l= S 
dy =( dz dy) \dz ata) 
dz ( dd 4 oh dN . (2%: dp, dp ob’ 
dy ar ae ay) \dz dx de 
Thirdly, let the independent variable be z. 
„dd dedy dy db, din da 
dx dz dy dz’ dz dz ° dz dz 
OF spo CRN dp dp dd, \ 
af dz dy dt dy dx ) 
=(F+ dọ L) +f “do ied dp) 
z a le dz) T \dr "dy dr J 
12. =L +Y, YEr H r. 
dz dy dy ___ dz 


l. = — —=, — o YL amman 
dx ea 7 dr as do" I 
dz 20+ l dy _ 4rz+1 
dr 1—2z dx 1—2z- 
dz “dx dz dx 
2. —=2r—-+l] 1222 — =a 
dy dy" ee dy dy 
dz 2r+1 dx _ -2z 
dy 14422 dy 14-422" 
a dx , dy dy _ dx 
3. I=2r 7, Ta RR +7 
dz_ 1—22. dy _1+4rs 
dz 2r+!) dz 2x+1° 


This example is given at length to illustrate the fact, that when 
there is only one independent variable, whatever the system of equa- 
tions may be, the algebraical character of the diff. co. pointed out in 
page 54 remains: thus in the present instance 


dz T dz dy i dy yet 
dv dz dy ` dz dre dy — 


13. $ (x, y, 2)=0, which requires that z should be a certain func- 
tion of x and y, implied in the preceding equation: required the first 
and second diff. co. of z with respect to x and y. 

When there are (as in this case) fwo independent variables, and two 
only, the notation of Lagrange is sometimes convenient: or 


AE dz UT N R- Le . are. 
— da dy | T d “T dady "7 dy?’ 


but when a function has several variables, as ọ (1, Y, z) the partial diff. 
co. are expressed by Lagrange thus, Ø'(x), ¢'(y), and $'(a), which is 
objectionable. The notation used by Arbogast is as follows : 
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dy d’y Gy 
Dy for —, Dty for =, D'y for =% &c. 


When there are several variables, this may be modified* as follows: 
dp _. do oc Uh 
D,¢ for Tp’ D3, for de dy’ D? for Ta &c. 
Leaving the student to employ either of these notations as an exercise, 


I will suppose 
dp=Mdx+Ndy+Pdz=0. 


= M dz N 
d’z EMN -p 
ds aM (mi P plM) p 
mÆ dP dz p(S +5, M dz oh pe 
\dr “dz S 


=- P? 
PRI Ee P S 


(E M 2s /dM are 
p dP _ pM dM dP) ai 


— P? — 4-MP — — M2 


= {m 
ep 
-fm 
3 


dx dx dz dz 
MP p(s +5 i _ pdm _ mest p? 
dx dz 
o2 p dọ oe _ (aN do ( dp? d'o)  (dpy 
dx dz dz dx dz) dx? ade) dz”) ag Ty, 
Li Re ea 
drdy dyP dP 
PPARA ETRE I (as 
aen ron de dydrdz) dx dydz? \ dz rah 
dzo č daN 
dy? dy P 
sihi (uya (a (aby 
Udy dz dz dy \dz/ dy) dz) ~*\ dz 


74. Show from the (ey) on 
dd; dz d’z pN? dg * dp 
(2) a dy? (£ T j=x(2) Ta (= TA (= 


* The system alluded to in page 198 (note) consists in writing dzy for a, &c. 


The confusion thereby introduced as to the fundamental meaning of the gani d 
iş reason enough against this system: had the capital letter D been substituted, as 
by Arbogast, it would have had some claims to be used coordinately with the old 
system. I should recommend the student always to use the common system in 
expressing results and reasoning on principles; employing the one now explained 


i ee mere processes, when the common notation becomes of troublesome 
eng À 
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do d lip 
+2N' at gto F 

do h / do __% dp dp dh 
— dy?” dz? \dydz/ ~ dzdxz'dedy dy dz’ dz* 
To do (do .,_ do do dy ay 
Get de dde) da dy’ dy dz dzdx" dy? 
zL Ub _ (ao __ Th Gh ah a> 
dx®” dy? ag iy? dy) ~ dydz'dzdx dady dz 


P ale d: do dp dp 
15. Show that Beam ae Fea gives ED RZ= 


76. Given ġ (p, q, 7) =0, where each of the three, p, q, and r, is 
dz 


a function of all the three, v, y, and z; required i and —. 
dx dy 


att a OD dọ dy godi dr E AAA dọ dq _ dọ dr\ 
dx ‘dp dx Wa de lr de " \dp dz Taq dz dr dz)’ 


in which æ may be changed into y throughout. 
The following are examples of methods subservient to integration. 


7'1. What is the value of the diff. co. of (x —a)”.ġx, whenz=a; 
pr aud its diff. co. being then finite, and m being a whole number. 
D* standing for the Ath diff. co., we have 


D‘ {(c—a)".o2}=¢2.D* (r—a)" +ko'x. DS (x—a)"+ 
+k- D (r—a)” 4 Ox. (2—a)”. 
When r=a, D’(r—a)"is =0, whether v be >m or <m, and only 
has a finite value when v=, in which case D”,(r—a)” is [m] or 
1.2.3....m. Consequently, when & is <m, the preceding always 


vanishes; but when k is m+v, v being a whole number, we have 
(when w=a) 


[m+-v,m+1] 
Dp? L—a mt vt? E a am 
[e-a pj 

The preceding result may be thus confirmed: by Taylor’s theorem, 
and multiplication by A”, 


h"p (athjy=ga.h"+G'ah""'+"a 


[m]. ġpPa= [v+ 1, v+m]. ba. 


m-+2 


h 
ytes 


But by Maclaurin’s theorem, Ao, A,, &c. being values of A” ġ (a+ h) 
and its diff. co. when h=0, 


hè 
EAEan AAA an +A, — a+ 


whence Amzy== [m+r] call "= =[v+1, v +m]. ga. 


a 


for h write z—a, and we have (vx—a)" ox; and A=0 when r=a. 
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78. For (x — a)? Or, A= 0, A,=0, A,=0, A,=1.2.3¢a, 
A,=2.3.4.¢/a, A,=3.4.5 "a, A, =4.5. 6 $'a, &c. 


79. Required the values of the successive diff. co. (x=a) of 
we={A +A, (2—a) +A, (c—a)?+.... $A, (t—@)"+.... } hr. 


Apply the preceding rule to the several terms of the form A,, (- a)” pr, 
and we have 


wa =A, $a 
wa =A, qd! atlA, da 
ve" a=A,p’at+2A,¢' a+1.2 A, ġa 
V"a=A, $"a+3A, ġ"a+2:3 A p'a +1.2.3 A, ha 
a= Ap’ a+4A,$"a+3.4A.f'a4+2,.3.4A,¢/a +1.2.3.4A, da, 
and so on, the law being very obvious. 
80. Having Yx and ¢z, two rational and integral functions in which 


we is of a lower dimension than (r—a)" r, it is required to expand 
Yr- (x—a)" px into a set of m+] fractions of the form 


PS ee ae. ee An, ft 
(c—a)" pix ~ (2 —a)" + (2— a)" “he (D E E) T i Orie ox ® 


This equation, cleared of fractions, is 
wr={A, +A, (t—a)+....+An1(2—a)""} prt fa. (a—a)"; 


and every diff. co. of the last term fr (x — a)”, which is under the mth 
order, vanishes when x=a. Differentiate m—1 times following, and 
make s=a in the results, and we have thus m equations for the ‘deter- 
mination of Ao.. e. Am- precisely of the form obtained in the last 
example; namely, 


wa =A, da, or A= 


Ya=A,Pa+A, ga or A= Ya -5s h'a, &c. 
One differentiation more gives 
yMa= {A pma 4 mA, p at woe }+2.3.0..m fa, 


whence fa is finite or nothing. Consequently fx is an integral and 
rational function of æ; for it is the difference of two such functions 
divided by (x—a)”", which cannot be finite or nothing unless the numera- 
tor be divisible by the denominator. And fx may be found by the opera- 
tion just indicated. 


81. Itis required to perform the preceding process upon the fraction 
(vc? +1)+(v—1)*.(2*+1). Here 


wre=e8+1, Or=2*+1, a=1, m=4, 
z+] Ao A A, As | Je 


GiG th ~@-b' Gy GIy AES 
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2—A,.2 Aol 
3=4,.24+4,.2 = 
6=A, GA WA, M=; 
6= A,.6-+A,-12+ Ay. 12 ee -7 


a°+1= (41) fi+5@—-N+5 (@—1)'=3 (e-1}+fz (e219 


f= (x—1) 
a+ ay sal l 1 l 1l 
G-IV@+) G-I) 72 GIP 2G 
1 1 l (7-1) 
a 42-1 TI PL x a4" 
82. To perform the same process on 
(1'— 62°) + (z—2)*(2—1)*(4#—8)(e#—5). 
The labour of such a process, which is considerable when there are 


many factors in the denominator, may be lessened by previous reduction, 
as follows : 


cee P bene oP 
seb ays (t—1)*(2—3)(r7—5) —~(a—2)(a—1)? r-3 x-5 
. Multiply both sides by z—5, and then make x=5, which gives 


125x —1 125 
B7.16.a eu B= BGG" 
| 8 
Multiply both sides by c—3, and make x=3, which ese A= > 
P (x—3)(x—5)= x*-62°+(a—-2)*°(x-1)? (I er- -3)— = 0—5), 


and the first two diff. co. of the latter term vanish when 2 


r y ie yal 
Gaa aa taa re an 
then since we need only two diff. co. to determine Ao, A,, and Ag, we 
may use z*— 6z instead of the second side. To determine A), &c., we 
shall have to differentiate P twice, and make z=2; we have then, 
neglecting the terms which must vanish, 
P (x—3) (x —5)=tt 6r? t... 
P! (x —3) (x—5) +P (2r — 8) = 42°—182°+.... 
P” (x—3)(x—5) -+ 2P' (2r—8) +P .2=121"—36x-.».» o 
Or making z=2, 


Assume 


3P=— 82, 3P/—4P— —40, or P’=——, 


3P"—SP/42P=—24, P= ——— 
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Hence, to determine A,, &c , we have yx =P, gr=(r—1)’, 


(79.) ——g = Ao 
248 56 
Ae 2 A, sin aT 
2008 380 
Bg Ae 2+ Ai. 4+ 2As A= — G7 
PR ER. Oe SO. EE: A eT 
(v-2)%(r-1)® 3 (x—2)® 9 (x—2} 27 ea u- DA N? 
° P 2 B, B, f 
Again, assume Gae GE + TT) To 2)" 


When r=1, the latter term of P and of its first diff. co. vanish ; and 
proceeding, as before, we have (when #=0) wa=P, ọpxr= (1—2), 


P .8=—5 
P’.8—P,6= -14 P=- 
(79.) — —=B, (—1) B= 
— 5 =B,.3-+B,(—1) B= 
z PE e E A G 


(1—2) (r—1)? 8(r—1)? t 32 x—1 ' («—2) 
But since (f) and (f,) are identical, the form makes it obvious* that 
the indeterminate functional part of each is the determined part of the 
other: putting these determined parts together, with the two fractions 
which were separated at the commencement of the process, we have, 
as a final result, 


o giba? 82. 1 aab d 
(z—2) (x-1) (x—3)(x—5) 3 (x—2)} 9 (x—2)° 
3S0 1 5 1 131 1 sl 1 125 1 


Sa p 6 Geoly oaa ea Arae 


83. Given ọr=(xr—a)(x—b)(x—c)...., where no two of a, b, 
Z, e... are equal, required Yyr-øx in the following form, 


A- 


wx being the integral part, if yx be of higher dimension than gz. 

If Ox be also given in its expanded form, 2.-+-p2""'+...., common 
division will ascertain wz better than any other method ; but ifer be 
no otherwise known than as the product of z—a, r—b, &c., the process 


* That is, when vz is in the first instance of a lower dimension than the deno- 
minator. Were it otherwise, fr-(x—])? and Ax (2 —2)8 would each contain the 
integral portion, besides the fractional portion of the other. This integral portion, 
if any, may be found as in the next example. 
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of involution* will be more convenient. If ywr=Me"+M,2""'-+ 
M,2""°+...., division by z—& will give Ma”™—' 4+ (Mk+M,) 2™*+ 
(Mk*+M,k+M,) ">+ ...., which gives the following rule for suc- 
cessive division by z—a, r—b, &c. 


M M M M 
M, Ma +M,=N, Mb+N,=P, MctP=Q, 
M, Na +M; =N P,b+N,=P, Qic+tP,—Q, 


Go on in this way until the divisors are exhausted, taking only so 
many terms in each column as there are coefficients in the quotient to 
be determined. 

Thus, to find the integral portion of 2°—2*—.vx divided successively 
by z—1, t—2, and r—3, we have 


l l a ee | Ans. 2°+ 6227+252 + 89: the first column 


0| 1] 3| 6 — contains the given coefficients; the second,t those 

OO; 1| 7 {25 after division by r—1; the third after division 
—l | 0| 14 |89 by z—23 and the fourth after division by 2-3. 
— ——|——_ The blanks show where work is needless, 

0 
a ; 

0 


For the fractional portion, multiply both sides by r—a, and then 
make r=a, which gives 


yu "yb 


Ae Glas a me Bea 


Lk &c. 


EEEN 


84. Required the decomposition of (a7 — 4x" + 3x — 21$) divided 
by the product of r—1, a—3, 1+5, r+7, 


1| 3 —5 | —7 


—_—_— | Oe —_ a 


ooo © 


ng MOOD) 2 A Ac) nen 
(I—3)(1+5)(1+7) 48’ (3—1)(34+5)(3+7) 80 


. $ See the Penny Cyclopedia, article INVoLUTION. 
+ It is an advantage of this process, that the use of the divisors in a different 
order will serve for verification. 


T 
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y (—5) _ 73825 ¥(-7) 674681 
(-5-1)(-5-3)(-5+7) 48 ?(-7-1)(-7-3)(- —745)~ 80 : 
whence the final result* is 

x? —A4Aré + 325 — 2r* l 1 


ee a a ee ee A 2 Zs DEREN 
aDC BGT Gry = ay 


81 1 75625 1 674681 1 
80 +—3 48 a+5 80 x+7 
85. Such an example as that in (82.) may be reduced toa succes- 


sion of such operations as the preceding, in the following manner.f 
First, 


a as E ab pO al Ce eS Bh 
(1—1)(x—2)(x—3)(x—5) 82-1 3824-2 42-38 
125 1 
24 2-5" 


Divide both sides by (r—1) (vx—2)*, and take the resulting fractions 
separately. 


| 1 1 1 
First. G— Tye 3) aa ey 
ne Ot ee ee EEE ee 
(a—1)(r—2)? (x-2)  (a—1) (2-2) ` (x—2)} x — 2a — 1 
Secondly. 

1 l 1 1 
GPa}  G@—2)"@—-l) eel) * GN? 
POP l l ee y as 
FG- 2-2 tri 2-2 tri GIy 


* The calculations of 4 (3), 4 (— 5), Yy (—7) should be performed by involution : 
and the safest plan is to put down every step of the work. Thus, for 4 (—7), the 
complete calculation is as follows: 

l 

x —7 
—7—4=—1] 
x- 7 


7743—80 
X= 


— 560 -2 = — 562 

—7 

+3934 

—7 

—27538 

—7 

-+-192766 

7 

4 (—7) = — 1349362 

+ This Sna though oe is introduced as a succession of simple examples 
of the preceding case. l 
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5 l 5 1 5 1 5 1 5 1 
cc ale Wl alta ala Rat Dira 
l ] 1 

Thirdly. EAH Tu GF GG- 2) 
32 l ee 32.1 32 1 32 1 - 
-3 @—l@—2) 3 G@—a2y 8 @—2)* Ba—2' Ba-1 
Fourthly. 

l N l l l 
(@—1)(@—2)"(@—8) (@—2)*(@—8)_(@—2)(e—3)* @—1 3) 

l eN | l l R ee E 
G—J@—3) 1-3 1—3 @-DG—3) 27-3 2r] 

l _ l l 7 1 l l 
@—2)"(@—3) G- * @—2)(e—3) 2)? 1-3 2 

l 1 T 1l l] 1 
G— (1—2) (2—3) (2—2 2xr—3 @r—1 


81 ] Sl 1 8] ELR 


81 l T mi 
TG Gl S e3) tTO or: bal 
Fifthly. 
1 l ] 1l 
@—])(@-2)"@—5) (1—25) (@—2)(a@—5) @—1)@—5) 
l sal 1 l1 1 l l 1 l 1 
(a= —2)(r—5) 37-5 32-2 (x—1)(x-5) 47-5 42—1 
l o 1l 1 42 l 
(2) (1—5) 3 (@—2)? "3 G2) G5) 
Ao l kL ALE 
=g 2y 92-2 92-5 


J 
4 


l l 2 Aa = ta l il l 
9r—2 36r—5 42r—]1 

125 l 125 1 

— 72 (a2) 1082-2 


(2-1 (@—-2)*@—5) 3 (1-27 
E A eR A ERNEA A 
24 (x—1)(t#—-2)7( 2-5) 
W125 1125 Ý 
8647-5 8647-1 
For a moment let P,, P,, P;, and P, stand for r—1, r—2, &c., and 
collect the five . which _ for the a fraction 


32 2 
P: -P; +P te pe zati Pit? P,— © Pit PIS Pt SP, 


"81 125 125 125 125_ ` 

-7P — P,— =P, fs Pew Pt 
Ta ` it Wo P; 108 *? sei st 96 P 

T2 
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a» Stine 5050 430022 6 aa lol Slee - 195 
Sag Ping t Pat Pit ge Pte Pe gg 
the same as before. 


F; 


86. It is required to decompose Yr=-(xr"—1), Ye being a function 
of a lower than the 7th degree. 

Let æ be a primitive mth root of unity, (page 130,) then all the roots 
are 1, a, aè... a", and by the preceding method (with page 130) 

T 1 1 awa l awa? 1 awe" 1 
deo Mi egeta Laeva Loge opeen 


Pli n r—tI n ma n — g? 1 r—a' 
Let wr=C,4+C,a+....4¢C,_, 2", and let cos p+V—1 sin u and 


cos p—v —I1sin p be two of the nth roots of unity, p being a multiple of 
Q7—n: call these roots r andr’. The two factors belonging to these 
roots are then 
rýr ıl Pie ai l1 _l1(ryr+r tr’) 2—rr' (ert yr’) 
n'r—r n z—r) n t — (rr) rrr 
2 (C, cos p+...+C,_, COS NU) r—(Co+C, cosu+...+C,_1 CoS (2 — 1) p) 
1 z*—2cosp.r+1 


87. Required (2+.2°)+(2°—1).{27~6 is in degrees 60°}, 


C,= 2, C,=1, cos 60°=cos 5.60°= cos 2.60°=cos 4.60°= -3 


Q¢ 11 11 +1 21° AA 
=l] Qa—l Q2r+l QBat—e4+] 2#+r+l 


88. Every thing being as before, except that the denominator is 


x" 4-1, p must be one of the odd multiples of s, and we have 


BE AEE E ENER PVE lh EAT hy S 


+l n zx—æa n z—-B ` © n z=r 


where a, 6....v are the n nth roots of —1. These nth roots are odd 
powers of any one of the primitive roots: for instance, if 


T = | 
a= cos- 4+ J —] sin -, 
n n 
the other roots of —1 are a3, a@....a"7". 


89. Every corresponding pair of roots of the form cos uta —l1sin p 
give in the decomposition a fraction of the same form as the last in 
(86), with its sign changed: thus (p denoting r-n) 

z™ __ —2cos(m+1) p.v—cosmp 2cos(2m+3) p.t—cos 3mp 


la" n 2*—2cosp.r+l1 n «w—2cos3p.2+1 “a 
the number of such fractions being half of n, when n is even, and of 
n—1 when n is odd: but in the latter case there is the additional frac- 
tion (—1)"t'+n (v+ 1) arising from the real root —1. 
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624 _ 3.r—1 , 2 Be 
90. + —— 
l+ I- J/3. r+] +l PS3. Prej 
The following are exercises in the methods of integration 
91 sO, | d(atbr) 1 oe 
i gi br)" 6.) (atbr)”  (n—1)b (a+bz)""' 
l (° dx l 
—— =-log bx). 
(3— =, = (3—2z)° J a+br 6 OE (Orbn 


92. To integrate 2” (a+bx)"dx, in all cases which present an 
obvious method. 
First, let n be a positive whole number, as in x‘ (a+ br)’ dz, 


fas (at br)’ de= f (a? 24+ 3a bx + Bab? 2$ + b? a7) dx 


_ æa abr 3ab?a? Bat 
~ 5 2 ae: 
5 s i 
= Sar’ 3x3 
3S(a—xr)2dr— oo eee A 
Se (a—xr)*dr 4 1 


Teme +2r)3dk=-—-— — 


3 
T F +3log r+, 


Secondly, let m be a positive whole number, as in x° (a+ bx)’ dr 
assume a+bxr=y; then 


— AN3 
x? (a+ br) dr= AA -+ 2Y =} (y—a)*y™* dy 
b b 6 
fiat br) dr= 5 1E —3ay +3% log y +2) 
_ (a+bz)! 


Ba(atbr) a’ 
20° 


bi net iiy g(a+bz) 
: 7 
jeNnr—a da=3 a'(a—a)? +5 a (mays. E (x— a)? 


EON aap 2° 2a? Sav l 6a? 
=Vr—a — = ; 
3 35 105 105 
Thirdly, when both m and n are negative whole numbers, as in 
r ’(a+ br) dr. 


Assume r= 1~y, which gives 


a? (a+b) dry? (1 7 Y Sra dy 
TA Nay to, : 


ye ETO 
which falls under the second case, since p and q, and therefore p+9— 
are positive whole numbers 
(OE ol a2 dy 5 

J x (a+ br) ~ e ay +b 


mae —-log (ay+b)=— log 


oo 


* Throughout these examples, merely the primitive function (page 100) is found, 
without any reference to the limits of the integration. 


278 DIFFERENTIAL AND INTEGRAL CALCULUS. 


(ode LL fat bn 
J z(a+br) a(at+tbr) a? : (= J 


93. To investigate methods of reduction for the following formula : 
J a” (ax? + bx!) dx, or [17+ (a+bat™)" dz, 


the form of which is S a’ (a+b2")' dx. 
Here r and s may be supposed whole numbers; or if not, assume 
xy", k being such that rk and sk are whole numbers. Thus for 


x3 (a+ bat )3 dx, let e=2"*, which gives 
x Kat bxt)3 dx= 122 (a -+ b2”)? dz, 


a form in which r and s are whole numbers. 
Let £ be the fraction yd; assume a +bs'=v?, and we have 


y agen 
5 dye é /yti—a\ T = 
x" (a+ br) dr=2".v Bye z’ V, 


which is integrable by common expansion, if (r+ 1)—s be a positive 
whole number; and this whatever r and s and £ may be. 

Again, 2” (a+ br')=xt" (ax +b) dx, which by a similar process 
may be shown to be integrable whenever (7-+st+1)~+(—s) is a 
positive whole number ; that is when 

== —z is a positive whole number. 


The following functions, therefore, are immediately integrable, whatever 
s and ¢ may be, provided k be a positive whole number : 


a (a+ ba) dz and a *“t®-! (u+ br) de. 


94. Any function Yr dr--ġx, in which wr and Øx are rational and 
integral, can be integrated in a finite form. 

l. If yx be of higher dimension than ør, divide the first by the 
second, and let Q be the rational and integral quotient, and R the 
remainder of the same kind, which is of a lower dimension than @z. 


Then 
ger T Laer y 
a ae | E de= f Qar {aoa 


and the difficulty is reduced to that of integrating the last term, in 
which the numerator is lower in degree than the denominator. 

2. Let wr be of a lower degree than gz, and let the roots of dr==0 
be a, b, c, &c.: whence Gx=A (x—a) (x—) (tx—c). ..., where A’is 
the coefficient of its highest power of z. We have then various cases 
according as the roots are all unequal, or there are one or more sets 
of equal roots. After the decomposition is made, as in (82.) and 
(85.), the difficulty of integration is overcome, since each of the decom- 
posed fractions ean be readily integrated. Thus, let it be required to 
tind J Pdr, where P=(2?-+-2+ 1)+(#—1)*(x—2), 


Hel 3 6 7 
@—1)@—2 «Golly wel pee 
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2+r+1 3 
{oat De ee eee 


’” AxB _Aa+B a 


ov | (z—a)(z—b) aci ——— log (z a) as ar 


log (x—b). 


96. It is, generally speaking, most convenient to integrate simple 
‘rational functions by transformations which a little practice will suggest. 
The following is an example, the fundamental integrals in Chapter VI. 
being assumed : 


*(Ac+B) dz _ (A(wt+a) dz *(B—Aa) dr 
(z +a)? +b? =] (x+a)?+b? iis 
za ee r+a 


A 
= 5 log (za ya 


l Ar+B A 
J 1—2 cosu.s+l r+l = log (2?—2 cosp. +1) 


B+A cos SM a , T—COS u 
sin w siny ` 


97. Required 


(88.) and (89.) it appears that 


costt+¥—] sint Lea a pair of roots of z"+1=0, the integral will 
consist of a number of terms of the form 


e fa (m+1)t.2—cos mt 


n a?—2cost.rc¢+1 


1)é 
or a log (a? —2 cost.x+1) 


dz, 


5? {cos mt—cos (m+1)t. cos tf _, %— cosl 
ta 
nsin t sın ¢ 


; or 


,2—cost) $ 
t? 


together with a term (—1)”*'log (x+1)-=-n, when n is an odd 

number. The angles denoted by ¢ are the odd multiples of m-n, 

stopping at (n— 1) times or n—2 times, according as 7) is even or odd. 
The following are examples of integration by parts (page 107.) 


l ; 
= f cos (m+1) t.log (x°—2 cos t.æ+1)—2sin (m+1) é.tan7 


98. Assume f (log x)’ 2! dr=V p p logr=L, 

: git Riis P 

| gel geri" 

From this suppose it required to integrate Sf Lt ztdr=V,,;, 
l Lz 1 Lr? x 

Vor = 3; Yves = o7, Æ > — 
Lix® = 2Lr i 2x8 
8 g's 


Va g= 
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Lz 3 3L%x® 3.2L28 3.228 


pen: a ee ae 
Lte 40% 4,38L%2% 4.3.2Lz2° | 4.3.22° 
oe gegen gee ee et ee 


N. B. When the relation is found by which an integral depends 
upon a lower one, it is always more convenient and safe to work up 
from the luwest to the given integral than the contrary way. 


C dr ; 

99. Required V, = n ray” being a whole number. 
x g? dx 
V a—: pay an | e 
z’ de (a+ 32°) dr a? dr 

(a+): EnS (a®+27)"*! (a? 27)"t" 
Let 1—(@ + t) =P, 

ij qP”  2n—1] 


_ V,zm=2P"+2QnV,—2na’ Vair3 Vina + ny 


But 


which, being true for all values of n, gives 
y= pele 2n—3 
"(2n —2) a * (2n—2) a? "7" 
This expression holds good when n=2, and becomes infinite when 


i l x 
n=l; but evidently V,=- tan7’-, 
a a 


Pr l 3 
Soe oan . 
P’r 3Pxr 3 ba 
Vsa aaa a a 
y LPer, 5P°x paspa + 5.3 tan 
bat 4.6a° 2.4.60 2.4.60. a’ 
j : ; wde >. 
100. The equation of reduction for Vm, n= @4a)" is thus 
obtained : | : 
we oe. mı Tdr — ~m—! D Sere, l l 
AN mn = (a? + a2)" EPE a (n—1)' (@ +°)" 
l ae m—l 
a nE ASN \ m-—2,n—1* 


~ BOAT) HAT BHD) 


By this fermula, the present case may be made to depend upon the 
last, or upon the more simple case of fx (a*+a*)-"dz, which is 
immediately integrable, or else upon / x" (a?+.2°)—'dx, which, when 
x>1, is integrable, after reduction by common division. Thus, the 
first integral in each of the following lines is found by ascending from 
the last, through the intermediate ones, by means of the preceding 
formula, (P= 1- (@ + 2*)), 


e 
ond 


MISCELLANEOUS EXAMPLES AND DEVELOPMENT. 281 
ve x7 PP dx, J xe Pdr, S. æ’ P’ dr, f x P’ dz 
S 4” P' dr, S x" P* dr, J t“ P* dr, S. x" Pdx 
S z® P*dr, S. æ P’dr, S 2 P* dz, J x? P'dx, S P’ drz. 
10]. The following formule of reduction involve a large number of 


general cases. 
Let P=Ax*+Br’, Vu, =f se P* dz, 


Multiply the equation P"=(Aa” +B’) P" by x", and integrate, 


which gives 
Vma SAV ntan- HBV nton- o> C1.) 
Integrate V,,,, by parts, which gives 
ene pet 
m+] J m+ m+1 
perl Pe okie nb 
Vesa eral Ta Bate mtl 
Eliminate BV mis n-ı from (1.) and (2.), which gives ; 
O DE A nb =na 
~ m+il+nb T ae cal l+nb 
which is a formula of reduction when 7 is positive. By it, for instance, 
we reduce the integration of x” Pidr to that of 2t*Pidr, and the 


latter to that of z+ P? dr. 
To turn this into a formula of reduction when n is negative, proceed 
thus : 


nP" { Aaxt + Bbx} dr 


m,n 


BV mti, n—10 o o (2). 


Vw ALY geese ecven (3.), ; 


- genrep” m+l+nb 
s Vente, n= — Cp — a) nA =a) nA 


For m write m—a, and for n write —(n—1), which gives 


ee ey m—a+1—(n—1) b ys 
Vu, 9 ooo V n-a aait e e e e CA). 
maane eael A oa A Si 
By this we can make the integral of zt P~? dr depend upon that of 
a**P-3dz, this one again upon qt- P~? dr, and the latter upon 
zt- P= dz. 


To make a formula of reduction for the diminution of m, n remain- 
ing the same, eliminate V,,,, from (1.) and (2.), which gives 


oO Pr'=(m4l tna) AV mta nit (ml nb) BVings nor oe eee e (5.)5 
for n write n-++1, and for m write m—a, which gives 
aie al m—a+1+(n+1)b 

" (m+1l+na)A (m+1+na)A 


which may be made a formula of reduction when m is positive by taking 
a as the greater exponent, and vice versd. 


a Vigseus n 


102. The preceding results can be stated as follows: 
PRAC BE, Vaara Pde. 
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(m+1+27b) Vn na tn (@—b) AV mpa, nay = Tt! P we ee saetas (A) 
(m+1 +na) Vn ntn (b—a) BV mto, n-i = art P™ WL ee wees . -(B.) 
(m+1-+na) AV, .+(m—a+b+nb4+1) BV m-ap, n= ott Pt, nn (C.) 
(m+1-+-2nb) BV,,,.-- (n—-b+at+na4+1) AV m-b4a r "H P**.... .(D.) 
103.* Let P=A+Bz, or a=0, b=1; and for n write —n. 
(m—n+ 1) Vm, -n+ NAV m, -q4 =e"? P 
x" dx Los aan m—n+1 x" dx 
1 (A+Bay" nA (A+Ba)" nA J (A+Bz) 
(m+ 1) Vin, —-n—2BV mpi, -a4 = "t P” 
arudi 2. rl aot! m+1 x” dx 
| (A+Bz)""' nB (A+B 7B ,) (AF Bay 
(m+1) AV, -nt (m—n-+2) BV mpi, -a= at POY 
at dz l p (m+1)A x” dx 
f (A+Bz)" (m—n+2)B' (A+B) (m—n+2)B) (A+Bz)" 
((m—n+1) BV,,, -nt MAV ni, n= 0" POY) 
(ae ee a" mA x" da 
(J AFB mapi) B' (A+Bay~ G=nt) B,) (AFBI 


The two last formulæ are really the same. For negative values 
of m, we have, writing —m for m ir the third, 


dx > l 1 
laa eo Se 
(m+n—2)B dz 
~~ (m—l) A {= (A+ Bo" 
104. Let P=A+ Br+Cr’; required a reduction for J: x” P"dr=V,, ii 
V mn = AV m,n- FBV mtina- t CV nt n- (from P"= P*""(a-+3Br+Cz)) ; 


yer 1 p” (° 
V n m1 -1 
and, by parts, Vm, n= maT aes a amt! pr-! (B4-2Czr) 
get! p” nB 2nC 


= m+1 nmal tha TT m+2,n—1° 
Eliminate V,n.42,.-1. and we have 
gart Pp 2nA nB 
p at es 
Venn Intm+) | In+m+1 Vanat 2n+m-+1 Venti, nis 
Again, eliminate V,,,,, which gives 
(m+1) AV, nat (ntn) BV mti nat (mM+2n+1) CV mpe, nimat P"; 


write m—2 for m, and n+1 for n, and we have, as a formula of 
reduction when m is positive, 


y ZOP __(m+n)B y (m—1) A 
~ (m+ 2n+1)C (m4+2n4+1I)C "™" (m+2ù+1)C ">" 


* The results of this and the followiog articles should be separately deduced by 
the student, À i j 
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In the last formula but one, write —m for m, and n4- 1 for n, and 
we have as a formula of reduction, when 2 is negative, 


ptt (m—n—2)B 


Vim GT) Aa mA 
_ (m—2n—3) C 
~(m-1lyA 


105. Let V,,, n= Sf sin” 0 cos”0 dO; required a formula of reduction. 
Since multiplication by sin?” 0+ cos?*® does not affect the expression to 


be integrated, we have 
V aem mtn F Vm, n+3 


n—1 qm-l 
dV », n= C08" 8 sin” 6 d sin 0; Vue UE Larig n- o 
writing c and s for cos 0 and sin 0. This gives (de= —sd0) 
Vin OR ee ae ae fase He es n—l e EE 
° ml mel m+loém+l*\™ m,n 
eee 


m +7 m+n 


The last but one is a complete formula of reduction when m is 
negative and n positive: and the last is another as to n. By proceed- 
ing in the same manner with dV m, ,=c"s" 'd (—c) we find 


g™7! crt: m — l 


Vane ——. +=, 
m,n n+l or m= 2, 2-4-3 
m=] „nL 
et dk no V m—2,n 3 
j m+n m+n 


the first of which is complete when n is negative and m positive; and 
the second reduces m when positive. Combining the two results, we 


obtain 


cist ont] ipa ie m— l 
Vn = myn mpn i m+n—2 | m-+n—2 Vn-s-] 
y PE a A (n— 1) c”! s™—'  (m—1)(n-1) 
m m+n  (m+tn)\(m+n—2) | (m+n)(m+n—2) ">? 
be Ce _(m— TD) c's"! (m—l)(n—1) | 


m—2, n—2) 


— 


m+n sia re n)(m+n—2) (m+-n)(m+n—2) 


which are complete formulz of reduction when m and n are both 
positive. But when m and n are both negative, write —m +2 and 
—n-+2 for m and n, which gives 


(m+n —2) cr“) ae c~(n-1) g—(m=1) 
(m—1)(n—1) coo Om 
_(m+n—2)(m-4+n—4) 
(m —1)(n—1)_ r, 


h ERP — 


N —(m—2), — (n—2) 
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(m+ n—2) c7") s-m-1) gr @—) ş—m-1) 


(m—1)(n—1) n—l . 
(m+n—2)(m+n—4) 
E Cos Co eae 


106. We now write the preceding, and particular cases of them, in 
the usual form: the student should deduce all the latter separately. 


s™-! e {m—1—(m-+n—2) c*}* 
 (m+n)(m+n—2) 
(m—1)(n—1) 
(m--2)(m+n—2) 
dð = m—1—(m+n—2)c? | (m+n-2)(m+n-4) do 
lx ~ (m—1)(n—1) s” Ci = (m>=Dn—1) g™—2 ç"? 


s”dO = sm _m—l s”? da 
{> ~ (n—1)c™" -2S5 = 

cdo Ce n—] fc" dO 
{ T eis (m-1) s”? m=] {= 


t -10 
J: tan” 0 d0 = 2 — J tan"~? 0 do. 


far c” d= 


Sar” cn" dé 


107. When m or n is =0, proceed as follows: 


i (+s?) dð P dð fdo 
nn = n = R T ar 
C C C J C 


; ‘db in S 42-2 dO 
Š c> (n=1)e~! 'n—] cr 
ee dð c m-2 [° dé 
Similarly, S (mle mat | ge 


From c*d0=c"" ds and s” d@=s"—' d (—c) it is found that 
fe doso stf(n— 1) s? ae do =c" s = (n—1) f (1—c®) c"-? dé, 
or fer pa. tet (CA 


s”? m—l 


Similarly, Js" d0= s™-? do. 


108. In c"™s" dO let tan @=t: from thence deduce 


S c” s” d9= f= 
Y (1+) 
Call the last T,,,,, and deduce 


{k=m+n+2}, 


k 
A 


.* This factor is also (m-+-n—2) s?—(n—1), 


es 
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ttie k I: 


abt emo 
T a ee es 
w= pe 


109. An integral is thus made to depend upon the integration of a 
more simple form, that again upon one still more simple, and so on, 
until we come at last to an integral which cannot be simplified by con- 
tinuing the process of reduction. 

This may be called the ultimate integral, and may be found, some- 
times directly, sometimes by a further Teduction in a different form. 
The following table exhibits a large number of integrals, such as are dis- 
cussed in the preceding articles, with an exhibition of their ultimate 
forms. To save rocm, denominators are written as ratios with the 
svmbol (:), a plan which the student should not adopt in copying them. 
The first column contains the function to be integrated, the second the 
ultimate form, with its integral; or else a transformation of the integral, 
which reduces it toa preceding form. An ultimate form enclosed in 


{ } means that it has been already given in the preceding part of the 
table. 


x”dr : a+ bx fdz: a-+ br = log (a+ bx) : òb 
da 3 (a+bx)" fdz: : (a+ br)" = —1 : (n—1)b (a+ bhr)" 
dz; x"™(a-+br)" r=1:y gives —y™*" dy : (6+ ay)" 
dx : (a+bz*)" faz: a+bx? =tan;'(rJb: ya) : (ab) 
l Ja+rJb | 
» è a Ary \® 

dz: (a=b) fdz: a—br = = 3 J(ab) log Oe aah 

7 l Ja—x,/b 

° 2 n\n ne 2 ee a -m — — 

dr : (bt —a) fdz: bz a Fiabe EAT 
a™dr:atbx {dr:a +b}, frdriat bz? =log (a+ bz?) :2b 
x"dxr: (a+b2°)" {adr : a+bz*}, page 281, formula (4.) 
dz = 2a™(a+bz*)" ral: y gives —y™t*""8dy : (b+ ay’)” 


/(4ac— 6?) y (4ac— b?) 
EE h oa a A EE, 
~ /(b?—Aac) “2cr+b+ /(0?—4ac) 


l 
fadz: at br+cr'=> log (a+ bx + cx’) 


2 Der 
dr. me oe faz: a+be+cx* =- tan"? erto 


s”dr:a t br 4 cer? 


b.-a 
PE : 2 
PA, dr :a+br4+ cı 


a™dri(a+brxrt+cx*)" {dx : (a+br+car?)"} 
dr:o” (a+br+cr)" x=l : y gives —y"*"— dy : (c+by+ay*)" 


fdz > abr” x=Ņ (a:b).y gives : WATTS lr” 
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Lgl le. 1 Sha 

l+ 8l4+e2r 314242 
1 l1 1 1 _1 ç _1_ 242z 1 22.2 

I- 21-2 2p Tha! 414/2.0+0°' 41-,2.040° 
ade: f(atbr) fda: f(a+br)=2,/(a+bz):b. 
dz: z™/(a+ bz) y : y gives —y""dy: y (ay? + by) 

fdr: nf (a-+b2) 2 log AG aa a 

ya NT 4 


jee ari eE 


P 
"da :? (a+br) 1 a-+br=z gives an integrable form, (page 277) 
2Qn+1 
dx : (a+bz*) ® a J (a+ bx*)=log {1/6+,/(a+ bx*) }—,/b 


x"da : ae i Jaz: J(a—ba*)=sin (afb : Ja) : yb 
fdz: EE E IGS | | 
Jade: J(at+ ba) =N (a+b) : b 

dx : s" (a+b) 2=1:y gives bend : (b+ ay’) 


Jax : tJ (a+b2*) =F, log g LLEI whe 
faz: : La (bè — a) =cos™ (fa: M : Ja 


ax * r\(a4bs*) Y =l : y gives —y™**""'dy : Gta 
= s N _af(atbz*) a dr 
x", (a+ br) dr JN (a+ 62?) .dr= p Ieor “4 
J(a+b2*) dria" x=l:y gives —y"->,/(b+ay*) 
T dx : 
JN (a+b yda : rma | tl atbe ) 
S FACA, dri 
JN (a+ 62*)dr:2°= : Te Tati 
x”dr : J (ax +b) fda: f(ar-+bx*)=2 log { y (a+br)+/(b1)} : afb 
fdx : f(ax—bx*)=vers(2bz : a) : Jd: 
dr : x" (ax+ br) z=l : y gives —y""dy: y (ay +b) 


x” (axt bx?) dx JN (ae+62") dr= _ (262+ poh ort te) 


i S TEA 
Sb] J(ar-+ ba) 
J (ar+br) daz: s” x=l1 : y gives —y"— (ay +b) dy 
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x*™(a+be+cx)~ 


sin*"6 cos*”é d0 


pent! 


“2 dz. — =X at+br—cr'=X! 
fdz : JX =7; log (2cx +6+2,/(cX)), 


fas : (Kav. sin 


2cxr—b 
J (B+ 4ac) 
_(2cr+b) JX , 4ac—b* 
4c 8c 


dx\. 


nr | Xx 


adx b 


S JXadr=% 


dr 
JX 
-2 Sk. dz 


2a+ br —2,/(aX) 
x 


substituted for X, 


dr “1 log 
a/X fa.” 
br — 2a 


dr pa ile Sit — 2c 
z(c +br—a) Ja di £a (b +4ac) 
s> vd dæ < 2 (2cx +b) 
ee ESENTA TRAL ASS 
Ooa ~ (dac b*),/(at br+ cx?) 
Jrsin 6d6= —cos 0, J cos 6d0=sin 6 


a sin’@d6=— de pn O cose ei s'odo = 


Wie logt =I t (z 
soil T —— = log tan «42 


= —cot 0 tan 0. 
sin?@ | s?@ 


These remain true when X’ is 
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O+sil sin more o 


110. The following miscellaneous forms will occasionally be found 


useful : 


SV sin™ X. dr = sin”! X [Vdr — 
J N cos™ X. dx =cos™' X SJ Vdz + 
JN tan X.dx =tan™ X f Vdr — 


[N cot! X.dx =cot' X f Vdx +{= 


dX 


dx 


X'dxf Vdx 
J f0—X%) 
X'dıf Vdx 
Va-x%) 
'X'dzf Vdz 
~ 14? 
X'daf Vdr 
14 X? 


4p 


J Védz = eX f Vdr — f (X'&*.drfVdr) 


fViog X. dr=log KVae— f 


‘X/dr.f Vda 
eas < es 


a 
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(l og r)" x gat 7 n 
8 n dyp = pe ia m(] ad 
fa (log x)" dr = a re (log x)"*""dx 
a \(loxa)*™ _ m+ 1 G 
— ee = ee m ntl d 
n+l Sri * (log 2) : 


J .sin0 do = — 6" cos 6+nf 0"— cos 0 dd 

= — 6" cos 0-76" sin 9—n (n—1) f 6" sin 6 dé 
J 8".cos 6 dO — 6" sin a—n f or! sin 0 d0 

= 0" sin 0 + n0" cos 0—n (n —1) f 6" cos 0 dô. 


111. The number of forms which can be completely integrated is 
comparatively small; and the various methods by which functions are 
transformed into others more easily integrable may be classified under 
very few heads. 


(a.) Integration by parts. 

(b.) Rationalization of numerators. 

(c.) Combination with other integrals. 

(d.) Substitution of a function of another variable for the in- 
dependent variable of integration. 

(e.) Resolution of the function into an infinite series. 


We shall now take some examples, particularly of the three last. 


x ae) x 
112, [NEF de = [eti ism (528 dx dz 


J (a +2") WFA T Tera) 
à br dr 
Sl (a+ ba + cx ) dx = (sare cx’) + (a+br-+c2") 


cx’ de 
J (a +bz + cr?) 
The second sides are in both cases more easily integrated than the first. 


1 Qcr+-b Ll i bdx 


reer 2c a (a+br+cz’?) 730 Jf (atbzr-+cx") 
cele at Care CE) aab i: ita nse 
=e J(a+br+cx") 2c Tate 


the first term of which is directly integrable, and the second can be 
integrated (page e 


f æ? dr x (2cx+b) dr 

Jla tbr tcr) = J(a+bx-+c2") Re | GE 

; (“rd X ed. ade 
Sadik 2c.) JX 

alae fx. dr—> 


e4- 


(a+be4+cer2=X) =— 


xdr 


JX 
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dre _ 1l l ey X— *rder eda b rdr 
We d S Chih. JNA JX 


RO a (dx = fe “dX b e 
NX c c J JX 2 VX 2c.) /X 


Vdr M Ea 3) JX+ 3)? TE 
JX 2c 4e 8c? =i 


dO 
J at+bcoso 
If cos 0= x, this becomes f— dx: (a+br)J/(1 — 2°), which can be 


integrated in the same way as dv: v,/(a+bv+cv*) by making 
Geb v. 

The following process, however, will illustrate more clearly the 
advantage of substitution. 


b+acos@ (a’—b°*) sin? 0 (a? - 1b”) sin0dé 
———— =v; then l-v’= —, dv= — 
a+- b cos 0 (a+b cos 0)? (a+b cos 0)? 


(a>6) 10 ee dv _. 
atbcos0 J (a?—b*) /(—v")’ 
i dì I eens (b+acos 0} 
J a+bcos¥ — J(a'—o*) la+b cosol 
do ] dy 
(a< 2 ren +b cos 0 -IEZ a —a") J (1) 


ee l ; log Tik 
a+b cos 0 f(b? —a*) oy a+b cosl 


114. Required Ve 


>” do l 0 
(a=b) =-— tan — 
a £ a COS cos 8 i 0 u 2 


kd 


115. dx = E7 OF aes A l 
1+ e" e4 1l ~“\e*+ 1 


116. S dx (log r) depends upon fe Order 


faepe) a ae ee ee SEa 
fdre(sina).. «as 4 


«ec. 


117. Any function containing irrational functions of @+bz only may 
be rationalized by simple substitution: thus 
3 


d d: yi? 
| zs da E becomes | S; : if =° 


ee 
l. dv ps ; 
i E - becomes : ( —s if a4 br=v. 
(a+br)?—(a-+br)® ae 


_ 


U 
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118. As examples of integration in series, we have already 27, 31, 
32, 33. The following will be readily ascertained by integration by 
parts : 


Let fPdr= P; P, dr=P,, fP dir= Py. &e.; RQ, & 


JPQdr=QP,- /Q'Pide=QP, — QP, + f QP. dx 
= QP,—QP,+Q"P,—.... +Q- P, F} Sf Q® P, de. 
John Bernoulli’s theorem (page 168) is a particular case of this, 


obtained by making P=1. If Q be a rational and integral function, 
the preceding series terminates. 


fe Qdr=e* {Q—Q’+Q’—...}5 S Qdr=e*{ -Q-Q’'-Q’-. a 
J cos x.Qdr= Qsin «t+Q’ cos r—Q” sin r—Q" cosat+.... 
f sin 2. Qdr=—Q cos r +Q'sin r+ Q” cos x—Q" sin r—.... 
119. The following method, which is a generalization of integration 


by parts, has been successfully ‘applied to the formation of approximat- 
ing series, in a particular case, by Laplace. 


Let /Qdr=P,„ /P,Q,dr=P,, {P,Qdr=P, &., 


Q, Qi, Q», &c. being any functions which may be found convenient. 
The order of processes, in passing from one to the next, is multiplica- 
tion before integration. Again, let 


Yy l dV, l dV, 
~=V,-— SA 
a a 
the order of processes being division — EE Then 
| dV, 
fydr= {2 .Qde=V, P,— f P, ®© “dr=V, Pe P,Q, dz 
Q Qı d 
dV, 
=V, P, —V Pl . P.Q: dx 
Q: d 
=V, P, — vrave fE . Podr 
= 
=V,P,—V.P.+V;P3; roe tine Ve Pete a 


If Q, Qı, &c. be properly chosen, a conver seni series may be frequently 
obtained, 


, _ dy eens I dy 
Let o=, W=AHQ.- =H 
P=y, Pi=y, Ps=y, &e. 
: dx dx d dx dx d ly dx d 
ee A A 
f Idy i I Jy dx v h V= =I Ty dx VV dy dx\4 FA Se: 


dr op a du d / du\ d fy d / A l 
Let y Z= fyde=yu]{1 = le deh dr) da EET, + ee 
which is the case given by Laplace. We shall have occasion to use it in 


treating on definite integrals. Let the student obtain this particular 
case in a more simple manner. 
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120. The common formule of trigonometry frequently expedite the 
performance of integration: thus 


8 sin* 6=cos 40 — 4 cos 20 +3 gives 


in 40 
oma? o in20+30. 


8 f sint 6 do= 
121. Required J cos (a28+b) cos (a'6+ b’) dé 


pecs l ee 
cos (a0 +b) cos (a6 + b’) =; cos (a+ a/0+b+5') +5 cos (a—a'8+b—b’) 


sin (a+a’0+6+40’') 
'g ' = eiu 
J cos (a8 +b) cos (a'@ +b’) de — a akah 
sin (a—a'0+b—b' ) 

2(a—a’) 
If in this we write bse for b, we have 

sonia, cum EOS (a+a'0+b+b') 

J sin (að +b) cos (a'0 +b’) d0= 575g) 


_ cos (a—a'd+b— b’) 

2 (a—a') ; 

and if we also write mon for b’, we have 

sin (a+a’6+b+0’) 
2(a+a’') 


Jsin (an +b) sin (a'0+6')\d6=— 
sin (a—a/0+b—V') 

2 (a—a’) i 

The preceding forms become false when a= +a’, but in such a case 


we have either (a+a’) 0+b+b' or (a—a’') 0+4—D' constant, and the 
integration introduces the angle itself. 


122, In all that precedes, no constant has been added after integra- 
tion, which process is always to be remembered in application. If two 
different methods give different results, it follows that the two integrals 
obtained only differ by a constant. Thus 


Jas fl ee 


Let r= , then i, i Sar a ET 


gea 
= 


Both results are correct: and 


~ = 


123. By the meaning of a definite integral (pages 99 and 100) it 
follows that if 


J Vdr=92r4+-f War, then Jo Vdr=ġb— ġa +t Wdr. 
124. Let n= f sin” 0 dé =f sgr Ad (—cos@); 
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oe Toad | ae 
by (107.) V.=— sin” Ocos 0 ria MS. 
n n 
Let this integration be made from 0=0 to 6=}7, which gives 
[Pisin 9 do= _ sin" yr. cosa -f sin”™™? 0, cos n) 
n n 
pac aw 
NIS o 
where K, stands for the integral taken between the limits. Write 
n+2 for n, which gives 
nm+2 a+2/nt+4 nt+2n+4 (n+6 
K, =— Kye =, ( —; K.u] = —— Hise 
n+l n+l \n++3 n+l n+3 +5 
_n+2 inne ta n+26 N 
ee A ae Knop 
Tn+ln+3n+5 " w+ 2/5— 1l 


1 (he Si 
in? @ do— ei = "6d: or k =e Kn 
eg ee n 


or KS 


where (3 may be any whole number, however great. Make n succes- 
sively =0 and =], which gives 


Jc SEB. OR ne oe eee CE 


K,_(_ 2: 4. Pines Pe dn Bae 
Ke NY. 6150. 2. BBE 1) 26+) Karr 


ee : 

But c= fa d6=\r and a th sin 0 dü = -—cos $ r — (— cos 0) 
0 0 

=1, whence $71 or } 7 is the first side of the preceding. 


25. If, between the limits a and b, fr always lies between dx and 
T then S frdx must lie between f pr dr and S wa dr, the limits 
being a and 4 in all. 

Proceeding as in page 98. to construct the sums of which the 
integrals are limits, it will readily appear that each term of the series 
whose limit is S fxdx must lie between corresponding terms of those 
whose limits are f ġzdr and f ‘yx dx: whence the whole in the first 
case must lie between the whole in the second and third cases. 

Hence it follows that in the last instance K,,,, must lie between 
Ka and Kp: since sin”*' 0 always lies between sin% @ and sin*’* 0. 
And since 


2/3 +1 
642. RA 


2+1 


5 K tben Kasy lies between Ke; and p49 Kw 


K,, 
lies between 1 and Bad 
Kost T a4 +1 


TER EET E Mn e E T eset 
DUERF TCD! 2841 ~\1.3.5....2841) 2842 


in which the value of 6 may be what we sien. nor need it be the same 


in both. If, then, we write 6—1 instead of £ in the second formula, 
we find 


or 
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l | 2.4.6....28 |* 1 Vf 2.4.6....28 )*? 1 

ONS ben pL Ope A lesb 2. OBST, DBT 
This remarkable result, which was first given by Wallis, should be 

verified by the student in a few instances. Thus} being 1°570796, 


we find 
2.4.6.8 {2.4.6.8? 1 
=]°48 | —— } -=-1°9 11. 
E ro DE PMT ser 


Since the two expressions for $r can be made as near as we please 
by making £ sufficiently great, and since 1+2 lies between 1—(28 + 1) 
and 1+(2/—1), we find that, as # increases, the following cquations 
approach without limit to truth : 


2.4.6... 28 2 N _1.2.3....8 N 
ui Cas: ag Tar a A a= Be. 


126. It is obvious that 1.2.3....2 divided by a” must diminish 
without limit when æ increases without limit, being only a fraction of 


Ia. Let 1.2.3....r=a27 fr, and (x being very great) we have 
8 Sey gen © Ges rnc re ane al @) 9) ie 
a s e e ~~ Wee. c.er. (27) Ff 2z) 
| WS re (f1) _ f (22) 
PEW Se ea 9-7, a sal 
Bi CA RC eal = Wire 2-*; whence “5 Tr. 


whence fr- (2rr) satishes the equation (xr)°=x (2x). The most 
general solution of this equation is €, where éz has the property of 
not changing its value when 2 is changed into 2g; or §(2x)=ér. 
But we may show, as follows, that in this case ër must be a constant. 
Since, when z is great, 


263; nt Er N (Om): grb very nearly, we have 
1.2.3....e-l=(e+1)7 2r (141). EFt, 


and rl = {et 1 utu JF T er, 


{where P= ern or 1=(14}). V=) E" 


The last equation must approach without limit to truth when z is 
increased without limit. But the limit of (1+1: an)? is €, that of 
J/{(a+1): x} is 1: so that the limit of the expression is - 


gi tlimit of ((2+1)8@+1)—r2r) J å 


or the limit of (x+1)č(r+1)—zxtxis —l. But x cannot diminish 
nor increase without limit, nor can €(1+1)—éx;3 for v= (2x)= 
E(4r), &c., and č (r41)—ġr = ë (2r +2) —E(Q2xr), &e. Unless, 
therefore, E(2+1) =ézv, we sce that a(S (x+ 1)—Sr) +é (v+1) will 
increase without limit, positively or negatively. But if §(e+1)=€:, 
then č (x+2)=Ẹ¢ (#+1), &c. » and £4 is the same for all whole values 
of x, ‘The limiting equation in question is satisfied by §(¢+1)=—1, 
aud we then have 
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1.2.3... LŒ (272) © E, or a/(27) „a*th e—*, nearly. 


127. Required an approximation to the coefficient of x‘ in (1 +7)", 
k and n being both large numbers, but & very much less than z: that 
is, required 


n (n—1)....(n—k+1) E e eee 
1.2... k M 2S EAn ny 
J (2m) REE eo J (27°) (n—ky tt enn ky’ 
wait a ee OFA 
(25) (k (n—k)) \ k /\n—k/ ` 


which is nearly 


or 


128. The subject of definite integration will be treated in a future 
chapter ; we shall now give an instance of the manner in which it may 
happen that an integral may be found in a finite form between two 
specified limits, which cannot be generally found in the same way. 
Required S e—x* dx from r=0 to r=. 

It is easily proved, either by expansion, or as in page 175, that 
(1+A: n)™ continually approaches to £^? when n is increased without 
limit. If, then, we can find / (1—2 : n)" dx from v=0 to xv=y4 n, we 
afterwards find fe-s" dr from s=0 to a=, by increasing n without 
limit. 

Assume r=,/n.cos 0, or (1—4? : n)" dx= (sin? 0)"(—J/n. sin 6 do) 


yn / pr" 0 2: “1, : 
| ( ey, i= Í, sin™ +0 do=yn | ? sin™"t!9 dO 
o \ a 


0 
—9 4 2 4r ° l ga » °. ò o 
N ELN e > eee | E T EA EELER 

n+l’ 2n—1`"' 53], meL raedt] 


The greater n is made, the more nearly does the factor in brackets 
approach to 4 (rn), or the whole to ,/7.2: (2n+ 1), the limit of which 
is 4/7. Hence fp E~ dr=},/7. 


129. From the definition of an integral, an approximation of any 
degree of nearness may be made to /,@zdz, by the summation of 
terms of the form ¢z Ar, where Ar remains the same throughout, and 
x is intermediate between a and b. We may express this by saying 
that the integral is the sum of an infinite number of infinitely small 
elements, cach of the form gvdz. Again, the result shows that J apx dx 
is of the form ¢,6—9,a, where $,x2 has Or for its diff. co. From 
each of these considerations, let the student deduce the following 
theorems : 


I. J pa ivf? px drt fit pax dx ; she du dr= -fs þr de. 
II, If pe be a function which is unchanged when v becomes —x, 
then 
fn px de=2/ s perdr; ike pu dxf te pv cr, 
Sst Gada -fE pada. 
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III. If yx be a function which changes sign only, and not value, 
when x becomes —uz, then 


teurdr=0, f°. yrde= -ft yrdr, fst yrdi= ft pa dz. 


130. Let a function which does not change, when x becomes —2, be 
called an even function, (it can be expanded only in even powers of r,) 
and one which changes sign only, and not value, an odd function; then 
g~z+6(—z2) is evidently even, and ¢ (x)—ẹ (—zr) is odd. And every 
function is either even or odd, or the sum of an even and odd function, 
as appears from 


, g2+O(—2) , dr—$(-2) 
pe p, 


Also, if x be even and we odd, 
ta (r+ Wr) de= 3 hx A e (Pr—wWr) dz. 


131. The product of two functions of the same name is even, and of 
different names odd. 

The diff. co. of an even function is odd, and vice versa. 

Every even function fx is of the form ¢r+@(—2), and @r is 
$fx+ any odd function: and every odd function fx is of the form 
pr—P (—z), where pr=4fr + any even function. 

S *¢pur.dz is necessarily either an odd function of a, or =0, what- 
ever ġx may be. 


132. If ġx be even and possible, @ (av —1) is possible, and if dz be 


odd, $ (a4 —1) is impossible, and of the form ~—1 x a possible 
function. This is easily proved, when it is remembered that every 


function of ,/(—1) and 2 is reducible to the form Fa + fx Vv —1, where 
Fr and fx are possible. 
133. Show that f +% -ê dt=,/z, and that / t$ sin z dr=0. 


(“*coszdx _ (* cos 22 dx 
Ja l+2® J -a (1+2*)(cos s—sin x)’ 
135. To reduce /?ġxdr to the form f +3 pz dz. 


Take a function of z, which becomes +a or +b, according as r is 
—c or +c, say of the form A+ Bzr: then A—Bc=a, A+Bc=b, and 


134. Show that 


we have 7 
s b—a ce fb+a  b—a 
b api an ' d 
Jabs dr=-57 a R T v) de 
fae *y EE py: 
135. Show that figdxr ig ( (4 OP cra dx 
q—P J p q—P q—p 


=(b—a) [f 'ġ (a+b—a z)dzx, =(b—a) Seo (b—b—a E77) E dx. 


I now proceed to examples on some of the subjects in Chapter VIII. 


136. Required a discussion of the function (a+br)"s™~. Its diff. co. 
is &*(a+br)"" {nb—a— bzr}, the sign of which is to be considered. 
First, let n be an even positive or negative whole number, then the sign 
of the preceding depends upon that of (a+r) {nb—a—bz}, or on 

that of 
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“+(e (fal) 


which is always negative, except when x lies between —a:b and 
n—a:b, There is then a minimum when = is the less of the pre- 
ceding, and a maximum when «v isthe greater: and the function never 
increases with x except when xv lies between — a:b and n—a:b. 
Thus, if the function be (1-+2:7)"é~*, we have a=], b=l:n, and 
there is a minimum when xr==—n7, and a maximum when x«=0, if n 
be positive: or a minimum when r=0, and a maximum when z= —n, 
if n be negative. But if n= 0, then (1+a:n)"=1 for all values 
of x. 

If n be a positive or negative odd number, the sign of the diff. co. 
depends upon that of nb—a—br, or of —b{x—(n—a:b)}, which 
changes from the sign of b to that of —b when z increases through 
u—a:b. There is, therefore, a maximum or minimum at this point 
according as b is positive or negative. 

A rational numerical fraction, reduced to its lowest terms, has one of 
the following forms : 


at ee eee (m and 2 bei h. no.) 
—, ———, ~——., ing wh. no. 
m+? 2m * 2m+1 5 
The first case presents results resembling that of an even whole number ; 
the third, of an odd whole number; and the second is altogether 
different from either, since it gives two real values to the function for 
every positive value of a-+bz, and none for negative values of the same. 


137. Required the discussion of y=(a+ bz)" £~", when nis a fraction 
which in its ‘lowest terms has an even denominator. Its diff. co. has 
the sign of (a+ 52)""' (nb—a—bz), the first factor of which, like its 
primitive, is impossible when a+r is negative, and has the sign of y 
when a+ br is positive. Consequently, the sign of the diff. co. depends 
on that of y (nb—a— bx) or of —by{r—(n—aib)}. If, then, 
x=n—a:b gives a+bx negative, that is, if bn be negative, there 
is no change of sign in the diff. co. throughout the whole range of the 
possible values of y; and the diff. co. has the sign of —6 for all positive 
values of y, and of +b for all negative values. If bn be =O, the 
increase or decrease of the function (whether it be that b=0 or n=0) 
depends solely on that of =". But if bn be positive, then the diff. co. 
changes from the sign of by to that of —by when z increases through 
nm—a:b; that is, if b be positive there is a maximum for the positive 
values of y, and a minimum for the negative, at that value of x, and 
vice versi. 


138. Required the discussion of the function cosv-+-asinz. This 
function being evidently periodic, it will be sufficient to consider one 
complete cycle, namely, from z=0 to x=2r. The diff. co. is 
—sin t+4& cos x, which becomes =0 when tanz=a, to which there 
are two solutions, one less and one greater than m. Let x be the less, 
then the diff. co. is —sin r+ tanx cos r, or sin (k—.) : cos x, while the 
original function is cos (x— x) : cosx. If, then, «<7, or if a be posi- 
tive, the diff. co. is positive from =0 to r=«, negative from r=x« to 
t =T +k, and positive from s= r +x to c=27; or there is a maximum 
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when z=xr anda minimum when t=7-+«. The maximum is 1: cose 
or (1+ a"); the minimum is —/(1+a?). Butif«>47, or if a be 
negative, the words positive or negative, and maximum and minimum 
must be inverted in the preceding. 

And the function itself is (a being + ) positive from r=0 tor=«c+ 47, 
negative from z=«c+40r to c=x-+37, and positive again from 
x=rk4 $r to x=2r. But (a being —) the function is positive from 
r=0 to x=x—}7, negative from r=xc—z to rt=r+} r, and posi- 
tive from t=xc+47 to x=2r. Both of these may be thus stated in 
one: cosz+asinz has the sign of a only when z lies between n—} r 
and kà 7. 


139. Required the variations of sign in a formula of the form 
cos (ax-+b) cos (ax +b’) cos (ax 4L")... 


Every cosine changes its sign only when its angle passes through an odd 
number of right angles; so that we must examine the several equations 


ar+b=}(2n4+1) a, dr4b'=3} (2n4-1) vr, a"x4+ b" =} (2Qn4+1) 7, &c., 


ascertaining every value of x between 0 and 2r which can be given by a 
whole value of 7, positive or negative. Arrange all these values of z in 
order of magnitude: then the sign at the outset being that of cosb. 
cos b’.cos 6”...., there is a change of sign whenever z attains one of 
these values; but if two of the values of x coincide, there is no change of 
sign, if three coincide, there is a change of sign, &c. For if a number 
of factors change sign at once, there is or is not a change of sign accord- 
ing as that number is odd or even. 

But if there should be a sine among the preceding factors, as 
sin (kx +l), either write this cos (kr+i—} =), or examine the equa- 
tion kx +l=nr. 


140. Required the variations of sign in 
y= cos (3x + 30°) cos (2x +230°) cos (18° — 4x) sin (x+ 15°). 


l. As to 3x+30°. The limits of the value (within the cycle from 
x=0 to x=360°) are 30° and 12.90°+ 30°, within which are contained 
90°, 3.90°, 5.90°, 7.90°, 9.90°, 11.909, to which the values of z are 
20°, 20°, 140°, 200°, 260°, 320°. 

2. As tu 27+ 230°, or 27+2.90°+50° The limits are 2.90 + 50° 
and 10.90°-+50, between which are 3.90°, 5.90°, 7.90°, and 9.909, 
and the values of x are 20°, 110°, 200°, 290°. 

3. As to 18°—2x. The limits are 18° and —(8.90°—18°), between 
which lie —90°, —3.90°, —5.90°, —7.90°, and the values of z are 54°, 
144°, 234°, and 324°. 

4. Astox+15°. The limits are 15° and 4.90+-15°, between which 
lie 2.90° and 4.90°, to which the values of x are 165° and 345°. 

Arranging these in order, and bracketing those which occur twice, we 
have 

(20°, 20°) 54°, 80°, 110°, 140°, 144°, 165°, 
(200°, 200°) 234°, 260°, 290°, 320°, 324°, 345°. 


Now when r=0, y=cos 30°.cos 230°. cos 18°.sin 15°, which is nega- 
tive: consequently from 2=0 to 7=54° (neglecting 20°) y is negative, 


~ 
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from z =54° to r=80°, y is positive, and so on; finally from 7=345° 
to z=360° y is negative, as in the following table: 


Lim. of x. | y Lim, of x. Y Lim. of x. y Lim. of x. y 
0 54° | — | 110° 140° | + | 165° 234° | — | 290° 320° | + 
54° 80° | + | 140° 144° | — | 234° 260° | + | 320° 324° | — 
S0° 110° | — | 144° 165° | + | 260° 290° | — | 324° 345° | + 

345° 360° | — 


141. Every expression of the form A cos (48+«)+A’ cos (a/0+a’) 
-+.... must have at least two values of 0, which make it vanish, if 
a,a',a’,.... be none of them evanescent. For if not, the preceding 
expression can never change sign, and in that case its integral (A: a) 
sin(a0-+a)+.... always increases or always diminishes. But the 
latter expression has at least one maximum and one minimun, since it 
has a value for every value of 0, and that value must lie between certain 
limits. Consequently, its diff. co. has at least two values of 0 at which 
it changes sign, and at which it must become nothing, since it cannot 
be infinite. 


142, Required the discussion of sin‘ z.cos* x, the diff. co. of which is 
sin? x . cos? x (4cos*r—3 sin? z), the sign of which depends upon 
sin x (4— tan? x), or sin z (tan? 49° 6'—tan? xr). Here is then a minimum 
when r=0, a maximum when r= 49° 6/, a minimum when z= 130° 54’, 
a maximum when v=1890°, a minimum when q4=229° 6’, a maximum 
when 2=310° 54’, and a minimum when t=360°. When r=0, the 
function =0; whence it increases till r=49°6’, when it becomes 
°09161, from which it decreases till «= 130° 54’, when it becomes 
—°09161. It thence increases till z=180°, when it becomes 0 again, 
after which it diminishes till 2=229° 6’, when itis again —°09161. It 
then increases until t=310°54’, when it is °09161, and thence 
diminishes till r=360°, when it again vanishes. 


143. Required the discussion of (r—1)*(3—.2)*, the diff. co. of 
which is (x—1) (3—.2)5 (30—142), the sign of which depends on 


that of 
(x—1) (x—}4) (1—3), 


when r<1, the function is decreasing as z increases, when œ lies 
between 1 and 22 it is increasing; when wv lies between #2 and 3 it is 
decreasing, and when «v is greater than 3 it increases. There is then a 
minimum when r=1, a maximum when +=24, a minimum again when 
x=3, and the progress of the function from z=—c tor=+c may 
be described as follows. When z is infinite and negative the function 
is infinitely great, from thence it diminishes till c=1, when it is =0; 
from thence it increases till c=?2, when it becomes 2%°.38:'7"3; from 
thence it diminishes till z=3, when it is =O: and ever afterwards it 
increases. 

The questions of maxima and minima which present themselves are, 
with some exceptions, only of interest in particular problems: I give a 
few of the most femarkable. 


144. The base of a triangle is æ, and the sum of its sides 6; required 
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the greatest triangle which can be drawn under these conditions. If zbe 
one of the sides and S the area, we have 


b?— a? I? — a? 
S= 5 (beat r); 


and the sign of the diff. co. of this is that of b—2.x ; which, x increasing, 
changes sign from + to — when r=$0. There is, therefore, (page 
133) a maximum when the triangle is isosceles, and the greatest arca is 


ta, (—a’). 


145. A four-sided figure has a for the base, and b for cach of the 
other sides: what is the greatest area which it can have? Let 0 and d 
be opposite angles, the former being at the base: then the area is 
4 ab sin 064+36?sin 6; which is not, however, a function of two indepen- 
dent variables, since a®?+ 6°—2abcos 0=2h:—2b° cus p. The latter 
equation gives 


- l lO ` 
at sino. = sing, and T= b (« cos 0 = +ù cos $ j 
S being the area: whence we find 
dS... sin p \= Sin (6+ >) 
gab coso Sms TOP =4 b 7 ya 


Now it is easy to see that 6 and ¢ increase together, as long as the 
figure is convex: whence, 0 being <r, there is a change from + to — 
when 6+6=7, or the figure must be capable of inscription in a circle. 
Consequently the two angles opposite the base must be equal. Pre- 
cisely the same reasoning will show that any four-sided figure of given 
sides is the greatest possible when it can be inscribed in a circle. 


146. Of all figures contained under the same length of boundary, and 
having a given number of sides, the equilateral and equiangular figure 
must be the greatest. Suppose the greatest figure constructed: if, then, 
any two consecutive sides be unequal, let the diagonal which is their 
base remain fixed, and on that diagonal construct an isosceles triangle 
having the sum of its sides equal to the sum of the sides of the triangle. 
Then, all the rest of the figure remaining, the isosceles triangle added to 
it will make a figure of the given perimeter, ‘and greater than the 
greatest, which is absurd. Next let any consecutive angles be unequal. 
Take the diagonal on which the three sides containing them stand, and 
let the three sides move on that diagonal until the angles are equal. 
Then the four-sided figure which has that diagonal for its base is made 
greater than it was, and the rest remaining the same as before, a figure 
of the given perimeter is found which is greater than the greatest. This 
is absurd, and putting the two results together, the conclusion is, that a 
regular polygon is the greatest of all figures having a given number of 
sides and a given length of boundary or perimeter. 

From this it follows that a polygon of given number of sides and given 
area is least in boundary when it is regular. Let P be the length of 
boundary, say of a regular pentagon, whose area is A; and if possible, 
let the same area be contained under a less boundary Q in a certain 
irregular pentagon. Form the latter boundary into a regular pentagon : 
then the area of the last is increased, or is greater than A. But since 
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Q is less than P, the second regular pentagon has a less side than the 
first; but it has also a greater area, which is absurd. Hence the pro- 
position readily follows. 

If the boundary of a regular polygon be P, and its on of sides 7, 


the radius of the circumscribed circle is zz sin ean and the area of 
n n 
2 


. P T T 
the polygon is —-+tan —, or — —~+tan— ), But the last factor 
i 4n 1 4r\ n n 


continually increases as r-n diminishes, since the diff. co. of r—+tan x 
is (sin 2.cos z—xr)—-sin* x, which. is always negative, since sin v.cus g 
—x is $(sin2r—2zr). Hence, increasing the number of sides with- 
out limit, we find that the circle is the greatest of all figures under 
the same boundary. 


147. What is the greatest rectangle which can be inscribed in an 
ellipse, whose semidiameters are a and b? A rectangle can only be 
inscribed in an ellipse when its sides are parallel to the semidiameters ; 
and if v and y be the coordinates of one of its vertices, the area of the 
rectangle is 4ry or 4 (b-a) x x4 (œ@— r°). Consequently, x,/(a®— a°) 
is to be a maximum, and also a?2°—zr*. But 2a*r—4z° changes sign 
from + to — («x increasing) when v=} 42.a and y=4 12.6. The 
arca required is 2ab; and the greatest rectangle in an ellipse is similar 
to the circumscribing rectangle, and of half its size. 


148. Find the shortest line which can be drawn through a given 
point, and terminate at two given straight lines. 


O AL X A 


Let P be the point, and OA and OB the given straight lines ; let 
OM=a, MP=b, YOX=v, OXY=4, then 


AYS EA whose diff, CO. is 
6 cos sÉ a Cos (+9)) 
sinp © sint (+e) / 
which is negative when ¢ is small, and continues negative until 
oer CHP @ cos(v+9) 
sin ọ ee ages i cosh 
the least root of which equation (@ being unknown) determines the 
position required. This might be reduced to an equation of the third 


—siny 
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degree, in powers of tang ; but if y bea right angle, we find tan*¢=b~a, 
and the shortest distance required is (3+ a)i, 

Corollary. The cquation of the curve which is such that the 
shortest line drawn through any point of it to the axes is a given length 


l, is ty Ë. 


149. OF all ‘circular arcs of given length, a, to find that which with 
its chord incloses the greatest space. If 7 be the radius, the angle at 
the centre is «=r, and the area of the segment is 

ar 7 a ug . Q , Can ib 

— —— sin —, whose diff. co. is —-—-r sin — +-—cos— 

2 2 r?’ 2 r 2 p 
which is positive when 1:7 is small, and becomes nothing, afterwards 
changing sign, when a&a—r= r, or when a is a semicircle. This will be 
seen morc clearly by writing the preceding diff. co. in the form 


tan x 
), where r=a—2r, 
ns 


/ 
acos’x| 1— 
N 


Now x—tan z changes from + to — when z decreases, passing through 
} r, which happens when r increascs, passing through a-r. 

Most applications to geometry, of the preceding kind, offer little 
difficulty except in the determination and choice of the equations which 
must be found previously to the entrance of the differential process. 
We shall see some further examples in treating the theory of curves. 
In the mean while it may be observed, that when it is convenient to 
ascertain the maximum or minimum value of dx by means of that of 
(pxr)*, it is necessary to pay attention to the sign of dr. If (pr)? bea 
maximum, and r be then negative, r is a minimum; since (page 
132) the criterion is deduced on the supposition that the magnitude of 
quantities is interpreted with reference to their signs. Thus it is possi- 
ble, that by finding the maximum or minimum of (Gr)? we might infer 
that Øx is the one, when in fact it is the other. When the diff. co. of 
(pr)? or 26x. p'r, changes from + to —, then $’x changes from + to 
— if dx be positive, but from — to -} if px be negative. But if der 
itself change sign, passing through 0, then (pr)? is a minimum,” though 
x is not. 

I now take one or two instances in which there are more variables 
than one. (Page 216.) 


150. Required a point within a triangle whose sides are a, b, aud c, 


C 


A C B 


* Show that in such a case hz and dx .h'x can never change sign together when 
# increases, except from — to +. 
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the sum of the distances from which to the vertices isa minimum. Let 
the distances be p, q, and r, as marked in the figure; and let the 
coordinates of the required point, measured from A, be æ and y. Then 
we have (u being p+ q+7) 


potty ge=(c—a2)+y’ 
r= (b cos A — x)? + (b sin A—y)?. 


Let the angle made by p and y be @, let that of q produced and y be 
Y, and that of r and y be y. We have then 


dp œ dp dq... dq 
a oo d, i Q, a —sin Y, dy — COS Ys 
Fe ess dr 
ac sin y, TA Cos x. 
du . l . : f : : 
a” gives sin d—sin Y—sin y=0, or sing—sin Ww=s1n x. 
du 


a .. . COs Ø— cos ¥-+cosy=0, or cos $ — cos Y= —cos x. 


Add the squares of the last equations in each line, and we have 
cos (y%—o)=4, or the supplement of the angle of p and q is 60°,- 
whence the angle of p and g is 120°. Similarly, it may be proved that 
the angles of p and r, and of q and r, are each 120°. 

This is a case in which it would be a long process to apply the criterion 
of distinction between a maximum and a minimum; but it is sufficiently 
evident that a minimum does exist and nomaximum. Let the student 
now prove that the point at which p’+q’+7° is a minimum is the point 
of intersection of lines drawn from the vertices to the bisections of the 
opposite sides, or the centre of gravity of the triangle. 


151. What is the greatest space which can be inclosed in a quadri- 
lateral figure, three of whose sides are a, b, and c, in order of contiguity. 
Let © be the angle of b and c, and @ that of @, and the diagonal inter- 
secting a and &: then the area is 


u=%besin6+4 a, (b?+c?—2be cos 0) .sin ọ, 


which is certainly a maximum with respect to 6 when @ is a right angle. 
It would require the solution of an equation of the third degree to deter- 
mine 6; but similar reasoning with respect to yw, the angle of c and the 
diagonal intersecting a and b, will show that y must be a right angle. 
Consequently the four-sided figure must be inscribed in a circle, of 
which the side not given is the diameter. 

It may, however, very easily be shown that 1. when all the sides of a 
figure are given, the greatest figure is that which can be inscribed in a 
circle; 2. that when all the sides but one are given, the greatest figure 
is that inscribed in a circle of which the unknown side is the diameter. 
Let a, b,c, &c. be the sides, and let (abcd), for instance, mean the 
diagonal which separates a, b, c,d from the rest of the figure. Then 
the figure abe (abc) can be inscribed in a circle; for if not a, b, c could 
move on (abc), all the rest of the figure remaining, so that abc (abc) 
should increase, Similarly, bcd (bcd) can be inscribed in some circle. 
Now there is but one circle which can contain the triangle bc (bc), 
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which is common to both the preceding quadrilaterals: so that 
the same circle must contain abc (abc) and bcd (bed), or abcd (abcd) is 
inscribed in a circle. Similarly, abcde (abede) must be inscribed in a 
circle, and so on. So much for the figure of which all the sides are 
given: now if one side x be at our pleasure, let p and q be the con- 
tiguous sides (given); then whatever z may be, the greatest figure can 
be inscribed in acircle. Now in the triangle zp (xp) the angle of (pr) 
and p must be a right angle; for if not, the rest of the figure remaining 
the same zp(2p) could be increased by altering 2, so that the angle 
mentioned should become a right angle. Consequently x is a diameter 
of the circle. 

It is the condition of a polygon’s inscription in a circle that its suc- 
cessive angles should be capable of being represented as follows. 
Suppose the figure to be of seven sides, and let a, /3, y, ò £, č, n, be any 
seven angles whose sum is two right angles. Then all seven-sided 
figures which can be inscribed in a circle are contained among those 
which have for their angles 


atBtytote, BPtytdtetl, ytotetl+n, c+tet+f+n+e 
E+0+nteatB, C+ntatBt+y, ntatft+yts. 


When the figure has an even number of sides, the preceding shows that 
the sum of the first, third, fifth, &c. angles must be equal to the sum 
of the second, fourth, sixth, &c. 

Examples on the remaining subjects of Chapter VIII. will be found 
in the two following chapters. I now proceed to Chapter IX. 


152. Any one function of # may be considered as a function of any 
other function of x: thus, if y=@z, z= Wa, the elimination of x gives a 
relation between y and z, which may be reduced to the form y= z. 

Let y and z be two functions of + which vanish together, and such 
that z : y can be expanded in the form A+A,z+A,2°4+....: then P 
being any other function of x, which may be transformed into a function 
of either y or z, it follows that when z=0 

/” ? n—l 
T =: H (< =) \ (Called Burmann’s Theorem.) 
In order to prove this, it is necessary first to prove the following: 

Let z : y=t; then, when z=0, 

I A r gn tr pror 
EE (n—1).... (n—r +1) — : 


dz" 


d'7 „d.t 
and = — 4 
anc Haleg L e - (7/' €) 


Since {=A-+A,2-+ A,2z?+.... we know that t” must take the form 
B+Bz+.... and y” t is g t, or Bz?+ By2"t'+...., which diffe- 
rentiated with respect to z, n times following, n being >r, the only term 
independent of z is that obtained from B,_, 2", which gives n (7—1)... 
2.15B,-_,, when n= or >r, andO when n<r. But B,_, is the coeff- 
cient of z"~" in the development of £", or the value of the (z—7r)th 
diff. co. of t” divided by 1.2.3...(a—7r), when z=0. Consequently 
(when z=0) 
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d" (y" i") o d" Ce EY pe n ae | a... P 


de de STan. aay da 
znr UTE 
= n (n=l)... (n=r+1) ——— ds" ° 

i" dt dt Bes 7L E dar 


, d. , 
Again, y" 7 Sy gaanz peel e a P 


7 


= —- z” (B,+2B,2+3B,2?+. s.) =—— (B,2"-+2B,2"t + e...); 


which with all its diff. co. up to the rth exclusive, vanishes with z. If 
then 2 be greater than r, the (n—l1)th diff. co. of the preceding is 
reduced, when z=0, to (n : n—r) x (n—1)....2.1X (n—r) B,_,, or to 
n(n—1)...2.1 Ba- which has been found above. Consequently 
(when z=0) 

dq? q*-" u—r 
To (x ex -)= [ 2, n—r +o REE (n>); 


and the same is =0, when n= or <r. 

By Maclaurin’s theorem P= P, + P^. y +P” (y?: 2)+.--.., where 
P,, P’, are the values of P, considered as a function of y, and its diff. 
co. with respect to y, when 3 y=0, which gives also z=0. Multiply by 
t", and differentiate n times following w ith respect to z, which gives 


EPO p Ey p ZOD y pn È (y’ t") 


Er Og 0 dz” = dz” UE aes a ANAN 
which, when z=0, is the same as 
d” {” jam) 7" q*-= gms 
DTA dz ~tt +? P'o r n—l or e RAE dz n—2 +. «s +nPE” TPP, 


all the following terms ‘scoot by the preceding theorem. Again, 
multiplying P by d.t": dz, and differentiating n—1 times with respect 
to x, we have 


co (PS p at Cc aire , oe" Ps y* 
dz" Py a ae Pozz n=l =) 


q*-! odl {* 
foto Piajewss 
puca; when z=0, is the same as 


Mk 1” Goa eo 7 d'*-? ss dé 
i an e E ioiect} Yn—1) LY 
Pie dz n +n nP 0 dz" +n 9 =P dx e +n. Pi dz ; 
which has one term less than the preceding, since D” (y’ t") docs not 
vanish until r>n, while D"~' (y’ Dé’) vanishes when ris equal ton. 
We then evidently have (when z=0) 


"aaa E a~ 2 
a e Rae 


which is the theorem above stated. 
For instance, let z=4°—1, y=1—1, which both vanish when <= 1, 
and vanish in the ratio of 2 to 1. Let P=", we have then | 
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t=¢+1=—Jf/(l+2)+1; P=(l+y)*=(1+4+2)’; 
d?P 
d 


2a—2 d dP 2i d a=1 : 9 
P (2a —1)(14y)"?; 7: (SF (al+z)*7' {,/ (14241 }?) 


l 
=a (a—1)(1 + {S(t a(l He) ee , 


when z=], and y=0, and z=0, the first becomes 2a (2u—1), and the 
second 4a (a—1)-+2a, which are evidently equal. 


153. Required the expansion of Yx in powers of px. Let a be one 
of the roots of dr, and let y=pr, z=x—a. Consequently, y and z 
vanish together, and in the ratio (page 173) of p'a to 1, which is finite, 
unless there be two or more roots equal to a, or unless @’q is infinite : 
exclude these cases. Again, since z =x — 4, we have 

dA dA = ee << d dA dz. dA 
dx Sdz dz’ dr dz” 


z d2- dz’ 
d? dÈ y? 
Yr= yar ( 2 D ya (tt abe v +( F ytes 


the bracketed diff. co. standing for the values when y=0, or when 
(Se ea a"! (dx r—a 


za. But 
~\ ae" dz Qr pi 


in which x is @+2: which is not altered by writing z for z in the 
symbols of differentiation. We have then 


z y'r ze- x (x—u)\ d (Se y'r (x— a)™ bx)’ (pr)? 
yampa EED) prp E (Eo) A 
d? iy x (z= a) ma 
Tae \ (pr)? iy. ay gen 
x being made =a in the coefficients of øx, (dxr)*, &c. Observe, that 


these coefficients are results independent of x, though written so as to 
show how they are obtained from z. 


154, Show that the preceding becomes Taylor’s theorem when 
gxr=xr—a, and also Caa Lagrange’s theorem may be deduced from 
Burmann’s, by making z=x—u, y= (x-a) : $e. 


155. Required the development of w@-'z in powers of x, O~'x being 
the inverse function of gz, or @(P'r)=2. Write ow x for x in the 
preceding, and we have 


Binns y'a ( —a) [{'x.(e—a) x 
ee (ES es, cance (pay me 
d? Ea —a)* T i, 

™~ ee Je 3 

c—a ant X (z—a 3 a? 


gx j 2 PTN gx] 2 


grees 
X 


¢72=a4( = 
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For example, let pr =(x—a) €~*, then to find ¢~'z is the same as find- 
ing y in the equation r=(y—a) £”: and the theorem gives 


yape ap oes 4B et zt + 00s 


aR 


156. If x and rz vanish — we have 


= (=) eo dd fa 2 
Ce (2) he =) "7 tae ge) aT” 


making r=0 in the coefficients. Let pr=ar+ bs + erster t... 
so that the determination of ¢~'z is equivalent to finding z in terms of u 
from u=ar+bzr?+...., as in page 157. We have then (1+@r)"= 
(a+br+....)~", which can be expanded in positive powers of z, unless 
a be =0 (an excluded case.) ‘The value of the (n—1)th diff. co. of 
(u+br+....)~", when x=0, evidently results from the term which 
contains 2"~', (say A,.,2""), and is (n — l)(n —2)....1 Agi 
Dividing this by 1.2.3....”, and multiplying by q", we have A,-, 
a"n for the general term of fz. Now in (64.) we have found the 
development of the powers of a+6zr+.... when a=1, whence if in 
that development we write —n for n, b:a, c:a, &c. for b, c, &c., 
and multiply the whole by a~”, we shall have the development of 
(a+br+....)~". Let P,,,, denote the coefficient of z” in the develop- 
ment of (abri .. e)", and we have (64.) 


3c 6b 
P,,=1l:a; P,,.=—2b: a’; P,3=—] +; 
_ 4e 20bc 208- _ of 15 (2be+c?) 105b°e 70b‘ 
P,. Fg ate yi ;P.,=- > ee are ee 
= 6g 21 (2bf+2ce) 56(3be +3bc) 126(4b%) 25255 
56 Seen? a eas a io eg Ae Ti a" 
p — _Th _28(2bg+2ef+e) 84 (8d%f+6dce+c°) 
eee Se ee ee 


_ 210 (4be+6 b2c%) 462 (5 dc) 924.58 
oe gi ee ae gies Peale 


1 l l ] 
But OL=Po tts Piette Pes We +7 Ps. t+ Pas x? + @ eee > 


whence we have the following result: if 


w= art br 4 ct 4 ex +fa5+ gao+thr’+.... 
u us u? ut 
= —-—b —-+ (26? — ac) — — (5b?— 2e) — 
Then t= b at (2b? — ac) r (5b°—5abc +-a’e) a 


15 
a 


+ (14b4‘—21ab*e-+ 3a 2be + è —a? 
ee EE 6 
— (42b5'—84ab*c + 28a? bre +b—Ta bf+ce+ate) m 


+ (13268 —330ab'c + 30a? 4b%e + 6b%c?— 12a? 36°F + 6bce+ cè | 
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——————_—_ —— 7 
+ 4a‘ 2bg+ 2cf+e’—ah) < 
— &c. T &c. — &c. 
This agrees with page 158, as far as the latter goes. 


157. Returning to Burmann’s theorem, let y=¢x, z=xzx, gz and yz 
having a common root a, and vanishing in a finite ratio. It is required 
to expand yv in powers of dr. Transform z=yz into r= yz, then 
wa and px made functions of z are ae and @y—'z. And 


d? d? 
ya= (ya) t E ).y+( SE Ti 


Se as dy z 2 dy 2 “Vy (pr)? . 
=a + dz ` ¢xz ai dz ee 0 aa Vaile 


158. We proceed to some exercises on the separation of the symbols 
of operation and quantity, (page 163.) 

Ifatazr+ar+....=or, by pA.b we mean to represent ab+ 
a, Ab+a, A2b+...., where Ab, Ab, &c. are differences formed from b, 
bi, ba &c. Thus A% means b, —3b,+3b,—b, (page 77.) 

(a+r)(a—r)=a?— 3z: required the exhibition of the meaning and 
proof of the theorem (a+4)(a—A) b=a*%>—A*. By (a—A) 6 we 
mean that the operation performed on b is the subtraction of its differ- 
ence from its ath multiple; which gives ab—Ab or ab—b,+6. On 
this the operation a+ A is to be performed, which gives 


a (ab—6,+ 6) + (ab,—},+6,)—(ab—b, +b), or a2b—(b,—2b,+ 5), 
which is a7b— A?b, or (a®—A?) b. 


159. f4.0" represents a finite number of operations; being 
a+a A0 +a: A? 0"+.... +a, A" 0" +a At O"+... 
in which (38.) all the terms after a” A" 0" vanish. 


160. Herschel’s Theorem.* Let it be required to develope f (é") in 
powers of æ. This might be done by Maclaurin’s theorem, or by making 
pr=logx and a=1, in (153.) But it is the object of the present 
theorem to exhibit the coefficients in terms of the differences of the 
powers of nothing, operated on in a manner depending on the form of 
the function f. By Taylor’s theorem 


fe=fi +f (e—14p1 So gyn, § an re 
(60.) =f (Pet 3S a+. w3 (=o ean.) 


fl / A808 Sot, 
79 p80 ne SE a Je 


from which, if we pick out fen teen of x", we find 
Kr 


A” 0” 
eee +e n / Li 3) OOE 
|e eee rath ° + hn ote tf 'T23 =h 


* Given by Sir John Herschel in his Examples of the Calculus of Differences, 
page 66, 


b 
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Carry on the series in brackets ad infinitum, and no difference is made, 
since A"t™0"=0 in all cases. In this case the operations performed on 
0” are 


2 
[SLEPI A+" Zp. ie bor, abbreviated into f(1+A).0", whence 


xv 


fr=fl+f A+A) 0.24 f (14d) 0. ESOO. S zater 


This theorem may be used either to discover unknown series by means of 
the differences of nothing, or to establish relations between those differ- 
ences by means of known series. 


161. The following method of demonstration* exhibits the preceding 
theorem in a very striking point of view. The several terms 2°, 2', 
ae ., considered as particular cases of 2*, may be represented by 

0, +4) 2, (144)? 2, &ce. Hence Maclaurin’ s theorem becomes 


dr=0.2°+¢4/0.(1 +4) v+ 6"0.(1+A)?2°+.... 
l 
= {0490.0 +4)+5.g"0(1-44)t4.... x, 
which may be abbreviated into $(1+A).2°. 


l fas ‘ 
Now z*=a?+ logz.a+< (log r)*.a*+ ..., on which, if the operation 


h (1+-A) be performed, a being then made =0, we have 


pr=h (14+A).0°+¢ (1+4A) 0'.log 2+ (144).0%. Se 


in which, if we write € for x, we have the theorem of the last article. 


v—1\" 


n—l 


162. Show that m Je 


basta). when r= 1. 


163. Required the expression of Bernoulli’s numbers in terms of the 
differences of nothing. By definition, B,, the nth such number, is the 
coefficient of 2"-[7] in the development of x : (€,—1); and (17.) the 
coefficient of 2"—[7] in that of 1 : (7+1) is —B,,, (2"*’—1) : (n+ 1). 
But, fe being 1: (e741), the same coefficient is {(1-+A) 0” or 
{1 : (2+A)} 0", whence we have 


| n+l l n+] É 0” A0” 420" A" oN 
TENEANT S IEPENE E] E ad eee, , hear fh 
B JI La 1° IHA 0 Dmr ea l \ 2 4 + 8 = ort J 


since A"t?Q", A"*? 0", &c. are all equal to nothing. It is necessary to 
retain 0”: 2, for though it vanishes when n is >0, yet when n=O, 
=l; which makes the preceding series perfectly general. And since 
BaO; whenever n+ 1 is an odd number greater than 1, or when- 
ever 7) is an even number, we must have 

A0?” A? 02?” A3 QO?" Az QO" 


=0 (n>0). 


2 47 8 pee ee 
To verify this, when 21==6, we have 


* Given by Sir W, Hamilton in the Trans, Roy, Irish Acad. 
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1 _ 62 , 540 _ 1560 , 1800 _720_ 
2 4 5 16 32 64 
For the value of Ba (n=7) we have 
8 i l 126 __ 1806 8400 16800 . 15120 _ 5010) _ ]: 


-koae g 16. ed ke de one) 80 
164. Show from x: (¢*—1), or log £ : (7—1), that 
Ao" A?0" A” 0" 


J ~f 3 zo = ET 


For inst B= Lal 36 24 ws ll 
or instance ea ri aaa 


B,=- 0"— 


165. Required the development of cos (as*). Were fr=cosar, 
fCQ+4)=cos (a+aA)=cos a.cos aA—sin a.sin aô, or 


a’ A? a‘ A‘ \ 
f(i+4)=cos a (1— = e J 
i A ah? a A5 
—sin 4 | aå— B) 4+ Te .) 


cos (aé*)=cos a + (cosa.0— asina) « 
Q 


+ (cos a. 0?°—a°—a sin a) + ias 


This may be readily verified by Maclaurin’s theorem; but the deve- 
lopment is easier by this method, with the table in (38.), than by the 
direct use of that theorem. 


166. If fe =1°, it may be shown that {log (1+4)}*0"=0 in all 
cases, except when n=a, in which case it is =1.2.3....a@. Also, if 
fr=a4*, it follows that (14+4)*0"=a" for all values of a, which was 
known before in the case of whole and positive values. Thus 


(1+4)—'0"=0"— AO"+ A®?0"—.... EA"0"=(—1)" 
(1+A)—? 0"=0"—2A0"+ 8A20"—.... + (n+ 1) A*0"=(— 2)". 


167. The preceding result is even true when the exponent is incom- 
mensurable or impossible. Thus, the second of each of the following 


pairs verifies the first. 


A+A) 08 = 0°+,/7. rete A? 0? 
W = y1 T 


(1-+4)'+¥= o=04 (1-+/—1) A0- ill -l Arg: 


Q4V7—1)214/-14/—1- 1. 


168. The following propositions may be easily proved by con- 
sidering the functions of €", in which the operations set down will be 
coefficients. 
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{(log 1-A)".fd} 0°=a (a—1)....(a—n-+1) { fA}.0 
{f.(14+A4)"} .0%=n* { f (1+4)} 0° 
{fA+d)+fAta)*for=0 — {f(1+4)—f 1 +4)7} o=o. 


Thus, in the second instance, the first side is the coefficient of x* : [a] 
in the expansion of fée"*, which is n” x the same coefficient in that 
of fE. 

169. To express a function of differences as a function of diff. co. 
Let u be a function of x, and let u=gz, u, =ọ¢ (t1+h), uz=¢ (x+ 2h), 
a from which let differences be taken, namely Au=u,—u, A®u== 

—2u,tu, &c. Let ia u be the function in question, that is, ya 
ae a+taA+aA°+....., fA.w means aw+a,Au+a,A°ut+.. 
Then, Au being (1) 1 u “(page 165) we have 


2 2 
fd.u=f(e?—1). u=|fO4fa. O.AD+fA. PEL... ar a 
Hence au+aAu+a’ut+....=f0.utfa. 0 
fA.0 du jy JAO Eu 


2 dx 2.3 dx 
jfo=a, fA.0=a,A0, fA.0°?=a,A0*+ 4,47 0, &c. 
170. To determine au, + @,U,4,+@:Uz4,+.... in terms of differences 
and diff. co. of u, Here the total operation performed on v, is 


ata,(1+A)+a,(1+4)?+...., or f(1+A), or fe”. Hence 
yr 

AU, tH AU t.. ipae A urt... 

LOA). Odu | fA+A) 0" d'u 


2 dr? 233 dxs 


171. Let Eaters Ger E 2) a®*-+......: then 
wae={l+a(l4+A)+....} gr=l : (l—a—aAd) ou. 
A 


Let A=a : (l—a@), then doe 


=fl.u+f (1+4). o$ — 


aiaa 
apr=Aprtl a AR pariy rae +A] o: = + 
(l—u) Wa=¢r4+ AAD. p'r + a bx 
AAO? + va! x FAAO mpg 


172. The coefficients in yx are these in the expansion of 1 : (1 —as*), 
and if @a=1 the expression fails to give a series in a finite form. To 
find the sum of the terminating series ¢t2+@(r+1).a+..... 
+ («t+y—1) a’, we have evidently pr—y (x+y).@", and 


(l—a) {pr—y (2+ y). œ} =(pr—a*py) + AAO (p'c—a’ f! (4+ y)) 
AAv?+ A?A0? 
0 T A'AU — (¢ġ"y— a” 4! (+y) +. na 
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l Baas y 
But if a= — 1, or A=—>, the expression in (17.) gives 


_¢r 3B,,, 15B, ,, 63, 

y= 5 2 p'r— ware = ie gaat 
a ee _3 PT 
=a a toa Sie 


gx-p(u+l)+...$¢ @+y-D=; {r to(2+y)j- airy (+y)5 
1 "ctp (æa+y) 3P'rt Pty) 


—_  — m mm — — 


2 2.3.4 2. °2.324,5.6 ee 
the counterpart of (69.): verify it from what precedes. 


173. If x be a great number, show from the last that 


2(#+2)..... Ca 
(x+1)....(242y—1) By) N x-+2y+1) nearly. 
T &£+2 £+4 File 


, Nearly. 


r+] 424+3 245 Z+2y+1 N ats 


174. If the value of yx in (171.) be reduced to a simple function of 
a and z, it will become 


peto (t+1)at+9(2+2) t... =—ġ BT EE a— ma'z 
geet ata’ "r  at4eta ge  atlla+llae+a' SHa o"r 
(l-a)? 2 (i—a)* 2.3 (1—a)> 2.3.4 
a+ 26a*+ 66a* + 26a + a? oo 
=o 5730405 pene 


175. In the result of (69.) we may observe that the series contains a 
part which does not depend on z, but only on the specific value z=0, 
and which is in fact an arbitrary constant of an infinite number of terms, 
depending on the beginning of the series. Calling it C, we have 

n 


_ l i A E ae 
y= 4f y dx aye te 2 30 2. 2. sat? . a 


where the constant of the integral is also contained in C. We shall 
now show how to use this series,-which is most available in cases where 
the diff. co. of y, diminish rapidly. It must be remembered that 2y, 
ends with y,_,. 


l 1 1 
6. aan Se 2 
17 Required 1+ 7 +S KA 1s a 
n l _n(n+1)(n+2) 1 
=0+fS 2° lat 420... ar 
hay l: z” to koe sides, and we have 


l pea AMELIE 2 


(n=1) a 2a" Jar" 


‘except only when n=1, in which case the two first terms are C+ log x. 


COPE yA 
x 
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To determine C we must calculate one value of both sides of the 
equation in some particular case: thus, if 2—1, and if we take the case 
of x=10, we shall find by calculation 2°9289683 for the first side; and 
therefore 


1 l 


2°9289683 = C+log10+Ż — T00 +7T350000077°°°"? 


which gives C= ' 5772157 (log 10 td 2°3025851) 
l l 


1 Ee e oane 1 
l+5t.e e += 5772157 +logs +5- —īza tipo. 


Thus we see that the series of reciprocals of whole numbers, when w is 
considerable, increases with the (Naperian) logarithm of the last number, 
nearly. 


177. Let the series be log 1+log 2+....+log (t#—1)=2 log z. 


1 1 l 1 
È log a= C + f log z dr—z log ne aan 


l l l 1 
log 1 + . . .+log r=C+ (log r.r—x) +5 log t+75- 360 ae seii 
In this case we have already shown (126.) that the preceding approaches 
l 
to log (,/(27zr) .2%€ *) or logy (27) +5 log x+x log v-r: consequently 
C=log ,/2z, and 
De ge © 
1.2.3.. e €= (272) a7 e t I 360 ST 
178. Show that a,Auv, — a, AU, t AAU, — e.. à 
= U ÂU, 1 — Aa, A’u,_ Âd, A Ugnen’ 5 


2 3 
and also that adr + apx. h+ ap" a +a, "x es F.. 


-9 


=ah (x+h) + Aad! (14 h).h4 Aag" (x+h) Z4 RRES s 


179. To expand A" y, hy means of differences which can be obtained 
without using Yriiy Yċz49 KC. 


A A CW’ 

Ay =A" (14A. moet bret rea te 
ntl A? 
ra 2 Mayer sh 


=o" Ye-ntnd't Yz—n-1 n= a A rz Y r-n- ee 00o o 


=A" (14+ A)" {1 oS a 


180. In (61.) it is shown that 


£ ae 2 3 Í l sat mont EA \ 
CES, a +V,t+V,2°+V,77+.... Vi=5 v= T &c. | 
For x write x : (1—zx), whence the first side becomes 
r 1—V,2+V.a°—.... 
, 0r ———-——_——: whence 


~ (l—zx) log (1 —z) l—x 
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i-V, B+ Verte. = (a) LEATS 7 Vy 7 beef 


(i —7)* 
—l—a4V, at V (a? +274+.... tV (2° + 22° ee sete) 
+V, (2° +325 + 625+...) 4+-V, (0° 4+ 42°+4 1027-+....) 
—1-—(1—V,) e+ Vart (V tV) 2°+(V.t 2V3+ Vo) x* 
+(V,+3V,+3V3+ Ve) + (V,+4V,+ 6V,+4V,+ V.) a°+.... 
whence V ae V,+2V;+V,=V,, &c. 


Vase tnVeg tn EY: +. oe. +2V3+ Vi=(—1)" Va 


] 
181. In (67.), 7 f y dr was expanded in a serics, the variable 


part of which was (Yn = Yz, Yin- Yė-19 &C.e eo) 
Let Vi Yet Ve Ay. + Vs A ys t V, A Yst oee 

which (179.) is Ey, +V, Yet Va (AYs-1t A Y-t A y, s+ 20+) 
+V; (4 Yz—2 + 24° yea BAS Yate...) 
+V, (A? Yè- +34‘ y,-4+ 60° a e...) 
e a E oe ee ee E 

=y, + V, Y-F} V.: A1 Ay,-1+ (V,+ Ve) A? Yat (Vet 2VotVe) A Yz- hy ove 

= Ly. t+ Vi Y+ Va dys, — V3 A? Yr + V, A Yea mV, At Ys oo ee 

J os to this the constant part, ¿he same as in (69.), we have 


Si: Yz dr=2 Ynt Vi (Yno— Y) +V: (AYno—0—ÂY0) - V; (A? Yno- t A? Yo) 


2 (2 Yno—30— O° Yo) —V, (A Yno + At Yo) + aad 
If the limits of the integral be a and a@+n0, we have, by similar 
reasoning, 


1 
ee dt =Y, + Yaro t 000s F Yatin- t Vi (Yatro — Yu) + ere 


The use of this theorem in approximating to the values of definite 
integrals, is called the method of quadratures, from its most obvious 
application being the determination of the area of a curve in square 
units, which is the arithmetical problem answering to the quadrature of 
a curve, or the determination of a square which is equal to its area. The 
two first terms, V, being 4, make upd Ya + Yarot-~ +e + F Yatro and the 
theorem may be thus exhibited : 


OF sas VE d= (3 Yat Yato t Yato t eees + Yatin t 4 Yatno) 0 
0 0 199 
mD 19 (AYatno—s — Ay.) —— 54 (O" Yatno—20 t A Ya) — H20 (4° Yatno—30— A’ Ya) 


863 0 
60480 


182. As an example of the preceding, in a case which can easily be 
verified, we propose to find J. log x dx from r=11 to x=20. We have 
then a=11, n0:=9, lct n=9, ”9=1. Taking a table of hyperbolic 
logarithms, we find the following logarithms and differences : 


eA Yaaa HA Y) EE (A Yaga): $ 
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No. Log. A+. A?—. A+. At—. A54. 


11 |2°39789527/0°08701138/0°00696867/0° 001033930- 00021429/0° 00005540 
12 |2°48490665/0 ° 0800427 1/0. 0059347 4/0 ° 00081964/0 ° 00015889/0- 00003859 
13 |2° 56494936|0°07410797|0°00511510/0°00066075/0°00012030/0° 00002755 
14 }2°63905733)0° 06899287/0 ° 004454350 ° 00054045/0 ° 000092750 ° 00002005 
15 |2°70805020/0°06453852/0°00391390/0° 000447700 ° 00007270|/0° 00001497 
16 |2*77258872)0° 060624620 ° 003466200 ° 00037500/0° 00005773 

17 |2°83321334/0° 057158420 003091200 ° 00031727 

18 |2°89037176/0°05406722|0° 00277393 

19 |2°94443898/0° 05129329 

20 |2°99573227 


$log 11+log12+..... +log 19-+4 log 20 = 24°53439011 
— {0°05129329—0° 08701138 }—-12 =+ °00297651 
— {—°00277393— * 00696867 }—24 =+ ‘00040594 
— 19 { °00031727— * 00103393 }—-720 =+ -00001891 
— 3 {—°00005773— 00021429 }—-160 = 4- 00000510 


— 863 { -00001497 — "00005540 }-60480 =+ 00000058 


24°53779715 

Now flog 2 dr=< log «—z, and f3} log z dx=20 log 20—11 log 11—9 
= 20 X 2°995732274 — 11 x 2°397895273 —9=24°53779748 ; 

or the preceding approximation is true to six places of decimals. 


183. The smaller the value of 0 in the preceding example, 76 being 
given, the more nearly $ Yat Yapot--.- +4 Yano approximates to the 
value of the integral. If, for imstance, we were to divide 6 into ten parts, 
and if 02=10A, then 

$ Yat Yara + ee o o F (Yatioas OF Yago) FYarna t»... +4 Yatoa 
is much more near to the required integral. The following questions 
will illustrate this, and at the same time introduce a useful theorem. 

184. Required the development of u=z:{(1-+.7)"—1} in powers of 
x. Here 

u (l+ =r+u; w (1+2)"+nu (+2) =l, 

u (14a) +knut h (1+4... +i, n-k+lju(d+2)4*=u™, 

Let r=0, and let U, U’, &c. be the values of u, w, &c.; then 


U'+nU=1+4+U' U=- 
nU'+n (n-1) U=0 AE ak 
-2n 
3nU" +8n(n—1)U'tn(n—1)(n—2)U=0  U"= eet) 
n 


4nU"+6n(n-1)U"+4[n,n-2]U'+[n,n—3]U=0 U" = -C = 
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nU“ lOn (n 1) U"4+....+[n,n—-4] U=0 


Uv= pS SR SESS ae 


6nU*+ 15n (n—1) U"+....+[n, n—5] U=0 
; (n—1)(n4+1)(9— n?) 
U= — 
da 
TnU"+2in(n—1) U'+....+[n, n—6] U=0 
—_ (n—1) (n+ 1)(863—145n? + 2n*) 


L 84n 
Applying Maclaurin’s theorem, we have 
ee a 
(l+c2)"—l n 2n 2. 6n 2.3.4n 2.3.4. 307 
(n— 1)(9—n*) fa (në — 1)(863—145n? + 2n*) N 
2.3.4.5.4n 2.3.4.5.6.54n _ 


Verify this series (1.) by making n=2, when it ought to become the 
development of 1:(2+.2); (2.) by multiplying by n, and diminishing 
n without limit, when it ought to coincide with the development (61.) of 
v:log(1+2); (3.) by writing x:n for n, multiplying by n, and in- 
creasing n without limit, when it ought to become the development (16.) 
of a: (e&*—1). 


185, Let yo, Yı. -+ -Yz be the terms of a series, being the several 
values of a function of x, corresponding to r=0, x=0, x= 20, &c. 
Between each of these terms let n —1 terms be interposed following the 
same law, so that, in fact, if the function were @z, and if four terms 
were interposed, the terms (a) and @(a+ 90) with their interposed 
terms would be 


$ (a), p (a+40), O(a+3 8), p (a+30), (+54), > (a+). 


Required the total sum of Yos y,-+..Yz-1, together with all the inter- 
posed terms, including those interposed between y,_, and y,, by means 
of 2y,, the simple sum of yotyit+....+Y; 1, and differences taken 
trom the original series, as if the terms had never been interposed. 

The following process contains the most difficult instance which has 
yet occurred of the separation of the symbols of operation and quantity. 
J shall, therefore, follow it by another* demonstration, independent of 
that principle, and the student who can comprehend the first will see 
that it is an abridgement of the second. 

The function y, is (1+A)*.y, and this whether x is whole or 
fractional. Hence the sum of all the terms, primitive and interposed, is 


1 l Dadi 
{1E(L44)*+..4+(14+4)4(14A) +.. H(A)... riaa, 
(1+4) —1 A AAi 
or a o OR ae er, 0 
(1+A)"—-1 (1+A)*-1 : 


* Being that given by Mr. Lubbock, to whom this theorem is due. (Camb. Phil. 
Trans, Vol. iii. p. 322.) 
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Now the operation (14+ 4)*—1 performed on y gives ¥,—7, and A“ 
isthe same as 2. Write 1:n instead of n in the development obtained 
in the last article, and substitute the expanded operation instead of the 
condensed one, which gives 


= 2 e 
fat? Ly n*—l wl 


baie ia ee 3 —l -e 
J 12n dn A aa Ys Yo) 


7 


1—1 n?—l n?— 1 
=n ÈY: + D (y= Yo) — -a (Ay, — Ayo) tone (0° y,;— 2’ Yo) 


n® —1)(197? —1 (nè? —1)(9n?—1) 
= aa Bre Aw) + ET At at 
2 To 25% 
(n 1) (863n*— 145n°+4 2) CTER TETRA 


60480n° 


Here 2y,, meaning Yo+.-..+Y,-1, stands for A™' (Ys —y,): this 
transformation is obtained as follows. The meaning of A™ (y,—y)) is 
that function which gives AA™ (y,—Y)=Y:—Yo: Where yo is not a 
constant with reference to the operation A, as abundantly appears in the 
preceding process, in which we have Ay, not =0, but =y,—y. If, 
then, A~' y, stand for the sum of all terms up to y,_,, (as in page 82,) 
then A“ (y,—Y), or A y,—A"Y, is the preceding diminished by 
the sum of all the terms preceding y, that is, Yot.. e. Yz- The 
truth is, that A~ y, should stand for 


Ye F Yz t eer. FYFE Yot Y-t Yy-ot aed. inf. ; 
this being the only series which satisfies AA~'y,=y,. Or the symbol 
Ly, beginning from Ym, and ending at y,,, is A~' (y, — Ym): 


186. The second demonstration is as follows. Let 1: ==, then 
Yor Yetis Yorsire © © Yviri make up y,, followed by the terms interposed 
between 7, and Yp Using the theorem 

ki— 


1 
5 A? Ytse’; 


Yopi = Y+ ki Ayet ki 
and summing the results, we have for the 2 terms beginning with Yes 
ba i T oe a] 
ny + {it 2i+ ...(n—1)i} aytdi —+ 21+ arene 


etahi aes 7 


Apply this to every term, from y, to y,_, inclusive, and we have for the 
required sum 


nyt (E+ 2+ oo ee + (m—1) 2) Ay. + (i + 2 eee 
seve dy) Sat yt wees 


But 2Ay,—Ay+..- Pet AY Ye Yo3 TA’ y,=Ay,— AY, ÈC., 
and the coefficients are evidently those of the powers of 7 in — 
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(1+2)"—1 x 

n, or ————_, 
(Faeyr ” Fry- 


since ni=1. Taking these coefficients, and writing 1:2 for 7, we have 
the same result as before. 


1+(1+2r)'+(1+2)*+...¢(1 +2)", or 


- 187. It has here sufficiently appeared, that instead of Zy, being made 
an undetermined symbol, by not having a specified beginning, it would 
have been more agreeable to analogy that it should have begun from 
—c, or should have signified Yat Yz F»... t+YotYit.... ad 
in. finitum. In such a case A and È would have been really convertible 
operations; for Ady,=(y,+ -)—(Yr-it-+..)=y, and LAy,= 
AY t AY et o. o Ey E F 4+....=y¥ That I may 
not, however, depart from established notation, I shall in future use 
A~‘y, as meaning the preceding series : so that 


Iys = A'Y — A Ym or Ag" (Yz — Ym)» 
where m may be anything whatever. 
188. Ifin ytyit e.. ty tYisit owe e +Y we multiply „by 2 or 
l:n, and increase 22 without limit, we approach (page 100) to Ti ` Ya dr. 
Let this be done with the preceding series, and we shall obviously 


approach without limit to the series obtained in (67.), as it becomes 
when 0=1, n=. 


189. If we add the term y, to both sides, we find for the sum of 
Yor Yı» oe Ys, and all the interposed terms 


n—1 n?—l 
n (yo+ y + o.oo +y.) a (yz. ty) “Tna (Ay,—Ay,) + cee eeee 


190. In the series obtained by writing l:n for n in (184.) write 
x:(l—x) for z, and then multiply by l1—z. This gives {A,=n, 
A,=$(n—1), &c.} 


x x" x 
= (1-2) {Ast A Ma opt ates 


(l—zr) »—1 
—A,+ (A,—A,) t— Å, az 4- (A;— A.) a 
—(A,— 2A,+ As) xt (A,—3A, +34A,—A,) x — k. 0 00 
But the first side may also be obtained by changing the sign of n and 
of z, and then changing the sign of the whole. The first and third 
operations compensate each other in every term but the second, and we 
have 


oe =A,—4 (n+1) r- A — A; v®— A, 2*§— 
(l—r)*—1 
whence A,—-A,=—A,;, A,—2A;,;+A,=A, 
k= = 
Arem RA tk —— Arc. oee ERA F A 1)" Arpe 


191. The series in (185.) requires terms following y,, ìn order to 
construct the necessary differences. But it may be reduced to another, 
requiring only preceding terms, by the same process as in (181.) The 
series in question is 
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Ag 2y, tA, (Yz -Y )— À, (Ay,— Ay») z4 A, (4 Y:— A? Yo) — eeey 


For Ay., A’y,, &c., substitute Ay,_,+A®y, o+...., AY, oF 2A? Y3 
+...., &c., which gives 


Ao 2yYztAYe—As(Ay,_1 + A Yre t o e) HAAY t 2A%y, s+. .)—moee 


— Å, y+ ås hy, —A,; A* y F.. 
= A, Ey: +A Y:—å4Y 1+ (A,;— A,) A*® 2-2" (A,—2A;+A,)A*y,_3+ eee 
— À, Yot As Ayo al Ag AY, -+ A, AY, — ee 


=s SY + A, (Y2—Yo)—Ag (Ay,-,— Ayo) — A; (A? Yz-2 + A? Yo) 
— A, (Ays Ay) — 00 


Or, making the alteration as in (J89.), we find that the sum of the 
terms Yos ¥,,+.-»Yz, With the interposed terms, is 


n 


—] n?—] ; 
N(YotYit 2.2 +Y) — z Yet Yo) — Fa (Ays1—Ayo) 


nt—] (v?—1)(197n?—1 
Fan Oat Age) aa tea Bh) 
2] On?— ] 2] 863 nt — > 
(n )(9n 1) NEEE E TE =U KEEA x 


480n° 6048075 


(A y,_5—A’ yy) — oceee 


We shall now proceed to some methods of obtaining the sums of 
series connected with the roots of unity. The nth roots of unity are 1, 
a, a....a" ', where « is 


= 2 e s 
', OF COS —40—1 sin =. (page 127, &c.) 


€ 


192. Let Se” stand for the sum of the mth powers of these roots, 
then Sæ”=0 in all cases, except when m=0, or n, or a multiple of n, 
in which cases Se”=n. 

an” a | 

Sa 1a" oo. fa = É 

a == 
but the numerator =O in all cases for «""=(a")"=1"=1. But the 
denominator is never =0, unless m=O, or n, or a multiple of n. 
Except in these cases, then, Sa"=0; and in these cases every term of 
the series is unity, or the series is n. This theorem is equally true of 
negative powers, since «"==1 gives a "=1. 


193. Given the equivalent function of a+a,x+4+a,2°+...., required 
that of am L” + amin tt" F amyn I+... (Mn). Letgr=at+a,z 
+...., and having multiplied both sides by a”, a"-", (æ, B, y, &c- 
being the nth roots of unity,) or a*"~", &c. as may be most convenient, 
write ar for z. Do the same with 6, y, &c.; we have then 


arm daxm=aa™ +a, g” "ti e+ ass +a, a” gn 4 7, PN ant gt 4 ree 
a phr=ap" "+a, ITET r+ ans +a, B” T” + ampi B+ gmt aaa 
&e. &c. &e. 


Adding these together, every term vanishes except those which contain 
z™, qt”, &c., and we have 
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l 
S (dpat) =Nan "+ NA gn "tH oo 03 = S (a"~™" har) 
= Um Lf Ann ITTE.. 


x 12 


4 
194. What is 1-+——— +t . ee The preceding theorem 


2.3.4 traj 
gives 4 {64E +2 cos r}, 
1, —1, /—1, and —V—1 being the fourth roots of unity. 
g” q$ a S -is l l 
195. Required a Ery Tih baal 


[b, b+c] stands as before for b(6+1)....(b+c). Multiply this 
series by 27! : [b— 1], and we have 
b—1 b-1 at+b-t 


+...., where 


t r qeth- 
a eT BI Faroo TERTE T .(A.), 


which, with intermediate terms, is 
r zo? 
€ -(142+5+ esoo +g) 


Let œ, B, &c. be the ath roots of unity; multiply the last by «°t! 
pr, &c., and substitute az, Bx, &c. for z The results added 
together give the series required in a finite form ; and this multiplied by 
[b— 1], and divided by 2z°~', gives the original series. 


196. The nth roots of —] are a, a, a®....a"—", where l, a, af... 
o"—' are all the 2nth roots of +1. And we have for the sum of the 
mth powers of these roots of —1, 

‘| 


a 
m 8m (2n—1)m m 
a” tateen ta ra en] 


The numerator, being («")"—1 is =0 when m is a whole number, 
positive or negative; so is the denominator when m is 0, or n, ora 
multiple of n. But when m is an even multiple of n, each term of the 
series is 1, and when an odd multiple of n, —1: consequently the sum 
of the mth powers of the nth roots of —1, is n, —n, or 0; the first when 
m is an even multiple of n (0 included,) the second when an odd 
multiple, the third in any other case. 


197. Given Gr=a+a,r+aQ,2%+...., required am I”— amyn T 
F ampon OO a a (MKD). 
l Let a, B, y, &c. be the 2ath roots of —1, multiply r separately by 


am, B"-™, &c., and change v into ax, Br, &c. The results added toge- 
ther will give (rejecting terms which disappear) 


Sa*—™ har = Sa Amt” + Sa” Amin T"... 


l 
z Sa-™ Par = dn CL — E ENR cP Um+2n ortn eee 


198. Required a,2—a,2*+a,27—...., pr being atatt... ~ 
The cube roots of —1 are —1, 344,/(-3)=a, $—3 X (—3)=8, 
and the required result is one third of 
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$A PIGS (—3) 2} of{G—hv(-8)) 2} 
=I M hy (3) =D 


here 
or 5 {$ (ax) +p CD} {4 (az) 9 (B2)}—5 o(-2). 


4 y ' 1 e 

Thus E Fi” won =; T {cos e+,/3 sin Ha —; ge... 

199. From the preceding it can be shown that if a+a,r-++.... can 
be expressed in a finite form, Øx, then also that series can be expressed 
in a finite form, which is made by allowing the first m terms to stand, 
changing the sign of the next m terms, and soon; changing the sign of 
every alternate set of m terms. And this can also be done, if only 
every nth term of the original series be taken, and the result separated 
into parcels of m terms each, changing the signs of the alternate 
sets. And the same is true if the terms of the resulting: series be 
multiplied by b, bı, b, &c., 6, being any integral and rational function 
ofn. So that, for instance, if a+a,r+.... be expressible in finite 
terms, the following has the same property : 


A m bı” + Antp b, e H Am+p2p bz gre Un+sp bs gT T + = T etso 


200. (Chapter X.) If x and wa have. the same limit, or if both 
increase without limit, or both diminish without limit, then of course 
the final tendency of @x may be found from that of wz, or vice verså. 
And in the case of a finite limit, we may say that Øx: war has the limit 
unity, but we may not say the same if both increase or both diminish 
without limit. Thus, if z diminish without limit, a+r and a+.2*® have 
the limit a, and (a+.2”): (a+2) has the limit l1: but if a=0, x and z? 
both diminish without limit, but zè: x also diminishes without limit. 

Thus the tendency of ¢x: wa, if both functions vanish when z =4, 
can always be discovered from that of f/x: y'zx, or O’r: yx, &c., but it 
is only when @zr:%r has a finite limit, as 2 approaches towards a, 
that we can say that {@/a:yae}:{or: yr}, or (Pa wr) : (We dr) has 
the limit unity. | 


201. To avoid circumlocution, let us in future use the algebraical 
symbols of the limits of magnitude, interpreting them in the language 
of limits. Thus ø (œ )=cc means that the function @z increases 
without limit when z increases without limit, and nothing else. Also 
pa=%w means that v increases without limit as x approaches to a: 
p(0)=aœ means that dr increases without limit as x diminishes with- 
out limit. Sometimes when it is necessary to recall this caution to the 
student’s mind, we shall write the single word (limit) in parentheses, 
for that purpose. 


202. If ga=0 and ya=0, then x and yx may have two distinct 
relations. If ġa:(ẹya) =œ (limit), then still more does da: (ya)*** 
=, k being positive; and if ġa: (wa)°=—0 (limit), then still more 
does $a:(wa)**=0, k being positive. But da: (wa) is certainly 
=0, and we have the two following cases. 

l. da: (%a)* (limit) may be =0 for all values of e, positive and 

1 


negative. Thus, for all values of e, € #:a° diminishes without limit 
when x diminishes without limit. 
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2. There may be a critical value of e, such that for every greater 
value da: (Ya)‘'=« , and for every less value =0. This critical value 
must be nothing or positive; and when e has it, the function ġa : (wa), 
may be finite, and may be nothing or infinite. ‘Thus (as we shall see) 


(t= 1) log x: {r—1)=0, 1, or æ , according as e<= or >l 
(v=o ) x-': (677) =0, 0, or Epesoes... C= or >0. 


203. In the ordinary functions of algebra, dr: (yxr)* is usually 
finite when e has the critical value. The other cases have attracted but 
little attention; and as I have, in the preceding part of the work, made 
two errors from neglect of the distinction, I shall now proceed to 
correct them. 

Since Ga : (ya)'=0 when e is 0 or negative, it must, as e increases, 
either remain =O, or must, for some specific value of e, become finite, 
or for the first time infinite. When the latter happens, the critical 
value is finite; but when the function =0 for all values of e, we may 
say that the critical value is infinite. And, e itself having the critical 
value, 

ga: (ya) tsa, ha: (wa) =0. 

Tueorem. If pa=0, Ya=0, the critical value of e in ġa : (Wa)* is 
Paya: pay'a, Let R=¢zx: (Yx), and as we speak only numerically 
of the limit towards which it approaches, let px and yz be positive. 


We have then 
U j / r 
diff. co. log pals A —¥? AR E ; 
ġr yx yr ly'roxr j) 

First, let x be increasing towards a, and therefore dx and Yx diminish, 
or begin to diminish before z=a. (In this way all assertions about 
increase and diminution are to be understood.) Consequently q/r and 
y'r are negative, while o'z yr:pxry's is positive, and yr: wr is 
negative. Let k be the limit of }’rywar: x y'x; then diff. co. log R 
must at last take the sign of —(k—e), or of e—k. If, then, e be the 
critical value; that is, if the substitution of e+e’ for e (however small 
e’) would make R a function increasing without limit, or diff. co. 
log R positive, and if e—e’ for e would make R a function diminishing 
without limit, or diff. co. log R negative; it follows that e+e'—k is 
positive, and e—e’—k negative, for all values of e however small. This 
cannot be unlesse=k. But if R diminish without limit for all values 
of e, then diff. co. log R must become negative, or e—(@’rwa: y'r dz) 
must become negative for all values of e. Consequently, ġ'a wa: p'a wa 
(limit) must be greater than any value of e, or infinite; that is to say, 
the same expression which gives the critical value, when there is one, 
becomes infinite when no value of e is great enough to fulfil the con- 
ditions of a critical value. Thus, adopting the usual phraseology, the 
critical value is infinite. 

Next, let x be diminishing towards a, so that the diff. co. of a 
‘nereasing? function is Peels. Moreover, let gx and wx be positive, as 
before. Then @'r and y'x are positive, and so is ¢’x Wa: Orw'z. 
Therefore diff. co. log R takes the sign of kK—e. If, then, e be the 
critical value; that is, if the substitution of e+e’ for e (however small 
€) would make R a function increasing without limit, or diff. co. log R 
negative; and if e—e’ for e would make R a function diminishing 
Without limit, or diff. co. logR positive: it follows that k—e—e’ is 

Y 
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negative, and k —e+-<é’ positive, for all values of e', however small. This 
cannot be unless ex=k. But if R diminish without limit for all the 
values of e, then diff. co. log R must become positive for all values of e. 
Consequently, p'a ya | pa y'a must be greater than any value of e, or 
infinite; and the conclusions are as before. 

Corotitary l. If Pace, ba=cc, ġa : (pay is the eth power of 


1 Ly , a Sayeed 
cae Ga)? and, e being positive, both are nothing, finite, or infinite, 


together. But, by the theorem, since (ġa)™™=0, (ya)-'=0, the 
critical value of 1 : e is ; 


diff. co. (Wwa)™'. (ha) iz Ya.pa 
(wa) diff. co. (ġa) `>’? Ya. Pla 


Hence the critical value of e is #a.ya : pa.w'a, precisely as before. 
But since the reciprocals of ġa and wa took their places in the reason- 
ing, (and this can be shown independently,) it follows that, e being the 
critical value, da : (wa)*t’=0, and ġa : (Ya) "=œ; also, that when 
pa : (Ya) is always infinite (at which it begins, if we begin with e 
negative, or nothing,) the limit of Q'a ya : pa Y'a is infinite. 
CoroLLARY 2. If da be finite when x=—a, and when yYa=0 or œ, 
it is obvious that e=0 is the critical value. But as the preceding 
demonstration did not apply to this case, though it might be adapted to 
do so, consider the function in a form to which the theorem applies, 


namely, 
he 


ot eh +1 for the critical value of e+1: 

but this value is —1, as is obvious from the function; whence 
p'aya:pay'a=0. And by such an inversion as that in the first 
corollary, it follows that when Waris finite, Jawa: pa y'a= a , if pa 
be 0 or w. 

CoroLLARY 3. If one of the two be =0, and the other =œ , then 
ga: {(wa)-"}-* can be treated by the theorem, and gives a positive 
value for —e, or a negative value for e. And it readily follows that 
when e is less than this critical value, $z : (y2x)* has the same limit as 
we, and the contrary. But if —e be infinite, or e infinite and negative, 
ox :(Wwx)* has always the limit contrary to that of wr; that is, 0 or 
œ when yz has the limit œ or 0. All these are, in fact, cases already 
described. 


, which gives 


204. All that precedes may be collected into one theorem, as follows. 
When ya is finite, the character of the limit of ga: (ya)" (whether 0, 
finite, or cc) is that of a: in every other case, e being ġ'a ya: da Y'a, 
the limit has the character of Wa when n is less than e, or of (wa) 
when 7 is greater than e; or has the character of (ya). 

The preceding demonstration has been purposely derived from first 
principles, and shows clearly what takes place when ¢ is infinite. The 
following, of a much more simple mechanism, is perfectly satisfactory 
only when e is finite. We know that 

log .\ log oz 
A B's 8, whence mean = fyg jos", 


(yr) 
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When wa is 0 or c, log wa=«; if then log ga: log wa be finite, we 
must have log¢a=c, and the value of logda:logyu is that of 
(D'a: pa)=—(y'a: ya), or Playa: y¥laga. Hence ġa: (ya) has the 


character of (Ya), as asserted. 


205. If da: (ya)* be finite, then e is the critical value, which is 
therefore finite: but the converse is not true; that is, ga: (ya)* may 
be infinite or nothing, the critical value e being finite. Thus, if 
Gr=rlogz, yr=r, we have ¢/ryr: pc pr=1+4+(log z)7'; which 
=1 when v is infinite: but in that case Øx : wa is evidently infinite. 
This leads to an extension of the theory of algebraical dimension, as 
follows. 

If we take two powers of z, x*, and 2***, and make z infinite, then, 
however small Æ may be, the second is infinitely greater* than the first ; 
and if a-+-/ lie betwen aand a+ k, then x°*" is infinitely greater than 2°, 
and infinitely less than 2*t*, These three are of different dimension. 
Let us now make a definition of dimension, not attached to the notion. 
of exponents, but to the necessary character of difference of dimension. 
Of two functions which simultaneously increase without limit, let the 
dimension be said to be the same if they be always to one another in a 
ratio which approaches to a finite limit. But if one increase without 
limit with respect to the other, let the first be said to be of a higher 
dimension than the second. Abbreviate as follows: when two func- 
tions are infinite they are of the same dimension if they have a finite 
ratio; but if one be infinitely greater than the other, the first is of a 
higher dimension. 

The following consequences are evident. Two functions which have 
the same dimension with a third have the same dimension with one 
another; and if A have a higher dimension than B, and B than C, A 
has a higher dimension than C. 

Usually x° is the dimetient function of algebra; we must come to 
the consideration of transcendental quantities before we find a function 
which is not of the same order as x, for some value or other of a: and 
then between x? and x°+* may be found an infinite number of functions, 
higher in dimension than the first, and lower than the second, however 
small k may be. Find the critical value of e in (logz)’: z*, and we 
shall find e=0. That is, (log z)’: x° is =O when z is infinite, for all 
positive values of e. Therefore, b being positive, z“ (log x)’ is of a 
higher dimension than z*, and of a lower than 2*t*, however small k 
may be, or however great b may be. Similarly, (log x)? (log log x) is 
of a dimension between that of (log r)? and (log x)*+*, however small % 
may be. Denote logz, loglogz, &c. by Ar, Nz, &c., then, however 
small k may be, the function in each line of the second column lies 
between that of the first and third in dimension. 


a x* (Az)? on 
q. (Ar)? x? (Ax)? (NT): zr (AT)? t: 
x° (Ar)? (Br)? a (Ax)? (N22) (N3) | a° (Ar)? (Nr) et 
&c. &c. | &e. 


We have then an infinite number of interpositions of dimensions 


* We intend to use this language in abbreviation of that of limits. See INFINITE 
and Lint in the Penny Cyclopedia. 


Y2 
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between those of z* and z***; and between each of the dimensions s0 - 
obtained, an infinite number may still be interpolated. Thus, write Ax 
in the form eàr, and it will be found, m being >O and <1, that 
e(a*x)@ is of a higher dimension than A*z, and of a lower than Az. 

If in the first line the signs of b and k be changed, of c and k in the’ 
second, &c., the dimension of the second column is still intermediate 
between those of the first and third. We may agree to denote 
at (Ar) (2z)’.... by ahes, which the comma will distinguish 
sufficiently from the notation of (40.) page 254: and we may call 
this the dimension [a, b, c,-...]. Thus, of the two dimensions 
[a, b,c,....] and [a’, b’,c’,....], that one is the higher which first 
shows a higher sub-dimension. Thus, [1, 1, 1, 3, 2] is higher than 
[1, 1, 1, 2, 10], but not so high as (1,1, $, 14, 20]. 


206. The critical value of n in Øx : 2”, or the limit of z/x : dz, being 
a, we know that do:o*tt=0 and da: a**=e. Hence the 
dimension of ør lies between that of x° and 2«***, however small k 
may be: but we may not therefore say that it has the same dimension 
as z*. Let us now try 2.2*: (Az)"; the critical value of n will be 
found to be 

a | 


b = limit of hr] 2 — al. 
Or 


Let this not be infinite; then @r.2~* lies between (Azx)’~ and (Ax)?t* 
in dimension, or $x has a dimension between [a, b—k] and [a, b+k]. 
But if b be infinite, then ¢@x belongs to some new kind of dimension, 
which falls between that of z*(Ax)° and z°t*, however great b, or how- 
ever ‘small k may be. Such a dimension is 2° e(4*x)”, m being >l, 
and many others might be given. We shall here confine ourselves to 
the cases in which the several sub-dimensions are finite. 

Let us now find the critical value of n in Or.2~* (Ar): (A*x)"”. If 
we call it c, we find 


c = limit of Ne {Aa (2 — a)— i 


Proceed in this way, and we come to the following theorem., 


Let P= L, and let P, =a, when < is infinite. 
PEA (P,—a,) o o @ P=a eeeeee © 
P= AFT (P, —a,) © o @ P,=a, eeeeee ® 


Then so long as no one of a, a), Q», &c. is infinite, the dimension of gr 
may be asserted to lie between those of [ao—k] and [a, +k], of 
[ao @,—k] and [do,a,—h], of [do a, ao—k] and [a , a, a,+k], &c., 
however small k may be: and if any one of the set $r:2", 
pz : 2 (Ax)", &c. have a finite value when «< is infinite, then øx has 
absolutely the dimension [a@,] or [@, a], &c. But when any one of the 
Set, do, @, &c. is infinite and positive, say a3, then Pz 1s of a dimension 
higher than that of 


x (Ax) (X22) (A22)™, and lower than that of 2° (Ar)™ (A’x)**", 


however great mm may be, or however small k. But if the first of the 
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set, say s, which becomes infinite is infinite and negative, then Øx is 
of a dimension lower than that of 


x” (Ax)* (A2r)%2 (°x) 7", and higher than that of 27 (Ax) (A81), | 


however great m may be, and however small k. And it is useless to 
attempt to make any terminable scale of dimensions, since between any 
two different dimensions an infinite number of intermediate dimensions 
may be interposed. 


207. The preceding contains only dimensions of the same, or a lower 
order than those of powers of x. The same theorem holds if P,= 
p'x.yx : prw'r, provided Ayr, Myr, &c. be substituted for Ax, Afr, &c. 
By this means the dimensions of functions higher than any power of z 
may be obtained; but there cannot be any method of ascending, or of 
obtaining the exponents of lower dimensions first. 


208. We shall now proceed to apply the preceding theorem to the 
rule (page 237) for the determination of the convergency or divergency 
of a series; which is correct in every point but this, namely, that what 
in the preceding articles would be called a dimension greater than that 
of z'—*, and less than that of z'+*, is there confounded with the absolute 
dimension of z. The rule, then, may be wrong when z¢’r: ġr=1. 

THEOREM. If ġx diminish without limit when z increases without 
limit, and do not become infinite after r= a, then, of the two expres- 
sions Ø (a)+ġ (4+1)+9(a4+2)+.... ad infinitum and Fai ox dr, 
either both are finite, or both are infinite. 

There must be, by hypothesis, some finite value of z, from and after 
which Øx continually decreases ; and this value may be chosen for a. 
Then, from z=a to r=a+ 1, fa>gzr> (a+1), whence 


Jt ba dz> f4 prdr> {7+ (a+1)dz; or pa>fit'prdr>p(a+1). 


Similarly, it may be shown that S a+1 Pr dx lies between ¢(a+1) and 
¢(a+2), and thus that /$*"g@rdzx, however great n may be, lies 
between pato (a+1)+...+6 (@+n—1) and ¢(@+1)+¢ (a+ 2)+ 
ose +Q(atn). But these last differ by ¢(@)—@(a+n): con- 
sequently the limit of the integral, and the sum of the series, do not 
differ by so much as (a@)—@(c), or ga. Hence ta ox dx, and 
gpa+d(a+1)+.... do not differ by so much as ga. 

Hence it follows that the series 

l 

aNd Na.. a NTa. (A"a)’ 

T a ; ; + 

(a+1)A(a+1).A(a+1)....X™(atl1) {a*(at] ye?" 

(beginning at a value of a so great that all the factors of the first 
term are possible) is convergent when e is greater than’ unity, and 
divergent when e is unity or less than unity. For 


l l d 
aye PT v 


TADA... N Ty ada 


J: rdr =0C0+ oo 


l—e 


, or CHAH, if e=1; 
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Å, rn" le _ (8p \l—e 
Se pr daa)" 7 a) , or At! o| — "ta, if e=l5 ', 


which is finite when e is greater than unity, and infinite when e is 
unity or less. Whence, by the preceding theorem, the conclusion 
obviously follows. 

In page 234 it is shown that when 2(1:9z) is convergent, any 
series in Which for dx is substituted a function of higher dimension is 
also convergent; or that if yr be higher than $2, È (wx) must be 
convergent when È (¢z)~" is convergent. Also that if yx be lower than 
dx, 2 (yx)™ must be divergent when È (x) ~" is divergent. This is 
merely the statement of the theorem, using the words higher and lower 
dimension in the extended sense; that is, instead of saying that pa: dr 
increases without limit with 2, we say that Ye is of higher dimension than ° 
$x, or higher than @r. And by higher understand the same or higher; 
by lower, the same or lower. 

Having proved, then, that when pr=x. Ax... . A". (A"z2)*, the series 
is convergent when e is greater than 1, and divergent when e is equal to 
or less than 1, it follows that every series ‘of the same or a higher 
dimension is convergent when the preceding is convergent, and every 
series of the same or a lower dimension is divergent when the preceding 
is divergent. From this the fullowing criterion of convergency or diver- 
gency (which includes the preceding one) may be found, the series 
being 

l l ] 


$ (a) P OG1) ? Oa De 


First examine P,=2d/xr : øx, when vis infinite. If, then, & the limit of 
Po, be >1, the series is convergent; if <1, divergent. But if a=1, 
. find a, the limit of P, or Ar (P,)—a,); then if a, >1 the series is con- 
vergent, if <1, divergent. But if a,=1, find a, the limit of P., or 
A*z (P,—a,); then if a@>1, the series is convergent, if <1, divergent. 
But if ag=1 examine P,, &c. &c. 

The demonstration is as follows. If a>1, then dz, being of a higher 
dimension than 2°“, however small k may be, can be made of a higher 
dimension than z*, where e is greater than 1. But 227° has in that case 
been shown to be convergent. Similarly, if @.<1, dz, which is of a 
lower dimension than zt‘, can be shown to be lower than 2°, where e<1. 
Butif a,=1, and if &eshould be >1, (and this includes the case in which 
it is infinite) ¢z is of a higher dimension than 2. (Ar), and can 
therefore be shown to be of a higher dimension than x (A2)‘, where 
e>1. But in this case 227'(Azr)~ has been shown to be convergent ; 
and so on. 


209. If a function could be shown for which do, a, &c. ad inf. are 
severally ==1, this criterion does not determine whether the series is 
convergent or divergent. But if in such a case there be convergency, 
it must be less than that of, Dx-°t, for any value of k, however small ; 
indeed, between the series just named and that in question, can be inter- 
posed an infinite number of series more convergent than the latter. 


210. If we substitute yr, the term of the series, for px its reciprocal, 
we have Pp=—2y'z : wa, the rest being as. before. 


d 
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Page 236, Example Í., (using n for z.) mE, Piety Ar: n 
(a* —1)=1, when n=, 
P,=An (P,—1)=An fas At—n Gas L)}sn jae 1), 
the denominator is Ar when n= œ , and the numerator, expanded, gives 


(Ax)? An (Ar)? An 


L 1 l 
n f Ap — 1—a™)} =a | E a eee ae 
Ana” {Ar—-n(l—z *)h =x a, a 
which =0 when n=: or the series is divergent. 
In page 237, Example V., for the words ‘‘ unity or less,’ must be 
read “ less than unity.” 


211. The same error is made in pages 180-182, the whole of which* 
must be read with reference only to those functions in which œz is finite, 
when the critical value of e in gr: (t—a)’ is =0. It is possible, how- 
ever, that such functions may have the same dimension as {AÀ (v—a)}°: 
these functions cannot be expanded in positive powers of r—a, but 
require both positive and negative powers. The pages in question, there- 
fore, include all that can be included under Taylor’s theorem: what 
they omit is the notice of a particular class (little, if at all, noticed 
hitherto) of exceptions. We shall proceed to some considerations on 
series containing both positive and negative powers of x. 


212. There is no difficulty in exhibiting any function in a double 
series, containing both positive and negative powers of x. For example, 
x itself. From among the infinite number of equivalents for 2, choose 
one, for example 

a x 
. l+e + l+r 

The first may be expanded into r— 14+ ™'— r ’°+r™°— ...., and the 
second into r—z*+a°—&c. The sum of these two series then is an 
equivalent to z, and an infinite number of such equivalents might be 
found. We are not then to say that two such developments must be 
identical, term for term, because they are developed from the same 
function: for one function may give an infinite number of different 
developments of this kind. Nor is the divergency of one part of the 
series, which will generally be found to happen, any impediment to the 
equation of the development and the function from which it was derived. 
For both developments may be made by Maclaurin’s theorem (as will 
immediately be shown) and Lagrange’s theorem on the value of the 
limits may be used, to represent the remnant, from and after any term, 
in a finite form. 

L ax 
| ~n (1+6azr)" 

Y. a @ Ia 14 l a” 
waste ta 


l l 
For example, log (1 + ar)=ar—> ax’ + 3% Tee 


6 and @’ being both <1. The second is “obtained by writing l:z 
instead of v in the first. Consequently, by subtraction, 


* Beginning from page 180, the fifth line from the bottom. 
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x Gta mE (=) Zi (2 a J+ i 
Je z Heee 
n q” 1 “Ú 


N aa 
a 
+ n (a +0ar)" (t+ ap) 


This series, carried ad infinitum, is convergent, if az and-a: x be both 
<1. If, however, a=1, it becomes 
l x” i=) 


ee PE ae ee eee 
Ba) OV ae nny (e+) 
If this be carried ad infinitum, it is the well known development of 
log x in positive and negative powers of 2, and is never convergent. 
That log x cannot be developed in positive powers alone, nor in negative 
powers alone, is sufficiently evident if we consider that it becomes 
infinite both when x is =0 and also when z=. 


‘“ 213. There is, however, a great difference between double series of - 
this kind made by arbitrary transformations, and those in which the 
mixture of positive and negative powers arises from logarithmic develop- 
ments. This difference, however, has not yet been established by 
demonstration, though it is found in a very remarkable theorem,” as 
follows. Let Wz be a function which has a root a, so that Pr=(a#—a) px. 
Then 


Wa i MX _:@,,1a 
| log. =log\ | Sey betina +3 = ee se blog ġa. 


If, then, log dz can be expanded in positive powers of z, and log 
(wx :2) in positive and negative powers of x, (both which can gene- 
rally be done,) and if the identity of the two sides of the equation be 
then assumed, it follows that —a=coeff. of z~* on the first side. 


214. We shall conclude this chapter of developments by giving a 
process which will successively introduce the student to a notion of the 
calculus of derivations, the combinatorial analysis, and the calculus 
of generating functions. We have already seen successive derivation, 
and its use, in the successive diff. co. of a function and the theorems by 
which they are employed in development. 
‘ When possible, required the developmentt of  (a)-+a,t+a,2°+ .. -) 
in powers of x. When it is required to represent complicated results, 
let a,=a, a, =b, ag=c, &c., the indices of the different letters being , 


a b c e fgj hk ùM n.... 
0 12 8 4 5 6 7 8 9 luae, 


> This theorem was given by Mr. Murphy, in the fourth volume of the Cambridge 
Philosophical Transactions, and, independently of the defect of absolute proof, is 
one of the most general and interesting contributions which analysis has received 
for many years. It is derived from the assumption, certainly not generally true, 
that two double series which are developed from the same function, are identical, 
term for term. Yet almost every general theorem of development can be obtained 
from the use of this theorem, and it has not shown any case of failure. See the 
volume just cited, and also Mr. Murphy’s treatise on Algebraic Equations in the 
Library of Useful Knowledge (page 77). “a 

+ This investigation is a deduction of the method of derivation from a more 
analytical principle than that of Arbogast, though it terminates of course in the 
same process, or rather in the decomposition of the process of Arbogast into its 
most simple elements. 
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Let Plata rtast?+....J=Aot A atA... 
Differentiate both sides with respect to @,,; we have then 


gg 1o dA, dÀ 2 ; 

x" $ (+n r+....J=T- TA rH tH. 

but ¢' (at... SA 42At t . +++, and contains no negative power 
of x; consequently, for all values of m, 


dA, dA, _ dager R 
Ja da .... up to las =()s 


or a,, does not appear before the coefficient Am appears ; and we have 
dA, dAn dA,, 
P (Ata t+.++ =a -4 a Pye Morian E OOA 


D dan dam 


But this series is the same thing whatever value of m is employed ; 
namely, A, +2A t+... Consequently the coefficients of the same 
power of x with different values of m are equal, or 


dA min dA azia _dÅm-4n P 
TDT a &C. cooo (A)S 


= that is, any A being differentiated with respect to any a, gives the same 

result as an A which is p terms before or behind the first mentioned, 
differentiated with respect to an a which is as many terms before or 
behind the first mentioned a. Or 


dAm _ dAn—1 _ dAn-2_ dAm+1 dAn+s 
da, dap da, a dana = daper e 
dA, dA, 


First, Ap=¢a), and —— =——=@'a), whence A =a, 9'aa +C, where 
i da, day 


C is no function of a. But nothing higher than a, can enter A,, there- 
fore C is a function of a, only. But, in fact, C0, for as it 1s in- 
dependent of a, az, a, &c., it is the same as if they were all =0, or as in 
the development of @ (a), in which A,=0, or C=0. The same con- 
sideration shows that in the remainder of the investigation no in- 
dependent constants can enter. 

Next, it is clear that the form of Am with respect to @, is 


Po Pn Io + Py Pm—1 Apt sose.. + Prt Pı Ug, 


where P,, &c. are independent of ay and Py Ao, Pn—1 My, &C. do not 
mean the simple diff. co., but those coefficients divided by 1.2.3.... 
m, 1.2.3....m—l1, &c.: ġ'a aud p,a being of course the same things. 
This follows obviously from the development by Taylor's theorem, 
which is 

(A, tart. .)= atha. (A, Hart. AGA, (atatt e) H. 


And it is clear that ma, enters for the first time in Ams with the co- 
efficient a,". Consequently, leaving blanks (numbered) for coefficients 
to be discovered, we have the following table of the general form of 
A, Av &c. 


330 . DIFFERENTIAL AND INTEGRAL CALCULUS. 


A, = P a 
Ay = | a, 
4 = ( 1 )da.+ a; Peo 


( 

( 2 )diaot( 4 ) a+ a! Dstt, 

(3 ) Pia +( 5 ) Pedy + ( 6 ) Pado + a! Pa 
&c. &c. &c. 


The blanks are filled up by an easy process, which may be called 
derivation. This is somewhat different from the derivation of Arbogast, 
which will appear hereafter. It follows immediately from the equations 
(A) that each blank must be so filled up as, on being differentiated with 
respect to any letter, to yield the same as the next higher coefficient in 
the same column differentiated with respect to the next preceding letter. 
To fulfil this condition, the process is very simple; as follows. Suppose ` 
be+ce+bf fills up one of the blanks, what is to fill the one under it? 
From be by b-diff". (or differentiation with respect to b) comes e, but 
this must come by c-diff". from the next, therefore ce is in the next, 
and bf also, since b comes from e-diff" in the present term, and should 
come from f-diff" in the next. Again, ce would give ee by the same 
rule, but this must be divided by 2, for c-diff" of the present term gives 
e, and e-diff" of ee would give 2e. Also cf is aterm from ce. Again, 
from bf first would come cf, but this term has already occurred, and if cf 
came twice, c-diff” of the next would give results from both, and would 
give 2f, whereas b-diff” of the present one gives only f from the term Of. 
Obviously, whatever conditions a new term is required to fulfil, they are 
fulfilled if that term has already occurred, and would be repeated twice 
over if the term were allowed to enter twice. Finally, bg must enter in 
the new coefficient. Consequently, the derivative of be+ce+Odf is 
ce+bf+te'+cf+bg. And the rules of derivation are as follows. 

1. Differentiate as if all the letters were functions of a common 
variable, and mstead of the diff. co. of each letter write the next. (Thus 


i 


de 
if ¢ be the common variahle, ce e gives ce, b TE gives bf, &c.) 


2. Whenever, by the preceding process, a newly entering letter 
increases the exponent of one which is already in the term, divide the 
term as it stands after derivation by the exponent as increased. 

3. When aterm newly obtained has been obtained before in the same 
derivation, throw it away. 

The successive derivations may be denoted by D, D*, in this particular 
problem. 

We give as an example some derivations from bt, A term in 
brackets means that it is either altered or thrown away: if altered, the 
alteration is written immediately after. When altered, and then thrown 
away, both are in brackets. 


D. =4b"'c D°.bt= [120c .c] 6b? 4 be = 6b? +- 4b%e 

D?, bt = [12bc . c°] 4bc? + 12b°ce+ [12b%ce] + 4b°f 
= 4b +120" ce 44b°f 

D‘.b*=[4c.c*] c+ 12bce + [24bc. ce, 12bce]+[12be.e] 6b%e*+- 12b°cf 
+ [12b°cf] + 4% 
= c*-+ l12be + 6be + 126°cf+ 46°9. 
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This being done, and the results tabulated to a sufficient extent, we 
have 


A = D”-'b. pa +D" =EL. pat .. ef DO™ On 0a tb" Pn A, 
and the total result may be represented by 
p (a+be+cr*+er?+....)= 2D" b. ppa. a", 


the symbol £ extending to every whole valuc of m, (0 included,) and 
simultaneously to every value of p which does not exceed m : ¢, mean- 
ing the diff. co. 6a divided by 2.3... .p. 


215. The following is the table requisite for the formation of A,, up 
to Ajo inclusive : 
Db=c 
D'b=e | D b?=2bc 
D°o=f | D*b?=2be +e 
D'b=g | D =2bf +2ce 
D'b=h | D =2bg +2cf + e 
Dêb=k | D=2bh +2cg + ef 
D=? | Deh? =2bk +2ch +2eg+f" 
D%=m | D7b°=26/ +2ck +2eh+2fg 
D%}=n | D?=2hm+2cl +2ek + 2fh+ 2° 


D b= 3b°c 

D*h?= 3b%e +3bc? 

Db =3bf + 6bce + c? 

Dt —=3b°g +6bef +3be? + 3c’e 

D= 30°h +6bcq + 6bef +3tf + 3ce 

D% = 3b k+ 6bch+6beg +3c’¢+3bf? +6cef +e 

D= 3b +6bck+6beh +3°h+6bfg +6ceg + 3cf*+ 3e%f 


D b= 4b°c 

D? = 4be + 66°C” 

Do—=— 4f +12b°ce + 4bc° 

Dt =4bg +12b°cf + 6b +12be + ct 

Db —4b°h +12bce +12bef +12bc°f + 1Qbee* + 4c°e [+6ce? 
D8h+—= 4b°k +i2bch+12beg +12b°g t+ 6f? +24bcef +4cif -+ 4be 


- Db=5b*‘c 
D= 5bte + 106°%c° 
D35 = 5b*f + 20b%ce + 106*c° 
Dtb'=5b*g+ 20b%cf + 10 btt 30b eA She’ 
Db = 5bth + 20b°cg + 20d ef + 30b*%c#f+ 30b*ce’ + 20bc*e +c 
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D &=6b'e 
D= 6b5e +15b*c* 
D*}s= 6b f + 30b‘ce 4200c? 
D*b8= 6b5g + 30b*cf + 15b*e? 60b c*e + 156%c* 


D 67=7b'c 
D*b7= bse 4+ 21 b5c? 
D*b7=7b° f+ 4265ce + 355*c° 


D b8=Sb’c 
IDL = Sbe + 280'c* 


Db=9b°c. 
216. Prove from the preceding, that 
| | 
$ (= )=9+ det (p+ ġo) zlot 2a + ps) 2° 


H(t 3p: +3 +) tene 


where @, is the value of the divided nth diff. co. of oz, when t=]. 
Also verify the developments in (61.), (64.), (156.) 


217. If we form the successive derivatives of ġa, we shall find 
Dga=ġ'a.b =a .b 


2 
D'’¢ga=ġ'a. Db +o'a. = =¢,a.Db+9,a.6° 


D. Rn Oe 
D'¢a=¢/a D*)+9"a (bD +>) ga 23 
=a D*)+¢,a.Db°+4,a.6° 5 
from which we should suppose that 
D"¢da=D"" b. pa +D. Dat oo ee FO”. mde o.o.. (D) 


The proof can be easily completed, as follows. Let the preceding be 
true, then D¢,a, or Dpa: 2.3....p is Pa.b: 2,3....p, Or 
p4 X (p+1) 6. Consequently, subject to rejection of repetitions, 


D"*'¢a=D"b.9,a+ (20D"~'b + D"-'b’)p:a + (30D + D™~*b") 34+ 
ooo (mbDb™"'+ Db”) 6,44 6") basi 


Now since any repetition of terms, however often it may occur, is 
followed by an immediate rejection of the repeated terms, and since in 


ether respects the formulze of differentiation will apply, we have (as in 
Ex. 2, p. 245) 


D” b+! or D” (b.b) =bD" b‘+mDb.D™"'b'+..,.. 


all the terms therefore of bD” b" are found in D” b*+!, and therefore in 


* This term is rejected, the two being the same, 
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the formula above written for D"*'¢a, the first term of cach coeflicient 
in brackets may be rejected, as being no more than a repetition of terms 
contained in the second coefficient. We have thin 


D"'ga=D"b pia +D- dat -+ DO” pna HOH nyal; 


or the theorem (D) is true for the m-4-1th derivation, if true for the 
mth. Being true for the first, as shown, it is therefore true for ull. 


218. We have then 
$ (at+br+cr*+....)=$a+Dea.r+D%ha.2°+D*ha.2°+.... 


which shows that this method of derivation is a generalization, one 
particular case of which is divided differentiation, as follows. Let a he 
a function of t, and let 

l da 1 db l dc l de . 


Para. o= - a “Sap I aa 


if, then, a=yt, we have 


&c.: 


l (put 
$ (abater, ...J = (p (0Ha ppt HED ot... 
=ġa +“, rp St. 
t 
Consequently, ` D"ġa= Tae, 1.2.3 
1 da 2, _ ld. Dga 1 d-D'°ġa 
or Dġa=7 =i” D'pa=5 a Difa=3 ae , &e. 


219. The preceding affords a ready mode of finding any diff. co. 
which may be wanted of ¢a with respect to t. Suppose, for example, 
we would express the fifth diff. co. We first take out D>.ga, which is 


2 ee $a |, Ga 

eo gat P? 2.3. mate 2.3.4.5 . 
This, multiplied by 2.3.4.5, gives the diff. co. when the substitutions 
are properly made in the derivatives of the powers of b: take out the 
preceding derivatives from the table, after the multiplication just 
alluded to, and we have (writing the index of each letter) 


1202. 'a+60(2b,f,+2cxes)p"a-+20 (3bie,+35,c5)9""a+5 . 4 bic.o"a+t biga. 


Denote the diff. co. of a with respect to £ by a’, a”, &e. Then, for b 
write a’, for c write a”: 2; for e, a": 2.3; for f, a ¥:2.3.4; for gs, 
a`: 2.3.4.5. The most commodious way of doing this is under J, c, e, 
f, and g, to write indices 1, 2, 3, 4, and 5, and to let these indices be 
guides to the divisors which are to be introduced. The result is 


a'h'a + (5a'a" + 10a"a") oa + (10a"a fel 15a a) p'a 
de 10a%a" h"a + al’ a, 
which may be verified by common methods. 


Db. b'a +D — 


220. The theorem in (217.) may be made to give higher derivatives 
from those already formed. Thus 
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m+) hr m r-l m—1 2 pasl r—2 
D”+! 6°=D"c.7rb"'+D oar b p... 


[r,r—m+1],._ [7,7—m] , on 
D m. b mt m+) br m b 
ae rey 


If, then, all the derivatives of b up to the mth be formed, those of c 
can be found by changing b into c, c into e, &c.; whence the (m+ 1)th 
derivative of b can be found. I think, however, that the method in 
(215.) is the more easy, though the present one may serve for verifica- 
tion. Thus, D5 5‘, as found in the table, is, when arranged in powers 
of b, 

h. 4b? + (2cg + 2ef) 6° + (3c°f+ 3ce*) 4b-+ 4ce, 


or - D*te.46% + D’c?. 667+ Dec. 4b+ Dæ.l+c.0. 


This is the method employed by Arbogast himself, in whose work 
D” .b” stands for what in the present notation would be 2.3.. .m.D™.b". 
To exhibit the actual formation of D+ b* by this method, we have 


D*c. 45° = 4b ¢ 
at Bt È. 6b? = 6b? (De. 2c = 126°cf 

Dt b= lte. 1 =6be 
Jap c?.46 ==12bc’e 
+ ct. 1 =c. 


The five resulting terms put together make the value of D* bt in the 
table. 


221. Having yr=ar+br?+cr°+...., required an application’ of 
the preceding theory to the determination of %~*z, or to the reversion of 
the series ax-+bz*+.... In (156.) it is shown that the development 
of u'r is Po, +4 P, 2 £+ &c., where Pun means the coefficient of z” 
in the development of (a+6r-+....)~". > We want from this P,_,, n 
Let da=a™": we have, d for the coefficient of 2"~', 


n(n+1)\_ 


Dv'ba=D-"5( — 2 mi , \+D"- uG: +h Loen k 


a j [n= ija" 
The sign + being used when n is odd, and — when it is even. The deve- 
lopment required is then obtained by writing the cases of the preceding 
expression instead of those of P,_,,, in the form obtained from (156.) 
Suppose it required to verify the coefficient of u7 in the article cited. 
We have then to find the value of the preceding when n=7, and to 
' divide it by 7. This gives 
—D*h. a~° + 4D*b?..a-° —12D*b* .a~ +. 30D! .a-"! 
— 66D65.a~” + 1326°.a-™. 
Bring all to the common denominator a, and take the derivatives from 
the table. This gives for the numerator the following, the order of the 
terms being inverted. 
132b°—330ab‘c + 30a? (4b%e + 66°c*) —12a° (3b°f+ 6bce-+-c’*) 
+ 4a‘ (2bg + 2cf-+-e*)—a*h. [Compare this with page 306.] 
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222. Required the expansion of (l+-br-+cz*+....)°'. The diff. 
co. of a~, when a=1, are —1, 2, —2.3, 2.3.4, &c., and divided, they 
are, —1, +1, — 1l, &c. 


D"¢1 — Db p”-2þ?— D"-33? + . tb" ee mae 


(a +br+....)7=1—br+ (B—Db) 2°—(b*§— DEDE) tp... 


The materials for finding this to the tenth power of x are in the table. 
Hence we have a simple form for the quotient of a’+ b/x+c'1°+...., 
divided by 1+ br+cx*+....; namely, 


a'— {a'b —b'} r+ {a' (6°>—Db)—b/b+c'} z 
— {a (—Db + Db) —b' (b°—Db)+c'b—e'} t... 


223. The combinatorial analysis mainly consists in the analysis 
of complicated developments by means of à priori consideration and 
collection of the different combinations of terms which can enter the 
coefficients. The first theorem of the kind which the student usually 
meets with is the well known development of (1++)", when n is a 
whole number, depending upon the obvious fact, that in (1+x)(1 +<) 

s(n factors) x” must appear once for every manner in which m zes 
out of m factors can be combined by multiplication with the units of 
the n—m remaining factors. 

If we multiply together a+b+c+....,a/+b’+c'+....,a/4+b'+ 
c’+-...., &c. (n factors), the product consists of a number of products 
containing a term for every combination of n factors, one out of each of the 
polynomial factors. But if we multiply together a,+a,7+a,2°+..., 
bot birt bat? + ....(n factors); the coefficient of z” will consist of such 
combinations above described only, as have the sum of their distinctive 
indices equal to m. Thus, if we want the coefficient of 2°, there being 
four factors, we must ask in how may ways 5 can be com posed of four 
numbers, 0 included. Thus we have 


0005 gives dy bo Co €,, Ap bye, Co, &C. | 0113 gives a,b,c, €p a, bi C3 6r, KC. 
0014 gives dy bo Cı ess Ay 6,0, 1, &e. | 0122 gives ay by Ce ey, Ay Cy Dg C2, KC. 
0023 gives dy bo Cz sy Ay bo Cs €a, &C. | 1112 gives a, bi Cı eg, a, 6, e, ca, &e. 


Collections of tables of the different methods in which numbers may be 
constructed by additions of lower numbers, under various conditions, 
make the fundamental tables of this method, just as those of the deriva- 
. tives of powers of b are the fundamental tables of reference in the 
method of Arbogast. 


224. Required the development of (a+, z +a, a” +....)", n heing 
a whole number. To find the coefficient of z” we must find ever y way 
in which » numbers (0 included) can be put together to make m. Let 
us suppose that the 10th power is the one in question, aud let n=4. 

Firstly; take 10 in four different numbers, as 1, 2, 3,4. Hence 
Q, Ag a, Q, is a part of the coefficient of x. But a, may come from 
either of the four factors, a, from either of the remaining three, &c., so 
that if we write first the number which comes out of the first factor, &c., 
we have, in the coefficient of z", a, dg @3 A4 + Ae A, Az Ay + A, As Qoa t&C., 
repeated as many times as there can be made different arrangements of 
four quantities. Hence 4.3.2.1 a, a, a@; a, is a part of the coefficient. 
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Secondly, take four numbers to make 10, which are not all different, 
as 2, 2,3,3. The number of ways in which as, as, d; a; can be written 
is not so many as before, for uw, from the first factor and a, from the 
second is the same selection as a; from the second and a, from the first. 
In fact, by a well known rule of common algebra the number of different 
arrangements of dy, az, ds, ds is (4.3.2.1) —(1.2X%1.2). Generalizing 
this reasoning, we find the following method of finding the coefficient 
of the mth power of x in the development of the nth power of 
Q,+-ac+.... Let kl+kl’+.....=m, in which Rk+k'+.... 
=n, and find every possible way in which these equations can be 
solved, k, k', &c., l, l’, &c. being positive whole numbers (0 included). 
Then the coefficient required, which call Pm, n is 


T l. 2 e 3 e®e@ee n 
= 3| ——— c É. a.. À d. 
E OE E A ET ) 
225. Required the development of @(a+br+cr*+....). This, 


by Taylor’s theorem, is . 
lI 
ga+¢'a.x(b+cr+er*+.. tea (b+cxfex?+....)Ppewee5s | 


whence it is evident that, making b=a), c=a,, &c. in the last problem, 
the coefficient of x2” is 
ala gin) a pa 

1 a DER ae —. 
Paii a+ Pas pe +P im T e 
Tables may be provided to facilitate the formation of these coefficients, 
but in Arbogast’s method they are already formed.* Comparing the 
preceding expression with (214.), we see that 


Poe Oy. Pegg DMD ncn Pag m Dor, 


226.” Wejhave, however, gained by the preceding a method of form- 
ing or of verifying any derivative of a power of b independently of the ` 
rest. Take as an instance D> 6*. We have, therefore, to examine every 
way in which four numbers (0 included) can be put together to make 5. 
The different ways are 


0005 0014 0023 0113 0122 1112. 


The letters which should have the indices 0, 1, 2, 3, 4, 5 are b,c,¢, f, S, 
h. Observing what indices are repeated, we have for the terms of D5 b* 
1.2.3.4 ,, 1.2.3.4 1.2.3.4 1.2.3.4 
eiS ch G, T, e ee 4 a hoa 
1.2.3.1 121d? E ana Ta OO 
1.2.3.4 120354 » 


| krl PTAL ” 
which computed and put together give the same as in the table. 


227. The most simple form of the development of (a+br+czr’? 
+....)" is 


* As far as I have compared the methods of Arbogast with those of Hindenburg, 
this is always the case. he tables of reference of the former method are one step 
more towards the solution than those of the latter. In other respects their powers 
are much the same, as far as developments are concerned. 
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a"+Da".2+D2%a".2°+ D'a".2°+...., 


where, when n is integer, the derivatives of a” may he formed directly 
from the table of b, by substituting a for b, b for c, c for e, &c. 

From this it may be shown, that D5" may be described as the 
coefficient of z” y” in the development of 1 : (1—yz), px standing for 
b-+-crotexr?+...- 


228. The last article has left us in possession of a result which 
belongs to the calculus of generating functions, which should be con- 
sidered as a sort of inverse method to the combinatorial analysis, though 
neither was originally set forth in connexion with the other, and either 
may have developments to which the corresponding parts of the other 
have not yet been investigated. Every mathematical method has its 
inverse, as truly, and for the same reason, as it is impossible to make a 
road from one town to another, without at the same time making one 
from the second to the first. The combinatorial analysis is analysis by 
means of combinations; the calculus of generating functions is combina- 
tion by means of analysis. Thus, having observed (and the observation 
is common to both methods) that in (14+2)(1+2)....2 factors, the 
coefficient of x7 must be the number of combinations of 7 out of n, the 
combinatorial analysis requires us to find that number, and thence to 
infer the coefficient of x7; the calculus of generating functions requires 
us to expand (1 +x)" by purely algebraical considerations, and from the 
coefficient of x? infers the number of ways in which 7 can be taken out 
of n. 


229. Let dt, expanded in powers of t, give ao+a,t+a,t*+.... 
Then ¢é being given, and also n, the coefficient of t" is implicitly given, 
and is therefore a function of n. The function øt is then called the 
gencrating function of a,, which is a function of n. Thus m:(1—t)= 
m+mt+me+.... or m:(1—4) is the generating function of the con- 
stant m: again m:(1—?)=m+m+mt'+...., and is the gene- 
rating function of a function of n, which is =m for every even value of 
n, and =0 for every odd value. This function ism(1+(—1)"). The 
generating function of n itself is t: (1— t)? ; the generating function of 
a, +6, is made by adding or subtracting the generating functions of a, 
and b, 

If ġt generate a,, t*@t generates a,_,; for ‘in ¢*pt the coefficient of t" 
is that of tă in dt. Similarly,* (“Pt generates a,4,. 

If pi generate a,, and Wt generate b,, Pi X We generates ab, +a, b,.+ 
e.o. +a bo If, then, 6,=1, or Yyt= 1 : (1—t), we find that g¢ : (1— t) 
generates d)+0,+....+@,, and tót : 1—t generates a) +a t » o o + ani 
or 2a,,. 


230. The last remark enables us to pass to the generating function in 
an infinite number of cases. Let us, for abbreviation, express a)+ ać 
-+a,2+&c. by (a,@a,....). Then, for instance, 1+¢+¢ generates 
(1,1,1,0,0....), consequently (1-+-¢+2?)¢: (1—2) generates (0,0+1, 
0+1+1, 0+1414I1, 04+14+14+140....), or (0, 1,2,3,3,3....). 
Again, 1 +£ generates (1,1,0,0....), (14+¢):(1—Z) generates 


* The student should now look through the various developments which have 
been made, and should describe each in the language of generating functions. 
Z 
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(1, 2,2,2....)3 therefore (1 +¢) : (1—¢)® generates (1,3, 5,7....), 
and (1-+t): a—2? generates (1, 4,9,16....). 

If pt generate a,, Ht: (1—?*) generates A,+Q,.2+..--, ending 
with ao when n ìs even, and with a, when n is odd. Find what 
gt: (1 —z”) generates. 


231. If t generate a,, whatever function of a, wtx@t generates, 
it is obvious that wi x (wt. Gt) generates the same function of the new 
coefficients. If, then, we find that a certain operation on a, is gene- 
. rated by yt.@t, we know that the same operation repeated on the 
results, and so on, until it has been repeated n times, will be generated 
by (wt)".@t. This may be exemplified as follows. Let the operation 
in question be Ant ™— ins which call Aa, and let Aa,,,—Aa, be Aa, as 
usual. The generating function of ap}ı— a, is (t'—1).ġt, whence that 
of A*a, is (t'—1)* dt. But 


(t—1)* pt=t™ bt — kt- hte ae 1-6) pissen, 


_ of which ¢“‘é generates a,,,, kt~“~” dt generates ka,,,_,, and so on. 
But when two functions are identical they must generate the same 
function, since no function of ¢ can be expanded in whole and positive 
powers of t in two different ways. Hence 


= 


k 
A On Unyk — Râ nyk- tk Any Ko a | 


as already known. Again 


k= (Vt $= 1 +R (1) 4k (14+ me 


Multiply by ¢é, infer the equality of the generated from that of the 
generating functions, and we have 


k—1 
nth = Ont kâa t k->— Le Antesecy 


which is also known. Let 1:f=y, and assume y=z+ «xy; then, as 
in p. 170, y =2z*+yz.k x+... ., or substituting values for y and 2, 


fies f Aaa *) + 
t=" 4 (yz. kz Ze t © (Ge). kz*"). (= E] 


k—l 
9 


Let z=1, multiply by gt, and let P,, Ps, &c. be the values of xz. kz 
&c., when z=1. Again, let (xt) —' ot, (xt) pt, &c. generate 
Xi, m Xo, n &C.3 then, inferring as before, we have 


anyk = An t+ P AX, act: =P, A? Xen +5 z Ps A* Xs, nte 


For instance, let yy =y", then 
qm- 


dg™- 


{2 ke l—=—[mr+k—-1, mr+k-m-+ 1] Revues 


and (¢-")~", pt generates an-me Consequently (z=1) 
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Ong pean thAa,_,+h a tiz : 


Sp APG, 9 


3r+k—1 37+k—2 
aa aa aa a 


According to analogy A-'a, denotes Za, But the generating function 
of A~* a, should be (¢-'—1)~' ¢t, and we have already shown that this 
is the generating function of Za, 


is Oe” See 


232. To show the application of the calculus of generating functions 
to a question of combinations, we propose the following question ; in how 
many different ways* may the number p be made up of lesser numbers, 
no one of which falls short of n. If we take the quantity 2"+.2""! 
+... ad inf., and raise it to the kth power, it is plain that z” enters once 
for every way in which p can be made up of k numbers, no one of which 
is less than n. If, then, we take 


BEE cee bt t+ oe P+ (aa +... P+... .ad inf. 


x? enters once for every way in which p can be made up of 1, 2, 3, &c. 
numbers, no one of which is less than n. But A+A?+..... 
=A:(1—A), consequently the number required is the coefficient of x? 
in the development of é 


D aae A siie _ @3(l—z) , x" 
pia jae NS or Š n 9 or e 
1—(a"+2"7*+...) 1—z":(1—z) I—zr—2z". 


P qT” oe" zs 


-e e ee ees 
Ir-r 1s (=z (ory 


But 


the Ath term of which is 2" (1—zx)~*, and when developed contains 
a? as long as kn is less than (or not greater than) p. The co- 
efficient of z? in the development of x" (1—x)— is that of æ-* in 
(1—zr)~, or 
[A, R+-p—kn—1] 
[pin] 

Let then p:n give a quotient g, (neglecting the remainder,) and 
the answer required is, g terms of the following series, 


U,p—7] , [2,p—2n+1] [3, p—3n +2] 
 [p—n] [p— 2n] [p—3n] Teese, 


or 1+ (p—2n 1) +P SAt t 


eeee 
on! 


For example, in how many ways can 11 be made out of numbers, no 
one of which is less than 2? Here p=11, n=2, q=5, and the 
answer is 


6.7 4.5.6 2.3.4.5 
tees +a toa 


9 7 OF D0; 
These 55 ways are 11; 9+2, 8+3, 7+44, 6+5, each in two Ways ; 


* This counts different orders as different ways: thus 3+3-+4 and $ 
in this problem, different ways of making 10, 7 9+9+4 and S+4+3 are, 


“2 
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74242, 54+3+3,3+4+4, each in three ways; 6+3+2,54+4+2, 
each in 6 ways; 2+2+43+4 in 12 ways; 24+34+3+43 and 24+242+5, 
each in 4 ways; 2+2+2+2-+-5, in 5 ways; 55 in all.: 


233. It is sufficiently evident that two functions which are the same 
in different forms must generate the same function, it may he also in 
different forms. Thus (¢+4t*+é°) :(1—é)* generates n*, or the co- 
efficient of t" is n°. If we decompose the preceding fraction into three, 
the first will be found to generate [n,2+2]:2.3, the second 4 [n—1, 
n+1]:2.3, and the third [n—2, n]: 2.3, the sum of which is n°. 

But the converse is not necessarily true, unless it happen that all the 
different forms of the generating function are made to commence from 
the same power of ¢. For though we call a+a,t+a,?+.... the 
generating function of a,, yet aat +a tatta t... is also the 
generating function of the same, with one more term, and at +a? +...» 
with one term less. When, therefore, the equality of two generated 
functions is asserted, that of the generating functions can only be 
inferred when they are made to begin with the same power of t. The 
following problem will illustrate this. 

Required the function a,, which has the property of being equal to 
Aata,- If ġt be the generating function of a„, (beginning with ao) 
tpt is that of a,_,, and ¿øt that of a,_,, whence tøt+t¢ġt is that of 
‘da-ta but it begins with a, t+ (aaao) E+...» Hence we have 
dt—a,—a, t=(ht+t’pt—ayt, or 


_a(l—t)+at_ f fo. >. 
ne Te, may eer Sage NE 


+a EA ANL mr 
r= I= ; 


by a process similar to that in the last article, the coefficient of ¢" in this 
development, or the value of a,, will be found to be 


a {fe n—2] . [2, n— 3] £ [3, n—4] oe .} 


[n—2] n—4] [n— 6] 
[1, n—1] | [2, n—2] e 
Viet pes toot 


the number of terms in the coefficient of a being 4n or $(n—1), 
according as 7 is even or odd, and the number in that of a, being n or 
}(n+1). And a, and a, may be taken at pleasure. Also, if in the 
preceding notation [0] appears in the denominator, the whole term is 
unity. 

For example, a, should be 


{1.2.3 2), f1.2.3.4 


2.3 : 
% 11.2.3 tfta 17 973.4 +75 +1/=3a,45¢, 


which is easily verified, since the terms are a), d,, a= U; tao Gs 


34] 


CHAPTER XIV. 
APPLICATION TO GEOMETRY* OF TWO DIMENSIONS. 


Tuae applications of the Differential and Integral Calculus to geometry 
are twofold in character. Those of the first kind are such as simply 
require the algebraical treatment of a geometrical question, and make 
use of the Differential Calculus in aid of the algebraical treatment. 

Thus a question of geometry might give œ (a+h) as the answer, and qa 
being already known, and A small, it may be convenient to calculate an 
approximate result by applying our rules, (not so much to the geometry 
of the question as to the algebra which it is found convenient to employ 
in the solution,) and by using ¢a+¢/a.h. All the geometrical questions 
of maxima and minima in pages 296—303 fall under this head: and in 
this sense all the applications of our science hitherto made to algcbra 
are also applications to every science in which algebra can be made 
useful. The second, and more direct application of the science of 
geometry, consists in the formation of a body of general rules, by which 
the differential relations of space are treated ; and in which, though the 
application is made through algebra, it is not the formation of isolated 
results, but of general precepts, which is the main object of the appli- 
cation. In this point of view we have to consider successively geometry 
of two and of three dimensions. 

- I suppose the student to be familiar with the method of coordinates, 
the distinction of positive and negative coordinates, the equations of the 
straight line and of the conic sections. But as the general relations of 
sign are imperfectly treated in elementary works, and as the perception 
of the universality of the results and precepts to which we shall come 
depends upon a thorough acquaintance with this part of the subject, I 
propose to begin this chapter by suppiying the necessary considerations. 


The directions OX and OX’ are the positive and negative directions of 
the abscissa; OY and OY’ of the ordinate. The positive direction of 
revolution round OP is from OX to OX again, through OY, OX’, Oy, 
as marked by the arrows in the left hand diagram. Take any point P: 
the line OP has no sign in itself, but according as one or the other sign 


= It is not my intention in this chapter to dwell on any matter which belongs to 
the simple application of algebra to geometry, and which can be found in the 
treatise on that subject. This treatise will be referred to by the initial letters A. G. ; 
thus, (A. G. 100) means the 100th article. 
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is given to OP, all lines passing through P divide into two directions 
with different signs. And the rule for assigning the signs is this: if P 
were to move along a line drawn through OP, in one direction of motion 
OP would revolve positively, and in the other negatively ; when OP is 
positive, the positive direction is that in which OP revolves positively 
when P moves in that direction; when PO is negative the positive 
direction is that in which OP revolves ne gatively when P moves in that 
direction. Or, the positive direction on any line is that in which OP 
and the direction of revolution have the same names; the negative 
direction, that in which they have different names. The preceding 
diagrams contain various instances, all on the supposition that OP is 
positive. 

If a line move parallel to itself, its directions retain their signs until it 
crosses the origin O, when, if OP retain the same sign, the signs of the 
directions change. But if OP change sign when the lines travel 
through the origin, the directions do not change sign. At the moment 
when the change of sign takes place, there is, as before, no sign except 
an arbitrary one, 

The angle made by a line with an axis is in all cases to be found by 
drawing through the origin a parallel to its positive direction, and 
measuring the angle made by that parallel with the -axis in the positive 
direction of revolution. Thus, if OP be positive, the angle* made by the 
line drawn through P is XOM, greater than two 
right angles; but if OP be negative it is XON. 

The angle made by two lines may be cun- 
sidered as positive or negative, according as one or — 
the other is mentioned first. Thus,if OA and OB 
make angles æ and § with the positive side of the 
axis of X,then a— should be called the angle 

made by OA with OB, and B—e the angle made 
by OB with OA. It is, however, possible to 
make the distinction between the angle of OB with OA, and that of 
OA with OB, as follows. Let the angle made by OA with OB be that 
made by passing from OA tu OB by revolution in the negative direction. 
In this manner the angle of OB with OA, made by passing from OB to 
OA in the negative direction is 2r—0, if that of OA with OB be 0: 
and 27—6 has all the properties of —9. If, however, we allow the 
second method, it must be kept in mind that results may be greater by 
2r than they would be in the first. T shall use the first method. 

We gain by the preceding definitions not only the power of repre- 
senting the relations of direction by simple and universal theorems,t 


* It may be useful to notice that when a line cuts a triangle out of the first 
quarter of space, the angle it makes with the axis of x lies between one and two 
right angles ; out of the second, between two and three; out of the third, between 
three and four; and out of the fourth, between four and five, (or an angle less than 
one right angle. ) 

+ Since the angle made by a line is that made by the positive side of it with the 
axis of x, conversely, negative radii are to be measured in the direction opposite to 
the lines bounding the angles which belong to them; that is, if r=9¢ be the polar 
equation to a curve, whenever ¢@ is negative, the line which has traced out the 
angle 4 is not the direction of r, but the opposite. Owing to the neglect of this 
extension, the spiral of Archimedes has only half its convolutions, and r=a +684 cf 
would frequently loose a loop. The reciprocal spiral also has only half its convolu- 
tions; as it is usually given, it presents the anomaly of a curve which has a Jinear 
asymptote, with only one branch approximating to it; and what is still more strange, 
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but also that of giving demonstrations as general as the theorems them- 
selves. I shall first show, by one or twoseparate cases, the universality 
of a certain theorem, and shall then prove it generally. 

A straight line, YX, making with the axis of x an angle /3, is cut by 
OP, making an angle 0 with the same. Again, YX makes with OP an 
angle u. Required the relation which exists between /3, 0, and u. Two 
positions of the line XY are given, the first cutting a triangle out of the 
first quarter of space, the second out of the fourth. In the first, OP 
falls within the triangle cut out, but not in the second. 

In the first case, 6 is XOA, and 9 is 
XOP, while u the angle of OA with OP is 
XOA—XOP, or —9, or p=f-8. 
Again, in the second case, 8 is XOB, 
and 0 is XOP, (greater than two right 
angles,) while u, the angle of OB with 
OP, is XOB—XOP or S—89, as before, 
being now negative. 

The general proposition, which in fact 
answers to that in Euclid relative to the 
sum of all the angles of a polygon, is as 
follows. If A, B, C, D....M,N represent the n sides of any polygon, 
then the sum of the angles made by A with B, B with C....M with 
N, and N with A, is equal to nothing, provided that the above con- 
ventions with regard to the angles be strictly observed. For if «, 6; y 
. e. - H, v be the angles made by the sides with the axis of X severally, 
then by definition the angles above described are &— f, B—y.... 
p—v, v—a, the sum of which is obviously equal to nothing. If, then, 
in the above we denote YX by T, OP by R, and OX by X, and if by 


AB we mean the angle made by A with B, we have 


B=TX, 0=RX, p=TR, XT+TR+RX=0, 


XT=—TX,=—£, whence —8+.+0=0, or p=B—8. 


We shall always, unless where the contrary is specified, consider OP 
as having a positive sign. We now proceed to establish those differential 
relations between the different coordinates of a point, on which much of 
the subject depends. 

The coordinates ON and NP of the point P are 
x and ¥, its radius vector OP is r, and the angle of 
OP and z (which in our figure is PON) is @. The 
line PT, usually the tangent of a curve passing 
through P, makes an angle © with the axis of z, 
and u with OP. In our figure f) is equal to PTN, 
and pu is equal to OPT. Let u stand for 1:7, the 
reciprocal of r. And as we are at first only cou- 
sidering mathematical consequences, without refer- 
ence to the geometrical considerations from which the premises are 
derived, we shall introduce several suppositions which here merely 
denote abbreviations, and point out at a future time why these particular 
abbreviations become useful. 


the curve whose equation is ,/(2®+y*).tan-!(y:7)=1, has an infinite number of 
folds which are not found in r=1, 
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Let x and y be both functions of some variable ¢, (in mechanics it 
stands for the time at which the point is at P, or the number of seconds 
measured from some given epoch,) and let all differentiations be made 
relatively to ¢. Instead of diff. co. write differentials: thus, when I say 
ds is to stand for ./(dz*+dy*), I mean that s is to be such another 


function of £ that 
dx? pa 
Ji CELA ft 1+ E) 


Sa (ae t dej 
the latter if y be expressed in terms of z. at let p be the abbrevia- 
d: OA a ats 
tion of 73° rs Finally, let a perpendicular from O upon PT 


be called p, aud let it make with the axis of x an angle w. Let p, 
which being drawn through O has no sign but an ae one, have a 


ie. Ra d 
positive sign. Also let PT be so drawn that tan p=", or ei dar 
Our symbols, then, are as follows : 
xz, one coordinate of P. l 6, an angle so taken that tan h= 
y, the other coordinate. dy 
t, an implied independent varia- Tr also the ange PT cz. 

ble, of which x and y are 
functions. u, the angle PT r. 
r, the radius vector OP. p, the perpendicular* from O on 
u, the reciprocal of r, PT. A 
0, the angle of rz. w, the angle p z. 
s, derived from ds=,/(dx* +dy’).- 
1) Rea 6 S L 
, abb t f —. 
p ee 0 ap 
The following equations follow immediately : re 


: 


p=ß—9 w=p+E. (rejecting 27 if necessary.) 
The first has been already proved; the second follows thus: 
pe+a.PT+PT p=0, or px —-PTx—p PT =0, 
px=PTa2+p PT, or o=Bp+ 7. 


To find the internal angle POK of the triangle POK, we have, when the 


angles are measured by our conventions, pr=p aZ—ra=o—o. And 
the angle, as to magnitude and independently of sign, must be either 
POK of the triangle, « or the difference between the Jatter and four right 
angles. In all these cases cos POK in the triangle is the same as cos 
(æ -—0). Hence we have p=rcos(m—60). If we now collect these 
equations, and add to them some others which are very evident, and 


* It will be found that according to the conventions laid down p PT is always 


. 3 
three right angles, = or zi and not : as might be supposed. 
- i 


~ 
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also those by which s, /3, and p are introduced, we have the following 


list. 


(5.) p=r cos (@— 0) 


(6.) p=ß—0. 
(1) o= P+", 


(1.) =r cos b. 
(2.) y=rsin 0. 
(3.) r=J(a*+y") 
) _¥ imple 
(4.) tan a (8.) tan 6 =F, 


(9.) ds=,/(dz? + dy?) 


dy=sin 0 dr+-r cos 6 d0, \ 
d*y=sin 6 d’r +2 cos 0 d0 dr—r sin 0 de*+rcosOd°@ | 


rdr=xrdr+ ydy rær4+dr=rďr4ydy+ di + dy? 
yay y y 


From (9.), (16.), and (17.)  ds*=dr’+-7° dé 


From (19.) and (18.) 


From (15.) and (19.) 


From (6.) and (".) o-0=5% 


rÆær—r d= zd x +ydy 

ds ds=dr dx + dy @y=adr dr +rdr d? +:°d0 d0 
di? 

ds? 


iy a ; 
SIn” wr as” cos” p= 


tu, Cos (o—9J)=sin u 
From (5.), (22.), and (23.) p=r* ace ee Mi 
3 l l 1 dr’ 
From (19.) and (24.) A 3 a 


ds 
(10.) p= ap 
We now procecd to find differential relations, all with respect to é, 
. dz a'r 
meaning zy by dz, a by d'r, &c. 
(1+ tan’ 6) dé we, or P'dd=ady —ydxr 
r Py —dy dx 
(1+ tan? 6) djs Lu a a ye a or d? d§—dzr @y—dy dx 
_ ds ds? (d4 + dy’)? r 
P=78.dB dady—dyd’x  drdy— dydw 
da? ly? 
, cos B= T sin? /3 =a 
i tan ß—tanð —ady—yder dd dO 
en PT tan p tan an 0 ~ adx+ydy “rdr dr 
dx=cos 0dr—r sin 6 dé, li 
d?r= cos 0 d?r —2 sin 0 dO dr— r cos 0 d0°—r sin 6 d'0) 


* 
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dy — yd?x)—(xrdy—ydzr) d? 
From (24.) dig ees, OS ydr) a's 


ds? 
a (dz + dy’) («d’°y—yd'z) a —ydx) (dx d’r+ dy dy)\ (26.) 
s 
(dx dy—dy d'xr)(xdxr+ydy) _rdr dr 
Es Eer 5 or p 
Š : dr? r*dr’: 0° _ dp’ 


P—pi=r—r sin? p= cos’ w=" rr d8 


ap (2'7.) 
But, (7.) dB—do, or da*= ca : 
For r write 1: u, and we have the following transformations : 
| du Adu’ 
a at e (28.) 
. u u u 
du 
(18.) becomes xdr + ydy= = (29.) 
(19.) becomes ds*=u-‘ (du? + u*dé") (30.) 
du? 
(25.) becomes 2a R = (31.) 
dô 
, dp du dé @u—du dd 
The last gives Tig udu + g > 
du (ud? + dodu —du d0) 
or dp=-p tems 


Divide rdr, or —du : u”, by dp, putting for p° its value from (31.), or 
(u? de® + du?) è dos ; and i | 
rdr _ (w? d+ dnè)? (3 2) 
dp u’ (ud@* + d6d*u—du d’0) =e 


The preceding equations will admit of any quantity being taken as 
the independent variable, and are given in order that the complete 
relations may be first exhibited. They are also useful in their most 
general form: thus, in dynamics, where a material point is in motion, 
acted on by forces, the question always’is, at what time from the begin- 
ning of the motion will the moving point have a given position. Here 
the object is to express every coordinate as a function of that time; if, 
then, ¢ be the time from the commencement of the motion, equation 
(20.) would be expressed by diff. co. thus, 


net dy at do 
TT tI Te" ae (4). 
The independent variables most commonly used in purely geometrical 


questions are z, 0, and s. If the first be used; that is, if Se, we find 


d*x 
d’x=0, or =3=0, and this gives ` 


o= 
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a 


| (2) 
_(dtt+dyy* "7 da) Í 
~ dredy d'y 


dz? 
If 0 be the independent variable, we have d’9=0, and 


» from (13.) 


3 cee í +u’ \" 
_ (du? +1'd6*)* Wie) F- from (32.) 
ICT a n O 
m 
If s be the independent variable, we have from (21.) dr dr+dy dy 
=0, or 
dy’ d'y _ ds. d'y 
dr dz 


dx dy — dy dx= dx d'y + 


dè dy dy dx &x- dx dy 
ds dr.ds dè ° ds dy.ds™ dê ` ds 

_dx ‚dy dy ,ďz 

A dè ds ° dë 

-These differential relations are those which will be of most use 
in our future operations: and the more the student considers them by 
themselves, as simple deductions from the relations which exist between 
the coordinates, the better will he distinguish between the analytical 
part of a problem, and the geometrical or mechanical considerations to 
which the analysis is applied. Thus he will afterwards learn that s is 
the arc of a curve, or he may remember the result of page 140; but, in 
the mean time, it will be clear that the function s may be considered 
simply as a function of z and y, the expression of which by a distinct 
symbol will facilitate the formation of simple relations. 

The equation of a curve is generally written in the form y=@r, but 
the more general form Y (x, y)=0 is frequently used, and requires some 
consideration. The circumstance which. needs notice is this, that the 
equation %=0 may in reality belong to two or more distinct curves, 
possessing no property in common. If P=0, Q=0, R=0, be the 
equations of distinct curves, then PQR=0 is satisfied by either of the 
three, and belongs therefore to all three. Thus y?—2°=0 is either 
y+zr=0, or y—r=0, and belongs to either of two straight lines. 
But y'—2*=a’ is the equation of an hyperbola, of which the preceding 
straight lines are asymptotes, and as a diminishes, the hyperbola ap- 
proaches without limit to coincidence with the asymptotes, in which it is 
finally lost when a=0. See page 215. Similarly, the equation PQR=a 
belongs to a continuous curve having different branches, which branches, 
when @ diminishes without limit, approach without limit to coincidence 
with the curves denoted by P=0, Q=0, R=0. But even when we 
consider the equation PQR=0, we can trace the properties of either 
curve, or, as we should say with reference to this equation, of either 
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branch of the curve: bearing in mind (page 52) that when an incre- 
ment is given to z, the ordinates corresponding to x and r+ Axr must be 
taken upon the same branch. 

As an instance, let us propose the equation (y—2x)(y*—z) =0, which 
belongs to a straight line passing through the origin, and equally inclined 
to and y, and also to a parabola whose latus rectum is the linear unit. 
The developed equation is y*—zy*—zxy+2z'=0, in which, unless we 
knew of the derivation, we should never suppose that two distinct curves 
were involved. From it we find 

OTR! Se a N E ee dy yty—2r 

3y ip eda a a Ree ee Oe By? —Qry—z 
which is ambiguous in value, since y is ambiguous in value. Put y=z, 
and the diff. co. becomes 7? —a—(z?—1), or 1, as should follow frum 
y=z. Put y’=2, and it becomes (+,/2—2x)+(+ 222+ 22x), which is 
+122, as should follow from y*=z. The only difficulty that can 
arise, Is when the point in question lies on the intersection of two 
different branches: but of this, as we shall immediately proceed to show, 
we are warned by the appearance of the diff. co. in the form 0-0, 
Let PQ=0 be the equation of such a two-fold system. This gives 


dQ g i 

p (2 RN yo (P PD o ay det de 
\dr dydzx/ `\dr dyder) ?> dx pi dP’ 
dy dy 


which, if P=0 and Q=0 at the same time, takes the form 0—0. We 
shall presently see more of this point. 

What then, it may be asked, is it which distinguishes one curve from 
another, since an equation between coordinates may belong to any and all 
of twenty curves? In reply to this, we must first ask what is meant by 
one curve and another in the question? The eye will not distinguish 
with certainty, nor do common notions drawn from inspection of curves 
always prove sufficient. A person accustomed to consider only the 
conic sections would always regard a complete oval as a finished curve: 
nevertheless, it often happens that one equation of the form $ (x, y)=0, 
which cannot be separated into factors, yet belongs to two ovals, or more. 
The proper answer to the question is, that, as far as the eye is concerned, 
all distinct branches must be reckoned as different curves: thus the two 
branches of an hyperbola are considered as distinct, and we know that 
before the application of analysis they were not called opposite branches 
of one hyperbola, but opposite hyperbolas. But if we reply with 
reference to analytical considerations, we answer, that, by convention, 
PQ=0 is only to be considered as representing one curve, when P and 
Q are really obtained by performing the same operations, the difference 
arising from the different results which ambiguous operations afford, it 
being understood that the operations which are ambiguous are ultimate 
forms, or not reducible algebraically. Thus y?=42* gives y= + 4/2? and 
y=—,/z*; but these are considered as different curves,” since the sign 
of ambiguity may be made to disappear, giving y= + zv and y=—z. 


* The term curve, in analysis, means a continuous line or collection of lines. Thus 
the straight line is included under the term. 
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But y°=2 gives y= +,/x and y= —,/z, which are not further reducible; 
and the equations are considered as representing different branches of the 
same curve. 

I now proceed to consider the circumstances which attend the con- 
tacts and intersections of curves. The terms contact and intersection 
convey distinct and well-kuown notions, and the word coincidence may 
stand for both. Say that there is a coincidence when two curves have a 
point in common: let y=dr and y=wr be the equations of these 
curves, and Jet the coincidence take place when r=a, or let pa= wa. 
Let the point of coincidence be a singular point on neither curve, and 
let x become a+h, giving œ (a+hA) and 4y (a+h) as the ordinates, and 
~(ath)—wW(at+h) as the deflection (QR) of one curve from the 
other, measured parallel to y, at the departure h (or NH) from the 
coincidence, measured parallel to x. This deflection we have expressed 

as meant to be positive when the curve @ falls above y, 
pÊ as expressed in both cases of the figure drawn. 
-Z| |R *¥ First, let no diff. co. be infinite: then the deflection 
may be written 


(þpa— ya, or 0)+(P'a—wia)h 
+{gM(a+6h)—W"(atih)} <, 


where 6 and + are less than 1. If ġ'a and w/a be not equal, this 
deflection, when h is diminished without limit, bears to the departure a 
ratio which approximates without limit to that of ¢’a—w’a to 1; that is, 
the ratio of QR to NH hasa finite limit. And since the first significant 
term of the deflection may be made greater than the second, by 
sufficiently diminishing A, it follows that the sign of the deflection and that 
of h change together ; so that if @ were above y when h was positive, Ø 
will be below y when A is negative. This coincidence, then, is inter- 
section, and intersection without contact; the term contact being 
reserved to signify coincidence, whether with or without intersection, in 
which the ratio of QR to NH diminishes witkout limit. 
Now let ¢'a=y'a: the deflection may then be represented by 


(pa—wWa, or 0)-+(d/a—w'a, or O)A+ (G"a—w"a) a 
+ {G"" (a+0h)—4" (a+ıh)} 5 


whence, if ġa and Y"a be unequal, it appears that the deflection pre- 
serves a finite ratio to the (departure)*, and diminishes without limit as 
compared with the departure: also that the deflection does not change 
its sign, so that there is no intersection, but only a common geometrical 
contact. This is called a contact of the first order. Similarly, if 
R3 

Zoe 

deflection preserves a finite ratio to (departure)*, and diminishes without 
limit, as compared with (dep.) and (dep.)*. And here, though the 
coincidence is of a closer order than in the preceding case, there is an 
intersection: this is called a contact of the second order. Proceeding 
in this way, we find that when two curves have a poiut of coincidence 


¢’a=y"a, the first term of the deflection is (¢’”a—y!"a) and the 
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for which n (and no more) diff. co. of the ordinates are the same, Stic 
deflection has a finite ratio to (departure)"*", and diminishes without 
limit as compared with all lower powers; and this is called a contact of 
the nth order. In contact of an even order only, there is intersection. 
And if two curves have contact of different orders with a third, then 
that which has the higher order of contact approaches infinitely nearer 
to the third than that which has the lower. 

I leave the following theorems for exercise, as they will be very easily 
proved. If two curves, (A) and (B), have contact of the nth order with 
(C), they have at least that contact with each other. If (A) and (B) 
have contacts of the mth and nth order with (C), they have with each 
other at least the lowest of these two orders of contact. Next, let us 
suppose that two curves have a coincidence at which’ n diff. co. are 
finite, and are the same in both, but let w“ta@ be infinite. Then 
(page 182 and 327) for a large class of cases 


h 
y (ath)=Ypatwiah+....+ Y"a ERER h’y (a+h), 


where p lies between n and n+ 1. Hence, if Taylor’s theorem can be 
applied to x (a+ h), the deflection is 


Art l 2-2 


ntl aore n+2 
p FD nel en ag 2) 


in which A? is the lowest power of p, and the contact might, by analogy, 
be said to be of the order p—l1, a fraction between n and n—1. Itis not 
necessary here todo more than hint at the peculiarities of the contacts 
which take place at the singular points of curves. 

Returning to the case of points which present no singularity, we see at 
once that no curve can pass between two others, all three having a 
common coincidence, unless the intermediate curve make with each of 
the others a contact of at least the same order as they have with one 
another. Weare thus enabled to find the closest line of a given species 
which can be drawn through a given point of a given curve. Whatever 
arbitrary constants exist in the equation of the given species, take their 
values so as to make as many diff. co. as possible the same in the two 
curves, taking care first to satisfy the condition that the two curves 
coincide in one point. 

What is the closest straight line which can be drawn coinciding with a 
curve whose equation is y=@z, at the point whose coordinates are q 
and ga? 

The general equation of the straight line is y=px-+q, and the 


T ae (a+th) h+ 
2.3... n42 ‘ i 


coincidence requires pa=pa +q or y—pa=p (x—a). Now =p, 


which must be the same both in the line and curve: whence y—¢a= 
¢'a (x—a) is the equation of the line. This line makes with the axis of 
l d : , 
x an angle whose tangent is ¢’a, or the value of -= at the given point : 
whence we see that the line deduced in page 137 as being best calcu- 
lated to mark the direction of the curve at any point, is also the closest 
straight line which can be drawn. We also see that the contact can 
only be of the first order, generally speaking. This line is the ¢ungent of 


` 
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the curve. If, however, it should happen that = is infinite at the given 


point, the preceding proof is not complete. In such a case, change the 
investigation so that the axis of y (that was) shall be the new axis of z, 
and vice versa. It will then appear that the closest line is parallel to 
the new axis of x; that is, perpendicular to the old one. 

Relatively to this change of axes, the investigation of. the following 
generalization will be a useful exercise. 

Let the axes be changed so that the new axis of z makes an angle w 
with the old one, and let x’ and y’ be the new coordinates of the point 
whose old coordinates were x and y. Then 


r=z' cosw—y' sinw a=y sin w+ T cos w 
y =x" sin w+ y’ Cos w y' =y cos w— t sin w 
dæ! dx 


= [ dy. \( dy’. \ 
3 PT aed or ee w-b qe ey an E a v)=1 


dy dy’ dy! 
ae m(t v) +(1 qa! tan w }, 


dy' (dy .f1, 4 
da =(74 —tan v) +(1 + ay tan v), 


T 
dy dy', dy! . s dy dy | dy. NÑ 
dx? a -Hoos w— E P has w j, dr”? “ir SN OR w- dr sin te . 


It being proved that, generally speaking, the tangent Has no more 
than a contact of the first order with the curve, required the insulated 
points, if any, at which a higher order of contact is possible. The suc- 
cessive diff. co. in the straight line after the first are =0; consequently, 
at a point in the curve at which ¢”x=0 there is a contact of at least the 
second order with the tangent; when $”’x=0 of at least the third order, 
and so on. 

For example, it is required to draw the tangent at a given point of an 
ellipse, and to ascertain those points at which the contact is of a higher 
order than the first. Taking the centre as the origin and the principal 
diameter as the axes of x (a and 6 being the semiaxes) we have 


Py £ y dy l 1 d? y dy 
emmm —_—— a —_ — = ea SS E 7 ———?): 
a? ty 1, a? +t b dx 9s æ á BVde bB dæ ~’ 
dy ba- _ b x d'y _ ab 
TOO a ay Fe Sage det Fea 


where — or + is used according as + or — is used in forming the 
value of y. The first shows the tangent of the angle at which the tav- 
gent is to be inclined to the axis of x, and the second, which never 
vanishes, shows that there is no point in an ellipse at which the tangent 
has a contact of a higher order than the first. If ¢ and » be the co- 
ordinates of any point in the tangent, the equation of the tangent is 
bx x£ 1) 
Bare ({—zx), or = Sal. (A. G. 111.) 


We have. here changed our notation. In what precedes, æ and ġa 
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were the coordinates of a given point in the curve, and x and y the co- 
ordinates of an arbitrary point in the tangent. In future, z and y are 
the coordinates of a given point of contact in the curve, and ¢ and n 
those of an arbitrary point in the tangent. 

To exhibit the equation of the tangent, that of the curve being 
Ww (r,y)=c. We know that 


dy dy dy dy 

so PANG eae i —y=—(t— 

dx dy dr 0, whence »—y Te (E~x) becomes 
dy, dy ody | dy 


If ġ be a homogeneous function of x and y of the nth degree, we have 
(pages 194, 205) nw or nc for the second side of the equation: butif y be 
made up of several homogeneous functions, M of the mth degree, N of 
the nth degree, &c. write mM +nN+.... for the second side. Thus 
for the cissoid of Diocles (A. G. 304.) 2ay?—(cy*+.2#)=0, in which is a 
function of the second and of the third degree: the equation of the 
tangent is 


—(y?+ 32°) ţ+ (4ay—2xry) n=4ay?—38 (ry? + 2’) 
= —2ay’. 
If there be only two functions; that is, if M+-N=c, we have 
mM+nmN=(m—n)M-+ac. The following are instances: 


Curve. Ay’ + Bry+C2’?+Dy+Er+F=0. 

Tangent. (By +2Cr+E) E+ (2Ay+ Br+ D) n+ Dy+Er+F=0. 
Curve. (A. G. 319.) y’+a5—5az* y’=0. 

Tangent. (5x'°—10axy*) E+ (5y‘—10az* y) n= 5az* y’, 


The normal is a line perpendicular to the tangent, passing through 
the point of contact. Its equation, therefore, is 


dx : dy a 
1-y=—7; (E-2), o StF (yy) =0 
which in the manner already shown may be made 


dys sv dye dy dy, dp dy 
IY) Gy Oe) ye dr" dy’ dr? dy” 
the equation of the curve being given in the form Y} (z, y)=0. 

The angle PTN having ¢'z for its tangent, y= @1 
being the equation of the curve, the value, as to 
magnitude, of the subtangent TN and the sub- 
normal NG are PN: tan PTN and PN x tan PTN, 
or Øx :ġ'xandorx p'r. As to sign, if we call them 
positive when they occupy such positions as in the 
corresponding diagram, we have this rule:—the 
subtangent and subnormal have always the same 
sion: positive, when $x and @’x are of the same sign; negative, when of 
different signs. The parts of the axis intercepted by the tangent are, as 
to magnitude, OT=2 — (gr: ¢'x) and OU=OT x tan PTIN=219'r— gz. 
But the latter being here negative, should be represented by $r—z9'z, 


APPLICATION TO GEOMETRY OF TWO DIMENSIONS. 353 


and this expression will always represent OU, both in sign and 

magnitude. And if in the equation of the tangent we make ņn=0, and 

£=0, we find the same, after writing gr and ¢’r for y and dy: dr. 

Similarly, OH=¢2+ 2: $7, OG=2+ Hr g'z, if UO and GP meet in H. 
The following expressions will often save trouble : 


l 
diff. co. log y` 
Hence, in the exponential curve y= e", there is a constant subtangent ; 
in the parabola, y’=cz, a constant subnormal, 


What is the curve in which the subnormal varies as a given power of 
the subtangent. Suppose 


oe 
Subtangent = Subnormal = diff. co. y”. 


1 n—l 1 2 


ince ra er cr 
- y =y E)» then ——ase My nt G tiyatl EC, 


dy 
SARI 
+1\ 2 RAI a 
or y=“ c? (x= C) 2. . 


” A straight line moves in such a way that OU is a given function of 
OT; to what curve is that straight line constantly a tangent? If UO 
be one function of OT, UO:OT or tan PTN is another; let this be 
called p, then, p being a function of OT, OT is a function of p, and so 
is UO. Let UO, with its proper sign, be fp; then y=pxr-/fp is the 
equation of the straight line: or, if we let & and 7 be the coordinates of 
any point in it, n=pé+fp. Compare this with the equation of the 
tangent to the curve, which it is always supposed to touch, and we have 


_dy dp_dy ,_ _ dy 
ae A ee PC Sp=y—* Tr 3 
Differentiate the last, and we have 
„dp dy dy dy 
I Rae de tds de 
And the third then gives, substituting —/f"p for z, 


y=—pf'ptSp- 
Eliminate p between these two, and we have an equation between z and 
y, the coordinates of a point in the required curve, which equation is 
therefore that of the curve. Or thus: the first and third equations give 


or f'p= -x. 


a differential equation, already discussed in page 196. Its common 
solution, y=cæ+ fc, would only give the straight line with which we 
began, which certainly falls within the conditions of the problem, for 
we have but to assign a value to p, and let it retain that value, and the 
straight line so obtained is a tangent to itself at every point. The 
singular solution derived from x+ f'c=0 is precisely the equation to 
= curve in question, which is always touched by the moving straight 
ine. 
ZA 
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A curve, whose equation is ņn=¢ (ë, c), takes all the imaginable 
varieties which can be given to it by changes in the value of c. What 
is the curve to which it must always be a tangent? Let 2 and y be the | 
coordinates of the point of contact, when a is the value of c; then, since 
the point of contact is on both curves, y=¢ (x,a). But this last 
equation is not true of every point of the curve of contact, but only of its 
point of contact with the variety of the original curve in which c=a, 
and which has the equation »=¢@(é,a). But if we were to allow the 
value of a to change with x, so that a should always represent the value 
of c in the individual curve which touches the curve of contact at the 
point (x, y), the equation y=¢ (x,a) would remain true throughout the 
curve of contact, and would be its equation: but a would be then a 
function of z What function of x is it? To determine this, observe 
that since every variety of n= (&,c) is somewhere in contact with the 
curve of contact, the value of dy: dě from this equation must be, at the 
point of contact, the same asthe value of dy:dx from y=@(z,a). 
Let $' (£, c)= dn : dé, then, giving — the value x, which it is to have at 
the point of contact, and c the value a, which it has in the particular 
case in which the point of contact has « and y for its coordinates, we 
have, for that case and at that point, dn: dẸ=¢' (x, a). To find dy: dx 
we must, in the equation y=¢ (x,a), suppose a a function of æ in the 
manner above described, which gives 


dy dọ dp da_ 
do de dak AOF 


dọ da 
da dz’ 
for È formed f ) gi isely th function as 5? 
or Jp formed from ¢ (r,a) gives precisely the same function as zg 


from n=¢ (&, c), since a in the first case, and c in the latter, are con- 
stants. Equate dy:dé (or rather the particular case described) and 
dy: dx, which gives 

.. dp da dd da 

/ —— ff ? pann 

p (2,a)=¢ (x,a) + da dv’ or da rae 

Either, then, dọ : da, or da: dx=0; it cannot be the latter, since then a 
would be a constant: consequently, dj:da=0, which will give an 
equation between z and a, or will determine the function which a is of 
æ. Hence the following 

THEOREM. The curve which touches every curve that can be 
represented by y=¢ (x, c), whatever may be the value of c, is found by 
substituting instead of the constant c a function of zx, obtained by 
equating to nothing the diff. co. of œ (x, c) with respect to c, and thence 
determining cin terms of x. But this is (page 189) precisely the mode 
of obtaining a singular solution to a differential equation whose ordinary 
solution is y= (2,c). Hence, the singular solution to a diff. equ. 
connecting z and y is the equation to a curve which touches every curve 
whose equation is a case of the general solution made by giving one or 
another value to the constant of integration. 

The preceding demonstration will, I apprehend, be found diff- 
cult; but as the principles which it involves are of the utmost 
consequence in application, it is worth while to vary the form of the 
problem. 
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Required the curve y= waz which cuts all the 
curves contained in n=¢ (é,c), made by giving 
different values to c, in such a manner that, at 
each point of intersection, there exists between 
dn dy 


di? dx 


M dn dy 
0 BDNF HK ie de?” c) a 

Let AB, CD, &c. be varieties* of n=¢ (č, c), and let VW be the 
curve which makes the intersection in the manner required. Choose a 
case of n=¢ (č, c), say GH, and for that case let cma; that is, the 
equation of GH is n=@(é,a). Let P he the point in which VW cuts 
GH, and let z and y be its coordinates. Then because P is on GH, 
y=¢ (x,a), but this equation is not true of any other point of VW, for, 
a remaining the same, if the point P should move, its coordinates still 
satisfying y= (x, a), it would move along PG or PH. But, if c=a’ 
give the curve EF, intersecting VW in Q, and if when P moves to 
Q, a were to change into a’, the equation y=¢ (a, a’) would be true of 
the coordinates of Q, which is on VW. If, then, a were to be sucha 
function of z, that as y and x change on VW, a should always repre- 
sent the value of c which belongs to that case of n=¢ (&, c) through 
which VW is passing at the moment, it follows that y=¢(z,a) would 
be true at every point of VW; that is, would be the equation of VW. 
What function of x, then, must a be? The value of dy: dé is @! (é, c), 
and in the curve GH, and at the point P of it, this is ’ (x,a), exactly 
what would be obtained by differentiating @(z,a), © varying and a 
being constant. But to make an equation to VW, we must write for a 

a certain function of r, and we then have 

dy _dġ ddda  dy_ 
dr dx ' dad’. aoe (2, a) + 


The required relation demands that 


A 
f(# cia 6 a4 FE, $da). 


WwW 


> Crane 


, and z, the relation 


a da 
da dx 


where (2, a), ġ' (x,a), and db:da are known functions of z and a, 
and therefore this is an equation between a, x, and da: dr, or a com- 
mon differential equation. If it can be integrated, the problem can be 
solved. 

For example, required a curve which cuts the species of curves whose 
equation is n=¢ (£,c) always at the same angle, so that, at any point 
P, the angle of PL and PM, the tangents of the cutting curve and the 
curve of the species which passes through P, is a given angle «. If, then, 
B and ĝ' be the angles of these two tangents with the axis of x, we have 


tan 3 —tan 6’ dn dy dyn dy 
—pi= — = ——"= =. =}. 
Pane l + tan G. tan f’ ame dé dz tana (1457 dx 


This gives, by the preceding process, 


* The equation of a curve is confounded with the curve itself in the language 
used; thus the curve y=x* means the curve whose equation is y=2*, Similarly, 
the point z, y means the point whose coordinates are x and y 

242 
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do da : do da) ' 
p' (2, a)—-\v (z; a)+ da ot} tam a fı +o (2, 2G (7,4) +7" 7: ) 
or tan «{1+(¢' (2,0))*} 4 ao eae (x, a) tana +1}=0.} 


da dx 


This equation cannot be integrated generally, but we may try our 
method on any particular case. Let the species be that containing all 
the straight lines drawn through the origin, having the equation y=az. 
Here $ (x, a)=axz, 9 (x,a)=a, db: da= x, and the preceding equation 
becomes 


d tanat+l, 
tan a {14a} +a T {atan at 1}=0, Z tanam = an ar 


eat ká s 
log z tan a= —log y (1 +a°) . tan «—tan™'a +C. 

We cannot find a in finite terms from this expression, which we should 
do, in order to substitute @ in y=az. But the same end will be gained 
by substituting a (=y : x) from the second in the first, which will give 
s 2 

log x. tan a= -log EEI tan æ — tan`’? ails C, . 

ù 


tan— 2 +- Š 


tan @ x tang 


oro log f (2+4) = — 
Writing C for C : tana, and using polar coordinates, we have 


6 
rae une, which may be written r=Ck’, {k-“"*=e}; 


for ° is merely an arbitrary constant. This is the equation of the 
logarithmic spiral (A. G. 371.), which is now found to cut all the 
radii at the same angle, and to be the only curve which does so. 

The preceding investigation would not have been altered in any 
respect if we had used polar coordinates. For it rests upon the suppo- 
sition that v and y determine a point, and that an equation between 
them determines a curve; nor is there any reference made to the par- 
ticular manner in which x and y determine the point: so that the 
investigation applies to any kind of coordinates. If, however, we had 
proceeded to the solution of this problem with polar coordinates, 
writing 0 for x, and 7 for y, in (f), we should have met with a difficulty 
which it will be worth while to dwell upon. 

The equation of a species of curves is 7/=:(6',a), and a curve 
r= 6 is to cut all the individuals at an angle « Calling u and p’ the 
angles made by the tangents with the radius vector, we have, (page 
345), B=p+0, P'=p' +0, B—-P=p—p’, and 


,.. tanp—tanp! K do’ _ / dð ,d\ 
BOP aan Ae L e dr! P 
| gue sf ion (2 cil ad 
_ ag" do" *\ go dort” | 


In this problem the angle œ is taken with'a sign contrary to that 
which it had in the last. Substituting for a the requisite function of 6’, 
we obtain from (f) the condition (remembering that r and 7’ are the 
same at the point of intersection) 
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fh” 4 ° 
Poe a (S dr' da \stan (dr' (dr dr LAP r}, 


— s — i om aay ee — =< 
"ao" (do Tda do’ lay (dot da aot) 

If we apply this to the particular case where 7’=¢ (6',a) is the 
equation of a straight line passing through the origin, we find 6/=a for 
that equation, since the permanence of the angle is the condition of the 
line in question, independently of the radius vector. By this we can- 
not express r. Let us then generalize the equation into r=k (6—a), 
which is equivalent to supposing the species of curves to be all the 
varieties of a spiral of Archimedes which revolves round the origin, the 
angle of revolution being a. We have then $(6',a)=k (6'—a)=r'’, 
and substitution in the preceding gives (dr’ : d@’=k, dr': da= —k) 


da _ f J da 
kr gg tan e uc k a) +}: 


Since a is a function of 6’, which is to satisfy a=0'—r': k, the 
elimination may be made at once by writing instead of 


da, Lar awi a 
76’ its value 1—~ 70” which gives 
do’ tana.k+7 _tane 1+ tan? « j 
d! kr'—tana.r?® r 'k—tana.t 
l] + tan? æ 
C+6’=tan a. log r ——— — log (k—tana.7’). . 
+ an æ, log r F og (k—tanæ.r) 


This is the equation of a spiral, such that the spiral of Archimedes, 
whose equation is r=k(@—a) is always cut by it at a given angle. 
Take — (1+ tan? a) log k:tan&æ from both sides, remembering that an 
arbitrary constant altered by a given quantity, however great, is still 
an arbitrary constant, and we have 


2 / 
C+6/=tan «. log pee log (1—tan « =) : 


tan a 


Now if k increase without limit the equation r=k (9—a), or r: k=0—a 
approaches without limit to 6—a@=0, the equation of a straight line 
inclined at an angle a. In this case 1—tan@r:k approaches without 
limit to 1, and its logarithm diminishes without limit. ‘The limits of the 
spirals are straight lines, and the curve which cuts these limits at the 
angle œ has for its equation C+O=tan a.logr, the equation of the 
logarithmic spiral, as before. 

If, however, « be aright angle, or tana=a, we must retrace our 
steps as far back as the differential equation, which then becomes 

d9 k 


k 
I a 0=— +0, or r (0—C)=k. 


This is the equation of a reciprocal spiral, (A. G. 366.) This does 
not become a circle when & is infinite, at least so it appears at first. 
But we may show that a reciprocal spiral, in which £ is infinite, is to be 
considered as an assemblage of all the possible circles which can be 
_ described about the pole as a centre. This proposition, like all others 
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in which the word infinite is used in an absolute sense, must be restored 
to its complete form before any reasoning can take place upon it. We 
mean that in a reciprocal spiral, the greater k becomes, the closer do its 
folds approach, and the more nearly is each fold a circle: and this 
without limit, if k increase without limit. This may be easily shown. 

Required the polar equations of the tangent and normal of a given 
curve, at a given point, (7, @). 

Any line passing through the point (r,0), and making an angle w 
with 7, has for its polar equation (R and © being the coordinates of any 
point init) R:r=sinw:sin(w—(O—6)). IfR=1:U and r=1:u, 
this may be reduced to 


U =u cos (O — 0) —u cot w sin (O —0). 


Let this line be the tangent of the curve, then w= p, u cot w=u : tan p= ° 
gf x whence 
“T dr de? 


U=u cos (9—0) ra sin (9—0) 


is the equation of the tangent. In the normal w=u+ r, and the 
equation will be found to be 


dé 
pamm —@ — uy? -— i ==> ê 
u cos (9 —0)—u EF sin (9—0) 


™ Given a curve y=ġx, required another, such that the normal of the 
first may be always tangent to the second. The equation to the normal 
of the first is 


F— x 
E TE (a y)=0, or n= Gu Wes 
This belongs to a species of curves (all the normals of y=@zr) in which 
we pass from one to another by making a change in the value of z, 
which then takes the place of c in the investigation of page 355. Let 
X and Y be the coordinates of the point in which the required curve 
meets the normal; this normal is to be the tangent of the new curve, 
therefore 


dY 
dX 
where Y and X have taken the place cf y and 2 in the investigation, as 


x has taken that of a. For the equation (f) we have then, since at the 
point of contact Y =ġr— (X — z2) : d’2, 


Tare Z, or gle Sot 1= =, 


fd¥ dY de . 
Sax tae axst t= (15 
ap 1 p's (—1)—(X—2) . "a = 
or gyal- 5 +(e aay atts 0; 
dr { r z| 
7 e+e 5 ae Seja. 


. If the first factor were made =0, x would be a constant, and we 
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should have* only one of the normals as the result. The second factor 
being made =0, we have an equation to determine x in terms of X, 
which must be substituted in the equation to the normal. Consequently 
our theorem is as follows. If we would find the curve which is such, 
that the normals of y=¢z are its tangents, we find the equation of the 
desired curve by eliminating z between the two equations 


g's (Y—Gr)+X—zr=0 and p'r (14 (P'z)*) + (KX —2) p"2=0...(A). 


The curve y=@r is called the involude,t and the required curve the 
evolute. 

Before giving any examples we shall take the same problem, on the 
supposition that we are to use the polar equation of the normal, and the 
theorem in page 354. The polar equation of the normal is 


lo , 
U=u cos (9—0) -w sin (9—09), 


where u is a function of 0, implied in the equation of the given involute. 
To find the particular solution of the diff. eq. which would be obtained 
by eliminating 0, proceed as in page 189; differentiate the value of U 
with respect to 0, and make the result = 0, remembering that d9 : du is 
the reciprocal of du: d0. This gives (let 0—0=0', dO’: dd= —1) 


du j ; du dé , ( du\~* d'u . 
gg O +-usin O r g 80 9 +u (5) Jg O 
{du\ 
z = | ° 
Fu (a) cos 8/==0; 


and between these two equations (with u=¥, the equation of the in- 
volute) u and 6 are to be eliminated, giving an equation between U and 
©, which is that of the evolute required. A simplification of form may, 
however, be made as follows. Multiply the second equation by 
(du: d0)*, and then divide by u?; let the diff. co. of log u, or that of u 
divided by u be called L; then the two equations become 


U=u cos (0—0)—+ sin (9—0) 
L 
° dL (EE E E .(B). 
(1+ L?) Lcos (0—0) +7 sin (9—0)=0 ? 


In either of the two sets of equations (A) or (B), both equations together 
determine one point of the evolute:{ in the first, given z (and y from 


* Though I have preferred to make this case an example of the general method, 
yet it is evident from the theorem in page 354, that we are now doing what is 
equivalent to finding the singular solution of the general equation of the normal, 
x being the arbitrary constant. 
wa t See Involute and Evolute in the Penny Cyclopedia. 

t When any two curves, y=ọ (x, c), y=4 (a,c), are given, both equations together 
determine their points of intersection ; butifa third equation be formed by elimi- 
nating c, this third equation is also true at the points of intersection. But bein 
independent of any particular value of c, it belongs equally to all the points of in- 
tersection made by all the possible pairs of the two species, derived from giving c 
different values. Thus, if yar, y=2-+-ab, we have two straight lines, the first of 
which, as a increases, revolves, and the second of which, in the same case, moves 
always at an angle of 45°, continually increasing the distance at which it cuts the 
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y=x) the two equations determine Y and X, the cordinates of the 
point of the evolute which lies on the normal drawn through (a, y). In 
the second, 0 being given (and u from u= 40), the equations determine 
U and 9, the reciprocal of the radius vector and the angle, at that point 
of the evolute which is on the normal passing through (u, 0). Thus, 
in the following figure, P and P’ are corresponding points of the involute 
and evolute; and we have 


ON=z, ON’=X 

NP=y, N'P'=Y 

1 1l 

ae OP=-, OP=T 
o N’ N NOP=-9, NOP’=6. ` 


Before applying the preceding results, it will be desirable to explain 
their connexion with the radius of curvature. This term means, for 
any point of a curve, the radius of the circle which, being drawn through 
that point, has a contact with the curve of a higher order than any other 
such circle; so that, as shown in page 350, no other circle can pass 
between the circle of curvature and the curve. Ifa and y be the co- 
ordinates of the point of contact, p the radius of the circle, and & and 7 
coordinates of the centre, we have 


(X—£)'-+(Y—7)’=p"...---(1)5 


X and Y being the coordinates of any point in the circle. We must 
then make this circle pass through the point (x,y), and also make as 
many diff. co. as possible of Y in the circle, equal to those of y in the 
curve. Differentiate (1) with respect to X successively, and we have 


dY? 
dX? 


Now since there are only three arbitrary quantities, &, 7, and p, we 
can only employ three equations to determine them. Take the three 
conditions that one point of the circle must be (x,y), that at that point 
dY :dX=dy:dz, and that also dY :dX*=d’y: dz®, and we have the 
first set of equations, from which the second readily follows. 


d'y 
‘da? 


ay dy’\ , d'y 
Saar z (+55): 


3 
aif a LN oY 
P dz?) ` da 

axis of y. Eliminate a, and we have sy=a&?+by, the equation of an hyperbola. 
How is this hyperbola connected with the straight lines? Its equation is obviously 
always true at the intersection of any simultaneous pair; and it is the curve which 
passes through the intersections of all the simultaneous pairs : observe, not through 
the intersection of y=ax for one value of a with y=x-+ab for another value of a; 
but through all the intersections of lines in which a is the same for both. 

This principle is one of the most important in the application of algebra to 
geometry: but I do not remember to have seen it formally laid down and illustrated 
in any elementary work on the subject, though continually used in all. 


¿ dY dY 
X-£+(Y-) E LH tY) T, &e. 


d 2 
(2-84 y-n) =p | n—y= (144 
d 
, 2—-E+ (y—n) —=0 


dy" dy 
Itoat (y—n) aan 
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From the first two in the second set, & and », the coordinates of the 
centre of curvature, are determined ; and p, the radius of curvature, from 
the third. And p is the same quantity as was signified by that letter in 
the equations of page 345; for if in equation 13 we make (=a, or x 
the independent variable, we shall have for p, as there described, the 
expression for p as above obtained. Consequently we have for the 
radius of curvature the following expressions, making x and 6 the in- 
dependent variables of the rectangular and polar systems of coordinates. 


dy’\% a, a3 
(1435) oe (w+ _.. dr 
d'y 


— —— —7 —, 
` — u (w+ wi 
: dx* dé? 

The centre of curvature is on the normal; for the sccond of the 
equations which ë and ņ satisfy is the equation of the normal. And the 
centre of curvature is also on the evolute; for in equations (A) it 
will be found that X and Y, the coordinates of a point in the evolute, 
have precisely the same expressions as č and 7 above. Consequently, 
the evolute of a curve is the locus of all its centres of curvature; and in 
the preceding diagram P’ is the centre of curvature of the point P and 
PP’ the radius of curvature. Also (neglecting the sign) 


ECAV ECA 4 fa, /(142°) 
p dx 2A) ~ dy N l+ 

d {dé do? \ d du’ du 
ag A haa Toad a o TE Bia VS 
5“ Tu ENIC t) “ T0 ENIG tze ji T 


The radius of curvature of the ellipse, found from the expression in 


page 351, is 
{14 Š Vaba 


a® a —- q? 


p= 


3 
(a?— eè x*)* 
ab 


It is more easily found by the well known polar equation ua (1 —e*)= 


1+ecos 9. 
What is the curve in which the radius of curvature is a given function 
of x, or y, or u? _ Suppose it a function of z, fr; we have then 


d {dy dy? 1 dy P dr 
., m (=> — a a er yee TG h P= =) 

' dz tee JS +S fx’ dx J(1—P*) ee k 
whence y must be found by integration. The second or the third of the 
last equations may be used when the radius is given as a function of y 
or u. 

Required the evolute of an ellipse. The equations for determining & 
and n above (which are virtually the same as (A) in page 359) become 


b a* —e* x* ab 
1M a= +( owe et ; 
pii a3 ) í a 


b x a—e’* x* ab 
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Òr n=- (a? — 2°)”, b= x; 


3 2 


2 2 
whence, evidently, (Ey (+) 1; a= = , area, 


We must not, in this subject, propose examples as if we had only to 
choose from an unlimited number capable of sufficiently easy solution ; 
for the fact is, that the elimination is generally of so difficult a character, 
that the few cases which are presented in elementary works contain all 
which the student should be invited to try. He may, perhaps, succeed 
with 7’?=az*, the evolute of which is a complicated curve of the fourth 
degree. 

One or two remarkable instances will merit notice. The first is that 
of the logarithmic spiral, with regard to which equations (B) easily give 
aresult. Here r=c.a’,u=c™'.a~’, log u= — log c—6 log a, L= —log a, 
and dL: d9=0. The second equation becomes —(1-+log* a) log a cos 
(Ə —0)=0, or Ə=0+ 47; that is, in the diagram in page 360 POP’ 
is always aright angle. The first equation becomes U=w: log a, and 
the evolute is therefore another logarithmic spiral, since 


log a U=c—' a-°+*, which is of the same form as uc a~’, 
altered in position by revolving through a right angle. 
What curve is that in which the angle POP’ is always the same, and 
~<a? The second of equations (B) then gives, since O —0 =o, 


(141) Leos a+ Tsin a, —cot«.9+C ; 


] bS 
= 8 JAFA 


ce t a8 


a ( 1—cte~2°t e ? 


_ 


Cu. _i du _ 
or (e =c) hee Ja 


— Ea -1 —cot a.8 
log u=C + —— cos (ce )e 


The equation of the evolute is then immediately found from the first 
equation (B). 

It is necessary, in treating of complicated and transcendental curves, 
to consider a curve as given, not only when one coordinate is explicitly a 
function of the other, but also when both are functions of a third 
variable, even though the elimination of the latter should be practically 
impossible. Such an assumption will require only the alteration of diff. 
co. with respect tu one of the coordinates into others taken with respect 
to the third variable (page 153). Thus, if x and y be functions of t, the 
equations which determine § and n, the coordinates of the centre of 
curvature or of a point in the evolute, are (let dx: dt=2', dr: de= 2", 
&c.) 

x (2° +y" ' (2° +y”) 
1 pa" A T 


There is a very extensive class of curves which we may call trochoidal, 
because its most prominent instances are the cycloid, trochoid, epicy- 
cloid, &c., (A. G. 357—364.), defined by the equations 
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a=acost+bcosmt, y=asint+6 sin mt, 


If we allow a, b, and m to be anything whatever, we find in this class 
of curves all of the first and second order, besides the cycloid, &c., 
the involute of the circle, and others. From the preceding equations 
we easily find 
a/=—asin’—bmsinmt x°4+y =a? +b m?+2abm cos (m—1) t 
y'= acost+bmecosmt 2'y" —y'x! =a? + b’m?+ab(m? +2) cos(m— 1)E 
Let (27+ y”) : (2 y"—y' 2")=K ; we have then to find the evolute 
nzza(1—K)sint+5(1—mK)sinmt, £=a(1—K)cost+b(1—mK)cosmé, 


whence, if K be a constant, the evolute of the trochoidal curve is also 
trochoidal. To make K a constant, (say =k,) we must have 


ab (m4m) k=2abm, (a’+b?m') k=a’+b*m’. 


Eliminate k, and we obtain an equation of the third degree, the factors 
of which are m, m—1 and b’m?— a. If m=O or 1, we have for the curve 
a circle, and for its evolute a point: if m=a: b, or —a: b, we have the 
epicycloid or hypocycloid, according as a is greater than or less than b. 
In both cases k=2:(1-+m), and the equations of the evolute are 


,m—l , m— l >. m- 

sint—o sın mé, =a cos č — 0 
m-+l m+ l m+1 

which are also the equations of an epicycloid or hypocycloid, according 
as a is > or <b. Consequently, each of these curves has an evolute of 
the same kind, having cusps, the radii of which make a greater angle 
with the axis of x than the corresponding cusps of the involutes, by the 
mth part of four right angles. A similar property, therefore, follows 
of the cycloid, which is an epicycloid or hypocycloid, made by a circle 
revolving on another circle of infinite radius. 

When the evolute is given, and the involute is to be found, we have, 
n= we being the equation of the involute, to substitute Y% for n, and 
eliminate č from the two equations which have hitherto served to find č 
and 7. The result is a diff. equ. of the second order, which being 
integrated, gives the equation of the involute. This last will (or may) 
contain two arbitrary constants. To explain the meaning of these con- 
stants, observe, that by the tangent of the evolute making a right angle 
more (or less) with the axis of x than that of the involute, we have 


n=a 


l 
1 cos mt, 


and if we differentiate (*—£)’+ (y—n) =°, we have 
(x—&) (da—dé) + (y—n) (dy —dn)=pdo. 
But («—é) dx+(y—n) dy==0, whence —(x—£) dë — (y — n) dn=pdp. 


dy _ _ az : dn ofp 
and r—&+(y—7) FPA or A (-$)=7 z (7 t). 


Consequently, (o£) {14+ = p°, and —(r—é) (14 ar E 


Divide the square of the last by the preceding, and 
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dp’ dn? 
= ] +o or d’ =d+ dn’, 

which should be verified by actual differentiation of č, n, and p in the 
second set of equations (page 360). Hence, if o be the length of the 
arc of the evolute (page 140), measured from any given point in it, up 
to the point (&,7), we have dp=dsz, or, integrating between the two 
points at which the radii of curvature are p, and p, we have pe—p, 
=0, —0,™= the arc intercepted between the radii of curvature. That is 
(page 360), the excess of QQ’ over PP’ is the arc P/Q’. If, then, a 
thread were placed in the position P’P, and extended backwards in the 
direction P'Q’ to an indefinitely distant point, remaining on the evolute 
from P’, and if this thread were unrolled, being always kept stretched, a 
pencil at P would trace out the involute. Here, then, are, to all 
appearance, the two arbitrary constants of the involute to a given 
evolute: we may take any point we please of the evolute; that is, one of 
its coordinates may be anything we please, the other being determined 
by the equation; and at this point we may assign any length we please 
on the tangent, to be the radius of curvature of the involute at the point 
corresponding to the one we have chosen on the evolute. Thus, if we 


have an oval curve, and if we choose the point P as that at which the 
radius of curvature is PK, we have KAM for the involute (in part). 
But if the radius of curvature were PL, then LBN would be the in- 
volute. 

But we shall soon show that these two arbitrary constants are 
equivalent to one only, for we do not get more involutes by varying both, 
than we should do by varying one only. Thus the same involute which 
we get off the point P by assuming PK, we also obtain off the point Q by 
assuming QR. And we may evidently see that if the point A be given 
(which requires only one constant) the whole involute follows. 

The explanation of this difficulty can only be, that the equation of the 
involute is a singular solution of the diff. equ., and we shall proceed to 
show that it is so. Let n=f¢ be the equation of the given evolute, then, 
calling p, q, 7, &c. the successive diff. co. of y, we find for the differential 
equation which is to be solved 


y+ tt = f (2—2) PES (f). 


But this equation is nothing more than we may obtain (and in fact did 
obtain) by eliminating the two arbitrary constants and p from 
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(c—£)?+ (y—fE)P=p*.. eee. (£); 


so that the second is the general integral of the first; or the first is a 
differential equation to any circle which can be described upon a point 
of n=fé as a centre. And by what we: have seen of the nature of 
a singular solution, and of the connexion of different values of p in the 


same involute, we may see that the involute can be nothing more than 
the singular solution of 


(z= +y -SO =JES O S'E) dé; 


in which, calling the equation ¢ (x, y,&,a)=0, we are to eliminate č 
between ġ=0, and dj: d&=0. But there is an easier mode of obtain- 
ing a diff. equ., as follows. Differentiate ( f), which gives 


2pq? — (1 2r 1+? +3p*q)-(p+pn*)7 
pp eri Ut rr» (2-204?) (eN, 
q q q 
os 2 Q . 
= 3pq +p )er ep. (oP C +P ho, i 
q q *f 

If we make the first factor =0 we merely recover the equation (g), or 

rather the equation (r—£)?+(y—n)*=p’, č, n, and p being uncon- 

nected constants. In the other factor, made =0, is also to be found 
an equation which is true when (f) is true, or we have 


l+pf’ (a-t +P? =o, Or p Sad ler (- =i 


q P 
where f"-* means the inverse function of f'. Therefore (f) gives 
1+p° m( ) 
+——= —— 15, -& 
yt ITN a) 


and if from the last two we eliminate g, we have 


pyte=pff(—=)4p-(- I)a; 


a dif. equ. of the first order, and containing only one arbitrary con- 
stant in its solution. This equation cannot often be integrated by a 
separate method; but the preceding process gives a hint as to the 
method of deducing its general solution from the particular solu- 
tion of y—px=Fp, as found in page 196. The student who under- 
stands the preceding considerations wıll see that the following is merely 
an analytical translation of the process of finding the involute from the 
evolute. 

Required the general integral of 'py+x=Fp, p being dy: dz. 
Assume 


l dé dy 
dp'=di'+dry*, z=E—p—, y=n—p—,..(p) 
p Pag UH TTe gee’ 
dy __dyn—jdn+ pd (dn: dp)} dp d?n— dy d'p 
dx dë —{di+pd (di: do)} — dp @E—did’o 


_ (dé? + dn’) d*n—(dé d®§ + dn dn) dy __ _dš 
S (dE dn) PE (dk FE + dn dên) dé dn 
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dy _ dé dn dg , ae |. 


and the original equation becomes 


_ 86 pl 2 M, _ an (-¢ pA 
$ RF ( T) an= =- aa 


which are of the same form as y—pr=Fp, and can be integrated in the 
same way (page 196). If we take the general solution we find dy: dé= 
const., whence dy: dr=const., which does not satisfy py +x=Fp: it 
must then be the particular solution of the preceding from which the 
relation between » and & is to be found;* and this being done, p, or 
f~ (dé+dn?) contains an arbitrary constant, which remains in the 
relation between x and y, found by eliminationg € between the second 
and third of the equations (p). 

Required the involute of the parabola 2n=&. Here fë = 42, 
f'5=6, consequently f’—"E=£, and the equation to be integrated is 


py+2=p-5(— 5) + (- = or =-55.. sap): 


As there is no direct mode of integrating this, we must have recourse to 
the equations (p); this gives 


d= (1+7) dë? p=hb/ (1+8) +h log (E+ (1+8))+C 


1, Lilogit+JU+e)} Co 
=3° 2 JUE) JAFE) p 
„— rp ologist+/U+h)} C w= b+". 
m OFS = Jee) Ja+®) 


The last equation is merely that of the tangent of the parabola, and 
from it £ can be found in terms of x and y, and the elimination may be 
completed by either of the first two; but the result is so complicated 
that the expression of both coordinates by means of ~ is more con- 
venient. The constant C is the value given to the radius of curvature 
at the point of the involute answering to £=0, or the vertex of the para- 
bola. The result also gives the general integral of (p). 

In the case of the involute of the circle, we have 2*+7*?=a?, the 
radius being a, whence, O being the angle of the radius vector R=a, 
we have do’=a? dO”, and p=C+a0. The equations of the involute 
are therefore 


z=acosO+a0sin0, y=asinO—ad cos O, 


assuming C=0. Show from ds*=dz*+ dy’ that the length of the arc 
of this involute measured from O=0 (A in the page of errata A. G.) is 
one half of the arc of the circle which would be described by a radius 
equal to the arc of the evolute, moving through the angle ©. The in- 


* This method must not be applied complete to finding the involute of a given 
evolute, as it would merely give between » and Z the equation of the evolute: the 
equations (¢) may then be used at once for elimination. 
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volute of the circle being obviously an epicycloid in which the moving 
circle becomes a straight line, or has an infinite radius, the preceding 
equations should be deducible from those of epicycloid. . The equations 
of the latter curve are (A. G. 360) 


b ý 
= O, jaan 


æ= (a+b) cos O —b cos O; 
where @ and b are the radii of the fixed and revolving circles. The first 
of these may be thus transposed : 


( 
xa cos O +b cos O — cos (5+1) J 


a 


=acos O + 2b sin z5 


ai N, 
O.sin (a+ Je. 

\ 20 
If b increase without limit, the limit of 2b sin (a: 25) © is aO, and the 
preceding becomes z= a cosO + aO0sin®, as above. The second 
equation may be treated in the same way. 

The equation (f) leads immediately to a conclusion respecting 

singular solutions which is worthy of notice. If we make f’"'(—1: p) 
=P, or p=—1: f” P, that equation becomes 


y—f' P.c=fP—f'P.P....(P). 


Let us inquire whether this equation has any singular solution. From 
it p might be expressed in terms of x and y; which being done, the 
singular solution, if any, is found by making the partial diff. co. 
dp: dy or dp: dz infinite. But sinee 


eee ose » Ms > od pes, Oe 
P=— arp we have ig =p ap ; 
whence dp: dy and dP: dy become infinite together, unless f’ P=0 or 
f"P=œ when dp: dy is infinite. Now, differentiating the above 
equation with respect to y, x being constant, we have 


ey La SE. a Preach 
> dy f"P(«—P) dy (f'P)*(2—P)’ 
whence x=P is the equation which gives the singular solution, if any. 
Substitution in (P) gives y=f P or y=fx, the equation to the evolute 
again. But it will be obvious that the evolute is not the curve which 


touches all its involutes, but the one which passes through all their cusps. 
Hence, an equation presenting the. analytical characters* of the singular 


„o 4P dP 


* I do not say aX the analytical characters; for if y=@(x,c) were the primi- 
tive of P, we should not derive this singular solution from d¢:dc—0. The fact is, 
that in page 190, we come only to those cases in which ¢ (x, c-+Ac) can be deve- 
loped by Taylor’s theorem. But if the intersection of the two contiguous curves 
approach without limit to a point at which this theorem fails, the method would not 
apply, and. the curve which passes through the limits of ail the intersections is not 
necessarily a tangent to all the genus of curves denoted by y=@(z,c). In order 
that this theorem may apply, in page 190, it is necessary that dp: dc and dg: de® 
should remain finite or nothing (not infinite) throughout the process. If, then, the 
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solution of a diff. equ. may belong to a curve, which instead of being a 
common tangent to all the curves denoted by the diff. equ., may be the 
locus of all their cusps, or other singular points. 

If our diff. co. of y are to be obtained from ¢ (2, y)=0, instead of 
y= x, we have (using the notation already explained) 


d d 
dy o' dy $, (ø ag $', Z) ra p Q fe $, Z) 


dr ©, dx? pè 
poop ptp o O (Oea 
H,’ i b’ p"— 20’ $, p', + p” $ 
re PE E A p+; 


o P PP- p pto" pu 
This form avoids all irrational quantities, if the original equation can be 
made free from them. Thus for the parabola in which y’—4cx=0 
=¢ (x,y) we have 


(16c?-+4y")! 
g'=—Ae, b,=2y, e”=0, ¢' =0, $= 2; Ss 


n—y §—z yt4c*_ atte 
2y —4c £8 AY 2 


cy=—ay, Ex=Br4+2c, y=A4cr. 


Hence, by elimination from the last, the equation of the evolute of the 
parabola is 27cn°=4 (£ —2c)%, which is the equation of what is called a 
semicubical parabola. 

In all that has preceded, we have tacitly supposed, according to our 
custom, that the diff. co. employed have finite values. It now remains 
to consider the cases in which they cease to be finite; which will be 
nothing more than a set of investigations connected with the singular 
points of curves. Previously, however, to entering upon them, it will be 
necessary to consider the general meaning of the diff. co.; the follow- 


ing account of them is partly recapitulation, partly matter newly intro- 
duced. 


dy | This function is the tangent of the angle 6, which the 
dx’ J curve’s tangent makes with the axis of z, the point of con- 
tact being (x,y). When positive, yand æ are increasing or diminish- 
ing together; when negative, y diminishes as x increases, or vice vers. 


or y’ 


same substitution with respect to c which makes d¢:dc==0, should also make 
d*g : dc? infinite, the whole process will be vitiated. Now this may take place when 
the limit of the intersections of the contiguous curves is at a cusp, as in the present 
instance. 

If we examine the equations of page 192, we shall find that if y=@(«,c), the 
diff, co. of dy: dz or x are 


dy d dp dx _dọ d çdo doy 
-<= — log —, -< = —.4—:— > 
dy dz ° dc’? dx” dc dx'\dx de) 
These are made infinite, not only by 2- 0, but also by P , and (at least the 
- de - de 


first) by nothing else; hence the two sorts of singular solutions, or rather the two 
distinct cases which the test may present. 


~ . 
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When 7/=0 the tangent is parallel to the axis of 7, when y'=% , per- 
pendicular. When there is a change of sign, y is a maximum (M), ora 
minimum (m), according as the change is from + to — or from — to 
+ (vincreasing). If the change of sign be made by y' passing through 
0, there is an ordinary maximum or minimum of y; but if by passing 
through œ there is a maximum or minimum made at a cusp (C). But 
if y pass through 0 or « without a change of sign, there is a point of 
contrary flexure (F). These two last terms are better defined by 
looking at the figure than by words. In the figures the arcs along 
which y’ is positive are continued lines, those along which it is nega- 
tive are dotted. When y’=0 or œ, being impossible immediately 
before or after, there is one or other of the cases marked on the right, 
between the characters of which it is left to the student to distinguish. 


H4 
CM M 
A~ ` s nA F i 4 
-m “s C hn 


m m'C it 
dr __,) The fundamental properties of these differential coefficients 
ae or ml are as follows. They must differ in sign. for r’+-u-* u/=0, 


du and they are connected with y’ by the following equations 
geet w'.} (page 345, equations 16, 17). 


ee r'sin@+rcos@ —_w'sin6—ucosé 
~ cosO@—rsind u cosO@+usingd 
As long as 7’ is positive, r increases with 6, &c. When 7’=0, y'= 
—cot 0, or tan Ê tan 0+ 1=0, whence 6 and 6 differ by a right angle, or 
the tangent is at right angles to the radius vector. There is then either 
a maximum or minimum value of 7, or a point of contrary flexure; but 
if r’ become impossible after passing through 0, there is a cusp. Again, 
if r’=c , y '=tan A, or the radius vector is itself the tangent. If r’ con- 
tinue possible after passing through œ, there is a cusp if there be a 
maximum or minimum, and a point of contrary flexure if there be none ; 
but if 7’ be afterwards impossible, there may or may not be a cusp. 

u’ is nothing or infinite with 7’, but when w’ is positive r is diminish- 
ing as 0 increases, &c. 


dy i A To give an idea of the geometrical meaning of y”, re- 

dx” Y'S member (Chapter IV.) that if x increase successively by 
h, giving y the successive values y,, Yp &c., y” is the limit of y2—2y,4+-y 
divided by 4°, and as A diminishes, ye — 2y, +y must fivually assume the 
sign of y”. This sign, therefore, is positive, when for any arcs, however 
small, ye+y is algebraically greater than 2y,, or the mean of ys and y 
greater than y,; and negative when the same mean is the less. That 
is, y” has the sign of VS— VQ, where NP, VQ, WR are the successive 
ordinates y, Yı Y2: it is easily shown that NV being = VW, VS is the 

2 B 
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mean between NP and WR. In the convex 
curve VS— VQ is positive or negative with y; 
but in the concave curve VS— VQ is of a dif- 
ferent sign from y. This will readily follow 
from giving VS and VQ their algebraical signs 
in the four figures adjoining, and finding that of 
VS— VQ. Hence, when a curve is convex to 
the axis of z, y” and y have the same signs, or 
yy” is positive: when the curve is concave y" 
and y have different signs, or yy” is negative. P 
It may often be convenient to observe that this 
criterion may be altered as follows. If log y=z, the curve is convex 
when z” +z” is positive, and concave when the same is negative : when 
y’= z, the curve is convex or concave, according as z (222! — 2z”) is positive 
or negative. Thus y=é is always convex; for, in the first case, 
zi 42%]; again, y=,/ (1—.*) is always concave; for, in the second 
case, z (222! —2z 2) — — (1—2*)(4+82°). Again, ifl: = z, the curve is 
convex or concave according as 2z/*—zz” is positive or negative, Thus, 
in y=l: (1+2), we have 2z”— zz" =2, and the curve is convex or con- 
cave as y is positive or negative. The demonstrations of these theorems 
will be easy exercises for the student, and one or other of them will 
generally be found of more simple application than the fundamental 
theorem from which they are derived. 

We also learn from the preceding that A°y : (Ax) =2 (VS—VQ): 
(NV)’; so that, without attending to the tien: y" is the limit of 
2QS : (NV)’. 

In the case of a point of contrary flexure, if y be finite, y” must 
change sign; for it is the obvious character of such a point that the 
curvature is convex on one side of it and concave on the other. But 
when y changes sign at a point of contrary flexure, the characteristic of 
the curvature is to be the same on both sides. Consequently y” must 
also change sign; or, the criterion of a point of contrary flexure is uni- 
versally a change of sign in y”. 

We may give an easy geometrical proof of an important proposition, 
as follows. Take an arc PR from a curve, let 
PA and PD be parallel to the axes of y and 2; 
bisect the chord PR in S, and complete the figure D 
as shown. Then 2QS is A’y, on the PE 
that Ar remains uniform; and 2ZS is Ar, on C 
the supposition that Ay is uniform ; bate the 
two have different signs in the figure drawn, A B 
and if it were not so, it would be found that Ar 
and Ay would have different signs. But as the 
arc PR diminishes, the tangent at Z approaches without limit in 
direction to the tangent at P; so that the limit of QS: SZ is the same 
as that of QA: AP; or, allowing for the difference of signs, the equation 
A*y : A?x—=—Ay: Ax becomes nearer and nearer to the truth as Az 
diminishes without limit. Put this in the form 


Ay | As j Avy ay . d'r dy’ _ 
ar * (ay) Br) dat "dy? de 
is true; the same as was shown in page 153. | 


4 


=0, and the limit — 
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—,or 7", 

aer O1 dro Adu tr 1 jdt du) 
d'u or u'l Tw do wW d? de 2 \“der” de®)" 
dg’ 


Let 6 be twice successively increased by AQ, and let the radii belonging 
to the angles 6, 04 A0, 6+ 2A0 ber, 7, andr} Consequently, 7” is 
the limit of (re — 27,47) :(46@)*. Let OP, 
Rp OQ, and OR be the values of 7; then the 
angle POR (or 240) is bisected by OS. But 
Q if a and b be the sides, and C the contained 
angle, of a triangle, the length of the line 
p bisecting the angle is 2abcos4C:(a + b), 
whence 7, being r+ 2Ar-+A’r, we have 


2r 2TTa 


O OS= 


3 cos AQ=——* (1—2 sin? $ A0) 
2 


T+ T+Ts 
TT Friro— rra — 417s 

————s -+ 
TET? T+T 


OQ —O0OS=r,—0S= sin? 4 A0. 


The numerator of the first fraction will be found to be 2 (Ar)? + 
Ar.A?—rA?r, and if the whole be divided by (A@)*, and A0 be then 
diminished without limit, we shall have (remembering that in the 
second term the limit will be most evident when we write A@ as 
2.4 A0) 

E OQ-—OS _1 o ar Ër a 1 / œu 

limit of A0 2r °F 7 sa T (+E) 
If r, and consequently u, be reckoned as positive, OQ—OS is positive 
when the curve turns concavity towards the pole O, and negative when 
it turns convexity, and vice versa when 7 is negative. Consequently, 
there is concavity when u+u” has the same sign as u, and convexity 
when the two signs are different. And there is a point of contrary 
flexure when u-+w" changes sign. 

For instance, let us take the spiral called the dituus (A. G. 367.), the 
equation of which is u?a°=0. If instead of d°u:d6° we use d’0: du 
we must (page 153) for 


? 2 ag® y 2 


eae e write u : - in this case u 
de? du?’ du3’ Saë uë’ 


As long, then, as 4a‘ u* is greater than 1 or 46°<1, the curve is convex 
towards the pole, and the contrary. There is, then, a point of contrary 
flexure when 6=°5, which reduced to practical measurement is 28° 39’, 
nearly. Ina straight line, u+u”=0 ; in either of the conic sections it 
is a constant, if the pole O be ata focus: the latter is one of the most 
important propositions of the Newtonian theory of gravitation. 

If y’=0, the radius of curvature is L:y”; and if u’=0, it is 
the reciprocal of u+u” (page 347). If y’=0, the radius of curva- 
ture is infinite, or the circle of curvature becomes a straight line; 
this agrees with page 351. If w’=0, the radius of curvature is 
(utu: us, 


2B2 
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The preceding cases are simple, but become more complicated when 
y' or w’, or y” or u” are infinite. Let y' be not infinite, and y” infinite, 
or let u' be not infinite, and w” infinite : in such cases p is certainly =0. 
This means that no circle is small enough to be the circle of curvature ; 
but that every circle, however small, approaches nearer to the curve 
than all larger circles. This result may be illustrated as follows. Take 
one of the circles which has a contact of the first order only with the 
curve; that is, in page 360, use for the determination of the coordinates 
of its centre only the equation £—r+y'(y7—y)=0, which merely 
implies that the centre of the circle must be on the normal of the curve. 
Let us now consider, as in page 349, the deflection of the curves from 
one another when x is changed into z-+-+h. Since the contact is only of 
the first order, these deflections have the same sign on both sides of the 
point of contact; that is, when the radius is greater than that of curva- 
ture, the circle lies between the curve and its tangent on both sides, but 
when the radius is less than that of curvature, the curve lies between 
its tangent and the circle on both sides. But when the radius of curva- 
ture is nothing, every radius is greater than that of curvature, or all 
circles whose centres are on the normal lie (at least immediately on 
leaving the point of contact) between the curve and its tangent; but 
when the radius of curvature is infinite, every circle is less than that of 
curvature, or the curve lies between its tangent and any circle what- 
soever whose centre is on the normal. 

Next, let y’ be infinite, in which case y” is infinite, and the radius of 
curvature is the limit of y”? : y”. Returning to the theory of pages 321, 
&c., find the critical value of n in y:y"", or take the limit of 

“yl sy! y", or of y'y":y'™. If this be e, we know (page 322) that 
y” :y” has the same limit as y’~°, or the radius of curvature is 0 or «, 
according as y'*~* is 0 orem. But if e=3, it may* happen that the 
radius of curvature is finite. 

The consideration of all singular points will require the examination 
of the critical value of n in y’: y", a subject on which some little detail 
will be required. If p, g, 7, and s be four successive differential co- 
efficients of y, it is obvious that the critical valne of n in q:p” is 
pr:q, and that of nin r: gq" is gs:7°. But if the first be of the form 
0:0 or ©: œ, we find for the value of pr: gq’, ` 


BE org far A 
Sqr” or $ at a af. 
If, then, em be the critical value of n in ("+ : {4™ 1", we have 


2e,,—l 


Cnt {1+e, emits OF Cn4i= 


From the preceding, knowing e» all the rest are found by substitution 
to be contained in 
Emal (m+1) ee—m 

™ mey—(m—1) 


Remember that if px:(yx)" can ever be finite when yr is 0 
* The student must here avoid the mistake which, as already noticed, I have 


twice fallen into in the course of this work. When z has the critical value, the value 
of px (4x)" may be nothing, finite, or infinite. 
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or ©, it is when z has the critical value, and no other. (and perhaps 
not for that one.) The following scales of comparative dimension 
among diff. co. are universal: we shall presently explain their meaning. 


2n—1 3n—2 4n—3 5n—4 


1} 2n—l1 3n—2 4n—3 &c. 
3 4 
— — — & 
0 ee 2 9 3 c 
l l l l l &c. 


That is, by means of the critical vaiue of n in y’: y", if y be O or œ, or 
in y’:(y—a)*, if y be finite and =a at the point in question, we can 
immediately ascertain the critical values in y”: y", y”: y'™, &c., when- 
ever y’, y", &c. are all nothing or infinite. 

For example, let y=1:logz, which =œ , when z=1. Its diff. co. 
is —1:(logz)’x, and the critical value* of n in y’:y" is 2. Con- 
sequently, that of y”: y is 14, which will be found to be true by writing 
—1: (log z)’.2 or y’ for yr, and (2+logz) : (log z)’ x°, or y” for 
bxin d'z wx: Ox y'r, and finding the value of this when r=1. 

If y' : (y—a)" be finite when y is =a or =a „and if n have the critical 
value e then y” : y", y” :y"", &c. are all finite when the several critical 
values are put for n, provided those critical values be finite. Let these 
be called Po, P,, &c., then at the point in question P, is 0:0 or œ: œ, 
and therefore its value is that of 


n=l 
' " ND n n—1 
ee. I or oe AER or P, and Ne or £ P, P, *. 
n (y—a)""'y' tet = n 
j n (y: P)” y ny’ ” 
1 


have the same limits. Hence nP,” and P, have the same limits, or 
denoting the limits by pp, pı, &c. we have 


P= ly p °, similarly pe =e, pi, &c. 


Returning to the preceding problem, we find that e,, the critical value 
of n in y”: y”, is (2e,—1) : eo whence, 3—e, being (eo+ 1): e» We find 
that, when y’ and y” are infinite, 

eo+l 
p is 0 or œ , according as (y—a) © is 0 or œ ; 
and p is finite when e,=3 or e,=—~l, if y': (y—a) or (y—a) y’ be 
finite. 

For instance, let y=a-+,/(z—b) .fz, where fr and its diff. co. are 

finite when z=5, in which case y=a, and its diff. co. are infinite. If 


we then seek the critical value of n in y':(y~a)", we find it in the 
value (r=6) of 


Yay or (r—b)? fx l = i(2- b)? fa+(a—b)-4 f'z+ (2-b)? fx 


n eee ry —— 
ad 


{$ (2—b)* fet (1—0)? fr} 
and (y—a)y'=(z— b)? fr {3Cr =b)? fr + (x—b)3 f'e} =} (fb); 


and the radius of curvature is therefore finite; it is in fact the second 


* The value of n in gr: (Yr) can often be most easily calculated by finding the 
value of log gx: log yz (page 322). 
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divided by the first, or —4 (fbf. This may easily be verified by 


common methods. 

No complete and general method has ever been given of treating those 
points of a curve at which y” and the succeeding diff. co. are infinite. I 
think a reason for this may be seen in the infinity of cases which must 
be considered, when all the possible dimensions of a function (page 324) 
are taken into account. We cannot evade investigating, 10 one manner 
or another, the order of infinitely small or great quantities to which the 
several differential coefficients belong; and this must be done by the 
consideration of their dimensions, the possible cases of which are not only 
infinite in number, but of an infinite number of different forms. No 
methods yet employed are competent to distinguish, for instance, between 
the singular points existing at z=b in the two curves y=(4#—b) 
{log (x—b)\* and y=(xr—b) log (x—b) {loglog (rx—b)}°. The deve- 
lopment of a function, when Taylor’s theorem does not apply, and the 
assignment of the character of the singular points of a curve, are the 
same problems; and if a method should be found which should be 
equivalent to trying how the diff. co. increase or decrease in comparison 
with every pussible case of z” >*=, meaning x* (log x) (log log z)°...., 
it would only serve to show how to interpolate as infinite a variety of 
new cases between each. 

Defining singularity at the point whose abscissa is a to consist in 
Taylor’s theorem not applying to develope @(a@+A), which is un- 
doubtedly the proper algebraical definition, we must divide singular 
points into those which exhibit perceptible differences from other points, 
and those which do not. The former are only those in which the 
singularity affects the first or second differential coefficient. A volume 
might be written on the infinite varieties of the forms of curves; it will 
here be sufficient to dwell on the peculiarities and uses of differential co- 
efficients with respect to them, remembering that the utility of the 
investigation depends more on the illustration which the curves give to 
the equations than on that which the equations give to the curves. Were 
it not for this nothing could be more serious trifling than the length at 
which, in many works, the courses of different lines are traced out, 
those lines being not of any use in application. But, when it is con- 
sidered that the curve whose equation is y=@z, is a lucid tabulation 
of all the changes of magnitude which oz undergoes when 2 changes, it 
becomes evident, that under the semblance of investigating the course of 
the curve, we are not only making an inquiry of the most instructive 
algebraical kind, but also presenting the result of that inquiry in the 
most perspicuous form. 

The inquiry before us* will embrace the determination with respect 
to a curve of, 1. The most useful transformation, if any, of its equa- 
tion, 2. The points in which it cuts the axes, and the general character 
of the ordinates as to positive and negative. 3. The greatest and least 
ordinates, and the general character of the ordinate as to increase or 
decrease. 4. Its fina] tendency as x increases without limit positively 
or negatively, and the position of its asymptotes, if any. 5. The 
character of its curvature with respect to its axis, and its points of con- 


_* The student will remember that he is supposed to have a good acquaintance 
with the purely algebraical branch of the inquiry, as set forth in the treatise on 
Algebraic Geometry. ; 
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trary flexure. 6. Its abrupt terminations, or points d’arrét, as some 
late French writers have called them. ‘7. Its cusps, or points de 
rebroussement. 8. Its multiple points, whether of contact or inter- 
section. 9. Its conjugate points, or evanescent ovals. 10. Its pointed 
branches, or branches pointillées, &c. We shall take these questions 
in order. 

1. As to the transformation of the equation. In some cases polar 
coordinates may be more convenient than rectangular. Thus, as to the 
spiral of Archimedes, r=a@ is more easily used than j(2*+y*)= 
atan“'(y:«), and the curve (2°+y°)?=a’ (z*—y’) is more easily 
traced by its polar equation 7°=a? cos 20. But here it must be observed 
that unless the proper signification be given to negative values of r 
(page 342), the polar equation will frequently not yield all the branches 
which would be given by the usual consideration of the rectangular 
equation. 

Again, it may sometimes be convenient to consider the points of the 
curve as formed by the intersections of two others; thus y= Xz+ 6X, 
where X is a function of x and y, may be considered as made out of the in- 
tersections of y=-ar-+¢a, and a=X. If then the curve be drawn to 
which the first line is always a tangent, the intersections of the tangent 
of such a curve at any point with the curve «=X are points of the 
required curve. 

Next, when the curve has the form y=¢@r+¥zx, the most simple 
plan may be to describe separately the curves y=@z and y= Wx, and 
form the required curve by the addition or subtraction of the ordinates. 
Thus y=+,/ (az) +, (a°— 3°) is much more easily described by 
adding and subtracting the ordinates of the circle y=,/(a’—<") to 
and from those of the parabola y=,/ (az) than by attempting the com- 
plete equation. 

The same method may be sometimes advantageously applied to the 
form y=¢ġs x yr, and often to that of y=} (x). Thus, by tracing 
y=(z—1)(2—2)(2—3), we may easily trace Y=,/ (y). 

But one of the most useful transformations is that of writing 1: y for 
y, giving a curve whose ordinates are the reciprocals of the ordinates of 
the given curve. Nothing is more easy, with a little practice, than to 
trace out the general form of a curve, when the curve is given whose 
ordinates are its reciprocals. 

2. The points in which the curve cuts the axis of x or y are deter- 
mined by common algebra. The following observation may occasionally 
be useful. If yx=oz, =0 when z=a and when z=6, and bœa, then 
the intervening branch of the curve, immediately following x=a, has a 
positive or negative ordinate, according as b'a is positive or negative ; 
and that immediately preceding z=), has a positive or negative ordinate, 
according as ¢’b is negative or positive. 

3. On the method of ascertaining increase and decrease nothing more 
need be said, nor on that of determining the maxima and minima. 

There is no mode of discussing the property of the tangent in all 
cases (those for instance in which ¢ (x+h) contains an infinite number 
of positive and negative powers) unless we have recourse to a universal 
theory of dimensions. We shall now only consider the primary dimen- 
sion of each of the diff. co. with respect to x, or the critical values of n in 
Y : 2", Y 3a", &e. 

Let y=$z be the equation of the curve, the origin being removed to 
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the point under consideration, so that 60=0. Hence the critical values 
of n in y:2", y': a", &c. are the limits (when r=0) of 
_ g'z o'z 
Q=2r bz’ Q= Pr 
Let the limits of Q, Q,, &c. be q, g,, &. Then g=q—1, g.=9,—1, &c. 
This may first be shown when zọ'x diminishes without limit, and Q 
therefore approaches the form 0:0: for then we know (page 320) 
that 


&C. 


so'r nd Pr+xp' xr Pedal 
po E S gpr O pa 


© But if r¢’x should approach a finite limit, or be infinite, then ¢’x 
must increase without limit, and also Q, whence a:¢2r(@'r) ' 
approaches the form 0:0, and 

apx ee pr. o'x Q: 
-— ame limit as 1:{ 1—————— }, or l:| 1—= }; 
ae has the sam l (pap ) (1 
whence Q has the same limit as Q:(Q—Q,). But as Q increases 
without limit, so must Q,, for in any other case the limit of the second 
would be unity. Hence the above equations are universally true. 

Let q be found, and let y=2z' waz, then the limit of zy'r: wr=R is 
readily found =0, and y =q yr +a y/r—2"" wr{qt+R}. But 
the critical value of n in wr:2z" bring =0, Wxr:z' takes the limit of 
x°-*-®, or of x17; consequently the tangent is the axis of «x or the axis 
of y, according as gis >l or <1. But if q=0 or = œ, 2" is not an 
adequate dimetient of px, and (log x)" or €7 must be tried, if pz be 
sufficiently complicated to require it: the number of cases being infinite. 
If q=1, y' depends on yx, when z=0. 

Again, y'= 1° wr{qq—1+2qR+RR,}, R, being ry"s: yz, 
which =—1 when z=0. Hence the sign of y”, near the origin, 
depends on that of g(q—1)2**wa, and its magnitude at the origin 
upon z‘~*, except only when q=0, 1, or œ, in the first and third cases 
of which other dimetients must be tried, and in the second of which 
awe R(2+R,)=y", the limit of which is that of a? we.R, or 
awe, or Y's. When q=2, y" depends on yr. 


{1 +a" (ya) (q +R) Ẹ 
aya (g Q—1) +2gR+RR,) 


If q be greater than 2, this is infinite when z=0; if q=2, it is 0, 
finite, or &, with (war)-'; if q lie between 1 and 2 itis =0. If q=1, 
the radius of curvature depends upon the limit of {14+ (Ya) (A +R) Ë z: 
woR(2+R,). This, if Wx have a finite limit, is 0, finite, or œ, with 
e:R or wr:y'r; if wer diminish without limit, it depends on the 
limit of x: y~a.R, or 1: wax: but if yx increase without limit, it depends 
on (wr)*: yz. When q<1, but not =0, the expression is 0, finite, or 
œ, with a?" (wr)*; that is, with °, in every case in which 2g—1 is 
finite, and with wr, when 2g—1=0. 

4. If, when < increases without limit, øx have the limit a, ‘there is an 
asymptotic straight line parallel to the axis of x, and at the distance a. 
But if y= œ when e=a, then the line parallel to the axis of y at the 


, have the same limits. 


r 


The radius of curvature is 
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distance a is itself an asymptote. The oblique asymptotes are readily 
found : for with regard to any one of these it is obvious that if x increase 
without limit, the tangent perpetually approaches to the asymptote both 
in direction and position, so that the asymptote may be regarded as a 
tangent whose point of contact is at an infinite distance. Find then the 
values of OT and OU (page 352), or of e—y:7' and y— xy’, when 
x= cc, and the position of the asymptote or asymptotes will be thus 
determined. And if G and H be the points in which the normal cuts 
the axes, then OG=2+yy'’, OH=y+2:y', from which it may be 
found whether the normal drawn from a point at an infinite distance cuts 
the axes at finite distances ; and this may be proved to he impossible, 
which I leave to the student with these two hints, 1. The preceding 
expressions are halves of the diff. co. of 7° or 2°+y* with respect to z 
and y. 2. Any function in which the diff. co. has the limit a must be 
of the form az+Wa, where y's diminishes without limit, ory! œ =0. 

All the curves which are asymptotic to y=@x are contained in the 
equation y=Gr-+ Wr, where yx may be any function such that y œ =0 
(limit). A curve having the polar equation r=q@@, has an asymptotic 
circle if 6 c=a, the radius of the circle being a. 

Generally speaking, the curve has two branches which approach the 
asymptote, but it may have more even on thesame side. Thus the axis 


of y is an asymptote to two distinct branches of the curve y (8+2)=a, 


and to four distinct branches of y (e+a)=a, A positive method of 
ascertaining how many branches of a curve belong to one asymptote is 
as follows. Change the coordinates im such a way that the asymptote 
may be the new axis of y: for y write 1: y, then for every branch of the 
curve which has the equation so altered, and which passes through the 
origin, there is a pair of branches to the asymptote; the two branches 
which meet at a cusp (if two they are to be called) counting as one. It 
will presently be shown how to determine the number of branches 
passing through the origin. 

5. The general character of the curvature with respect to the axis, and 
the points of contrary flexure are discussed, for elementary purposes, in 
pages 370, 371. Generally speaking, the radius of curvature is infinite 
at a point of contrary flexure, and this is true when the tangent has a 
contact of the second order with the curve. But all our notions as to 
contact have as yet been founded upon the supposition that we are at a 
point of the curve at which Ø (x+h) admits of development in whole 
powers of A (page 349). The following considerations are supple- 
mentary. When two curves have a contact of the nth order, the 
deflection is always finite when compared with A"t!. But at a point for 
which ọ (x+h) can be expanded into the series ox-+Ah*+Bh'+...., 
let us remove the origin of coordinates to that point; then z takes place 
of h, and we have y=Az*+Ba2°+.... If, then, we take a straight 
line y=pr, (a, Ê, y, &c. being increasing,) the deflection Ac*+.... 
—pzx will bear a finite ratio to z if æ >l, to 2° if «<1, and if e=1, to 
x", by making A=p. In the second case, no line can be drawn between 
the axis of y aud the curve, nor in the third case between that of x and 
the curve. If œ be a fraction which in its lowest terms has an odd 
denominator, there is certainly a point of contrary flexure if y be possible 
on both sides of the origin. 

The radius of curvature may be either O or œ at a point of contrary 
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flexure, but can never be finite. For (1-+y")?: y", the numerator being 
positive in all cases, must change sign with y”. 

6. The abrupt termination, or pont d'arrêt, is in part a consequence 
of the imperfection of the theory of logarithms, as we shall see when we 
come to the tenth point. If y=2z*logz, it is certain that y diminishes 
without limit with x, and also that, according to the common theory of 
logarithms, y has only one value for one value of v, and no value when x 
is negative. There is then an abrupt termination (or commencement) 
to the curve at the origin; just as there is to the spiral of Archimedes, 
if the negative values of the radius vector be not admitted. But, as we 
shall see, the abrupt termination is only the commencement of a pointed 
branch. 

7. The cusp is a singular point which cannot be detected by any 
simple rule depending upon the differential calculus only. The follow- 
ing considerations are necessary for the elucidation of this case. 

Let yz be a function which vanishes when r=a, and is impossible on 
one side of that value, having on the other side two equal values of 
contrary signs. Then wa is either O or œ. For it is evident that the 
two values of ¥/r answering to the two values of x differ in sign, and 
when the two values of Yv coincide in one (=0), either the two values of 
y'x must have the same limit, or Y'a must have two values. But the last 
cannot be, if the function be continuous, and quantities of different 
signs approaching the same limit can only have the limits 0 or œ. 

Let the preceding remain, and let y=pr+ er be the equation of a 
curve; this curve has, then, unless gx should destroy ¥%., no ordinates 
when «<a, and two afterwards for every value which any given value of 
x gives to pz. Take one value of Øx; then so far as the branch of 
dr +yz depending on that value of Oz is concerned, there is a double 
branch of the former depending upon the branch of the latter chosen. 
The curve $x is what is called a diameter of Ox-+ Wz, since it always 
bisects the portion of the ordinate contained between two branches of 
the other. If, then, ¢’a be finite, and y’a= œ, y' is infinite when r=a, 
and the curve cuts its diameter as shown in the first diagram: but if 
y'a=0, then y'=ġ'a when a=a, and the curve and its diameter have 
the same tangent; or there is a cusp as in the second and third figures. 


P p A p PZ P 


p P P 
Q N N N 


The simple definition of a cusp then is, the point at which a curve 
touches its diametral curve. It is obvious that there is or may be a cusp 
for every point of the diametral curve having the abscissa ON, and also 
that when the diameter has two or more branches passing through P, 
there may be a quadruple, sextuple, &c. cusp, as in the diagram follow- 
ing. But if the tangent of the diameter at P be 
perpendicular to the axis, it may happen that the 
two cusps (or semblances of cusps) which unite in 
that point may really form two continuous branches, 
as in the first diagram of the next page. 

For instance, y=az’+,/(b—z) has the diame- 
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tral curve y=azr’, and its ordinate is impossible 
after r=b; but there is not a cusp when c=), 
because y’ is then infinite. But y=az?+ (b— ax)? 
has a cusp when t=». 

Cusps are of a twofold kind, according as the 
branches which proceed from them are on the 
same or different sides of the tangent line: these may be called 
cusps of similar or! different curvatures, though it is usual to say that 
the cusp is of the first kind when the curvatures are different, and 
of the second when they are similar. If, near the cusp, the two 
values of y" are of the same sign (page 370), the curvatures are similar, 
and different if of different signs. The following theorems will serve for 
exercise. 

When $"a is finite, and y”a=0, the cusp must be of similar curva- 
tures, and the radius of curvature at the cusp will be finite; as in 


y= ax? + (2—b)?. But when ġ"a is finite or 0, and ¥"a= a, the cusp 
must be of different curvatures, and the radius of curvature is O or œ. 
And when ¢"a=0, w’a=0, the cusp may be of either kind, in one case 
or another, but the radius of curvature will always be infinite. The 
involute has a vertex, when there is a cusp of different curvatures, and a 
cusp of similar curvatures when there is a cusp of similar curvatures. 
But the evolute, at a cusp of different curvatures, has an asymptote or a 
vertex, according as the radius of curvature is œ or 0; while at a cusp 
of similar curvatures, the evolute has the same, or an asymptote with two 
approaching branches on the same side. And a curve which has an 
asymptote has either an ordinary point, or a point of contrary flexure, or 
a cusp, at an infinite distance. 


Let y= alog st a. Here is a cusp when z=0. And it will be 
found that the cusp is of similar curvatures. 


Let y==2?-+4+24, There is no cusp in this curve, the diametral curve 


of which is the parabola yor. But since 2* is greater than x? when 


x is less than unity, the two branches belonging to 
the same branch of the parabola are on different 
sides of the axis until x=—1, after which the con- 
trary takes place. The figure of the curve is as 
follows, BOAC being made from one branch of the 
parabola, and DOAG from the other. The appa- 
rent cusps made by BOAG and DOAC are not 
really cusps. 


Let y==z}+2%. There is now really a cusp at 
the origin, and the whole curve has the form of 


BOAG. If y= (x} +27) log x, there is a cusp at 
the origin, and the curve has the form made by 
putting together OAC and the dotted branch. 

8. Multiple points are those in which two or more branches of the 
curve pass through the same point ; according to the number of branches 
they are denominated double, triple, &c. In the case of a simple 
double point, it is obvious that the diametral curve will pass through it, 
either touching or cutting both branches of the curve according as they 
touch or cut one another. When the two branches touch, the only 
difference between the case and that of a cusp lies in the ordinate not 


B 
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becoming impossible before or after the cusp. Thus, in the curve 
y= (+22) log x, the diametral curve has for its equation yours log x, 
and the curve coincides with its diameter when 2? log z=0 ; that is, 
when z=0 and when z=1. In the first case, the ordinate being 
impossible when x is negative, we have a cusp: in the second, a double 
point, the values of y’ being 11. Similarly, in y= + 2, one 
diameter of which is y=0, we have coincidence with this diameter 


when +27+2%=0, or whenz=0orl. Inthe second case, y/=+4+4, 
giving for the branches belonging to the ordinates + x*—2t and 


—z?-+42%, the values } and —4, which determine the tangents at the 
double point. 

The general test of a multiple point is a multiplicity of values in y’ 
for a single value of x and y. But if some of these values should be 
equal, that is, if some of the branches have a common tangent, it is not 
every test which will demonstrate the existence of these equal multiple 
values of y’. Theoretically speaking, the branches having then a con- 
tact of the first order, recourse should be had to the second diff. co. y”, 
which, unless some two or more branches have a contact of the second 
order, will have as many different values as there are branches. Pro- 
ceeding in this way, we see that if two branches have a contact of the 
mth order at most, the (n+ 1)th diff. co. of y is the first which will 
exhibit as many values as there are branches. Hence no absolute test 
of multiple points can be derived from the differential calculus, since the 
examination of all successive diff. co. isimpossible. Generally speaking, 
however, the equation itself will point out how many values of y may 
belong to one value of z; and it is obvious that no more branches of a 
curve can pass through a point than there are values of y to a value of x 
closely preceding or following the multiple point: so that practically 
speaking the multiple point is detected with nearly as much ease as the 
point of contrary flexure. 

The most certain theoretical method of determining a multiple point, 
though not perfect and though rarely the best in practice, has been obtained 
in page 183. Let @(2,y)=a@ be the equation of the curve, and let it 
be reduced to a form in which there is no ambiguity, by the destruction 


of all terms which have double values. Thus y =x + 2? must be 
reduced as follows : 
(y—r)? —x=0. 


Differentiate, say three times with respect to x, using Lagrange’s symbols 
throughout : 


d'+¢,y'=0, Q" +2¢/ y +o, y”? +$,y"=0 
p" + 3%," y'+ 30), y?+ Pi y*+ CH +¢, y’) y” +9, y'=0. 


Now since Ø (x,y) is unambiguous,* so are Ø’ and Ø, when finite; 
consequently there can be no double value of y’ unless when it takes 


0 oc ; ; 
the form 97 G3 that is, when either 6’=0, ¢,=0, or d’= œ, go = œ. 


The second case can generally be avoided by a modification of the 


* This means, having but one value for one value of x combined with one value 
of y. 
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equation, and when ¢/=0, ¢,=0, then if Ø", ¢,, and ¢,, be finite, we 


have 
p42) y' +p, y2=0 


for the determination of the two values of y^. This answers well enough 
when Ø, is finite, but when ¢@,,=0, the common theory of algebra would 
instruct us to suppose one value of 7/ infinite; if, however, this be the 
case, the corresponding value of y” is infinite, and we have no longer 
any right to conclude that the term ¢,7" vanishes. We are only there- 
fore made perfectly certain, by the use of this method, that a double 
point exists when y’ is found to have two finite or zero values. Similarly, 
if $”, $/, and @,, all vanish, we have the equation 


gl + 3g," y' + 3p, y”? + Pu y= O 


for the determination of the three values of y’ which may in this case 
exist, with the same reservation as before; and so on. And in any case 
one or more pairs of the values of y’ may be impossible. 


Let us take the curve y=? pak, already considered. An equation 
of this form can only* be reduced to another which perfectly includes 
all its cases, and is rational, by multiplying together all its forms. 
Thus the preceding must be rationalized by multiplying together 


(k=,/(—1)). 

y—fa—Yr, ytfa-Ye, y-ftt+Va, yt drtyz, 

y—Jr—kifax, yt Ja—kfe, y—Jatkhfa, yt+Jr+k/s, 
and equating the result to nothing. But if the possible factors only be 
multiplied together, and equated to 0, giving (y+2—,/x)?—4ry’=0, 
every possible branch of the curve is included by making this =0, and 
the resulting equation may, consistently with representing the whole 
curve, be made unambiguous by the understanding that ,/z shall have 


the positive value only. 
Pursuing this, we find for the first equation, 


ee (ag) "+ {4y (y°+2—,/r)—S2ry} y'=0. 


. 0 eg 
In this y’ takes the form o when z=1, y=0, which is also found to 


satisfy the equation: here then there may be a double point. To settle 
this, form the next equation, or 


1 1 ae í l 
2 (y?+2—,/x).— —-+ 2( 1L——- Se e ' 
Git 2—/2) 4 nla’ ( =) + Sy (1 A 16y} y 
+ {12y°+42—4,/x—8r} y2 + {4y (Y +2—,/2)—8ry} y"=0, 
when cz=1, y=0, $-—Sy”=0, and y'=+4 or —+. There is then a 
double point at (1,0). This method also indicates the double point 
which exists at (0,0), and for which both values of y' are infinite. 


I give the following as an exercise :—The curve y= (r—a) (b—2)? 


+ Or by some process as general. The student might easily deduce (y?+-7)?— 
a (1+42y)° from the equation; but he would find, on endeavouring to return to 
y= ,/tt4/z, that the preceding is only satisfied by y=,/rt4 zx, and not by 
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+2 (b—a)? has a double point when z==a, ifb>a. If abe made to 
vary, the curve to which every curve of the species is a tangent passes 
through all the double points. 

9. I call the conjugate point an evanescent oval, because it never 
exists except where the equation is a degenerate variety of a wider class, 
each curve of which has an oval. The most simple case is that of 
(z—a)*+(y—b)?=0, which belongs to no point except (a,b). This 
conjugate point is the circle described with a radius =0, or an evanes- 
cent circle. Again, y= +y {a (x«—a)(x—b)}, a and b being positive, 
and b> a, consists of an oval from r=0 to r=a, an unoccupied interval 
from ra to r=), and infinite branches above and below the axis from 
xr=b upwards. As « diminishes, the oval becomes smaller, and finally 
when a=0 the form of the equation becomes y=.2,/ (t—b), which 
gives y=0 when +=), or the origin is a point of the curve: but there is 
no further point until z=6. It is useless to attempt a test of a conjugate 
point by the differential calculus. 

“ 10. I now come to the consideration of the pointed branches, or 
branches pointilleés. This is a curious question of analysis, in which 
some detail will become necessary, and strict recourse to definitions. 

If we define a curve to be the line made by the motion of a point 
according to a certain law, it is evident that if (a,b) and (a’, b’) be two 
points at a little distance on the same branch of the curve, there is a 
point of the curve for every abscissa lying between a and a’. And such 
a branch of the curve, described by a continuous motion, is the only 
branch which falls within the definition. But if we define a curve to be 
the assemblage of all points whose coordinates satisfy a given equation, 
we no longer restrict ourselves to the consideration of branches described 
by the continuous motion of a point: for there may be points, the 
coordinates of each of which satisfy the equation, without any such 
points intervening. , The simple conjugate point is an instance. Con- 
sider the curve whose equation is y= az? + y< .sinbz. The 
diametral curve is a parabola, from which, when z is positive, the curve 
alternately recedes and approaches, meeting it whenever sin br=O, or 


bx is a multiple of m. But when z is negative, y is impossible, 
except when sin br=0, in which case y is az®: so that on the negative 
side there is an infinite number of conjugate points, each one situated 
on the parabola over against a double point of the curve, the successive 
abscisse being 7:b, 27:6, 37:6, &c. The greater the value of b, the 
more nearly do these points approach; and if 6 were exceedingly great, 
they might be made, as nearly as we please, to resemble a continuous 
branch of the curve. 

Which of these two definitions we employ is purely a question of 
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analogy and convenience. If we were making a theory of curves, for 
the sake of the properties of space we should thereby gain, it might 
perhaps be thought that the first definition would best embody the 
objects under consideration. But if our theory of curves be carried to a 
greater extent than is practically necessary, solely for the clearness of 
illustration which it gives to the properties of algebraical functions, it 
then seems to me that the second definition is imperativelv required. 
All who have sanctioned the introduction of the simple conjugate point 
have tacitly admitted this; though those among them who have rejected 
. the pointed branch have refused to admit the legitimate consequences of 
their own definition. 

In the preceding example we have only a series of conjugate points, 
separated by finite intervals. If we admitted the symbol sin ( œ 2) 
among the objects of analysis, we might appear to have a pointed branch 
which is not distinguishable from a continuous branch. If we never 
met with such a branch except upon the introduction of a new use of œ, 
we might well dispense with it altogether. But, as we shall now show, 
a pointed branch of a still more curious character meets us in the con- 
sideration of ordinary symbols of quantity. ‘The expression a*, where 

l 


x—=m:n, means that any one of the n values of a* is raised to the mth 
power. When we speak of arithmetical values only, we have the 
equation 


(ary = (ant : 


and in all cases this equation is so far true, that each of the values of 


lym 
(a= ) is one of the values of (a); but the second mav have a 
which the first has not, or may appear to have them. Thus if 
an indisputable arithmetical truth, we shall find — 1 among the aa 


l 1 a Ge 
of 1°, or (1*)*; but it is not among the values of Q?) . And since 


4 2 TNES : 
lë and 17 are identical, and the second has only three values, the first 
must not have more; whence, if we allow ourselves to call 1* and 1 iden- 
tical, we may fall into error unless we remember that a” must stand for 


any value of é3 » but only for (it may be) some of the values of 
1 
(a")". The safe method is, always to reduce the fraction m: 7 to its 
1\m 
lowest terms, and then the 7 distinct values of t3 are severally equal 


l 
to the z distinct values of (a”)". A wider and better theory might be 
drawn from the general considerations of Chapter VII.; but the above 
will be sufficient for our present purpose. 

Between any two fractions, however near, may be interposed an 
infinite number of other fractions, (in their lowest terms,) either with 
even denominators or with odd denominators. 

Let y=a’ ; then when z is a fraction with an even denominator (being 
in its lowest terms) there are two possible values of y, numerically equal, 
but of different signs. But when v has an odd denominator, there is 
only one such value. Consequently, since fractions with even denominators 
may be made as nearly equal as we please, we have on the negative side 
of the ordinates a branch in all respects similar to that on the positive 
side, with this restriction, that we are not to be allowed to go upon it for 


= 
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an ordinate, except when x is a commensurable fraction (in its lowest 
terms) with an even denominator. Between any two points on it an in- 
finite number of allowable points can be found; and yet the branch is 
not traced out by the motion of a point, since between any two points an 
infinite number of unallowable points can be found. 

Similarly, a negative quantity must be allowed a possible logarithm, 
whenever the number, independent of its sign, is of the form €*, where x 
is a fraction with an even denominator. Thus y=log r represents a 
curve which has a pointed branch, one point of which is found as 
follows. Let r=—,/e, then y=}. 

The abrupt termination, observable in the curve y= zlog r, and in 
many others, but all containing exponential or logarithmic functions, 
now appears* merely as the point in which a continuous branch meets a 
pointed branch. The general rule is; trace the curve on the suppo- 
sition that log (—x)=—logz, using the branch which arises from loga- 
rithms of negative quantities only when the negative quantity is of the 
form — "Y t, 

If we return to page 127, we find in the equation log (—2z)=log x 


+(2m+1)r—1 no indication whatever of a possible logarithm of 
—x in any case. A further extension of the theory of logarithms 
must be now madet as follows. To find all the values of £”, possible 
and impossible, we must put € in the form €x”), in the same 
manner as, in page 127, the roots of unity were extracted by writing 1 in 
the form £y», 

If, then, we want to solve the first of the following equations in the most 
general manner, we must have recourse to the second (in which 7 is 
even or odd, according as z is positive or negative, e* being the numerical 
value of z). 

efaoz; feltem) Jt gat" V-T, 
_a+nry(—1) 
"IF mr (1 
Now æ is ‘by definition the logarithm of z, and the preceding is 


the most general form of that logarithm, a being the ordinarv alge- 
braical logarithm. If, then, a=p : q, p and q being whole numbers, we 


have 
z= {p +gnr/(—1)}: {g+2qmm/(—1)}; 


which is possible and equal to p : q, when p:q=n:2m. Now when n 
is an odd number, or z is negative, this equation can be always satisfied 
if q (p:q being in its lowest terms) be an even number. That is, one 
of the logarithms of 


or 


—4/® is possible and =p: q, 


the same as appears from the common algebraical consideration of 
y=e. 


* Those who object to the pointed branch as introducing discontinuity must choose 
between its discontinuity and that of an abrupt termination. It is also worthy of 
note that an asymptote which has an odd number of branches only approaching to it, 
is an abrupt termination. Such an asymptote can never occur, if pointed branches 
be admitted, and if, when polar coordinates are employed, the negative values of the 
radius vector be duly considered. 

_t See for the history of this question the article “ Negative and Impossible Quan- 
tities” in the Penny Cyclopedia. 
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A great many curious modifications of the singular points of curves 
might be noticed, hut they would require more space than I have here 
to give. I now proceed to sume further uses of the equations in 
page 345. 

The area of a curve contained between the ordinates ġa and ġb, the 
interval of abscissz b—a, and the arc intercepted between the ordinates, 
is f ọr dr, from z=a to r=b. (page 142). Let us now suppose it is 
required to find the area intercepted between two radii and the arc of the 
curve which these radii intercept; as BOA. Drawing a figure, in which 
the ordinate and abscissa shall increase together, such as the one 


annexed, it may be easily shown that AOB is half the excess of 
BWVA over BAMN. For we have 


BWVA=BWO+BOA—OVA 
BAMN =BON —BOA — AOM. 


Subtract, remembering that BWO=BON, OVA=AOM, and the pro- 
position asserted is evident. Now, if OM=a, ON=b, AM=¢a, 
NB=@), we have BWVA= fz dy, from y= Gato y= 0, or fzg'rdz 
from r=a to r=): and MABN=/y dx from t=a to c=b. Con- 
sequently 


BOA=} / (ady—ydz)=} J r*d6, (page 345, equation 11) ; 


in which the limits of 0 in the last integral are from Z AOM to Z BOM. 
The student should now prove that the equation BOA=} f (zdy —ydz) 
always holds, if the signs of the integrals be attended to, whatever may 
be the disposition of the parts of the figure. This proposition may also 
be proved independently, as follows. If 6 vary by AQ, the area con- 
tained between r and r+Ar lies between two sectors of circles whose 
areas are-47°A0 and $(r+Ar)?A6. Consequently, proceeding as in 
page 100, the whole area between any two limiting values of 0 lies 
between $ 27°A@ and 4 SrA@+ dr Ar AO+4 2 (47)? 40. But as A0 
diminishes without limit, each of the elements of the second and third 
mentioned sums diminishes without limit as compared with the cor- 
responding element of the first. The two preceding expressions have, 
therefore, the same limit, and the area of the curve, which always lies 
between them, has the same limit: this limit is, by definition, $ f7*do. 

We have, then, the following four integrals, expressive of the rectan- 
gular area, the polar area, the arc derived from rectangular coordinates, 
and the same derived from polar coordinates. Jet zı, Yı, 7,, and 0, be 
the coordinates of the point from which the area and arc begin, w, being 
rT, ', and v being r~}, 

2C 
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Page 142, rectangular area A= fydx beginning from 7=2, 
polar area* . JH=} f r°d0 eoe e o o O50, 
Page 140, arc (rectang. coord.) s= f y (d2*-+dy’). ..... wa, 
Page 345, arc (polar coord.) s=f/(dr?+7r7d62). n... > 0=0, 
= fu (dut udo) . e.. 0=0, 
We have also the following equations : 
H= f (rdy—ydz), A=} (zy—x, y)—4 H. 


If either of the coordinates be expressed in terms of A or H, the other 
may be sometimes expressed by simple differentiation. Thus 


dA i 

Z i sah A mal uoni 
r=WA gives mya. WAY, or ¥ WA 
If, then, A be eliminated between =A and y=(¥/A)~’, we have an 
equation between x and y, which is that of the curve. es 

But it is important to remember that though A or fydx can certainly 

be found from z=% ( fydz), it will generally happen that it is only 
one Constant which can be appended to that integral; for it is manifestly 
not to be supposed that the equation c=y(fydz+C) can be made 
true for all values of C. It may easily be shown that this is a question 
of a class we have not hitherto met with, involving an arbitrary constant 
which enters in a function in a manner depending on the form of the 
function itself. To make the problem specific, we must suppose that the 
area measured from a given initial abscissa shall be a given function of the 
terminal abscissa. But (page 142) the equation /,,ydr=wz is incon- 
gruous, and f, ydv=yr—wWa, is rational. If, then, we propose 


Ja ydr= We Yt, or c= a ydr +r}, 


we have an equation in which the arbitrary constant enters in the 
manner above described. 

It is required to find the curve in which r=log A. Here wA=log A 
and y, or (WA)"'=A; whence z=logy or y=". The area f ydr is 
then +C, C depending on the point from which it begins; and in 
order to satisfy the conditions we must have C=0, or the area begins 
from a point at an infinite distance on the negative side. In fact, the 
primitive equation A=¢* is only intelligible as representing the area of a 
curve when written in the form A=e*—e-™.. 

‘Difficulties of this sort will occur whenever z or y is given in terms of 
a function which is necessarily dependent on an integral containing æ or 

itself. 

i There is a large class of problems relating to curves in which such a 
property of the curve is given as implies a determinable differential 
equation. The solution of this differential equation, ordinary or singular, 
is therefore an equation of the curve: whence we see that two very 
different curves may have the property in common, one being a case of 
the general solution, and the other being the singular solution. 

For example, it is required to find the curve in which the length of 
the normal intercepted between the curve and the axis of z is a given 


* Certain usages of writers on mechanics make it more convenient to adopt a 
symbol H for twice the polar area, than for the polar area itself. 
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function of the part cut from the axis of z by the normal: or which 
satisfies the equation 


dy? d 
/( ye =—¢ ty Eso (8). 


This equation can be integrated generally; differentiate both sides, and 
we have 


lall 
AOH) TY {ety} Aty"); 


or ty Jy"). p etyy)} {1 +y" +yy"}=0. 

One of the factors of the last must then vanish. If 14+y'%+yy"”=0, 
we have, by simple integration, (7—c)?-+ y*=c?, which will be found to 
satisfy the equation (Ø), provided ci=(¢c)*; whence the general 
integral of ($) is the equation of a circle, namely, (x—c)*+y*=(¢c)*; 
so that there now remains only the vanishing of the factor y/—,/(1 + 7/2) 
$' (xw+yy') to be explained. This it may be shown is satisfied by the 
singular solution of (*#—c)*+y*%=(¢c)*. For, by page 192, that 
singular solution must make dy':dx and dy’: dy infinite, these being 
partial diff. co. derived from y’ as expressed by the equation itself. If, 
then, we differentiate y/(1-+y")=$(2+yy’), considering y! as a 
function of x only, we have | 


Y Of ’ f dy’ l f 
dy' P (xt yy’) AA +y”) 
de y (y'—V A+y") p (@+yy')) 
Consequently y’—,/ (1 +y”). Ø' (x+yy') vanishes* when for y is put 
that value of z which is the singular solution of (¢). 

The following theorems may be investigated by the advanced student 
as exercises. : 

1. The equation which expresses that the radius of curvature is a 
given function of y’ may be integrated (assuming the integration of all 
functions of one variable) so as to give both x and y in terms of 7’: 
whence the equation of the curve may be found by elimination. 

2. A polar equation to the locus of the intersection of the tangent of 
a given curve with the perpendicular on the tangent may be found from 
equation 27, page 346, by substituting for r its value in terms of p, and 
Integrating. 

3. The method in page 355 may be applied to the determination of 
- optical caustics, both by reflection and refraction. 


or 


* The method of Clairaut in the integration of y—y’ax=@y’ might, therefore, be 
generalized, subject to close examination of the different cases, as follows. Let 
P (TY Y's Y's os.) =0, whence it follows that 

de ,@ d y 
S T FE BODO =, 
aoe dy T ay ” F 
If each of the coefficients T, &c. have a common factor M,the equation resulting from 


its extermination (of one order higher than the given equation) may sometimes 
be more easily integrated than the original. If so, an equation between its con- 
stants may be obtained which shall make it satisfy the orginal equation, and the 
singular solution of this general solution satisfies M=0. 


2C2 
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4, Trace the curves whose equations are y=log sin z, y=sin log z; 
distinguishing both continuous and pointed branches. Show that the 
logarithmic spiral has a pointed branch, and trace completely the curve . 
whose polar equation is r=a+,/(cos 6), a<1, showing that negative 
values of r must be admitted, or else a cusp with two- distinct tan- 
gents. 


CHAPTER XV. 
APPLICATION TO GEOMETRY OF THREE DIMENSIONS. 


Tuts part of the subject requires the particular consideration of functions 
of two independent variables, and occasionally of three. If wu 'be a 
function of x and y, we shall, as most convenient, use one or another of 
the following notations: : 


dz d d? d*z dx 


— > ae, Lae tee —ry o SELIR Ilam oi ami yiI aui ay om 
qt =p, dy '—4 n ea r dy =s; mas ae : 

If there be three independent variables, z, y, and’ z, it is very 
desirable to have a notation for use in the actual details of operation, to 
be taken up when they begin and laid down when they cease. The follow- 
ing will be perfectly distinct, and soon acquired. Let u be a function 
of z, y, and z. 


dus du du_ tu du 
dz z9 dy y? aa > dx* a qe 
d*u d*u d'u d'u 


dè = dady  ® dyd dedz 


In making any integration with respect to one variable only, it must 
be remembered that the constant to be added may be a function of the 
other, which though called variable with reference to what might have 
taken place, was by supposition a constant in the differentiation which 
the required integration is to compensate. Thus 

d'u . du 1 l 
g ty gives y- =z ytty, u=z any + Py a+ hy, 


where $y and ¥y are any functions of y whatsoever. Again 


d'u nidan lane ro 
"dredy "I a Fa arf + pT, u= axr Y+ fpr drt yy ; 


where /prdr may be any function of z, and yy any function of y. 
Such cases, in which no peculiar specification of limits is made, require 
no additional consideration; but if it should happen that the limits of 
the first integration contain functions of the letter which will be a 
variable in the second integration, the question takes a very different 
character. For example, u/=azy is to be integrated first with respect 
to y, and from y=. to yx’, and then with respect to z from z=0 to 
z=6, The first integration now gives 
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$ ax (2")*?+62—(har.2z’+r), or $a (x — 3’). 

This integrated with respect to x from r=0 to r=), gives $a (4 b°—1 bs), 
The question now becomes, what is the use and meaning of the opera- 
tion we have performed? It has sufficiently appeared in Chapters VI. 
and VIII., that though we may look to the determination of a primitive 
function for the shortest mode of operation, we must find in the limit of 
a summation the readiest mode of conception of the result attained. 
Now the first process is really the limit of the following summation : 


{ar.xc+ax(r+60)+....+ar(r-+m6)} 0, 


where mO=2*—a2. If we now assume n«z=b— 0, and add together the 
several values of the preceding answering to r=0, r=xk,.... up to 
z=nkx, multiplying each by «k, we shali have a succession of sums, the 
first, second, and last of which are as follows, if the value of 6 when 
xz==cx be called @,, 


{a0.0+40 (0+) ++... +20 (0+4+0,)} 0.4 
+f{ax.ctax (k+6,) +.. e. tax (k+m6,)}6,.« 


+{ank.nk tank (nk+6,) + +++. +anr (ne +m0,)} Onek 3 


the limit of which, when m and n increase without limit, is the result 
obtained. And since every term is of the form ary Ar Ay, we may, as 
in page 99, call the preceding DAxr(Zary Ay) or Zary Ar Ay, and its 
limit fdr fary dy, farydxdy, or f farydzdy, if the two operations 
are to be represented. And since y is first made variable, we may 
denote this by writing dy last of the two, and the symbol of the in- 
tegral with the limits represented will stand thus : 


: Sif? axy dx dy. 
We may now give a geometrical illustration of the preceding, gene- 
ralizing the operation into {2 /%*zdzrdy, where z is a given function 
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of x and y. Draw the curves y=ġr and y=wWa, and set off the 
abscisse a and 6, OA and OB. Divide the interval AB into any 
number of equal parts m, and having drawn ordinates, divide the part 
of each ordinate intercepted between the curves into n equal parts. 
There will then be mn rectangles, which, as m. and n are increased 
without limit, have for the limit of their sum the area PQRS, This 
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limit, compared with the preceding process of summation, will be found 
to be represented by / /¥dxdy. And this agrees with previous 
results; for writing the preceding in the manner first pointed out, we 
have J tdr f% dy, or {°(~a—gz) dz, or Jiwvadr—f>ordax, or 
AQRB—APSB. But if we want to form an idea of the meaning of 
[fz dx dy, we may proceed in either of the following ways. 

1. Suppose the area PQRS to be everywhere of different and variable 
value per square unit, in such manner that at the point (x,y) the value 
of a square unit, if it were uniform, would be z. Then at the point 
(x,y), the sides of the adjacent rectangle being As and Ay, the value of 
that rectangle is, not zArAy, but (z+a) Az Ay, where a is a fraction 
depending on the variation of the rate of valuation from one part of the 
rectangle to another. But as Az and Ay diminish without limit, z+a 
approaches without limit to z, and aAz Ay diminishes without limit, as 
compared with zAy Ay. Hence È (24x Ay) and È (z+a) Az Ay have 
the same limit: or _/fzdx dy represents the whole value of PQRS. 

2, At every point of PQRS erect a perpendicular to the plane of xy, 
(that is, of the paper,) and equal to the value of z, or f(z, y), at that 
point. Weshall then have these perpendiculars bounded by the surface 
whose equation is z= f (x, y), and the solid content bounded by PQRS 
below, the superposed surface above, and laterally by the perpendiculars 
drawn on the boundary PQRS (or rather by the surfaces which contain 
them all,) contains, in cubit units, /fzdædy. For over the base 
Az Ay is superposed a solid content which would be zAz Ay if z were a 
constant, but which is (z+a) Ax Ay, where a may be described as 
before, and rejected for a similar reason. 

I do not consider it necessary to develope the preceding reasoning 
after that in pages 140, 142, &c. Two cautions are necessary in inter- 
preting the results of any such double integration. First, as in page 
98, no reliance can be placed on any result in which z becomes 
infinite anywhere in the boundary of intégration; secondly, a portion of 
the summation may consist of negative elements not only when z 
becomes negative (which case may be explained similarly to that in 
page 149) but also when wa2— zx changes sign between a and b. This 
we may explain as follows: {2x dx and Ji px dz differ only in sign, 
being of the forms ¢,b—d,a and ¢,a—¢,b; and this also follows 
from the nature of the summation. For if we pass from z=a to r=b 
by a succession of positive increments given to x, we must pass from b 
to a by a succession of negative increments. If, then, the first integra- 
tion give x (7, y), or x (a, wr)—y (2, pr), and if the sign of this 
should depend upon that of yr—@z, we are, if wx—Ozx change sign 
between r=a and z=), about to perform an integration of the form 
fx dz, in which wz is not always of the same sign (page 149). This 
must be particularly attended to, as we might otherwise perform an 
integration under the idea that all elements of the summation are 


Q positive, when such is not the case. In the 

X first example given, or S 4 J z axy dz dy, if we 

Z- draw the straight line and the parabola y=z 

J and y=2°, and if OB=b and z=azy be the 

P a ordinate of a surface perpendicular to the paper, 


we might suppose that we have ascertained the 
——— solid content which stands on OMNK and 
KRQ together. But from O to K; x is greater 
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than 2°, z being positive, whence /2* zdy is negative, and the whole of 
the integral fy [7 axy dx dy is negative, while the remainder f} [7 ary 
dzdy is positive. That something of the sort takes place is obvious 
from the result, which =0 when 6*=8, the positive part over KQR 
‘then counterbalancing the negative part over OMKN. If we want 
simply the solid content described, we must counterbalance the negative 
part by an addition (here an algebraical subtraction) of twice as much, 
which gives 

Si f2azy dx dy —2f) f? ary dzdy=ka(4'—-1b)—a(t—}). 

If b had been less than or =1, we should simply have changed the 
_ sign of the result. ; 

A right circular cylinder, described by the revolution of a line at the 
distance h, about the axis of z, is cut by a plane whose equation is z=az 
+ by-+c: required the content intercepted between the given plane, the 
plane of zy, and the cylindrical surface, on the supposition that any part 
which falls below the plane of ry is to be reckoned as negative. 

The expression to be found is f. S (ar+hy+c)drdy from y= 
—J/(h?—2") to y= +./(h?—2"), and then from z= —h to r=-+h. 
The first integration gives (axy + §by*+ cy) dx, which, taken between 
the limits, gives 2(ar-+c),/(h?—2*) dz. And 


a 
2 


SN —2°) .ada= -> (k— r)*, 
JJA) d= 2 ay) sin 


which, taken from r==-—h to r= +h,. give 0 and 4h?.7; whence 
2(a.0+c.4h*r) or rhc is the content required. The plane cuts the 
cylinder in an ellipse, and this result merely implies, as is obviously 
true, that if a circle be drawn parallel to the base through the centre of 
the ellipse, the content intercepted by the ellipse and the base is the same 
as that between the two circles; the depression of the ellipse on one side 
of the second circle being compensated by its elevation on the other. 

It must be obvious that the preceding mode of integration can only be 
successful when either the extreme limits of y or of z are constants : 
those of the other variable may be functions of the one whose limits are 
constant. Thus the general description of the operations may be made 
as follows. To find f "[zdedy from y=¢z to y=ya, and from r=a 
to z=b, let fzdy,y only being variable, be f(x,y), then f(z, yz) 
—f(z, px) is the result of the first integration. Let the integral of the 
preceding with respect to x be Fa, then Fb— Fa -is the final result. 
But to find /fzdydx from z=¢y to c=yy, and from y=a, to 
y=b,, let J zdx, x only being variable, be fi (x,y), then fi (41y, y) 
—fi (hy, y) is the first result. If the y-integral* of the preceding be 
Fy, then F\6,—F,a, is the final result. We must take first that 
integration in which the limits are variable, though if both sets of limits 
be constant we may begin with either. Thus to find f fz dz dy from 
y=a, to y=b,, we have J z dy=f (x,y) and between the limits 
=f (x, b,) — f(a, a,); if Sf (o, b) dx=a@ (2,5,), we have w (b,b, 
—w@ (a, b,)—@ (b,a,) + (a,a,) for the final result. Again, if Si z dz 
=fi (x,y), we have fı(b,y)—fiı(a, y) for the first result, and if 


* This abbreviation would be convenient in mauy cases. 
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Shi (b, y) dy = w, (b, y), we have m, (6,b,) — a, (b, a) — w, (a, b.) 
+a,(a,a,) for the final result. Now © (x,y) and ©, (x,y) are the 
functions derived from two successive integrations, each independent 
of the other, in different orders, the first by y, z-integration, the second 
by æ, y-integration. If they differ from one another it is then only by 
such terms as disappear in two differentiations ; or thé first may be of 
the form (x,y) +¥r+yy, and the second of the form (z, y) 
+yz + xy, at widest. But the entrance of the arbitrary functions was 
avoided by the method of taking limits after each integration; if for in- 
stance fz dy had given f(2,y)+¥,2, the term yır would have dis- 
appeared in (f(x, 5,)-+¥,7)—(f(2,a,) +42): and so on. Hence 
¢ (x,y), a function not containing terms dependent on æ only or y 
only, is the result of both modes of integration; or rather 9 (b, b,) 
—¢ (b, a,) —¢ (a, 6,) +6 (a, a,) is the result of both. The same thing 
is also apparent from the method of summation. 

But it might happen that we require to extend the summation over a 
part of the plane of zy, (to keep to our illustration,) no boundaries of 
which are lines parallel to an axis. This subject* presents a most 
instructive view of the nature of integration, and will require some 
detail. The following diagram of the methods of summation which we have | 
just left, as compared with that to which we are coming, will be the best 


introduction. It is required to find fz dz dy, over all values of x and y 
included in the figure PQRS, the equations of the boundaries being; of 
SP, y=ar; of RQ, y=ĝpx; of RS, y=pzr; of QP, y=vz: a, B, p, and 
v being functional symbols. Assume y=% (2, v), where v is a constant 
such that 4 (x, m)= pr and &(2,n)=vrz. For example, 

v—m v—n 


vi — pm; 


n—m mn 


Y (x, v) = 


or let V,, signify a function of v which is 0 or 1, when v=m or v=n, 
and V, a function which is 0 or 1 when væn or v=m. Then from 


y= V, prt Vin vt+ Vin Vat (25 Y) 


can be obtained an infinite number of the cases required for every form 
of Vm and V,. Assume y=@ (x,u), ‘where u is another constant such 
that u=a gives y=ar, and u==6 gives y=(r. If, then, a be changed 
into b at k steps, being successively a, a+x, a@+2k.....a+kx, 
(kx =b—a), and if also m pass to n by l steps, becoming successively 
m, MA, MZA. Mmi (lA=n—m), and if we describe the curves 
whose equations are : 


* The demonstration here given is not altogether that of Legendre, (Mém. Acad. 
Sci., 1788.) which is so obscure in its logic as to be nearly unintelligible, if not 
dubious, See the method of Legendre, as used by Laplace, in my Theory of Pro- 
babilities, (Encyc. Metr., § 68.) 
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y= (2, a) or az, y= (1, a+r), oo... up to y=O (z, a+ke)=Bx 
y=% (x, m) or pr, y= (7, M-+A), .... Up to y= (2, m+ A)=vz, 


we shall have the figure inclosed by PQRS intersected by curves which 
divide it into k X4 curvilinear quadrilaterals, each of which may be 
_ made as small as we please by sufficiently increasing k and l. If, then, 
at a given point, (xy), say the lower corner of the figure left dark, we 
can express the area of the contiguous element by PAu Av, we have for 
the whole integral required J d J: zP du dv, where for x and y inz 
must be substituted their values in terms of u and v obtained from 
y= (x,u), y=% (a, v). It remains then only to express this area. 
Let ABCD be one of the quadrilaterals, the point A having x and y for 


its coordinates in the preceding figure: let AX and AY be parallels to 
the axes of x and y. If r+òr and y+òy represent coordinates of any 
point near A, we have for.the equations of the four curves as follows : 


For AB y+ ôy=¢ (r+ ôr, u); for CD y+ dy=¢ (r+ òr, u+ Au). 
Yor AD y+ dy=% («+02, v); for BC y+dy=¥% (c+ 62, v-+Av). 
Also $(2,u)= (z,v), both expressing the ordinate at the point A. 


To find the coordinates of B, equate ¢ (7+-dz, u) and Y (7+ dz, v+ Av), 
which gives 


S dd ae dy dy 

y+oy=¢ (2, u)+ 7 drt. coe Sy (2,0) +7 oat Avot eer ae 
In which, if we neglect terms of higher order than the first, which it is 
clear will not affect the result, we have 

ee) ee ee) O -(% dyŅ\`' 
or=AM=W ag Oe > oy=MB=W 7 do. Av > We de Ag p 
The coordinates (measured from A) of the intersections of AD and DC 
and of DC and CB found in a similar manner are 


insew ee New E Om 
du dz du 
_y (te, dọ _w (de ae dy do ge 
ap=w (2 av- Faw), PC=W T Ty 227 aa Ju A” ka 


The area ABCD is the sum of ABM and MBCP diminished by that 
of ADN and NDCP. Each is to be found by an integration of the form 
Jpdq, where the limits of p and q are all small quantities. 


EE Fay 5 lee EP eeN 
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and (p' not being necessarily comminuent with q) if the values of p and 
q at both limits be small, the first two terms will each be of the second 
order, and the rest of the third and higher orders. And since p’ will 
vary during the integration by a quantity of the first order only, it will 
introduce no error of so low an order as the second, if we suppose it - 
constant and =(p.—p,): (qz—4), where q: and q, are the limits of q, 
&c. This gives for the integral between the limits, as far as terms of 
the second order ret 


P2 q2— Pı Qi— aa a» or 5 (mtp) — =de 


which is precisely the area fae would be obtained by taking the arc of 
the curve to be a straight line. The errors of this supposition, therefore, 
are all of the third order, and for our present purpose ABCD may be 
considered as a quadrilateral rectilinear figure, and even as a parallelo- 
gram: for, as far as terms of the second order, by the values found, 
AP=AM+AN, or NP=AM; similarly, PC=MB+ND, whence 
BM=QC, and AB is equal and parallel to CD. If NR be joined, 
ABNR is also a parallelogram, and ABCD and CDNR together make 
up ABNR=MBRP. But DCNR=DQPN; whence ABCD is the 
excess of BMPR over DN PQ, or 


_ BM. AN—DN.AM, or W° ve 2p (T EA Au, 


dy dọ 
or, W — To du Av Au, 

The sign of the result only indicates that the preceding expres- 
sion without its sign is negative in every. disposition of the figure 
similar to that here adopted. If we now take the equations y=y (2, v), 
y=¢ (x,u), and from them deduce y and x in terms of v and u, giving 
z=X, y=Y, X and Y being each a function of v and of u, we may 
deduce the preceding factor by implicit differentiation, ‘as follows. 
Substituting in the first pair the values derived from the second, we have 
identical equations, and this being implicitly supposed, we have 


dY _ dy dX dY_ dy dX | dy 

du dz, du? do dx dv ‘do 

dY _ dp dX dp dy do dX 

du dz'du dw dv dr dv 
db, 1 dX_ dy 1 dX „dy db _dX dX 
da’ W W du Sh dv W dv =p y dv du du dv 


do EN- dX dX /d¥ dX dY a 


Wks de) do du Sad di di o 


dy db _dY dX dY dX 


dv du o du du dv’ 


We have, then, for the integral required either of the following. Let 
z=f (x,y), and neglect the sign which depends on the diagram, and 
must be determined by each particular case; or rather, in most cases, 
that sign must be taken which makes the result positive. 
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(dp dy dy d 
[fzdedy=fz liED (TE -SEN E B as au 


ny oe dY dX dY dX 
TUERA E T he’ i jods 

in the first of which there must be, subsequently to the differentiations, that 
substitution of X for xand Y for y, which is made previously to differen- 
tiation in the second. This integral in geometry belongs to any function 
connected with the area contained, in the plane of zy, between the curves 
whose ordinates are az, pr, Bx, ve: (x,u) isa function which changes 
from œx to Pr, when u changes from a to b, Y (2, v) a function which 
changes from pr to vz, when v changes from m ton; and X and Y 
are the values of v and y in terms of v and u from y=ġ (x,u), 
y=" (x, v). l 

It is obvious that no part of the preceding investigation involves the 
limits of integration, except the manner in which ¢ (x,u) and WY (x, v) 
are to be formed. But whatever these functions may be, if we call the 
differential last obtained Z dv du, we know that Z Av Au + terms of 
higher order than the second, is the element of the summation cor- 
responding to the element ABCD of the area; and though one particular 
supposition as to > and ¥ may require this summation to be made (as 
above) between limiting values of u and v which do not depend on one 
another, a second supposition may require that the limits of u shall be 
functions of v, or vice versd. Thus, if we integrate the preceding from 
v=Mu to v=Nu, (M and N being functional symbols,) and subse- 
quently from u=a to u=b, we require that y=¢ (x,u) and y= 
Y (x, Mu) should give y=pzx by elimination of u, and that y=¢ (z, u) 
and y=¥ (xz, Nu) should give y=vz. Subsequently, we require that 
y= (2, a) should be equivalent to y=ax, and y=¢ (2, b) to y= Br. 
-= For example, it is required to find the area of a curve contained 
between two radii r, and r, inclined to the axis of x at angles 6, and 6,. 
In this case our bounding curves are y=tan 0,.x, y=tan 0,,.2, for ax and 
pr: and y=0 and y=vz, the latter being the equation of the curve. 
If we wish to express this area by means of polar coordinates r and 0, we 
have y=rtan@, and y=ųy (r°—a°), for @ and y. (@ and r taking the 
place of u and v.) These give 


dY dX _dY dX_ 
' dð dr dr do? 


and f frdrdð is the transformation required. Let r be first taken as 
variable, and let M0 and N9 be the limits. The first limit is =0, the 
second is thus found: y=rtan@ and y=,/{(N6)*—2z*} must give 
y=ve when @ is eliminated, which is satisfied if r=N6 be the polar 
equation of the curve, derived from rsin@=y(rcos@). Again, 
y=xtan6 satisfies the equations at the limits; hence f% f X° rdr. do, 
or 4 /% (N0)? d6 is the result, which agrees with page 385. But it is 
impossible, under these suppositions, to allow 9 to be the first variable. 

If y=u vz and y=vz, and the area between the two radii be required, 
we have for its expression S f (uv'x—v)™ vyr du dv, from v=tan @, to 
v=tan 0, and from u=0 to u=l. In the preceding, the value of æ 
must be substituted from uvsr=vz. 

Let there be a cone, the vertex of which is at the origin, and the base 


- 


=r cos 0=X, and y=rsind=Y 
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of which is parallel to the plane of zy, at the distance a.. The equation 
of the conical surface has the form z==xf(y:.2x), where f ìs sucha 
function that a=x f (y :x) is the equation of the base projected upon 
the plane of zy. Between this base and its projection lies the content 
of a cylinder, made up of the conical solid, and a ring, wedge-like 
towards the ‘interior part, the wedge terminating everywhere at the 
origin. This wedge has for its content f /zdxdy, which integral, 
according to the manner in which the limits are taken, may represent 
any part of the wedge. If r and 6 be the polar coordinates of a point 
on the plane of ry, a transformation already given will reduce this 
integral to 


S fof .r dr do, or f fr’ dr.cos0ftan0. do. 


This may be first integrated with respect to r, from r=0 to a= 
r cos 8. ftan 0, or r=a {cos 0. f tan 0}—'. This gives 4 fa’? {cos 0 ftan 0}— 
dð, or a. f R? d0, where R is the value of 7 at the limit. This gives 
34X (area of the base) for the content of the ring; whence the 
remainder of the cylinder, or } ax (area of the base), is the content of 
the conical solid. ae 

Let there be any integral of the form /{'/¢ (x: y).dzdy.. The pre- 
ceding transformation is frequently applicable, and simplifies the pro- 
cess. The integral then becomes f ‘{ptan6.d0@.rdr. For instance, a 
straight line setting out from the axis of x revolves round the axis of z, 
in such a manner as to describe the angle at in ¢ seconds, while it also 
moves up the axis of z, so as to describe ĝt in ¢ seconds on that axis. 
Here at and Gt are functional symbols: but if at=at, @i=5t, the sur- 
face is that of a winding staircase (neglecting the irregularities of the 
steps). Its equation is derived from eliminating £ between z=ßt and 
y=z.tan at: whence z is a function of y:z. In the simple surface just 
mentioned, we have z= (b: a).tan™’ (y:2). The solid content bounded 
by the surface, and standing upon any part of the plane of zy is 
J fzdzxdy, taken between limits depending on the form of the base. 
Making the transformation, we have m J J Ordo dr, where m=b:a. If 
we want to find the portion standing upon a circular sector whose radius 
ìs cand angle y, we must integrate from r=0 to r=c, and from 0=0 to 
O= y, which gives è mc? y° for the content. 

It will hereafter be shown that if z=@(z,y) be the equation of a 
surface, that part of the superficial area which stands over a portion of 
the plane of zy is f N (1+2"+2,7) dx dy, between limits depending 
on the form of the base. If we substitute 7 cos 6 and rsin®@ for z and Y, 
thus reducing #(2z,y) to % (r,90), we may determine z’ and Zs as 
follows : 


dz dy dr dy d? dz _dy dr dy do. 
dx dr dx ‘dd dz dy dr dy ` do dy’ 

which equations are to be considered as derived by supposing ¥ to 
contain z and y through r and 0, on the supposition that r=,/(2?+ y*), 
O=tan™'(yz~'). These give : . 


drt == cos 0 PE- E 
dr J(@+y) °> dy NE 
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dð y sinb, dð _ xæ _ cosð 
dr tty r? dy tty? r 
dz dy dy sinb. dz _ dy dy cos® 
Ld e Fe ae ae ae ee 
dz dz dy* 1 dy? 
at dx? ay d? y* do 


To apply this, take the helicoidal surface (helir, a screw) before 
described, in which z=m0. The integral which determines the surface 
is then S IO +m’r™°)rdrd0. This integrated with respect to r from 
r=0 to r=c, and with respect to 0 from 0=0 to 0=y gives the surface 
required; namely, belonging to the circular sector above-mentioned. 


Se Sool at 0°) 9 dr = 5 y fog (tc) +m? log EEEE, 


Let the surface be one made by the revolution of a curve about the 
axis of z. Let the equation of this curve, when in the plane of z and z, 
be z=zr: whence z= (/(2°+y’)) is that of the surface; or z=¢r. 
We have then for the integrals determining the solidity and surface 
J fer.rd9 dr and fe JN {1+(¢'r)*}rdr do. If we integrate through a 
whole revolution with respect to 6, we shall have 27 f@r.rdr and 
2m f./{1+-($'r)*} rdr, expressions which we shall afterwards compare 
with others, which will be obtained for this particular case. 

If the generating curve be an ellipse, of which the centre is at the 
origin, and one of the principal diameters in the axis of z, we have, when 
the generating curve is in the plane of zz (a and b being the semi- 
diameters), 

z 

[a 
is the. equation of the surface: and the integrals which determine 
the content and surface are (b*=a*(1 — e?) ) 


2. JJA (@—1).rdr d0 and f f T e ede dð. 


Integrate first from 0=0 to 0=2r, and both integrals are then obtain- 
able from r=0 to r=c. This gives the content and surface standing 
over a circle described on the plane of zy with the origin as a centre ; 
that is, intercepted by a cylinder on the same axis asthe solid. The 
first integral obviously becomes 

2r b 


eo [aae or E when c=a. 


oe h b 2 n2 
+—=1, whence z= — df (a'—r’) 


The latter is the whole content of the semisolid. In the second . 
integral, after integration with respect to 0, for ,/(a’—7*) write (a:b) z, 
which gives 


Qn fy (ee CG Te =) x -E dz, or Ae MOETE sy dë. 


The integral of the latter beginning when r=0 or z=b is 
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gd bate 24) Tb” ab (1+e) 
wa 2 ee ee + 5 0g aez +y (btt ez) 


Stopping at z=(b:a),/(a*—c*) or r= c, we have the surface 
required. If we go on to r=a or z=0, we have for the surface bound- 
ing the semisolid 


2 
ma + z log 2 St 2 


The last result will immediately appear on expanding the logarithm 
in powers of e, and making e=0, b=a, after reduction. Doubling the 
semisolids, and remembering that 4ra? is the surface of a sphere whose 
radius is @, the revolving semidiameter, it appears that the surface of an 
oblate* spheroid is less than that of a sphere described on the revolving 
diameter, by 


[f 2 N Fa 2 
2r Tiz = log ALES) b or 2r G- log =) 


» which becomes 2ra? when b=a, e=0. 


b l—e 
or 2ra e nearly, when e is small. 

Let a surface of revolution be described by 
5 the revolution of a curve about the axis OB, 
K R. and let OA=z, AP=y, arc ending at P=s. 
Then AB, QR, and PQ are Az, Ay, and As. 
The portion added to the solid by changing z 
into z+ Az, made by the revolution of APQB, 
7 ET lies in magnitude between the cylinders gene- 
rated by ASQB and APRB, or between 
r (y+ Ay)? Az and ry? Ar, which differ by r (2y + Ay) Ay Az, or «Ax, 
where @ and Av diminish without limit together. Hence, proceeding as 
in page 142, the whole solid always lies between Say* Ax and Ery? Ar 
+ 2a Ar, of which the second term diminishes without limit as compared 
with the first. The content of the solid, then, is the limit towards which 
both of the preceding approach, namely, fry’dr, taken between the ` 
proper limits. To find the surface, it is necessary, as in page 140, to 
assume an axiom ; namely,t that the surfaces generated by the revolu- 
tion of the arc PQ and the chord PQ may be made as nearly equal 
as we please by diminution of AB. The surface generated’ by the 
chord PQ is the difference of two cones, the radii of whose bases are 
AP and BQ, and the difference of their slant sides, PQ. If‘z be the 
slant side of the former, we have 42.2y or rzy for its surface, and 
r (z+PQ) (y+Ay) for that of the other; whence ~r (zAy+y.PQ , 

+PQ.Ay) is the surface generated by PQ. But z:PQ::y: Ay ; 
whence the preceding becomes r (2y.PQ+Ay.PQ), of which the 
second term diminishes without limit as compared with the first. If the 
preceding, multiplied by 1+, give the surface generated by the arc 
PQ, by the axiom q@ and Ar diminish without limit together, and the 
whole surface is 2 27y.As(1+a)+22 AyAs(1+ a). From this the 


* Oblate, because b =a? (1—e?) has been supposed. The integral for the prolate 
spheroid takes a different form in integration. 

t This axiom might be deduced from others which would bear perhaps the 
appearance of a less amount of assumption; but that they really have less might be 
disputed : see the end of this chapter. i 


APPLICATION TO GEOMETRY OF THREE DIMENSIONS. 399 


surface cannot be found, since œ is an unknown function: allow Az to 
diminish without limit, and the preceding becomes f2ry ds or 2r fy ds, 
which must also be taken between the proper limits. To compare these 
formule with those in page 397, observe that x must be changed into z, 
and y into 7, and also that the solid found in the page cited is not that 
contained within the curve, but that contained between the curve, and 
the cylinder generated by KP, or ry*x — f,ry'dz, if we begin from z=0; 
or, making the changes of notation, mr°z— /,7r*dz. Butsince z=4@r, 
in page 397, we have 27 Sfi pr.rdr=rr°z— farr’dz, beginning from the 
same value of z. The integral for the surface, or 27 fr (1 + d2z*: dr?) rdr 
is 2r fr/(dr*+dz*), or passing to the notation last used, 27 Sy és, pre- 
cisely as just obtained. 

If one equation be given between zv, y, and z, the coordinates of a 
point, that equation is the equation of a surface ; if two equations be given, 
they belong jointly to the intersection of two surfaces, or to a curve, 
plane or not, as the case may be. The equation of a plane is of the first 
degree, or of the form Ar+By+Cz+H=0. The equations of a line 
are those of two planes. These, and many other results of the applica- 
tion of pure algebra to geometry of three dimensions, I shall presume to 
be known to the student. 

If two surfaces have the equations Ø (x, y, z,a)=0, ¥ (2, y, 2,a)=0, 
a being a constant, each equation defines a family of surfaces, not differ- 
ing. from one another in general properties, but only in the value of a 
constant. Thus (c—a)*+y’+2°=a’ defines a family of spheres, having 
their centres on the axis of x, and every surface passing through the origin. 
If we take the two equations ¢=0, Y=0, to exist simultaneously, we 
have the equations of a family of intersecting curves, in one of which each 
surface of the first family cuts that one of the second which has the same 
value of a. And if between 6=0 and J=0 we eliminate a, we have an 
equation which, though true of the points of every curve out of this 
family of intersections, is not restricted to any one value of a: that is, 
we have the equation of the surface which includes the whole family of 
intersections (page 359, note). 

For example, suppose we wish to get the most general notion of a 
surface formed by the motion of a straight line. The equations of a 
line are y=ar+a, z=br+f. Let a, b, a, Ê be functions of some 
variable v; there will then be an infinite number of straight lines, one 
for every value of v which makes a, b, a, Ê all possible, and arranged 
according to some law depending on the manner in which a, b, æ, and £ 
depend on v. Eliminate v from between the two equations, and there 
results the equation of a surface passing through all the lines. It is also 
allowable to suppose one letter in each equation constant. 

A cylindrical surface, iu the most general sense, is made by the motion 
of a line parallel to a given line, according to any law. Now y=ar+g9v, 
z=br+ pr, are equations of an infinite number of lines parallel to the 
lines y=ax, z=bz, disposed according to a law depending on Øv and 
yv. From these two equations, y—ar and z— brx are both functions of 
v: consequently, z—br is a function of y—ar: or the general equation 
of a cylindrical surface is z—br=f(y—ar). A similar process, 
choosing different forms for the equations, would give ar+by+cz+h 
=f (a’'r+ by’ +c'z+h’), but the second form is not really more general 
than the first. This is most easily shown by comparing the partial diff. 
equ. arising from the two forms, made as in page 64, These are 
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dz 
dz 


which do not differ in form. 

A conical surface is made by the motion of a line which always passes 
through one point. If m, n, p be the coordinates of this point, the 
equations of two planes which pass through it are 


a (x—m) +b (y—n) +c (z—p)=0, a! (2—m)+b'(y—n) +e (2—p)=0; 


and if a, a’, &c. be all functions of v, every value of v will give one line 
passing through the point m, n, p, and all these lines put together will 
constitute a cone of a species depending on the manner in which a, a’, 
&c. depend on v. These may be considered as two equations between 
I—M, Y—N, Z—p, and v, from which may be deduced 


P — gv, E =; or —l =f =): 


dz _ ; dz E Sa ee ; 
eae, and (b’c—bc’) ape et ab’, 


z—m ° ’'s—m r—n =r—m 


aa 


Ca : , dz dz 
the partial diff. equ. is (2—m) qx +(y—n) a z—p. 


A surface of revolution is one all whose sections perpendicular to a 
given line are circles. If we imagine a sphere to move with its centre 
on the given line and a variable radius, together with a plane which 
always passes through the centre of the sphere, and is perpendicular to 
the given line, all the intersections of the sphere and plane will make up 
a surface of revolution, of which the given line is the axis. Let its 
equations be y=ar--a, z=bae+ A, and let m, am+ a, bm+ 8 be the co- 
ordinates of the centre of the sphere in any one position, and gm the 
square of its radius. The equation of the sphere is then 


(x—m)* + (y—am — ~)*?-+-(z—bm—B)*=dm. 


Now the equation of a plane passing through the origin perpendicular 
to the given line is r-+-ay+6z==0; and that of such a plane passing 
through thé centre of the sphere is 


r—m +a (y—am—a) +b (z—bm—f)=0. 


Eliminate m from these two equations, and we have the equation of the 
surface. If the axis of the surface be that of z, we have for the 
equations of the sphere and plane 


a +4*-+(z—p)*=9p, and z=p, 


giving 2*-++-y'=9z, or z=f (2*+y") for the surface. The partial diff. 
equ. is 


The preceding methods are the shortest by which the general definition 
of the class of surfaces can be made to lead to an equation which is neces- 
sary, and not more than sufficient, to express them. It leaves out of view 
the particular directrix of the cone, cylinder, or surface of revolution: 
whatever this may be, the equation of the surface must in each case take 
one or other of the forms above written, and some particular case of that 
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form, depending on the nature of the directrix. For instance, let it be 
required to find the equation of a cone whose vertex is the point (m,n, 
p), and whose generating straight lines always pass through the curve 
whose equations are y=@r,z=wWr. The equations of the generating 
line being y—n=a (x—m), z —p=b (x—m), we must have, in order 
that the generating line and directrix may have a common point, 


n+a(s—m)=¢or, p+b(r—m)=wWe. 


If we eliminate z from these two equations, we have a result of the form 


b=f (a, M, N, p), or n =/(—. m, mp) 


-mMm 7 


For any specific forms of @ and y, the specific form of f can be found. 

The ruled surface (or the surface reglée of the French writers) is 
made by a straight line, which moves in any manner whatever, accord- 
ing to a regular law ; thatis, a ruled surface (so called) is that which 
has, the equation obtained by eliminating v from y= ¢ġv.z+xv, 
z=Yuv.x+wv. The following are remarkable cases. 

Let the straight line be always parallel to the plane of ry. We have 
then z=wv, y=ouv.zr+ xv, andelimination gives the form y=fz.2+/f;z. 
The partial diff. equ. of this surface, which is of the second degree, 
since there are two functions to eliminate, is found by the following 
steps: 


it 
O=fz.eetflz.2+fz, lafz.20+f'2.2, or fe= — — 
: shagal opts. Mee 
fiz.2=— 1, flr. = —- = 
Zz, z 


2" z; — 2z 2,2! 4z} 2z"=0, or p't—2pqs+q°r=0. (See page 388). 


Let the straight line be always parallel to the plane of zy, and pass 
through the axis of z. Then z=wv, y=@v..z, which gives the form 
z=f(x:y). The partial diff. equ. is pr+qy =0. 

Let us now suppose a family of surfaces having the equation 
Y (27, y, z,a)=0, the different individuals being distinguished by the 
values of a. If we name the surfaces after their values of a, the two 
surfaces a and a+ Aa, if they intersect at all, have an intersecting curve 
defined by the joint existence of the equations 


y (2, y,2,a)=0, Y (2, y, z,a+Aa)=0, or yao Aa+.....=0; 
d dy Aa 
or w=0, ce a g RN 


If Aa diminish without limit, it is clear that the equations yO, 
dy:da=0 define a curve which can never be the intersection of the 
surfaces a and a+ Aa as long as Aa has any value, but to which the 
intersection approaches without limit* as Aa diminishes without limit. 
This curve is called the characteristic of the following surface. If we 
eliminate a between %=0 and dy : da=0, we have an equation which is 
true of all characteristics, and therefore belongs to the surface in which 


* The similar considerations applying to families of curves, page 354, &c., will ren- 
der it unnecessary to treat this point in detail. | 
2D 
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all the characteristics lie. Using the language of infinitely small quan- 
tities, (which we shall often do in this chapter,) if all the surfaces of 
this family be described, each being infinitely near its predecessor and 
- successor, the part of the surface a+ da cut off by a and a-+2da is 
bounded by the characteristics of (a, a+ da) and (a+da, a+ 2da), and 
is a strip of infinitely small breadth, forming part of the surface which 
contains all the characteristics. Perhaps the following diagrams may 
give some idea of this. The surface of which As is a part has the value 
a in its equation, and becomes Bd when a is changed into a+ da, Cc 


= when a is changed into a+2da, &c. The characteristics are the curves 
ending at a,b, c, &c., and the strips which they inclose, parts of which 
make up af PQ, are portions of the surface which contains all the 
characteristics. 

Exampres. A sphere of a given radius 2 moves with its centre upon 
the curve whose equations are y=axz, z= x. Required the character- 
istic of each position of the sphere, and the connecting surface* of all 
the spheres. This problem is chusen because the connecting surface is 
obviously a tube of the same diameter as the sphere, and having the 
given curve for its axis; the characteristic of two consecutive spheres is a 
circle of the tube. 

The equation of the sphere, when its centre {has the abscissa æ, is 
(rz—a)*+(y—aa)*+ (z—pa)} =h", and we have for the 


equations of the f (x—a)?+ (y—«a) + (y— Ba} =h? 
characteristic (z—a) + (y—aa) a'a+(2—Ba) pP'a=0. 


These equations denote the intersection of the sphere with a plane, 
or a circle. We cannot eliminate a without giving specific forms to a 
and $, and even then the elimination will be generally tedious, and most 
frequently impossible in finite terms. If the axis be a straight line, 
elimination will readily give the equation of a circular tube with a straight 
axis, or of a circular cylinder. 

If $ (2, y, 2,4) =0 and 4 (2, y,z,a)=0 be the equations of a family 
of curves, and if we take the curves belonging to a and a+ da, there will 
be an intersection if the four equations 


o (2, y,2a)=0, Y (x,y, 2,a)=0; $ (x, Y, z, @+ Aa)=0, 
Y (2, y, 2, a+ 4a)=0 


~ * French writers (following Monge, to whom I need hardly say Iam here indebted 
for every thing) call this connecting surface the enveluppe, (which it is very often,) and 
the family of connected surfaces exveloppées. These teims cause confusion when, as 
often happens, the envelope is itself enveloped by the surfaces to which it is nomi- 
nally the envelope, A 
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can be satisfied by the same values of x, y, and z. With four equations 
this cannot be generally true: but there may he a simultaneous existence 
of the four, independently of any particular value given to a, if three 
only of these equations. be independent, and if the fourth be deducible 
from them. Similarly, if Aa be infinitely small, and the four equations 
become reducible to þ=0, Y=0, dp: da—0, dy: da=0, as before, the 
two contiguous curves may have an intersection ina similar case. This 
is precisely what happens when the family of curves is that of all the 
characteristics of a given surface, for if p=0 and dp: da=0 be the two 
equations, the four just noted are 
E _ dp _ dp _ dp ado _ 
p=0, Fae a Riia da 
of which the second and third are the same. Consequently the three 
equations p=0, dp: da=0, d*p: da’*=0, determine the values of z, Y, 
and z at an intersection of two consecutive and infinitely near character- 
istics. Form two equations by eliminating a, and we have the equations 
of a curve which passes through all the intersections of consecutive 
characteristics, and which may be called the connecting curve of the 
characteristics (the French call it the aréte de rebroussement). Let 
the connected surfaces be a family of planes, having for their equation 


0; 


z—=2ar-+a*y—a*, or z—-2ax—a’y+a°—0. 


Eliminate a from the preceding, and —zr—ay-++a=0, which gives 
z= 7° : (1—y) for the connecting surface. The connecting curve of the 
characteristics has also the equation ~y+1=0, or is cut from the 
connecting surface by a plane parallel to that of rz at a unit’s distance. 

A developable surface is one which can be developed on a plane with- 
out any such alteration of parts as would be called rumpling, if it were a 
thin sheet of matter. In order that a surface may be developable, it 
must be the connecting surface of a family of planes, so as to admit of 
that mode of generation which we express by calling it an infinite 
number of infinitely thin plane strips. Each of these strips may then 
be supposed to turn round the line in which it joins the contiguous strip, 
until all are in the same plane. The equation of a family of planes 
being z=ar+¢da.y+yu, that of the connecting surface (which is 
developable) is obtained by eliminating a from the preceding, and from 
v+d'ay+y/a=0, This gives (page 246) q=¢p and rt—s’=0, as 
' partial diff. equ. belonging to this class of surfaces. Cylinders and 
cones are the most obvious of developable surfaces. l 

Given ¢ (2, y, z)=0, the equation of a surface, required a method of 
finding whether a straight line can be drawn upon that surface. Let 
y=aťč +a, z=br+ £ be the equations of a straight line : its intersections 
with the surface, if any, are found by finding z from the equation 
` $ (2, axr +a, br+)=0. So many real values of x as this equation 
gives, So many distinct intersections are there of the straight line and 
surface. But if a, æ, b, 6 can be so assigned that the preceding shall be 
true per se, or for all values of x, the straight line everywhere coincides 
with the surface. 

Exampue. A surface is generated by the revolution of an hyperbola 
about its minor axis (which place in the axis of x); can a straight line 
be drawn upon it? (The common figure of a dice-box will sufficiently 
well represent a part of this surface.) Let A and B be the semi-axes: 

2D2 
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when the revolving hyperbola is in the plane of xz, its equation is 
BY c*—a*z'==a*B*, and the equation of the surface is B* (2*-+y*)—a®z° 
=a’s. Let r=az +a, y=bz+8 be the equations of a straight line: 
whence the intersections of this line and the surface are found from 


B’ { (az +a) + (bz +8)°}—A? 2*= A? BY, 


which is made identical by B? (a? +b) = A2, az+b8=0, and B*(q?+ £?) 
=A’B*. These are equivalent tot 
= A? 
B=+Ba, a= FBb, (aœ +b?) =r i 
As here are only three equations with four quantities to determine, an 
infinite number of straight lines can be drawn on this surface. Take 
any point whose coordinates are 2,, y,, and z,, on the surface, then if the 
straight line be required to pass through this point, we have xz, 
=a(z—z,) and y—y,=b(z—z,) for its equations, or g=2z,—az,, 
&=y,—6z,. Hence we find 


_ 2% F By, p=% t Br, 
~ Bip 7 ~~ Be’ 


and the two first equations satisfy a’+b°=A*:B*. Hence'two straight 
lines can be drawn through each point of the surface. Show that any 
straight line drawn on this surface is parallel to a line drawn through 
the origin, making an angle with that axis which is the same for all the 
lines ; and thence that this surface of revolution is the surface of revolu- 
tion formed by the revolution of a straight line which is not in the same 
plane with the axis of z. 

Required the equation of ‘a surface which passes through any number 
of curves whose equations are P,=0, Q,—0 of the first; P.=0, Q,—0 
of the second, &c. Take P a function of P,, Pe, &c., which vanishes 
with any one of them, and Q a similar function of Q,, Q., &c. Let 
J (P, Q) be a function which vanishes when P and Q both vanish: then 
Ff CP, Q)=0 is the equation of a surface which satisfies the required 
conditions; thus, if there be two straight lines, t=4az + a, y=bz+ß, 
and r=a’/z+q' and y=b'z +8', the simplest equation of a surface pass- 
ing through both, is 


k (xz —az—a)(t—a'z—a')+ l (y —bz—B) (y—b'z —B') =0. 


I have entered into the preceding detail on the generation of surfaces 
that the student may, previously to studying the common theorems of 
the differential calculus on this part of the subject, have a wider idea of 
the extent to which the generation of surfaces can be carried, than 
can be gained from the consideration of the few which occur in ele- 
mentary geometry.* 


B=tBa, «a= +Bb; 


* At the same time it must be remembered that I am not now teaching solid 
geometry by the differential calculus, but illustrating the differential calculus by 
geometry. The student who finds that his notions of solid space are not sufficiently 
practised, should make himself master of the Géométrie Descriptive of Monge, one 
of the most clear and elegant of elementary works. The synthetical part of the 
Eléments de Géométrie à trois dimensions, Paris, 1817, by Hachette, might also be 
studied with advantage. Lest the student should imagine that any other work on 
descriptive geometry would answer the purpose, he should understand that it is the 
peculiar simplicity of the style of Monge, and the general ideas which are given on 
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‘ The coordinate planes* divide all space into eight compartments, which 
may be distinguished by the signs of the cvordinates of points in them. 
Naming the coordinates in the order z, y, z, and choosing one com- 
partment in which the coordinates are to be positive, and proceeding in 
the direction of positive revolution round the axis of z, we have what we 
may call the first, second, third, and fourth com- 
partments above, and the same below, the plane of 
xy. The student should remember to attach the 
idea of first, second, third, and fourth, to the order 
of signs ++, —+,—-—, and +— in the two 
first places, and those of above and below to the 
signs + and — inthe third place. Thus ——— 
should immediately suggest the third compartment 
below, and — + + the second above; and so on. 
Let a straight line (7) passing through the 
origin make with the positive sides of the ‘three 
axes in the positive directions of revolution, the 


A A A ° ° 
angles rr=a, ry=f, and rz=y. Then the equations of the straight 
line may be represented by any two out of the three 


“z y 3 ye 


b or = » Or — = == 3 
cos @ CoS cos y a b C 

where a, b, c are any quantities proportional to the three cosines. The 
signs of a, b, c as they stand, and when all are changed, show the com- 
partments through which the straight line runs. Thus z:3=y:—4 
=z:—6 are the equations of a straight line passing through the origin 
into the compartments + — — and — + +, or the fourth below and the 
second above. The equation of a plane being Ar+By+Cz+H=0, 
the signs of A:H, B:H, and C:H, changed, show the compartment 
out of which the plane cuts a pyramid: thus 3x—2y—7z—1 cuts a 
pyramid out of — + + or the second above. And this plane has a por- 
tion in every compartment except + ——, or the fourth below. But if 
a plane pass through the origin, it then appears in six compartments 
only, those out of which parallels to it might cut pyramids being vacant. 
Thus 327—2y—7z=0 appears in every compartment except + —— 
and — + +. Theangles ofa plane with the coordinate planes are those 
made by a perpendicular through the origin with the remaining axes: 
Thus the angle of the planes P and zy is that which the line p, perpen- 
dicular to P through the origin, makes with the axis of z. And 
Az+By+Cz+H=0 being the equation of a plane, those of the 
perpendicular through the origin are x: A=y: B=z:C. 

An equation in which one coordinate, say z, does not appear, or 
$ (2,y)=0, is the equation of a cylinder described on the curve 
$ (x, y)=0 in the plane of zy, by a line moving parallel to the axis of =. 
It is only when we tacitly suppose z=0 that this equation belongs 
to the curve just mentioned. In this last case #(2,y)=O0 may be 
called restricted. 

Required the equation of the tangent plane of the surface © (<, y, 2) 


the principal properties of solid space which are recommended to his attention ; and 
not merely the processes of descriptive geometry, though these are very useful. 

* The student is here supposed to have read pp. 197—260 of the treatise on 
Algebraical Geometry. ; gi 
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==0, which gives z=@(z,y). By definition, the tangent plane is that 
between which and the surface no other plane can be drawn. Let 
(2, y, 2) be the point of contact, and let £, n, £ be the coordinates of an 
arbitrary point in the plane. Let a new point be taken, of which the - 
horizontal* coordinates are z+-Az, y+ Ay, and let the equation of the 
tangent plane be ¢—z=A ({—zx)+B (n—y). Hence the vertical 
coordinate on the tangent plane is found from £—z=AAzr-+ BAy, when 
the horizontal coordinates are r+Azr and y+Ay; while the vertical 
coordinate of the surface for the same point is z-+-pAr-+ gAy +4 {r(Az)? 
+2s Ar Ay +t (Ay)?}+&c. (pages 163 and 388). If, then, we assume 
the deflection as positive when the coordinate of the surface is greater 
than that of the tangent plane, we have for the deflection 


(p—A) Ar-++-(q—B) Ay+4 {r (A1) +2s Av Ay+é(Ay)?}+...6 

Let ‘the line which joins the puint z, y and z+ Arx, y-+Ay, make an 
angle 6 with the axis of z, and let Ar and Ay diminish so as not to alter 
this direction. Then Ay=Av.tan €, and the preceding becomes 


{(p—A)+(q—B) tan é} Ar+ {r+ 2s tan 6-+¢ tan 6} foal NE 


If p differ from A, and q from B, one or both, this deflection has 
always a finite ratio to Az, which has for a limit the ratio of p—A 
+(q—B) tan É to 1, except only in the case in which Ay and Az are so 
taken that tan6=—(p--A):(q—B), in which case the deflection 
diminishes without limit as compared with Ar. Consequently, there is 
one direction in which the plane deflects less from the surface than in any 
other. But if p=A and q=B, "or if the plane have the equation ` 


č =z =p (—2)+q(n—y)..-...(T), 


the deflection has to Ar the ratio of $ (r+2s tan 6+ ¢ tan? 6) Ar+.... 
to 1, which ratio always diminishes without limit. Hence the deflection 
of this plane (T) always becomes less than that of any other plane (P) 
in whatever direction we proceed, except only for one direction in each 
plane (P). But we shall now show that all these isolated directions, 
one in each plane (P), are no other than those indicated by the lines in 
which the planes (P) cut the plane (T). 

The two equations —z=A (£—z)+B (n—y) and n —y=tan € (€-2) 
jointly belong to a straight line, which, lying entirely in the plane which 
has the first equation, is projected upon the plane of xy into a line pass- 
ing through the point (z, y), and making an angle 6 with the axis of z. 
If we assume tan 6=—(p—A):(q—B), and if we eliminate one of the 
two A and B from the equations, say A, we obtain an equation belonging 
to a surface which contains all the ‘lines in question that can be drawn ` 
upon all planes whose equations only differ in their values of A. But 
it so happens that in eliminating A we eliminate B also, and obtain the 
equation T. For the second equation becomes (p—A) (§—z2) 
+(q—-B) (n — y)=0, or A(E—z) +B (n—y)=p (E—2) +q (n—y), 
which, with the first equation, gives ¿—z=p (£—x)+q(n—y). Con- 
sequently, the plane (T) has a deflection from the surface less than that 
of any other plane drawn through (x,y,z), in every direction but one, 


* From the usual manner in which diagrams are drawn, it will be;convenient to 
call x and y the horizontal coordinates, and z the vertical coordinates. 
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namely, that of the line in which the two planes coincide. Hence 
no plane can be drawn between this tangent plane and the surface, 


If ®(2,y,z)=c be the equation of the surface, we find, as in 
page 352, 


. 
—_— “= — ———— 


which will transform the equation of the tangent plane into 


d® ,, dọ dè , dọ db do 
ds” dy wre s de ay’! ae 
which (as in page 352) if ® bea homogeneous function of 2, y, and z, 
has ne for its second side, n being the degree of the function. All the 
considerations used in the page just cited apply here. 

The equations of the normal, or perpendicular to the tangent plane 
through the point of contact, are either 


TE 


i—r+p(—2)=0, y—y+q (¢—2)=0, 
or any two of the three 


dọ d® 
(<é—z) : Ja 0—9): qe! 


t4 


dọ 
dz ` 

The line of greatest declivity (ligne de la plus grande pente) with 
respect to (xy) is that drawn in the tangent plane from the point of 
contact perpendicular to the intersection of the tangent plane and (ry). 
Its projection on the plane of zy is therefore perpendicular to that 
intersection. Now, making £=0, we have for the equation of the 
intersection 


—z=p (€—2)+q (n—y), 


and the equation of a perpendicular to-this, drawn through the point 
(z, y), is 


2 do dö 
p (n—y)—q 6 -2)=0, or 7 EE (E—x)=0. 


This, and the equation of the tangent plane, are the equations of the 
line of greatest declivity to the plane of zy. The projection of this line 
on (zy) is also that of the normal. 

Let the surface be an ellipsoid, and let A, B, C be the reciprocals of 
the squares of its principal semidiameters, the lines of these semi- 
diameters being the axes of coordinates. ‘Then the equation of the 
surface is Az*+By’+Cz*=1, that of the tangent plane and those of 
the normal are 


Az§+ Byn+CzZ=1; a = 2 — 


' A curve is the intersection of two surfaces; and its tangent line at 
any one point is the intersection of the two tangent planes of the two 
surfaces. If, asis most common, the curve be assigned by its projections 
on two of the coordinate planes (zx and yx) ; that is, ify=or and z= £z 
be the equations of the cylinders of projection, we find for the equations 
of the tangent planes, derived from y —ax=0, z—Ar=—0, 
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—qi ct (E—2z) +1 (n—y) +0 i ae ad fn—y=a'x (E =x) 
—A'x (E—2) +0 (n—y) 41 (G—z)=0)) lf —2= fz (E—2) 


which equations are jointly those of the tangent required ; severally, und 
restricted to the planes of the coordinates they include, they are the 
equations of the tangents of the projections, which are therefore the 
projections of the tangent. 

A curve has an infinite number of normals, or lines perpendicular to 
the tangent, which all he in a plane called the normal plane. Again, of 
all the planes which can be drawn through a point of a curve, there may 
be (generally is) one which is closer to the curve than any of the others: 
this is called the osculaling plane. Previously to considering these, it 
will be desirable to treat the subject of curve lines generally in a manner 
which does not refer to projections on two coordinate planes to the 
exclusion of the third. 

Let v be a variable, of which x, y, and z are severally functions, so 
that T= n YEY» z=2,, where 7, is an abbreviation of “ the function 
of v which x is.” Hence, by elimination of v, two equations between z, 
y, and z may be obtained in an infinite number of ways, and each pair 
contains the equations of a pair of surfaces, intersecting each other in 
the same curve. And 2’, x’, &c. mean diff. co., taken with reference to 
v; and dy:dz, as obtained after elimination of v from the first and 
second equation above written, is the same as dy : dv—dz : dv, &c. The 
equations of the tangent of the curve above mentioned may then be 
reduced to any two of the three | 


d d d 
E-a): F=- =g): E; 


whence the equation of a plane perpendicular to this line passing 
through the point of contact, or of the normal plane, is 


d d d i 
(E=) ——+(n—y) + (5-2) =0. soser (N) 


From this supposition we can easily pass to either of the more limited 
ones. Thus, if y and z be expressed in terms of z, we have v=x and 
dz: dv=1, whence the equation of the normal plane is 


l d 
(t—2) +(n—y) Yy (¢-2) Exo, 


Let a plane be drawn through the point (x, y, z) of a curve, having 
the equation P(€—7)+Q (y7—y) +R(¢—2z)=0, and let us consider 
the deflection from this plane, in a direction parallel to the line 7=<at, 
€=bé, and at the point of the curve whose coordinates are r+ Az, 
y+ Ay, z+Az. The equations of the line on which the deflection is 
measured are then 


n—(ytAy)=a{E—@+Ar)}, 6—(z+Az)=b {i—(24Az)}; 
and the intersection of the line and plane, (PAr+QAy+RAz): 
(P+Qa+ Rb) being V, is made at the points whose coordinates are 
fart Ar—V, m=ytAy—aV, f22+Az—bV.~ 
Now the coordinates of the two extremities of the deflection are £,, 7,, 
¢:, on the plane, and z+ Ax, &c. on the curve: whence the length of 
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the deflection is the square root of the sum of the squares of é, — (1 + Az), 
&c., or 


VAL +a?-+ b), or Y(1 +a?+5*). (PAz+ QAy + RAz) : (P+Qa+ Rd). 


To make the plane osculate, as the phrase is, with the curve, we must 
make PAr+QAy+RAz depend upon the highest possible powers of 
small quantities. Let the increments arise from v receiving the incre- 
ment h; whence Az=ah+32"h?+...., &c. Make the coefficients 
of h and h? vanish, or let Ps’+Qy'+R2/=0, Ps'+Qy"+ Rz"=0, 
which requires that P, Q, and R should be in the proportion of y'z!’—2'y", 
a! a! ae a! and 2'y"—y/2"", Consequently the plane 


(yf 2" —2!y") (E—2) + a" —2'2")(n-y) + ('y"- 2") (E-2) =0.... (O) 


is so placed that all deflections from the curve, in whatever direction 
measured, depend upon the third power of h, while in every other plane 
the same deflection depends upon the second or the first power of h. 
This plane, then, is closer than any other to the curve, and is the oscu- 
lating plane. 

Those planes in which the deflection depends on the second power of 
h have Pr’ +Qy'+Rz’=0: show that this condition is satisfied by all 
planes which pass through the tangent of the curve at the point 
(z,y,z). These might be supposed (as passing through the closest 
line) to be closer than other planes; and the preceding shows that such 
is the case. 

If the line on which deflection is measured be taken perpendicular to 
the osculating plane, we have for the parallel to it drawn through the 
origin, E:T =n: Y, =“: zy, where P=2,=y'z2"—z'y", &c. Hence 
A= Y: 2p b=z,:2,, and substitution in V,/(1-+4a*+ b’) gives 


hs 
& (2,0 tyny" eye yi (rêt yr tze) 


for the first term of the deflection. 

A plane passing through a given point (x,y,z), and having the 
equation P (é—z)+Q(n—y)-+R(¢—z)=0, may be called the plane 
(P,Q, R). Hence the normal plane is (z’,7/,=’) and the osculating 
plane is (x,,, 7, 2%,): and these two planes are perpendicular, since 
Tx yty y,,+2'z,=0. A line perpendicular to the osculating plane, 
drawn through the point of contact, is in the normal plane, and has for 
its equations (—2) :2,=(n—y):¥,=(¢—=):%,., The accompanying 
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diagram represents the axes of 7, y, and z, Pa point in the curve, PQ 
an arc of the same, PT the tangent at P, VK the osculating plane, VL 
the normal plane, PV and PW normals in and perpendicular to the 
osculating plane: there is also seen a small portion of the projection of 
the curve on its osculating plane by lines perpendicular to that plane. 

I now proceed to some results of the preceding formule. | 

Every curve has two remarkable developable surfaces connected 
with it: the first, or osculating surface, is the connecting surface of 
all its osculating planes (page 402); the second, or polar surface, 
is the connecting surface of all its normal planes. If we differentiate 
(O) with respect to v only, we obtain, remembering that 2’2x,,+&c. 
=0, the equation 


(y!z!"”—2'y")(E—2) + z'a" —a z" Nn- y) ay" - 2") —2) =0.. 0); 
and (O) and O’) are jointly the equations of the characteristic of the 
connecting surface required : and the equation of this connecting surface 
is found by eliminating v between O and O’. But it can be more simply 
found; for if (€—xr):27=2, (n—y) :y’=H, (€—2z):2'=Z, we may 
reduce (O) and (O’) to 


(H—Z) y’ Z2" 4 (7—8) zxy" +EH) vy" =0. 
(H —Z) y'2'2!" + (7—5) z'a y" + (E — H) 2’y'2""=0; 


which can be satished by Æ =H =Z, the equations of the tangent, and 
of course by nothing else,* as two planes cannot meet in more than a 
straight line. Consequently the tangent of the curve is the intersection 
of two infinitely near osculating planes ; and the connecting surface of 
the osculating planes is that which contains all the tangents of the curve. 
Eliminate v, then, from (£—z2):2/=(n—y): y¥=(6—z): 2’, and its 
equation is found. 

Take (N), the equation of the normal, and differentiate with respect 
to v. We have, then, 


a" (E =x) +y" (n—y) +z" (6 -—2) — a? —y"?—2"=0......(N’). 


Then (N) and (N’) are jointly the equations of the straight line in 
which two infinitely near normal planes intersect. This line, which is 
called the polar line of the point ‘(7, y,z), is a characteristic of the 
surface connecting all the normal planes. And this polar line is per- 
pendicular to the osculating plane: for (N) has been shown to be so, 
and (N’) is so, because 2’r,,+y"y,,+-2"2,,=0: whence the intersection 
of (N) and (N’) is also perpendicular to the normal plane. And the 
point of intersection of the osculating plane and the polar line is found 
by assuming the joint existence of (O), (N), and (N’), which gives 
(making x?+47?+2"=s"), for —ar, —2z, and n—y, three fractions, 
whose numerators are s” (2y,,—y'z,,), S? (y/2,,—2'y,), S° (a'z,,—z'z,), 
and whose common denominator is 2,°+y,?+2,°. The square root of 
the sum of the squares of these fractions, or the distance from the point 
(x,y,z) to the intersection of its polar line and osculating plané, is 
s3:/(v7+y/7+2,7). This, as we shall now show, is the radius of 
curvature of the curve. Let the closest circle which can be drawn to 
the curve at the point (x,y,z) have its centre in the plane A (E—z) 


* Let the student find a more algebraical demonstration of this. 
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+B (n—y) +C (C—z)=0, and let the coordinates of that centre be a, 
b, c, and the radius of the circle be r. Consequently that circle is the 
intersection of the plane (A,B,C), and the sphere (E—a)’+(n-y)? 
+({—z)*=r*, Differentiate each equation twice with respect to t, a 
variable in terms of which é, 7, and ¢ are supposed to be expressed, and 
then express the conditions that (A, B, C) is to pass through the point 
(a,b,c), and the sphere through the point (x,y,z). And so to place 
the plane and sphere, these conditions subsisting, that there may be a 
complete contact of the second order between the circle and curve, make 
Far’, &c. =a", &., (page 349). We have, then, six equations : 


Aé’+Bn'4+C2Z’=0, AE" +Bn" +C =0, true when é'=2', &c. 
. (E—a) E +(n—b) 0! +(S—c) 6 =0 } true when =z, 
(Ea) "+g b)n" +A A poh 0f E=, &e. 
A (&—«r)+B (n—y) +C (C—z)=0, true when =a, &c. 
(E—a)*?+ (n— b)+ (C—c)*=7’*, true when =z, &c. 


Now the first two equations, as altered, are precisely those which fix 
the plane of the circle in the osculating plane; the next three determine 
a, b, and c to be nothing but the coordinates of the point in which the 
polar line of (x,y,z) cuts its osculating plane; and the sixth gives for r 
the value above obtained for the distance of that point from (z, y, 2). 

Now let X, Y, and Z be the coordinates of that point in the oscu- 
lating plane which is the centre of curvature (just denoted by a, b, and c) : 
we have, then, X,Y, and Z expressed in terms of x, y, and z, or of v. Ifv 
be eliminated, we have the equations of a curve passing through all the 
centres of curvature, which we might suppose to be a connecting curve 
ofall the normals drawn perpendicular to tangents in osculating planes, 
these lines being the directions of the radii of curvature. Such is not 
the case: for since two infinitely near osculating planes do not meet 
except in the tangent of the curve, the two centres of curvature laid down 
on normals drawn in these osculating planes, do not necessarily approxi- 
mate to intersection at the centres of curvature. This point, however 
will require the following elucidations. 

The plane Ar+ By+Cz=H has for its perpendicular from the origin 
the line x: A=y: B=z:C, meeting it in the points whose coordinates 
have numerators AH, BH, CH, and common denominator A’+B’+C?. 
Hence the length of the perpendicular let fall from the origin is 
H:,/ (A°+B*+C’), and if H be changed into H,, giving a plane 
parallel to the former, the perpendicular distance of the two planes is 
(H—H,):,/ (A°+B’+C’). Again, if 2: P=y:Q=2:R be the equa- 
tions of a line parallel to the first plane, it follows that AP + BQ +CR=0. 
If, then, there be two straight lines, 


SOP IT eT TP I 

Pe QR” P QR,” 
a plane (A, B,C) parallel to both is found by taking the proportions 
of A, B, C from the equations AP+ BQ+CR=0, AP,+ BQ,+CR,=0. 
But if this plane be to pass through the first of the lines, it must take 
the form A(r#—p)+B(y—q)+C (z—r)=0; and if it pass through 
the second, it takes the form A(c¢—p,)+B (y—q,)+C (e—7,)=0. 
Hence the perpendicular distance between the two parallel planes drawn 
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through the given straight lines, that is, the shortest distance between 
the two lines, is 


{A (p—p,) +B (q—-q) +C (r—r,)} : a (A° +B +C?) ; 


and the equations for determining the proportions of A, B, and C are 
satisfied by 


A=QR,—RQ,, B=RP,—PR,, C=PQ,—QP,, 


which must be substituted in the preceding. 

Two lines are said ultimately to intersect when the shortest distance 
between them diminishes without limit as compared with the line to the 
diminution of which the appropinquation of the straight lines 1s 
owing. Thus if we take two tangents to a curve, at the points (x, y, z), 
(t+dzr, y+dy, z+dz), the equations of these tangents are made by 
equating (E—):2/, &c. with each other, and (£—r—dr): (x +da"), 
&c. with each other. For dz, dz’, &c. write 2’dv, xdv, &c., and we 
have, for comparison with the preceding equations, 


p=tt+e2'dv, pyr, P=a2'+e"dv, P =r 
q=y +y'dv, q =J, Q=y'+y"dv, Q.=7' 
Tz z'dv, T1=—<, R= z! 4+ 2"dv, R72 3 


and substitution will show that the shortest distance between the two 
infinitely near tangents is —(2,,2'+y,y’+z,2') dv: J (rety EtA, 
which is =0. This means that if we had written Ax for dx, and used 
the expansion of Az, &c., we should have found for the preceding shortest 
distance a quantity depending only on squares and higher powers of Av. 

The locus of all the centres of circular curvature is not made by the 
perpetual intersection of normals infinitely near, drawn in the osculating 
planes ; so that this locus is not an evolute to the curve. Let us now 
further consider the polar surface, made by eliminating v from the 
two equations of the polar line, the intersection of two normal planes. 
These equations are 


a! (E—«)+&e.=0 (N); a” (E—2) + &e. =y 4225" (N’). 


If we now differentiate each of these with respect to v, reasoning as 
in page 403, we find only one more new equation, and the three jointly 
belong to the intersection of two infinitely near polar lines, or a 
point of the connecting curve of the polar lines. This new equation is į 


Lal” (E—2) + &e. = 320" 4 3y'y" +32’ x= 39's" (N"), 


Solving these three equations, we find for —z, n—y, and ¢—z, three 
fractions having the numerators 32,,s’s”— z's, 3y, ss! — y's", 
ey s's’— z's, and the common denominator By x by, yl" +z", 
where 


ee Pe] a Pe 
l =y ZY > 


y! pela ea, z! =y" y'a", 
i If we take s, or the arc of the curve, for v, we find for ./{(é—2x)? 
+(n—y)’+(Z—z)*}, considered independently of ‘sign, the following 
expression, (s’ being =1, and s’=0), - | 

od ( v2 +y +2!) J (a! +y"" pMa (a'” +y" -4 z'12)2) 


eS | Ce (0) S ee eee "@ 
’ n My AAM n mw alll ` 
A tyny +33 Ly a Fyyy tzu? ; 


APPLICATION TO GEOMETRY OF THREE DIMENSIONS. 412 


The preceding equations (N), (N’), and (N”) are such as would be 
derived from the equation of a sphere, (§—a)*+ (n—b)*+ (2 —c)*=r’, 
by three differentiations with respect to the common variable contained 
in &, n, 2, if after differentiation we made r=é, 2/=i’, &c. The 
only difference then would be, that where we had ë, 7, and ¢ we should 
now have a, b, and c. That is to say, é, n, and Z, as last found, are the 
coordinates of the centre of a sphere which passes through the point 
(1, y, 2), and has with the curve at that point a contact of the third order. 
Or if such a sphere be drawn, the curve runs so near its surface before 
and after contact that the deflection of the curve from the surface has 
always a finite ratio to the fourth power of the departure from the point 
of contact. 

The connecting curve of all the polar lines is then the locus of all the 
centres of spherical curvature: it is not an evolute of the given curve, 
because all its tangents are on the polar surface. I shall now proceed 
to the consideration of the two flexures from which a curve of double 
curvature derives its name. 

If we begin with a straight line, we have a line whose osculating 
surface 1s indeterminate, since an infinite number of planes can pass 
through it: and all its consecutive normal planes are parallel and make 
no angle. Turn the straight line into a plane curve, and its osculating 
planes are all in one plane, which is the osculating surface. But the 
normal planes make angles depending on the flexure of the different 
points; these infinitely small angles it has been customary to call angles 
of contzngence. The normal planes being all perpendicular to the 
single osculating plane, the polar lines are the same, and the polar 
surface is cylindrical, having the evolute for a base. Now let the curve 
become one which is not all in one plane, and the successive osculating 
planes make infinitely small angles which may be called angles of 

flerure. The two planes (A,B,C) and (A, B,,C,) make an angle, 
the cosine of which is (AA,+BB,+CC,) divided by the product of 
J (A?+B?+C*) and ./(Ai+Bi+Ci), or the (sine)? of which is 
(AB,—BA,)?+ (BC,—CB,)’+ (CA, —AC,)? divided by the square of the 
preceding denominator. Hence, if 0 be the infinitely small angle made 


by (A, B,C) and (A+dA, B+dB, C+dC), we have 
0 = { (AdB— BdA)*+ (BdC—CdA)?-+(CdA- AdC)*} : (A?+ B*+C?)?, 


If we apply this to two consecutive normal planes, in which A=7, 
dA=zx'dv, &c., we find for the angle of contingence dv Y (xF ty, 
+z,,):5°; and if the arc ds or s'dv be taken to subtend this angle, we 
have s'$:\\/(a,;-+&c.) for the requisite radius, which is precisely the 
radius of circular curvature above determined. But if we consider two 
successive osculating planes, in which A=z,, dA=z',, dv, &c., we have 
for the angle of flexure 


doy (typ u Yk VEY n ZY rt Ene Bie ay} (a ty? +27) 
or du f(r°+y* tz”). (2,2 tyy" eye"): Pky 7 +2,)) 5 

the first two factors of which being =ds, we have (2,7-+y,?+2,7): 
(x, 2" +y, y" +2,,2"") for what we may call the radius of flexure. 

We have not yet found an evolute of the curve, or a second curve 


whose tangents are normals of the first. The two loci of circular and 
spherical curvature are not of this character. If any evolutes exist they 


. - 
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must lie on the polar surface, and not elsewhere, for all normals lie in 
nermal planes, whence the intersection of two consecutive normals must 
lie in the intersection of two consecutive normal planes, or on a polar 
line; that is, on the polar surface. And we can ‘obviously make an 
infinite number of evolutes on the polar surface: thus, let P, Q, R,S 
be consecutive points of the curve, infinitely near, through which draw 


normal planes giving 14V part of the polar surface: join P with any 
point } of its polar line, draw Q1 and produce it to meet the succeeding 
polar line in 2, and so on. We have then as many small arcs of an 
evolute, 1, 2, 3,4, as we can take points in the first polar line to join 
with P. Or, through every point of the polar surface one evolute passes, 
and only one. The question of finding an evolute is, therefore, reduced 
to that of drawing a curve on the polar surface, whose tangent shall always 
pass through the given curve. But since every tangent plane of the 
polar surface cuts the curve somewhere, one condition is satisfied by the 
mere circumstance of the curve lying on the polar surface, which makes 
its tangent lie in a plane cutting the curve. If one only of the equations 
of this tangent be then that of a line passing through the curve another 
condition is satisfied; and but two are necessary. As, however, this 
reasoning (which is that of Monge) may be rather too refined, we will 
suppose the evolute drawn, and the coordinates of a point in it expressed 
in terms of v, the same variable as that in which the coordinates of the 
corresponding point of the curve are expressed. Let X, Y, and Z be 
the coordinates of an arbitrary point in the tangent of the evolute, whence 
(X—é):&=(Y—n) :n'=(Z—Z):Z' are the equations of the tangent: 
which being to pass through the point (x,y,z) of the curve, we have 
(a—Z):2=(y—n):n =(2—Z):2'. But since the point (&, n, 2) is on 
the polar line of (x,y,z), we have (E—z) 2'4+&c.=0, (Ẹ— x) x" +.... 
=s'*, so that we have four equations between é, 7, ¢, and v, which we 
can immediately show to be reducible to three. For if we differentiate 
the equation of the normal plane generally, or pass to a point of a con- 
tiguous normal plane without considering whether (£,7,2Z) is on the 
polar line or not, we have 


Ex ten! y! +2! lA (E— 2) 2" + (n—y) "+ (C—2) e" —5"®=0; 


or, if the point be on the polar surface during the differentiation, 
E a'n y'+2'2'=0. This is true whether the line drawn on the polar 
surface pass through the curve or not, so is (€—27) a’+(n—y)y 
+(¢—z)2'=0. But these last two equations with the equations to the 
tangent of the evolute at (x,y,z) are not four distinct equations, but 
only three, for the latter equations with, (=x) a/-+ &c.=0 give 
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If, then, we take the equations (N) and (N’), and one of the equations 
of the tangent, say the first, and ‘eliminate v, we have two equations 
which we may so obtain that one of them, from (N) and (N’), belonging 
to the polar surface, shall be of the form @(&,7,2)==0, and the other 
W (E, n, č) =x (2,7, 2)’. Substitute in the second the value of ¢ 
from the first, and we have, remembering that 7! : ’=dy: dé, a common 
diff. equ., the integral of which, and ¢(&,7,¢)=0 are the equations 
of the curve required, the arbitrary constant of the differential equation 
giving the multiplicity of evolutes which have been shown to exist. 

Let R be the distance between (x,y,z) and its corresponding point 
(č, n, č) on an evolute. Then R’?’=(é—x)?+&c. and RR’=(§—z) 
(&'—2')+-&c., of which (E—x)'x'+ &c.=0, so that (§— 2) &’+ &c.= RR’. 
Substitute in the last values of ņn—y and ¢—z from the equations 
(E~2) :f'=(n—-y) : n'=(ġ— z) : 2’, which gives 


_. ERR "RR ,_ 4 CRR. 
Tee Ue Ee OER Te 


the sum of the squares of %— x, &c. equated to R? gives R "=" +n” 
+ ¿P= o”, where o is the length of the arc of the evolute. Consequently 
R'=o', or dR=dao, and reasoning as in page 364, we find that the 
difference between any two values of R is the arc of the evolute inter- 
cepted between them. 

Exampie. Among curves of double curvature, the screw has that 
priority which the circle has among plane curves. The straight line may 
be described by making any length of it take a motion of translation in 
the direction of the line: no point of the length mentioned will ever be 
off the straight line. The circle may be equally described by giving any 
arc of it a motion of rotation about its centre, and in its plane. The 
screw may also be described by giving any arc a motion both of translation 
and rotation, provided the two velocities remain uniform, or else always 
vary in the same ratio. Let the axis of x meet the screw, and let that 
of z be the axis of its cylinder. The screw is then the intersection of 
the cylinder, whose equation is 2*-++y*=a*, with an helicoidal sur- 
face (page 396), whose equation is z=btan“'(y:r). We may 
reduce these two equations to three, expressive of z, y, and z, in 
terms of v, as follows, 


Fad 


gz=acosv, y=asinv, zm bv,’ 


where v is the angle of revolution of the describing point about the axis 
of z. We have then 


r= acosv aim=z—asinv | "= —acosv 
y= asinv y'= acosv | y'=—asinv 
z= bv = b a= O 


a= asinv | z= absinv| 2',=abcosv 

y"=—acosy | y,2=—abcosyv | y',=absinv 
CIP oaan — 2 l oaas 

2 = 0 Zı= a z =0 
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xx’ + yy! +22'= bw TL + YY, + 22,,=a%bv | s?=a*+5* 
Ly, +y n + zy = a” (a T b°) U0 Wg yy" + zoa =a’b s" =. 


The equations of the tangent are (£—a cos v) :— a sin v=(n —a sin v) : 
acos v=(¢—bv) : b, from which it would be practicable to eliminate v, 
and to get the equation of the osculating surface. This surface, then, 
is found by eliminating v from 


(g —a cos v) b= — (č — bv) asin v, (n —a sin v) b= (č — bv) a cos v. 


But if č=0, or we ask for the curve in which the osculating surface 
cuts the plane of zy, we find for this curve the involute of the circular 
base, defined by =a cos v+avsinv, n=a sin v—av cos v (page 366). 
And it is obvious that the cylinder is the polar 
surface of the involute of the circle. In fact, 
the other evolutes (besides the circle) of the in- 
volute of a circle are all the screws which can be 
described upon a right cylinder having that 
circle for its base, and which meet the involute. 

The equation of the normal plane, and the 
ame differentiated with respect to v, are 


—éasinv+nacosv+ 6b=6'r, 
—tfacosv—na sin v= b. 


These equations jointly belong to the polar line: 
to find a point in the connecting curve of the 
polar lines we must annex the equation ča sin v—nacosv=0, or 
n : E= tan v, whence the preceding equations become —a,/(é?+ n?) =b, 
C=bv, or Etn =b: at, C=—btan-'(7:%). So that the locus of the 
centres of spherical curvature is another screw, generated by the same 
helicoidal surface, but having a cylinder whose radius is b": a. The 
two screws, however, are in opposite positions; for if in the first two 
equations we make ¢=0, thereby obtaining the equations of the curve 
in which the polar surface cuts the plane of (ry), we find that ë and n 
are the values of the coordinates of the involute of the circle whose 
radius is b°: a, with their signs changed. The polar surface is then the 
osculating surface of this new screw: and if b=a, the osculating and 
polar surfaces of the given screw are the same, the latter having only 
made a half revolution about the axis of z. 

For the coordinates of the centre of circular curvature, we find 
z'Y — y z= — ab’ cos v — a? cos v, y'x,,—2'y,,=0, v's, —2'2,= —a’ sinv 
—ab*sinv, whence if X, Y, Z be the coordinates of this centre, we 
have 


S 


b? 2 
X —a cos v= —a cos v=— cos v, Y—a sin v= —a sin ee sin V, 
a 


Z—bv=0; 


giving the equations of the same screw which is the locus of the centres of 
spherical curvature. Looking now to the coordinates of the latter, we 
find s’=0, and —z',,s?=—ad (a’+6")cosv, —y', s"*=—ab (a° +b") 
sin v, — 7", s°=0, giving for the values of X,, Y,, Z, the coordinates of 
the centre of spherical curvature, precisely the same as for the coordinates 
of the centre of circular curvature. And the radius of spherical curva- 
ture is found to be a+0?:a, and the radius of circular curvature the 
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same. The radius of flexure is b+a®:b. To find the evolutes of 
a screw, we must eliminate v between three of the four equations 


(a cos v —§) :2’=(asinv—n) : n'= (br— į) : 7’ 
—asinv.é+acosv.n+b6=b'v, —acosv.č—asin v. n= b3." 


- The following may be a useful exercise for the student, though it does 
not give a result simple enough to be of much use. Eliminate v between 
the first and fourth equations by finding sinv and cosv, and expressing 
sin? v+ cos? v= 1: the result is 


a? (nn E2")°= (En — në) (E tnt 26°) +5! (En). 


Let r and 8 be the polar coordinates of (č, n) on the plane of zy, the 
preceding then becomes, by the equations in page 345, 


dð J (rb) 
2p? a 4) m (73 2p \2Q/8 — = oe ae 
(œr —b*) 9 (r'+ b'r)*6", or z> abn 
Let r=1:u, and the last result becomes 
dp _ J (ve—dtut) a®+-b? b? 
du 14u ~(14biut) S(b) Sey 


Let b’u=a cos à, and we have 


dé a®+ b? _ ° (at+b*) d.2Xr 
dy +a cota w= ~ 962-4 a?-+ a? cos nt 


Integrate by the formula in page 289, and we have 
(atb)  _, {a+ (2b? +- a”) cos 2A) 
= COS —_——— e ? 
25 | 20?+-a®+a*cos2vr ) 
BMG) | JE Hear), 
r 26 l arte) J? 


6+C=rA— 


= cos" 


which is the polar equation of the projection of the evolute of a screw 
upon the plane of zy. If we take the cosine of both sides we can 
give the equation the form cos (0+ C)=gġr, where ọr is a finite and 
rational algebraical function ouly when ,/(a*+-6°) :2b is a whole number 
or when «@’=(4m*?—1) ò, m being integer. 

I now proceed tv extensions of the theory of curved surfaces. That of 
curved lines has been made to precede, as containing functions of one 
variable only. If we take the various ways in which the equation of a 
surface may be conveniently expressed, we have 

1]. z=(2,y). The diff. co. of z may be expressed by p, q, 7, S$, 
and ¢, as explained in page 388. Higher diff. co. than the second are 
useless in this inquiry. 

2. p(r,y,z)=0. If we look at page 268, No. 73, where the diff. 
co. of = are expressed in terms of œ, we shall sce that it is useless to 
investigate formule deduced from this form, unless we contrive a more 
simple notation for the diff. co. of @ Let U=0 be the equation 
p (r, Y, z)=0, and let partial diff. co. of U be denoted by simply writing 
the characteristic letters of the differentiations as subscript indices ; 
thus dU :dr=U,, &c., and the diff. co. which we shall have occasion to 
use are U,, U,, U., Uses U,,, Uis Unys Upes U.;. Let powers be denoted 

2E 
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as usual; thus US signifies the square of dU:dz, &c. We have, then, 
by the article cited, 


= or U, p= —U,, ue or U.q=—U, 


OG * dy 


U? i or U? r= — (U? U,,—2U, U, U.,. + U2 U.) 
d’z | 
U: igp 0r Uis= U, (U, U+ U, U) — (U: Uns +U, U, U.) 


Ëz 
U? ay or Ul é=—(U?2U,, —2U, U.U „+U; Uz) 5 


whence it follows (page 268, No. 74) that if we make 
X=U,U.-U2,  Y=Us Un- Un Z=U,,U, -U%, 
N=U.,U,—U,.0.5. YSU U= Us Uy; ZHU, UU. Uss 
U; (rt—s?) =X UE+ YU$+ ZU?+4 2X’ U, U.+2Y' U, U,+2Z' U, U,; 


expressions, the symmetry* of which makes their use both less difficult 
and more safe. 

3. Let 2, y, and z be severally expressed as functions of v and w: 
our method will then be analogous to that pursued in treating of curves. 
The expression of the second diff. co. of z in this system is so extremely 
complicated, that I shall confine myself to using it in those cases only in 
which first diff. co. are sufficient. 

4. Let c=O(2,7,c2), Y (2, y,a@)=0, where ẹ is the diff. co. of $ 
with respect to a, or Pa. We have then, the notation being as before, 
and a, meaning da: dæ derived from the second equation, 


p=p, Ha =bn  q=p, +P =$, 
t T Pra Qi, s= Diyt Prady = Pry + Pay a; 
t= Pyy + Pay Ay. 


Now $,=0 gives Qar + Paa 4:=0, Payt Paa ady—=0; substitute the values 
of a, and a,, thence obtained, and we have 


Paa TE aa brs — Paz Paa S = Paa Dry ea Dar Pays Paa t= Paa Pyy — Dzy 
Paa (ri—s*) a, Paa (Prz FF T) cr (Daz Diy 2Dry Paz Day + Py 2) is 


Much depends in the theory of surfaces on a knowledge of the pro- 
perties of the expression ax*+ by?+ c+ 2a, yz + 26, 2x + 2c, ry, 
which may be always positive or always negative, or sometimes one and 
sometimes the other. We know that an expression of the form 
Av’+2Buw+Cw? is of one sign, whatever v and w may be, when 
AC —B? is positive, and then only. Writing the preceding expression 
in the form az’?+2(b,2+c¢,y) c+ by*+2a,yz+cz,, we infer that it 
always retains one sign (that of a) when a (by?+ &c.)—(b,z-+c,y)? is 
always positive, or when 


* In all general problems, then, expressions’must be carefully written in a sym- 
metrical form. The risk of error in complex operations, whether of alteration, 
omission, or redundance, is materially lessened, since each error must either be 
made three times in exactly the same way, or the operator is warned of the exist- 
ence of an error by the want of symmetry in the results, 
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(ab — £) yY’ +2 (aa,—b,c,) yz + (ac—b,)* 2° is always positive. 


Hence ab—c{ must be positive, and (ab—c{) (ac—bi)—(aa,—6,¢,)* 
must be: positive ; that is 


a (abc + 2a,b,c,— aaj — bbi — cci) must be positive. 


Hence, since the expression can be arranged in powers of y or z, and 
similar results obtained, we find that az’+&c. is always of one sign 
(that of a, b, and c), when ab—c’, bc—a}j, and ca—bi are all positive, 
and abc + 2a,b,c,—aaj—bbj— cc} has the common sign of a, b, and c. 

The equation of the tangent plane of a surface, the point of contact 
being (x,y,z), has been exhibited in the forms 


č—z=p (§—z)+q(n—y), Us E—2)+U, (n—y)+ U: (6 —2)=0; 


U=0 being the equation of the surface. The sign of the deflection 
from the tangent plane, called positive when the ordinate z of the surface 
increases (algebraically) faster than that of the plane, has been shown 
to be the sign of r(Av)?+4+2s Ax Ay+t (Ay). There are, then, three 
distinct modes of contact between a curve and its tangent plane, which 
we shall call (for reasons afterwards to appear) the elliptic, hyper- 
bolic, and parabolic contacts. The following diagrams will give an idea 
of them. . 


l. Let rt—s* be positive. Then the deflection always has the same 
sign: or in the immediate neighbourhood of the point of contact the 
surface is entirely on one side of the tangent plane. This is the elliptic 
contact, and is shown in the manner in which a sphere or an ellipsoid 
meets its tangent plane. 

2. Let rt—s’=0; then r(Ar)’+&c. is a perfect square, or one 
taken negatively, and the deflection is always of one sign, except when 
Ay: Azr=— s: t, in which case the terms of the second order are col- 
lectively =O. In this case, then, there appears no obvious difference 
between the contact and that last described, except that in one particular 
line the contact is of a closer order than elsewhere. But, as we shall 
presently see, if the tangent plane meet: the surface in a curve, (as, for 
instance, a table meets a ring laid upon it in a circle,) all the points of 
that curve have a contact of this species with the tangent plane. 

3. Let ré—s* be negative. If Ay: Ar=tan 6, thatis, if the direction 
in the plane of zy in which we pass under a new point of the surface 
make an angle 6 with the axis of x, the sign of the deflection at the new 
point depends on that of r+2s tan €6+¢étan*6, which is of the same 
sign as 7r, except when ż¿tané lies between —s-+,/(s°’—7t) and 
—s+,/(s*—rt). There are, then, two opposite angles in which the 
deflection has one sign, having the other in the two adjacent angles. 
But when ¢,tan6 is equal to either of the above-mentioned quantities, 

2E2 
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the approach to the tangent plane is of a closer order. This contact is 
such as takes place at every point of a single hyperboloid. 

When a surface is described as the locus of all the points of a family 
of curves, made by giving different values to a constant, the two equa- 
tions of the curve, which jointly, and for one value of a, represent one 
single curve, belong to all the curves, or to the surface, if a be considered 
as having any value: and the elimination of a actually gives the equa- 
tion of the surface. Conversely, we can at pleasure subject any given 
surface to an infinite number of modes of generation, by introducing a 
new variable. Thus 2°+ 4°+z°=c’, the equation of a sphere, is obtained 
by eliminating a between 2°+y?=a*, and z=+,/(c’—a’), which 
answers to generating the sphere by circles parallel to a given plane, or 
considering it as the locus of all the circles which are perpendicular to a 
given line. Again 2’°—y*=a’, 2y?+ 2*=c*—a’* shows that the sphere is 
the locus of a family of curves formed by the intersection of hyperbolic 
cylinders, generated by lines parallel to the axis of z, with elliptic cylin- 
ders generated by lines parallel to the axis of x. We shall now con- 
sider a wide class of surfaces, namely, of those generated by the motion 
of a straight line, as well for the exercise of the student in general con- 
siderations as to show the connexion of the theory of surfaces with that 
of partial diff. equ. 

Let a straight line move so as always to be upon three given curves. 
That we have here conditions no more than sufficient to make the line 
describe one implicitly given surface may be thus shown. Ifa cone be 
taken which has its vertex in the first curve, and the second curve for its 
base, this indefinitely extended surface can meet the third curve only in 
determined points: unless it should happen that the third curve lies 
entirely in the cone. If, taking every point of the first curve in succes- 
sion, we describe cones on the second curve as directrix, we shall have 
an infinite number of cones, with an infinite number* of points, in which 
they cut the third curve. Our results contain, 1. An infinite number of 
consecutive positions of a straight line upon the three curves, made from 
consecutive cones, and forming the surface required. 2. All the cones, 
if any, in which either of the curves is entirely upon a cone which has a 
point upon another for its vertex, and the third for the directrix. If our 
resulting equation contain distinct factors, (page 347), should it be, for 
instance, of the form PQR=0, we may be sure beforehand that of the 
three equations P=0, Q=0, R=0, which satisfy it, two belong to 
cones. 

Let the coordinates of the several curves be expressed as functions of 
Vis Vs, and v3. Let the joining line, being a line of the required surface, 
have in one of its positions the equations t=az-+a, y=—bz+ 8. Then 
since some one point of this line is on each curve, if r=, vi, y= Yi V 
==y,v, be the equations of the first curve, we have, by substitution, two 
equations between a, œ, b, 8, and the value of v, belonging to the point 
in which the line meets the first curve. These two equations, by elimi- 
nating v, give a relation between a, a,b, 8, and the same thing being 
true of the other two curves, we have three equations between these four 
quantities, and can therefore express any three of them as functions of 


* It might so happen that the third curve was placed in such a manner as never 
to come near any cone described with a point in the first as a vertex, and the second 
as a directrix. If so, we shall be reasoning on a problem, the final equations of 
which will be incongruous, or else will contain impossible quantities. 
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the fourth: or we can express all four as functions of some one quantity, 
say ve We have, then, for every valuc of v which gives possible values 
to a, &c., the equations of one position of the straight line, in the form 


r= hv .z+6v, y=Wu.e+Wv...... (S); 


and the elimination of v will give the equation of the required surface. ` 

If such a surface were approximately described, by constructing the 
positions of its straight lines answering to .... v=—2A, v= —-ô, 
v—0, v=A, v= 2A, &c., A being so small that any two consecutive lines 
should be very near each other at their shortest distance, we shculd form 
as good a notion of a surface from the cullection as we do of a curve line 
from a polygon of a large number of small sides. And on this surface 
we should be able to draw a line, at and near which the generating lines 
seem to come closer together, each to its neighbours, than in other parts, 
and from which they appear to diverge. If we now suppose A to 
diminish without limit, this line, which is the limit of all the lines pass- 
ing through the points of nearest approach, may be called the curve of 
greatest density. When the surface is developable, that is, when the 
shortest distance of consecutive lines diminishes without limit compared 
with A, this curve of greatest density is the connecting curve of con- 
secutive lines. 
` If for v we write v +åv, we have the equation of a consecutive line: it 
remains now to find the coordinates of the point of the first which is 
nearest to the second. 

Resuming the problem in page 411, let there be two straight lines 
whose equations are (r—p) : P=(y—q) :Q=(z—r):R and (r—p,):P, 
=é&c. Introduce two new variables w and w, and write these equa- 
tions in the form 


z=p+wP, y=q+wQ, z=r+wR; r=p +w, Pp, y= ke. 


Every value of w belongs to one point of the first line, and of w, to 
one point of the second line. Let w and w, belong to the extremities of 
the shortest distance between the two lines, so that the equation of the 
line joining these two points is 

b= (ptwP). . e n—(q+wQ) x ¢—(r+wk) 


PtwP,—(p +wP) gt wQi—(q+uQ)  m4+uiRi-(r+wR) 
If these denominators be A, B, and C, we know that AP+BQ+CR 

=0, and AP, +BQ,+CR,=0; form and reduce these equations, which 
gives for the determination of w and w,, 

P (p,—-p)+Q (a—q) +R (1.—7) + (PP1+-QQ,4+ RR) w, 

—(P*+Q°+R') w=0, 
P (pı —p) + Q (qq) + R,(rı—r) F (Pi+Qi+ Ri) Wi 
— (PP,+QQ,+ RR,) w=0. 

Let P,,=QR,—RQ,, Q,=RP,—PR,, R,=FQ,—QP,, and we have 
w.={(Q R,—RQ,) (ri—p) + (R P,—P R) (1-9) + (PQ, —Q P,,) 
(rı—r); . (P,'+ QF +R), 

w = {(Q,R,,—R,Q,,)(pi—p) + (RiP, — Pi) (m— 9) + (PQ, QP) 
(1—-r)}: (P; +Q, + R’). 


m: (A). 
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If these belong to consecutive lines, so that p=p+ dp, P,=P+dP, &c., 
we find 


P,=QdR—RdQ, Q,=RdP—PdR, R,==PdQ—QadP; 


and Q,R,,—R,Q,, differs only by a quantity of the second order from 
QR,,—RQ,, &c. If we now take the case before us, in which the 
equations have the form (omitting v) (rx—®) : p=(y—¥) >w=(2—-0):1, 
we have p=, q=¥, r=0, P=¢, Q=y, R=1, P,=—wd», 
Q,=9P'dv, R,,= (dy — yg") dv, and 


pm LPL HPPO PO — 14 6) YH | 
Y V+ b+ (OY — yE) . 


ana E=@+ wo, n=F +wy, =w, are the coordinates of a point in the 
curve of greatest density. And the equations (A), when the proper 
values of w and w, are substituted (not neglecting their difference) will, 
multiplied by dv, give two equations, from which, by eliminating v, may 
be obtained a new surface, described by the motion of the straight line 
in which the infinitely small perpendicular distance of two consecutive 
lines on the first surface is always found. 

The shortest distance of the consecutive lines, found in page 411 by 
an easier process, is (neglecting the sign) P,,(p,—p) +&c. divided by 
a (P + .+++)3 or, making the substitutions, dv(— w'6'+'¢'¥’): 
Je" +h? + (dy'—yG’)*). Consequently it is the condition of a deve- 
lopable surface that ¢'¥’=y/6'; a result which we shall presently 
verify. 

If the reader ask for the particular use of the theory we are now upon, 
I should reply that the notions of space which the student can and must 
previously acquire will give a conception of the meaning of diff. equ. 
which could not otherwise be attained, and will alsoenable him to single 
out from the infinite mass of equations which might be proposed, those 
which admit of being most easily comprehended. These notions of 
space are difficult in themselves, and so are the diff. equ.; but the 
difficulties of each being first considered by themselves, the former by 
geometry and the latter by analysis, the juxta-position of the results 
throws light upon both. I shall now deduce some results connected 
with this class of ruled surfaces (page 401) from geometry, and shall 
then proceed to the consideration of the equations. 

If through a point (x,y,z) of a surface (S), two planes (A) and (B) 
be drawn, these planes will make two sections, (AS) and (BS). If at 
(7, y, z) two tangent lines be drawn to (AS) and (BS), the plane of these 
tangents will be the tangent plane of (S) at (x,y,z). For we have 
shown, page 406, that the tangent plane is in every direction the plane 
of nearest approach to the surface, and must, therefore, pass through the 
tangents of all sections; while two straight lines determine a plane. 
If, then, we can show that a plane passes through the tangents of two 
sections which meet in a given point, we show it to be the tangent plane 
to the surface at that point. 

Let all the generating lines (L) of a ruled surface (S) be pro- 
jected on a given plane (P). Then there is a curve (C) on (P) 
to which all these projections are tangents. On (C) as a base, with 
generating lines perpendicular to (P), draw a cylinder (K), which will, 
therefore, meet the surface in a curve (KS). And any tangent plane of 
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this cylinder will contain, passing through the point at which it meets 
the surface (S); 1. one of the lines (L); 2. one tangent of the curve 
(KS). Any tangent plane of the cylinder, therefore, is tangent to two 
sections of the surface passing through the same point; namely, through 
that point of (S) which is projected on (C) by a generating line of the 
cylinder ; it is, therefore, a tangent plane of the surface. 

Next, any plane whatever (A) which passes through one of the lines 
(L) is the tangent plane of (S) at a point somewhere or other in that 
line (L). For, if a plane (P) be drawn perpendicular to (A), and the 
process of the last paragraph be performed, the plane (A), being the 
projecting plane of (L) on (P), will be a tangent to (S) at the point 
where (KS) meets (A). Otherwise thus: every such plane (A) meets 
the surface not only in the generating line (L), but also in another line 
(M): for the plane (A) must somewhere or other meet the other gene- 
rating lines, except in these isolated cases in which a generating line 
happens to be parallel to (A). And at the point where (A) and (M) 
meet, the plane (A) contains tangents to two sections, and is therefore 
a tangent plane at that point. 

We shall now consider some of the preceding points analytically. 
Take the equations (S), implicitly considering v as a function of < 
and y obtained by eliminating z: let z and v be functions of the two 
independent variables z and y. For convenience™, let z, denote dz: dr, 
&c. Then we have 


l=qv.z,+'v.2u,+00.v,, O=Ypv.z.+ Ww'v.zv,+¥'v.v,, 
O=ev. z+ PV. zvy HOV. vp Loyu.zytY'v.zv,4¥'r.ry,. 
Eliminate v, and v, and we have, (dropping v), and making zġ' + 6’=G, 


Fan h 

H G zai 
2:5 p.H—y.G’ z= Sao whence ¢—z=2,(§—1x)+2,(n-y) 
becomes 
' ({=2)(¢.H-¥.G)=H (—9.2—-6)—G (n—¥.2-), 
or H (€-$.€-8)=G(n-¥.6—¥) ; 


which is the equation of the tangent plane at the point (x, y =), and it is 
obviously satisfied as long as (£,7,¢) is on the generating line which 
passes through (z7, y, 2). And if Az+By+Cz+E=0 be the equation 
of a plane, this plane is a tangent plane to the surface, if à and v can 
be so found that A=AH, B= —AG, C=A (Gy - Heo), E=A(GY-HO). 
Let a plane be drawn passing through the generating line (L,), whose 
value of vis v,; whence v, is a fixed constant throughout this process. 
The equations of (L,) are, therefore, €=29¢,+ 9, n= 5%, +, where 
p, means $v,, &c. Then, because the plane passes through the line 
just described, its equation must have the form A (¢—¢¢,—9,) 
+B (n—č%,— ¥,)=0, or AE+ Bn—(Ag. + BY) ¢—(A®,+ BY,)=0. 
This, with the equation of the surface, obtained by eliminating v (the 
arbitrary quantity) from the equations (S), gives the two equations to the 
intersection of the surface and the plane, one branch of which is of course 
the straight line (L,). If we were to make v=v,, the two equations 


* This will often be useful in mere operations: but the student should read =* as 
dz, by, d, x,” in the usual way. 
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(S) would jointly satisfy the equation of the plane; but if, instead of 
that, we make v approach without limit to v,, we shall make the point for 
which the three equations are true approach nearer and nearer to the 
line (L,), and shall finally obtain that point in which the other branch of 
the intersection meets (L,). Obtain the value of č from the three 
equations 


¿= 6+ 4, n=CU+y, AE+ Bn—(A¢, + BY,) ¢—(A®,+BY,))=—0, 
which gives = -{A(—%,)+B(¥—¥,)}: {A(O—G,) +B (Y—y,)}. 


If v=v,, this takes the form 0:0, indicating that ¢ may have any 
value, as is the case, since all the line (L,) is part of the intersection 
required. Butif v approach without limit to v, we find, dividing the 
numerator and denominator of the preceding by v—v,, and taking the 
limits, that the limit of Z is —{A@’,+BwW’,}: {Ad’,+Bw',}, where &’, 
means 'v,,&c. Let this value of £ be called z,; then A (pizi + P) 
+B (Yiz, + ¥,)=0, and if from this we substitute the value of A: B 
in the first form of the equation to the plane, we find 

(y'i a+ ¥') (E —9f—%)=(9', a+ ®',) (n—4¢- Y). 
Compare this with the general equation of the tangent plane, and it is 
evident that we have before us the equation of the tangent plane at a 
point of contact on the generating line which has v=v,, and whose ver- 
tical ordinate is z. Thatis to say, if any plane be drawn intersecting 
the surface in a generating line (L,), and in another branch (M), that 
plane is a tangent plane to the surface, and the point of contact is the 
intersection of (L,) and(M). This is one of the theorems which has 
been proved by geometrical considerations. 

The preceding illustrations have been drawn from geometry, and 
applied to a partial diff. equ. of the first order. I shall now show (in 
the manner of Monge) how similar considerations not only explain the 
meaning of equations of higher orders, but furnish the readiest mode of 
obtaining them. If we look at the equations (S), we see, to all appear- 
ance, four arbitrary functions, 4, yw, ®, and Y, and might therefore con- 
clude that the first partial diff. equ. which is free from these functions 
will be of the fourth order. This, however, would not be correct; for if 
pv be called V, we can thence find vin terms of V, and shall have in 
the equations the quantity V, (which will be eliminated between the 
equations in forming the equation of the surface,) and three arbitrary 
functions of it. There are then only three arbitrary functions in the 
general equations, and the partial diff. equ. is of the third order. 

To find the partial diff. equ. in the case before us, take any point 
(1, Y, z) in the surface, and a set of contiguous points made by increasing 
®, Y, and z, respectively by Az, Ay, and Az, atevery step. It is then the 
property of the surface that for one set of values of Az, Ay, and Az, 
or rather for one set of relative values, the points (r-++Az, &c.) 
(t+ 242, &c.) all continue on the surface. If, then, z be the vertical 
ordinate, we have for values in a certain proportion (say Az=mA, 
Ay=mk, Az=m) the equation 


z+ml=24+ (zz. mh+ zy mk) +4 (zam h?+-22z,, m*hk+2,,m*k*) +... 


jor all values ofm. Take z from both sides, divide by m, and make 
both sides identical, (which they must be since they are true for all 
values of m,) and we have ; | 
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l=z,h+2z,k, O= zz h + 2z,, hk+z,,k*, 
O=2z,,.,+437,,,Vk+3z,,, NEA yyy E, &. 


Eliminate k, k, and l in the simplest manner from these, and we have 
the partial diff. equ. of the class of surfaces. This can be done from the 
second and third, for the second gives 


k — Fay a A (zzy — Zaz Zyy) 
h “yy 
The third then gives 
Py Veen t GAZ gy Seay TOA Sy try t Ae yyy Oe aes (1) 


which is the partial diff. equ. required, and is of the third order. 

Again, since l: h = z, + 2,k:h, and since there is a relation (it 
matters not what) between /:h and k:A, because there is only one set 
of proportions of increments at a given point for which the preceding 
equations are true, /: must be, on any one surface, a function of 


kik. This gives 


na Se 
; suppose this =—. 
. “yy 


A A 
f(=)=4 my me eee © (2) 3 
“yy “yy 


a partial diff. equ. of the second order, which also belongs to the surface. 
It contains one arbitrary function. Returning to the equations r=vz 
+ Ov, y=Yr.z+WVv, (in which we write v for dv, since we have shown 
that one arbitrary function is superfluous,) we see that k:A is dy: da on 
the supposition that we pass from point to point on the generating line, 
v being constant. We have then k:h=wWv:v, which therefore =A: z,,. 
Consequently v, pv, Yv, and Vv are all functions of A: z,,, or we have 
two more partial diff. equ. of the second order, 


| saa (=).2401(*) yox (=).24% (=)....@. 


But these, though they belong to the class of surfaces, do not belong to 
that class only, since, when integrated, they would each have four arbi- 
trary functions. To transform them into others containing one only a 
piece, eliminate z between the first equations, which gives 


v vřv— yv Oy A / À 
y— a ra or a r=a( Ž). . (4). 
yy 


~yy/ 
Also dz: dr=z,+2, dy: dz, or 1]: v=2,4+2,yu:v; whence 


z= ea gives :-(«+%—)2=A(=), ERSS ty 
g 8 Zyy yy 

The equations (2), (4), and (5) are the first integrals of the equation 
(1); to make one more step, eliminate A:~,, between each two of the 
three, and three equations are obtained, each containing z, and z, only, 
but with two arbitrary functions. Finally, the pair (3) of diff. equ. 
of the second degree, and the elimination of A:z,, between them, 
gives the primitive integral of (1) containing three distinct arbitrary 
functions. 

To verify all these results by actual elimination would be a tedious 
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process; I shall here confine myself to one of the same sort, which 
will verify the condition above obtained as that under which the ruled 
surface is developable. The condition of these surfaces being 
Z3y—2r2%yy=0, we must obtain this function. We have (page 423) 

l l $ zp +o 

—=ġ—y4Z, —=v-—, Z= L, 

Žr ¥ ay Z zy! py 
Differentiate each with respect to x and Y, and divide —z,.:22 by 
— Zy: 2z, &c. This gives 


Za _(Ø'— YZ) ve-WZe Zay _ (W—- PZ") 0, +92 Z, 
Zry - (¢'-y'Z) vy— YZ, 


yy ~ (W—$Z") +o Z, 

But when the surface is developable these are equal, or 
(P—WZ)v.—YZ, _(p'— YZ) — pZ Z, 
(¢!—Yy'Z) vy —YZ, (9'42) v,— 92" Z, 

which gives (6! —¥w’Z) (w—OZ-') (Z, v,—Z, v,)=0. 


Now if we equate the second factor to nothing, z, and zy will both 
be infinite. If we make the third factor vanish, this shows (page 187) 
that x and y only enter Z through v, whence z is a function of v, and z 
and y are functions of v. In the first case (page 193) z aud y must be 
constants, or it is not a surface, but a right line perpendicular to (xy) 
which satisfies the condition: in the second case, it is not a surface but a 
curve, which satisfies the condition. Consequently, ¢'— y'Z=0 is the 
only condition of a developable surface: this gives 

2+4 o 
- D =$, or ¥/b’=@'"', as before. 

If upon any surface we draw a curve line, and through every point of 
that line draw a normal to the surface, all these normals will constitute a 
ruled surface: and since every tangent plane of the ruled surfaċe passes 
through a normal of the surface, it is perpendicular to a tangent plane of 
the surface. The ruled surface may, therefore, be called a normal 
surface to the given surface; and it is obvious that the number of 
normal surfaces which a given surface admits of is infinite, since the 
number of curves which can be drawn upon the surface is infinite. 
Every normal surface of a sphere is a cone (or plane); in a night 
circular cylinder, the normal surface has the axis of the cylinder for its 
line of greatest density. And since a normal surface may or may not 
be developable, it will be a matter of interest to inquire whether any and 
what surface has developable normal surfaces, and how their directing 
curves are to be drawn. 

Let z=@ (x,y) be the equation of a surface, and let y=wWae be the 
equation of the right cylinder which cuts off a curve from it. We have, 
then, at the point of contact (x, y, 2), ¢—z=p (E—zx)+ 9 (n—y) for the 
tangent plane, (€—2r) : p= (n—y) : q= —(£—z) for the normal. These 
last may be written 7 


S=—potpzt+s2, n=—gltqz+y; 


in which z=ọ (z, y), y=Wz, imply that y and z, and therefore p and q, 
may be made functions of x, Let dy: de=y', and the condition of the 
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ruled surface whose equations (x taking the place of v, and é, &c. of z, 
&c.) have just been exhibited being developable, is ` 
d.p d a d.q d 
ae ds (qzt+ty)= T qq (Pe +2)» or 
—(r+sy) (sz +tzy'+gp + gy’ +y) = — (s+ty’)(re+szy'+p*+ pyy'+1) 
y 1+q's—pqt) -y (+p t—1+9?r)+ (pqr—1 +p s)=0. 


If the roots of this equation be always possible, a developable normal 
surface, or rather two, can be drawn through each point of any surface : 
for if y'=A +,/B be the solution of the last, we find for y’ two functions 
of x, which being integrated give two forms of y=wa, which, by the 
arbitrary constant, may be made to belong to curves passing through the 
projection of any point of the surface. Representing the preceding 
equation by Ry’”—S7/+T=0, the possibility of the roots depends on 
the sign of S'‘—4RT. An artifice of an easy character will save us the 
investigation of this quantity in its present complicated form. Whatever 
may be the point of the surface under consideration, the possibility or 
impossibility of a developable normal surface passing through it does not 
depend on the coordinate planes chosen: if one or the other case can be 
shown for any one set of axes, the question is solved. Let us, then, take 
a plane of zy parallel to the tangent plane at the point in question ; this 
gives p=0, q=0, and the values of r, s, and ¢, on the supposition made, 
being Tı, S and t, we have 


siy? — (t-r) y — s: =0, 


of which the roots are both possible, since the first and third terms have 
different signs. Again, the values of y' are tangents of the angles made 
by the tangent lines of the projections with the axis of x: let these be 6 
and 6,, then it follows from the preceding that tan €.tan é= —1, or € 
and 6, differ by a right angle. But in the simplified case, the normal is 
the continuation of the ordinate z; andthe normal planes drawn through 
the tangents of the curves make angles 6 and 6, with the plane of zz: 
that is, since € and 6, differ by a right angle, these normal planes are at 
right angles to one another. If, then, through any point of a surface 
the two curves be drawn, the normal surfaces of which are develop- 
able, the tangents of these curves are at right angles to one another, and 
also the normal planes drawn through those tangents, 

I defer further cousideration of these normal developable surfaces 
until after the establishment of their most important use, which arises 
out of their connection with the curvature of surfaces. 

We have already considered the contact of a tangent plane with the 
surface; we shall now pursue this subject a little turther. It has been 
shown that when rt —s* is negative, the tangent plane cuts the surface. 
Consequently, at any point so circumstanced, the tangent plane must 
meet the surface in a line: we now ask under what conditions does the 
tangent plane not only meet the surface in a line, but continue to be the 
tangent plane* at every point of that line (a table, for instance, is a tan- 
gent plane toaring placed upon it at every point of the circle of coin- 
cidence.) This obviously requires that we can, by going from poiut to 


* A solution of this problem, in an elegant and general form, may be found in 
vol. ii. page 22,0f the Cambridge Mathematical Journal, (Whittaker and Co.,) a 
work which I strongly recommend to the student of analysis 
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point of the surface in a particular way, keep the equation —z=p (£-2) 
+q (n—y) representing the same plane; or p,q, and z—px —qy must 
remain the same. Taking a point (x, y, z) on the curve of intersection, 
let (v-+dx, &c.) be the contiguous point, and let y=wzr be the equation 
of the projection of the curve on (xy). Then it is the condition of the 
curve that p and q remain unaltered as long as dy=y'z.dz. But. 


dp=rdr+sdy, dq=sdr-+idy; 


whence O=rdr+ sy'r dz, O=sdx+ty'x dr, or rt—s*=0, which, 7, s, 
and ¢ being functions of r and y, gives a relation of the form y=wa, 
which is the equation of the projection of the curve, if such a curve 
there be. Again, dz=pdr-+qdy, and if p and q can be made constant, 
we have z=pr+qy+C, whenever y is taken such a function of z as 
makes p and q constant. The only question remaining is, does it follow 
conversely that p and q are constant when y is so taken in terms of x that 
ri—s'=0? Assume this last, and add together the squares of dp and 
dq as above obtained, putting rt for sè wherever it occurs. This gives 


dp*+ dg=(r+ t) {rdr 42s dx dy +tdy°}. 


Now this must be =0, for going in the direction required, there is no 
deflection from the tangent plane, and the terms of the deflection which 
are of any given order, must collectively be =0, and rdz?+ 2s dx dy 
-+tdy* among the rest. Hence dp?+dq’=0, which requires dp=0, 
dq=0, or else shows that the curve is impossible. Consequently, when 
rt—s'=0 gives y= in such a way that there is a real intersection, 
that intersection is a plane curve, and its plane is the tangent plane to 
the surface at every point of the curve. Accordingly, we see that in 
developable surfaces, the tangent plane is everywhere tangent at all the 
points in which it meets the surface. 

We might next ask, by analogy, what is the closest sphere which can 
be drawn to the surface at a given point: but here we shall immediately 
see that though we can find an infinite number of spheres having a con- 
tact of the first order, it can only be at certain points, if ever, that a 
sphere can be made to have a complete contact of the second order. 
For there are but four constants in the equation of the sphere, while up 
to the second order inclusive there are five diff. co. If, therefore, we 
dispose our constants so as to make the sphere pass through a given 
point, and to make p, q, and r the same in both surface and sphere, we 
shall have no arbitrary quantities left to which to assign values which 
shall make s and ¢ the same in both. There must then at least be six 
constants in the equation of any surface which can certainly be made to 
have a contact of the second order with any point of a given surface. 

Abandoning, therefore, the idea of estimating the curvature of a 
surface at any one point entirely by that of another surface, let a normal 
be drawn through the point in question, and let a plane revolve about 
this normal as an axis. This plane will make with the surface an 
infinite number of sections, one in each of its positions. Let these be 
called normal sections. We shall estimate the curvature of the surface 
by finding relations between the curvatures of the normal sections. And 
as our present object is to find absolute properties, independently of any 
position with respect to coordinates, let us take the point under examina- 
tion for the origin, and the tangent plane for the plane of zy. Let P, Q, 
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&c. be the values of p, q, &c. at the origin; then, because the tangent 
plane at the origin is that of xy, its equation (or €=ré+Qn) is 7=0, 
or P=0, Q=0, whence the equation of the surface is 


= (Ra? +28 y +T) +o, (terms with 2°, °y, &c.) +... 


Let R, S, and T, &c. be finite, whence the terms of the third order 
diminish without limit compared with those of the second, as v and y 
diminish. Let O be the origin, OX, OY, and OZ the axes, OAPB a 
portion of the surface, OPM a plane passing through the normal OZ, 


and making an angle MOK=€ with the plane of rz. Let OP be a part of 
the normal section of this plane, OG, GM, and MP the coordinates of P, 
a point in the section. If, then, OM be called z,, we have, for the curve 
OP, z=2, cos 6, y=2,sin6, and substitution gives for an equation 
between z, and z the coordinates of P in the plane ZOM, 


s=4(Rcos’6+ 2S cos É sin€+T sin’ E) 2°+ A+ Br*+ &c., 


where A, B, &c. need not be calculated. Now if the equation of a curve 
be z= arit Arit ...., we have at the origin 2’=0, z’=a, whence 
the radius of curvature at the origin is 1:a. This theorem is often 
proved by supposing OP to be an infinitely small arc of a circle, so that 
the rectangle of PM and the rest of the diameter is the square on OM, 
or the diameter is «{:z, when 2, is infinitely small, which is 2:a. 
Whichever way we prove it, the radius of curvature of the section OP 
is 1: a, or, calling it p, we have 


PR cos?6+25 cos €sin6+T sin? 6’ 

or the curvature, which is inversely as the radius of curvature, varies 
with Rcos*6+&c. We shall use this latter phraseology, the student 
remembering that the greatest curvature has the least radius of curva- 
ture, and soon. And though we have drawn a figure corresponding to 
curvature in which all deflections from the tangent plane are made on 
one side, yet it must be borne in mind that if the tangent plane cut the 
surface, z, and with it the radius of curvature, will be negative when the 
deflections are negative. 

The expression on which the curvature depends may be easily 
changed into the form Acos*(€—a)+B sin? (€—q): for if we expand 
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cos Era) and sin (6—q), and develope their squares, we find that the 
result is made identical with R cos* 6+ &c., by assuming 


A cos? æ+ B sin? œg =R, (A—B)cos@.sing=S, Asin’?a+Bceos*a=T, 


which give R—T=(A— B) cos 2, and tan2æ=2S :(R—T). This 
gives for 2a two values differing by two right angles, and therefore for œ 
two values differing by a right angle, and one of these is less than a 
right angle; let it be the one chosen. Therefore sin 2¢==2S: (+4/{4S° 
+(R—T)?}, which must be positive, since æ< $r, or the denominator 
must be taken of the same sign as the numerator. Also cos 2a= 
(R—T): +,/(48*+(R—T)’), in which the denominator must have the 
sien of S. Also A+B=R+T; and A—~B=+,/{48°+ (R—-T)*}, 
whence Acos? (E — a) + B sin’ (E —a), or 4(A +B)+43(A—B) 
cos 2 (€—a), is 


1 (R+T) th {48°+ (R—T)*}.cos2(6—a)......- (6), 


where + is to be taken of the same sign as S. This is the curvature 
(inverse of the radius of curvature) of a normal section which makes the 
angle € with the plane of ez. We also have 


A=3(R+T)+3/{489°+(R-T)*}, B=3 (R+T) F W {4S°+(R-T)’}, 


where + means the sign of S, and F the contrary sign. 

In the expression P+Q cos 6, the absolute maximum and minimum 
values are made by 0=0 and 0=r, giving P+Q and P—Q: in which 
if P and Q be both of one sign, P+Qis the numerical maximum, and 
P—Q the minimum; if P and Q differ in sign, vice versa. Without 
inquiring, then, into the particular conditions under which the maximum, 
as distinguished from the minimum, of the expression (€) is connected 
with O or 7, we see that (€) is a maximum or minimum when 
2(€—a)=0, or E=q, and a minimum or maximum when 2(6—a)=z, 
or €=a-+47. There are then always, two normal sections at right 
angles to one another, in which the maxima and minima curvatures are 
contained, and the radii of curvature in these sections are the reciprocals 
of A and B above given, the first when =a, the second when 
€=a+4m. For any other section let €E—a=6; then the reciprocal of 
its radius of curvature is A cos” 0+ B sin?0. This result may be thus 
most easily remembered: let the sections of the principal curvatures 
have p, and p; for their radii, and let another section make an angle 0 
with the plane of the first principal section, having a radius of curvature 


p: then will 


= Pay. tan? o} 
p pı Pu Pu p, 


Also p,-' and p,,~' are the roots of the equation 
v'—(R+T) o+(RT—S)=0; 


and if 0 be changed into 9-+47, and the radius of the new section be o, 
we have 


—_--- 


l cos*@_ sin’O _ cos? 0 l 


l _ Smo Pe 5 i ogee st Gee 
o Pi P; ọ o 


that is, the sum of the curvatures of any two normal sections perpendi- 
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cular to one another is constant. And p` and o are the roots of the 
equation 


vo’ —(R+T) v-+RT—S*+ {48°+ (R—T)"} cos?6 sin?9=0. 


From this we find the following theorems: 1. When RT —S? is positive, 
the principal radii, and all intermediate ones, have the same sign, which 
is also the sign of R and T. 2. When RT—S’=0, either A or B is 
nothing, and either p, or p,, is infinite. 3. If RT—S* he negative, 
either p, or p is negative, and the other positive. Remembering what 
the negative curvature means, these theorems are what we might expect 
from page 419. 4. When p, and p, are of different signs, there are two 
values of 0, at which the intermediate curvature vanishes, corresponding 
to tan 0= +4 (— p, :p,), the values of 0 being supplemental. 5. Two 
opposite normal sections have the same curvature, (they are, in fact, 
parts of the same section). 6. The two principal curvatures are equal, 
and of the same sign, only when R=T and S=0, and in that case the 
curvature of all sections is the same, and a sphere may have a complete 
contact of the second order with the surface. 7. The difference between 
the curvatures of perpendicular sections varies as cus 20, and is greatest 
at the pricipal sections, and vanishes at the sections which are equally 
inclined to the principal sections. 

The student who is familiar with the general equation of the second 
degree will see that the preceding transformations are such as he has 
been accustomed to use with other meanings. I shall briefly explain 
the connexion, more with a view to propose the exercise of filling up 
the different steps than to any subsequent use of it. Let 6 (in the last 
figure) be a very small value of z, so that z=d is the equation of a 
plane parallel to and very near the plane of zy. Consequently, 

2c=Ra*+2S zy + Ty? is the equation (or more nearly so the smaller z 
and y are taken) of the projection KHL of the section APB of the 
surface and plane (BL, PM, &c. being ò). But this is the equation of 
a curve of the second order, whose centre is at the origin; and if 23 be 
changed into 1, it will remain the equation of a curve similar in all 
respects, but larger in linear dimension in the proportion of y(2ò) to 1. 
Now if the axes of x and y revolve through an angle «, being the least of 
those determined by tan 2a=2S: (R—T), the equation of the curve will 
then be 1=Az®+ By’, where A and B are precisely as before. If, then, 
0 be the angle made by a radius vector r with the new axis of x, we 
shall. have 1:7°=Acos'6+Bsin’@. The lines of the second degree 
which have a centre are the ellipse, hyperbola, and (not the parabola, 
but) that extreme variety of the parabola which consists of two parallel 
straight lines. Hence the following theorem: if at a given point of a 
surface a plane be drawn parallel to and very near the tangent plane, 
cutting the surface, the parts of the section closely contiguous to the 
point of contact will be very nearly parts of a small curve of the second 
degree, and the"more nearly the closer the intersecting’ plane to the tan- 
gent plane. And if a curve of the same kind be drawn on the tangent 
plane about the point of contact as a centre, similar to the small curve, 
and similarly placed, but so much larger that ,/(20) in the smaller shall 
be 1 in the larger, the square of the radius vector on this curve 
(numerically considered) will be the radius of curvature of the normal 
section which is touched by that radius vector. Remember, that in the 
liyperbola, though the radius vector is impossible in one pair of opposite 
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asymptotal angles, its square is not impossible, but negative, and is the 
square of the radius vector of the conjugate hyperbola taken negatively. 
The following method of using this theorem will perhaps explain the 
theorem itself. Given the magnitude and sign of the principal radii of 
curvature, and their directions, required the radius of curvature in any 
other direction. First, if both be infinite, all radii are infinite, and 
ie ence plane has a complete contact of the second order with the 
surface. 


A 
Z s Z 
N M B 
ZL 
n | R sae 
ae | S 
N i J B 


= Next let OB and OA be the principal directions, and let the radius in 
the direction OB be infinite, that in OA being OA. Let OK=—,/OA, 
take OL=OK, and through K and L draw lines parallel to OB. If the 
curvature be finite in both directions, take OK and OM=,/OA and 
JOB, without reference to sign, and with OK and OM as principal 
axes describe an ellipse, if OA and OB agree in sign, and a pair of con- 
jugate hyperbolas if they differ. Put these figures on the tangent plane, 
O at the point of contact, OA and OB in the principal directions of cur- 
vature. Then, for every point Z, the square of OZ is the radius of cur- 
vature of the normal section which cuts the tangent planein OZ. In the 
first figure this is to be taken of the same sign as OA, in the second of 
the same sign as OA or OB, and in the third it is to have the sign of 
OA or OB. according as the hyperbola on which it is passes through 
(K, L) or (M,N). 

As yet we have only considered sections made by planes passing 
through the normal; we shall now suppose a section which declines from 
the normal by an angle y. As the theorem we are now going to prove 
is isolated, [ shall give a demonstration of it which assumes the infinitely 
small arcs of the sections to be parts of the circles of curvature, leaving 
the student to try if he can express the equations of the sections, and 
thence determine the curvatures in the usual manner. l 

Let OX be a line in the tangent plane, and take it as the axis of r: 
let OM be the normal section passing through that tangent, and let PO 
be an oblique section in the plane PNOA, making with ZOMN an 
angle AOZ=y. Let OQ be the projection of the section OP on the 
plane of XY. Then, since the equation of the surface is 


2z=Rr + 2S ry + Ty + &. ; 
and since ON=z, we have 2NM = Rr’ + &c. (since y=0 for all points in 
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OM.) Again, since ON is tangent to OQ. NQ diminishes without 
limit compared with ON ; so that 2S ry and Ty? are of the third and 
fourth order, or 2PQ=Rz?+.... Consequently the limit of PQ: MN 
is unity, or PQMN approaches without limit to the form of a rectangle. 
Taking OP and OM for small arcs of circles, their diameters are the 
limits of ON*?: NP and ON?: NM, and diam. of OP: diam. of OM is 
limit of NM: NP, which as PMN approaches to a right angle, has 
cos PNM, or cosy for its limit. Hence, if OZ be the diameter of curva-. 
ture of the normal section, and ZAO a circle with OZ for diameter, OA 
is the diameter of curvature of the oblique section. Or, all the sections 
made by planes drawn through one tangent have for their diameters of 
curvature the chords of a circle which has the diameter of the normal 
section of that tangent for its diameter. And if the given tangent be 
made the axis of v, and the circle be drawn in the plane of yz, any 
chord, with the common tangent, determines the plane of the section 
which has that chord for its diameter of curvature. 

I shall now show that the two normal sections, perpendicular to each 
other, of greatest and least curvature, are in those directions already 
obtained, in which the consecutive normals intersect the normal at O ; so 
that the principal normal planes are tangents to the developable normal 
surfaces which pass through the point O. Taking z=} (R2*+2S ay 
+Ty’?)+&c., (remember that + &c. throughout refers to terms which 
diminish without limit as compared with those which precede,) we find 
for the equation to the normal at the point (x, y, z), 


ee oe, a 
Re+Sy+&c.  Sr+Ty+&e. 


whence (Rr+Sy) n— (Sr +Ty) =S (y’—2*) + (R—T) zy, neglecting 
terms which have no effect on the limit, is the equation of the projection 
of this normal on the plane of zy. Here, then, are two straight lines, the 
axis of z, (=), and the new normal (v) projected on the plane of (xy) 
into (v,), of which the equation has just been found. Hence it may 
easily be shown that the perpendicular let fall from O upon (¥,) is equal 
and parallel to the shortest distance between (v) and (z). But if 
ay —bx=c be the equation of a straight line, the perpendicular let fall 
on it from the origin is c:,/(a’+ 82), giving 


S(R—=T) ry- S (—y’)}: /{ (Re+8y)*+ (Srt+ Ty 


=—(¢—2); 
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for the shortest distance between (=) and (v). But if two consecutive 
normals, infinitely near to one another, are to meet, (page 412,) this 
shortest distance must diminish without limit as compared with x or y 
when the latter diminish without limit. Let the point (x,y) move 
towards the origin, and let y=. tan É, whence the preceding expression 
becomes 


v{(R—T).tan €—S (1— tan? é)} :,/{(R-+S tan 6)?+(S+T tan €)*}, 


which cannot diminish without limit in comparison with z, unless 
(R—T) tan€—S(1—tan*€)+(the terms of a higher order neglected) 
diminishes without limit: and this cannot be unless (R—T) tan 6— 
S (1 —tan’€)=0, or tan26=2S:(R—T). But this is the formula by 
which the angles of the principal sections of curvature were obtained ; 
whence the theorem above stated. 

.It appears, then, that every surface may be traversed by an infinite 
number of curves, two of which pass through every point, indicating by 
their tangents the directions of least and greatest curvature. And it is 
the property of each of these lines that normals to the surface drawn 
through the several points of any one of them, lie on a developable 
surface, and are tangents to a common connecting curve.* If a 
Moving point were obliged to seek its course so as always to take the 
most or least bent track, it would move on one of these curves. With 
this general knowledge of the subject, we shall now look for the 
means of finding the curvatures, &c. with any origin and any axes. 

The equations of the normal at a point (z, y, z) being 


(é—2) +p (—2z)=0, (n—y)+q(6—z)=0; 
if we take an adjacent point; (x+dzr, &c.), at which the normal is in 


the same plane with the one just given, there will be a point of inter- 
section (X, Y, Z) which is on both normals, or will satisfy 


(X—2)-+p(Z—z)=0, (Y—y)+9(Z—2)=0, 
(X—2x—dx)+(p+dp)(Z—z—dz)=0, 
(Y¥ —y—dy) + (q-+dq)(Z—z—dz)=0. 
Subtract the first set from the second, rejecting from the latter terms of 
the second order, and we have 
dp (Z—z) -—pdz—dr=0, dq (Z—z)—qdz—dy=0. 


The elimination of Z—z gives dp (qdz 4-dy)} =dq (pdz+dx), an equa- 
tion already obtained, and which gave (page 427) 


d? —— dy ——, —,. — 7 
qa te s—pa-t)—— (Fp t- Tq r) Hpg r Tp s=... (ys 


and the first two equations may be written (dy: dx being 7/) 


y' is (Z-z) ~ pq; +r (Z—z)—(1 TR B 
y'{t(Z-— 2)—(1+q°)}+s (Z—z)—pq=0 


* One sound writer on this subject (and perhaps more) has attempted to translate 
the words aréte de rebroussement into English by edge of regression, which seems to 
me a closer imitation of the words than of the meaning. Many words might be 
suggested, such as the ligature of the normals, or their osculatrix, or their omni- 
tangential curve. Also with reference to the developable surface, the aréte, &c. 
might be called the generatrix, or the curve of greatest density, &e. 
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it(Z—z) —(1+q9°)} {7 (Z—z) —(1+-p’)} — {s (Z—z) — pq}°=0, or 
Zè (rt—s*)—Z, (1 +q?.r—2pq.s+1+p*.t)+(1+p?-+y)=0, 
where Z,=Z—z. If we make 1+p°=R, pg=S, 1+q?=T, the equa- 


tions which produce the above and their results, take the following 
symmetrical forms, 


sy +r  Sy/+R 
ty' +s ~~ Ty'+ 8’ 

(sT—tS) y” —(tR—7T) y/+(rS—sR)=0 

(rt—s*) Z7?—(rT —2sS+¢R) Z, + (RT—S*)=0. 
Let V=p:V(1+pP 4+0), W=q:J(1+p'? +9’), then 
V= Ves +V, t= +p°+¢) 4 {(1+49°) s—pgt}, &e. ; 

whence (y/) becomes V,y*—(W,—V,) y’—W,==0, which when V and 
W are turned into functions of vx and y by the substitution of the values 


of p and g, will be an easy form for calculation. Putting RT- S 
for 1+p’+q°, we find | 


V.4(RT—S’}?= (1+ 9°) r—pqs=Tr—Ss 
Viy (RT—S) = (1+ 9°) s— pqt=Ts—St 
W, A (RT- S= -pgr + (1+ p*) s= —Sr + Rs 
W, s (RT—S' = — pqs + (1+ p°) t= —Ss+ Rt; 
whėncë (RT—S?*)°(V, W,—V, W.)=7t—s’, 
3 V, y” —(W,—V,) y¥—W,=0 
(V,W,—V, W.) Z3—(V.+W,) Opg E.Z Hp. 
If X—r=X,, Y—y=Y,, we have for the square of the radius of 


curvature X?+Y?+2Z,*, or (rad.)®=Z,? (1+ p*+q°) ; whence the values 
of this radius are determined from 


(V. W,—V, W.) (rad.)?— (V;+W,) (rad.) +1 =0. 
Hence 2V, y'=W,—V. + (W,— V.+4V, W.) 

De tT en 
2 (V-W, — V, Wa) 


(rZ,—R)((Z, —T) = (sZ,—S)* 


rad. = IW, + Vat N ( W,—V.+ 4V,W,)} 


2 = n s «ng ine 
aa Wt V-FyV{W, -V +4V,W: =W, t Veta H. 
It is important. to determine which signs are to be used together. 
Let Z, and Z, be the two values of Z, and y’, and y's those of y’; then 


/ 7 4 
Z j= ee gives Fi ase SEE as 
T+ SY re+rs (Y ity) +s Yı Ye 

In the denominator, substitute for ¥/,+y'. and y'i y's their values 
(W,—V.): V, and —W,:V,, and substitute for W,, &c. their values. 
This will be found to reduce the preceding fraction to (y':—y's) Vy 
J(1-+ p?+4°)?: (srt). Now, dividing the expression for rad. by 
V(1+ p?+q°) to give Z, and looking at the difference of the values, 
we see that we shall get by substitution y’,—y"=+ /H:V, and 
Zi— Z= + (H)J(1 +p? +9°)®: (s*—rt), so that (Z1— Ze) : (i —y':) 

2F2 
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is +,/(1+p°+q°)° V, : (s*—7t) the upper or lower sign being used accord- 
ing as y’ and Z, have radicals of the same or different signs. Con- 
sequently, since ./(1-++p”-++q°) was taken positively throughout, we can 
only make the latter form of the ratio agree with that directly deduced by 
giving the same signs to the radicals inthe corresponding values of Z,andy’. 

The most embarrassing part of this subject is the representation of the 
results to the eye: and I here digress to describe the best method of 
doing this. ‘The perspective employed should be the orthographic, in 
which the eye is at an infinite distance from the plane of the picture ; 
or, to avoid the physically impossible character of this supposition, say at 
a very great distance compared with the linear dimensions of the picture. 
The properties of this projection are, 1. All lines or planes perpendicular 
to the plane of the picture are projected into points or lines. 2. All 
parallels are projected into parallels. 3. Equal lines, when in the same 
line or parallel, are projected into equai lines. 4. Equal lines, not 
parallel, are projected into lines proportional to the cosines of the angles 
they make with the plane of the picture, or the sines of the angles they 
make with lines drawn to the eye. If the line drawn through the eye 
make equal angles with the three axes, the projection is called zsometrz- 
cal:* it is inconvenient when there are any lines in the figure nearly 
equally inclined to the axes, and generally, the line drawn to the eye 
should not make small angles with any of the principal lines of the 
figure. The following proposition will complete the theory of this 
perspective, so far as its application to rectangular coordinates is con- 
cerned. Let OA, OB, OC be the pro- 
jections of the three axes ; from any point D 
in OC produced draw EF perpendicular to 
CI), and draw FG perpendicular to EO 
produced; join EG. Then will GEF be 
the projection of a triangle parallel to the 
plane of projection, so that EG, GF, FE 
are not altered by projection: and OB, 
OF, and OG will be the projections of 
lengths which are severally mean propor- 
tionals between EO and EH, FO and FK, 
GO and GD. Equal lines, therefore,t can be readily laid down on the 
three axes, and thence lines in any proportion. 


* The isometrical perspective was first thought of as the most convenient mode of 
representing machinery, &c. by the late Professor Farish: there are now, I believe, 
several treatises on it. 

+ Ishould recommend those who wish to draw with tolerable correctness to have 
several cards or pieces of wood made as follows. to as many different species of pro- 

w c jection as may he wanted. The card or block 

COBVW admits of the three axes being immediately 

laid down by placing it on the paper and running a 

pencil along the edges CO, OB, and into the slit OA. 

O Scales of parts answering to the projections of equal 

parts are laid down along the three axes, and repeated 

Vv on the unoccupied sides. The position of a point 

whose coordinates are given is then immediately found 

by taking off the coordinates on the axes. and using a parallel ruler. The best way 

of laying down the different scales of equal parts is by observing that their units on 

OG, OE, and OF must be as the square roots of the sines of double the angles at 

G, E, and F: also the angle at G is the supplement of EOF, &c. See the Cam- 
bridge Mathematical Journal, vols iis p, 92. 
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The diagram before us represents in three positions the projection of 
the lines of curvature of an elliptic paraboloid, to which we shall pre- 
sently come. In the middle figure, O (hidden by the solid) is the origin, 
and the line drawn to the eye is meant to make equal angles with OX 
and OY, and a much larger angle with OZ. This figure contains one 
quarter of the frustum of the paraboloid. On the right we see two 
quarters projected on the plane of ZX; the axis of y passes through the 
eye and is invisible, and the point Q of the last figure is now cunfounded 
with Z. On the left we also see two quarters projected on the plane of 
ZY, the axis of x is now invisible, and P and Z are confounded. 

Let 2z=ax*+ by? be the equation of the surface: that is, let it be an 
elliptic or hyperbolic paraboloid, according as a and b have the same or 
different signs, the axis of z containing the foci of the principal parabolic 
sections (A. G. 422—500). We have then 


par, q=by, r=a, s=0, t=), rt—s*=ab; 
whence the equation for determining y/ is 
ab zy. y? + (b—a +a br? — ab? y*) y’ —a°b ry=0, 
or making (b—a) :ab°=B, a: b= A, 
ry.y°—(y°—Az*—B) y’—Ary=0...... (y’). 

This equation (and many others of a higher degree than the first) is 
most easily integrated by forming the diff. equ. of the next order: if this 
last can then be completely integrated, it will have two new constants, 
between which an attempt to verify the given equation will give a 


relation which assigns one in terms of the other. Make a transforma- 
tion of the preceding equation, differentiate, and eliminate B as follows: 


(yy' +Ax)(zy'—y)+By'=0, 
yy" +y” + A) (ry'—y) + (yy + Ax) zy" + By"=0, 
yyy" ty? +A) (cy! —y) + (yy! +Az) cy'y"—(yy'+Ax)(ay—y) y"=0, 
QE (YP +A) { (y —y) y'+ryy"}=0; 
the first factor, y?+A, being made =0, may give a real* singular solu- 


* It will be found, however, on examination, that y=,/(—A).2+ 4/B is the 
singular solution, and it will be readily seen that —A and B cannot be positive 
together. 


` 
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tion, if A be negative: if we equate the second factor to 0, observing 
that it is the diff. co. of (zy'—y) y, we find (zy'/—y) y=C’ for a step in 
the solution, and if y:z=v, this is v' a’y=C’, or vv'a8=C’. This 
gives v?=—C’r-?-+C or y?=Caz®—C’ for the complete solution. Hence 
yy'=Cr; substitute these in the given equation after multiplying it by y, 
and we have 


C 3 — (Cr — C'— Ax?—B) Cr—Ar(C2*—C’)=0, 


which is identically true if CC’+BC+AC’=0, or C’=—(BC) : (C+4A). 
Hence 

(b—a) C 

ab Cab’ 


is, for every value of C for which y can be real, the equation of the 
projection upon zy of a line of greatest or least curvature of the 
paraboloid: and it is generally the equation of an ellipse or hyperbola, 
according as Č is negative or positive; but its meaning will require 
examination. 

First, we do not seem to have drawn any distinction between lines of 
one and the other curvature, since (7’) has been completely integrated in 
(C). But if we now require a curve (C) which shall pass through a 
given point (X, Y,4aX"+4bY"), we find that C must be determined by 
an equation of the second degree, which, reduced, is 


ab X? C+ (b—at a b X®— ab’? Y?) Ca b Y2=0......(C, X, Y). 


y= .(C) 


There are always two roots to this equation, one positive and the 
other negative, when œ and b have the same sign, and both positive or 
both negative, when a and b have different signs. Consequently, in the 
elliptic paraboloid, the projections of the lines of one sort uf curvature are 
ellipses, and of the other sort hyperbulas; but in the hyperbolic para- 
boloid they are both hyperbolas. 

First, let æ and b have the same sign, which may be positive, and let 
b>a, or let the parabola in the plane of zy have a greater curvature at 
the origin than that in zz, Now one value of C is =0 when Y=0; 
that is, the section of the surface with the plane of zz is itself one line of 
curvature. Again, C has one value infinite when X=0; or the section 
in the plane of zy is a line of curvature. When C is negative, y, in (C) 
is impossible, unless ab? C +ařb be negative, or unless C be numerically 
greater than a:b. If from 2z=azx°+ by? and (C) we form the equations 
of the projections of these curves upon zx and zy we have the parabolas 

na „~a , (b—a)C = a N o b—a 
2z=(a+bC) z + Opa” ae T yy CF ab 

We have, as already stated, only to consider the values of C from 0 
to œ, and from —a:b to — œ. When C diminishes from œ to 0, 
remembering that C= œ gives x=0, Cz?=0, we see that the projections 
on zx vary in their equations from 2z=(b—a) : ab to 2z=az’, indi- 
cating, as seen in the right-hand figure, every sort of parabola between 
the limit UZ (which is a straight line) to OP itself. But on the plane 
of zy we see that 2z =by? and 2z=—(b—a) : ab are the limits, and in 
every parabola z is negative when y is 0, giving, as in the left-hand 
figure, all kinds of parabolas, drawn about vertices from z=0 to 
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z= —(b—a):ab. And the projectionson zy area family of hyperbolas, 
of which we may get a good idea by imagining the ascending parabolas 
in the right-hand figure to be the bases of cylinders, which obviously 
cut the surface in curves which project on the plane of xy into pairs of 
curves with two infinite branches each. If we now suppose C to vary 
from — œ to —a:b, we find the equations of the projections on zz 
varying from 22> — o.2°+(b—a):ab to 2z= œ, while the inter- 
mediate form is 2z=(neg. qu.) z°+ (pos. qu.) We have, then, as in 
the right-hand figure, a succession ‘of parabolas turned the other way, 
having for one limit the line UO, and rising ad infinitum, On the 
plane of zy, the equation varies from 2z=by* to 2z= œ, and its inter- 
mediate forms are 2z = (pos. qu.) y*— (neg. qu.), belonging to parabolas 
turned upwards. We have, then, the other set of parabolas in the left- 
hand figure, beginning with Q'OQ. The equations of the projection on 
the plane of zy now belong to ellipses, and if we were to form parabolic 
cylinders from the parabolas just described in the right, they would 
obviously cut the surface in curves which would project on the plane of 
xy into figures resembling ellipses. 

We shall now consider the case in which @ and b have different signs, 
or the hyperbolic paraboloid, Let b be negative; then the parabola OQ 
must be turned round the axis of y until it is below the plane of zy in the 
plane of zy, and a parabola equal to OQ moving parallel to the plane of 
zy with its vertex on OP, will describe the surface. If for b we write 
— 6, the equations of the projections become 


(b+a)C | ne (b+a)C 
Pes ee aua mns — 
a ab? C — a?b’ a Cm a — ab C’? 
pl fag Vee, Ee 
=o b)y C= ab 


If C be negative, the first equation is impossible: in fact, it will be 
seen from the equation (C, X, Y) that when a is positive and b negative 
the values of C are both positive. As C varies trom 0 to œ, a change 
takes place in the character of the projections when it "passes through 
a:b. When C<a:6, the hyperbolas of the first projection have their 
possible diameters on the axis of y, and the impossible ones on that of 7; 
also the parabolas of the second and third projections have their vertices 
below the plane of xy: all which is reversed when C>a:b. First, let 
C change from 0 to a:b; the equation of the second projection, then, 


varies from 2z=az to 2x=— œ, the intermediate form being 2z= 
(pos. qu.) c°—(pos. qu.) ; while that of the third varies from 2:= 
ocy*—(b+a):ab to 2z= œ, the intermediate form being 22=— 


(pos. qu.) y* + (neg. qu.). 

These parabolas are seen in the next diagram with their branches going 
upwards, though in the projection on ZOY, a part on each side of the 
vertex does not belong to the projection. When C varies from a:b 


to œ, the projection on zz varies from 2z= œ to 2z= — œ.’ + (b+ a) 
: ab, the intermediate form being 2z= (neg. qu.) z*—(neg.qu.); while 
that on zy varies from 22=c to 2z= — by’, the intermediate form being 


2z= (neg. qu.) y°+ (pos. qu.) . 
We now pass to the consideration of the coordinates of the centres of 
curvature (X, Y, Z). We have, (page 434,) y' being Ca: y, 
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NN 


HL 


_—__ R+S8y _l+p+pay' _(U+a 1) +b C2 
rysy ry a 
rad. =a (14a 2° 4-ab Ct) S He aty); 


where the two values of C are to be determined from (C, X, Y) for each 
point. 

Having drawn all the lines of curvature, we proceed to distinguish those 
of greatest and least curvature, which we shall do in the elliptic para- 
boloid, leaving the other to the student. Taking the projection upon the 
plane of zr, let it be remembered that for the ascending curves, C is 
positive, being nothing on OP, and infinite on UZ: while in the equa- 
tions of the descending curves C is negative, being infinite on UO, and 
continually diminishing (numerically) towards —a:b. And the co- 
ordinates of the point U‘tare c=0, y=,/ {(b—a) : ab?}, z= (b—a) : 2ab. 
When a and 6 are both positive, the equation (C, X, Y) shows that C 
has one positive and one negative value: and the expression above given 
for the radius of curvature is the greater of the two when C is positive, 
and the less of the two when C is negative. Hence the projections just 
described as having positive values of C belong to the curves of least 
curvature, and the others to curves of the greatest curvature. Hence the 
curve QUOU’Q! (seen laterally in the figure on ‘the left) is a line of 
greatest curvature from U to U’; and of least curvature everywhere else. 
Therefore the difference of the radii of curvature changes sign at U and 
U’, on the supposition that a point moves along the curve QOQ’: that 
is, this difference becomes nothing at U and U’, or the radii of curvature 
are then equal. A point of this kind, which is so situated upon a line 
of curvature that the arcs on the two sides of it are of different species of 
curvature, is called an umbilicus, or umbilical point: though it must be 
noted that the term is extended to every point at which the two curva- 
tures are equal. 

Since C is infinite at every point of the curve QUOU’Q’, and z is 
nothing, the term Cz’ in the expression of the radii is ambiguous. 
Return then to the equation by which Z—z, or Z,, is determined, and 
we find 


ab Z7—{(+0 y*?) at+(1+e'2*) b}Z4+(1+a* x*-+b%y?)=0. 


The values of Z, are the projections of the radii of curvature upon the 
axis of z, and will be equal when the radii are equal. Apply the test for 
equal roots to this equation, and it will be found, after reduction, that 
there are equal roots when 


{b—a—ab (by? + az") }*4+4ab (b—a) ax*=0; 
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an equation which (b>) can only be satisfied by z=0, y°=(b-@) : ab’; 
that is, only at the points U and U’. 

The following problems may be easily solved from the preceding 
equations. 

1. Neither radius of curvature is ever equal to nothing, unless at 
a point for which rt—s* is infinite, or infinite, unless at a point at which 
rt—s?=0, And onc of the radii of curvature is infinite, at cvery point 
of a developable surface, and the converse. 

2. When the radii of curvature are equal in magnitude, but different 
in sign, 


(1 +47) r—2pqst+ (1+p*) t=0; 


and this, when true at every point of a surface, is the equation of a 
surface at every point of which the radii are equal and contrary in sign. 
3. The last equation is satisfied by that of a plane: in what sense 
can this surface be said to have the property which it implies ? 
4. The points at which the radii of curvature are equal, and of the 
same sign, are determined by the equation 


(LE) r—2pqs+ (14+ p*) ty =4 (ri— 5°) (1 +p? +g), or 
{Tr —2Ss + Ri} =4 (ré—s*) (RT—S"), or 


(Tr—Rt)?+ 4 (Sé— Ts)(Sr—Rs)=0; 


which is satisfied by R:r=S:s=T: t£, and by nothing else.* 

I shall now briefly give the manner in which Monge shows that 
R:r=S:s=T:t, or Ts—Sé=0, Rs—Sr=0, can only belong to a 
sphere. From the equations in page 435, these give V,—0, W,=0, 
whence V can only be a function of x, and W of y; that is, 


p=ġr. ftp +), q=4Y AHP +7), 
or p=ġa{1— (pr) -4y }?, a= Py {1-0} - (ya) y> 


But dp: dy==dq: dx, which it is found will require ¢’r=y'y to be 
true, independently of any relation between y and x. This cannot be 
unless ¢/x and yy are both constants, giving ¢r=cr+h, Yy=cy +k, 


* Solve the preceding equation with respect to S, and a result will be found, the 
reality of which depends on that of ,/(s*—7rt). But from the equation preceding 
that which was solved, since RT—S? or 1+4p?+ 9" is necessarily positive, it follows 
that r/—s? is positive or s?—7¢ is negative. Hence no real relation can exist except 
the pair of equations which make the given equation identical. 

There is in the Application, 8c. of Monge (page 171, edition of 1807) one of the 
most curious chapters which ever appeared on the subject: the remarkable part 
being the manner in which he has allowed the gradual correction of a false impres- 
sion to appear, which most persons would have avoided by rewriting the whole 
section. He is obviously, up to the chapter in question, under the impression that 
there exist other surfaces besides the sphere of which all the points are umbilical ; 
as appear both from his previous allusions to the coming chapter, and from the 
manner in which he opens it. Setting out under this assumption, he proceeds to 
integrate the equation, in which he succeeds, but in a manner which gives two 
equations between x, y, and z, instead of one, from which he infers that the equation 
only belongs to a curve, instead of a surface. This extraordinary result, as he calls 
it, (still never looking to see whether the duplicity of the conditions was not implied 
in the fundamental equation.) he proceeds to verify, by attempting to construct a 
surface of the given kind in the form of a connecting surface of a family of spheres, 
The result of this investigation is that the radius of the moving sphere is always =0, 
which reduces the surface again to a curve. 
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Let these be substituted, and the method in page 197 followed, and it will 
be found that 


(cz+hk,)?+ (cy+h,)?+(cx+k)=1, 


which is the equation of a sphere. 

I now give a professedly incomplete demonstration of the method of 
drawing the shortest line between two points of a given surface: that is 
to say, incomplete,-inasmuch as the considerations here laid down 
must be much developed and made more rigorous in form, before 
conviction could be brought by them to the mind of a beginner. The 
subject will be more fully treated in the next chapter. 

First; if a tangent be drawn through a given point of a curve, and 
also a very small chord, the plane of the chord and tangent may be 
brought as near as we please to the osculating plane. For if the curve 
had not two curvatures (page 413) that plane would be the osculating 
plane itself; and the smaller the arc taken, the smaller is the effect of the 
second curvature, or the more nearly does the plane of the tangent and 
chord coincide with the osculating plane. 

Secondly ; ifa very small chord be drawn to a curve which lies ona 
given surface, the shortest line which can join the ends of that chord on 
the surface must be that which is nearest to the chord itself, the latter 
being the absolute least distance between the two points. The smaller 
the chord, the more nearly is* this line situated in a plane which passes 
through the normal of the surface. 

Thirdly ; if the shortest line be drawn from A to B on a surface, and 
if C and D be any intermediate points, however near, then CD must be 
the shortest line on the surface between C and D: for if a shorter line 
could be drawn between C and D, it is obvious that a shorter path could 
be made from A to B. 

Hence, if the are CD be made infinitely small, the plane of its chord 
and tangent, which by the second consideration is normal to the surface, 
is by the first the osculating plane of the curve: or the osculating planes 
of the shortest line between two points are at all points perpendicular 
to the tangent planes of the surfaces drawn through those points. 

Thus much being admitted, the equations of the shortest line readily 
follow. Let s, the arc of the curve, be the variable in terms of which 
T, Y, and z are expressed, so that 2’=dax:ds,&c. Let ® (x,y, z)=0 
be the equation of the surface, ®,, &c. being the partial diff. co. of ®. 
Then, since the curve is on the surface, we must have ®,.2'+9,.y/' 
-+,.z'=0, while the expression of the tangent plane of the surface at 
the point (x, y, z) being perpendicular to the osculating plane of the 
curve is obviously ®,.2,,+®,.y,,+,.2,=0, (page 407 and 409, and 
A.G. p. 219), or 


(b, 27 —, y") 2’ 4+ (È, 2” —®, 2) y +: y"”—, 1") 2/=0. 


But since ®,.2'+&c.=0 and z”. +&c.=0, it follows that a’, y’, and 
z’ are in the proportion of @,2”—®,y", &c. If, then, 0,2’—&,y" 
=ax', we must have ®, 2’—®, 2"=ay' and ©, y'—4, 2"=a2', whence 
the last equation gives æ (v?+ y"+2")=0, or « X 1=0, or a=0. That 
is, the diff. equ. of the shortest line drawn from one point to another 


* oe introduced this here that the student may try to see it: it is not demon- 
strated. 
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on the surface ® (zx, y,z)=0, exhibited in an unabbreviated form, are 
any two of the three 


d dz dbd'y db dx db dz db dy db de 
dy dst dz ds*’ dz dst dr ds*? dr dë dy dë 


I say any two of the three, because either of the preceding is a necessary 
consequence of the other two, These may be reduced (if ®=0, give 
z= (2z,y)) to the form 
dr œz ‘ËY dz _ dèy dx 
de tP Gg ge lge Pae 
When the surface is one of revolution about the axis of z, we have 
z= ("+ 4°), or py—qr=0: and substitution in the third equation 
gives 
d? ; 2 
r2 —y “T=, or tdy —ydr=cds, or 7*d6=cds ; 
S 


rand 0 being the polar coordinates, in the plane of xy, of the point 
(x,y). Hence, if the shortest line between two points on a surface of 
revolution about the axis of z be projected on the plane of zy, and if a 
point moving along it described equal arcs in equal times, the radius of 
the projection of that point would describe equal areas in equal times. 
Let the surface be a sphere, so that the shortest line between two points 
is an arc of a circle, and its projection is an arc of an ellipse concentric 
with the circle. I leave to the student to show from what well known 
properties of the ellipse the preceding assertion may be verified.* He 
may also show that, in every surface of revolution, the angle made by 
the shortest path between two points with the generating curve has a 
sine which is always inversely as the radius of the projected point. 

I shall conclude this chapter with the consideration of the ex- 
pressions for the arc of a curve, the volume inclosed by a surface, and the 
area of a surface, for which we have employed the expressions (say s, V, 


and S) 
s= [J (dt +d +d), V=ffzdedy, S=fffJA+p'?+9° dx dy. 


That some connecting axiom must intervene between our con- 
sideration of purely algebraical furmule, and their application to space- 
magnitude, is sufficiently clear from the total difference of the subject- 
matters of arithmetic and geometry: but whether any new axioms 
are necessary to the application of the diterential calculus, or whether 
those which are employed in the previous application of arithmetic and 
algebra will be sufficient, is now the real object of inquiry. Looking at 
Chapter VITI., we might he led to suppose that one or the other suppo- 
sition might prove correct, according to the nature of the question: thus 


* Very simple mechanical considerations would give a general verification. 
Granting that a material point, acted on by no forces bnt those which constrain it to 
move on a given surface, must move uniformly, aud must describe the shortest line 
between any two points in its course: then, the whole constraining pressure 
being normal, and the normal always passing through the axis of z, it follows that 
the component of the constraining force in the plane of zy always passes thruugh 
the origin; or the projectiun of (v, y, z) on the plane of ry deseribes equal areas 1n 
equal times. 


444 _ DIFFERENTIAL AND INTEGRAL CALCULUS. 


the consideration of area (page 141, 142) requires no new arithmetical 
relation of geometrical magnitudes to be assumed; while that of length 
(page 140) requires the assumption that the arc PQ (page 136) is 
greater than the chord PQ, and less than the sum of PT and TQ. 
What is the reason of this difference in the character of the two investiga- 
tions ? 

Area (and also volume, or solid content) is a magnitude of such a kind 
that portions of it, even when curvilinear, can be taken, such as have been 
considered in elementary geometry. Thus the area of a curve (page 141) 
can be subdivided into a succession of rectangles, and another succession 
of curvilinear triangles each of which is as much unknown, so far as an 
algebraic expression for it is concerned, as the whole area itself. But 
by continuing the subdivision, the sum of all the curvilinear triangles 
diminishes without limit, while the sum of the rectangles does not. The 
rationale then of the method by which the difficulty is avoided is as 
follows: the result required is compounded of XA, which can be attained, 
and 2B, which cannot; it is in our power to make a supposition by 
which 2B diminishes without limit, consequently the limit of ZA is the 
result required. 

But when we come to consider the arc of a curve, or the area of a 
curved surface, the case is entirely altered. No subdivision of either of 
these is of a more simple kind than the whole: a small arc is still an arc, 
as different in species from a straight line as a large arc; and the same 
of a small curved area with respect toa plane. A new axiom,” therefore, 
becomes requisite, and the following will be found sufficiently easy, and 
perfectly adequate. 

If two finite and variable lines or surfaces perpetually approach to 
cuincidence, the lengths or areas perpetually approach to a ratio of 
equality. To understand what is meant by approach to coincidence, 
through every point of each line or surface imagine a line drawn parallel 
to a given plane and meeting the other. If, then, the lines or surfaces 
remain finite throughout the variation, perpetual approach to coincidence 
means that all the parts of these parallels intercepted between the lines 
or surfaces diminish without limit. Butif the lines or surfaces diminish 
without limit, approach to coincidence requires that the parts of the 
parallels should diminish without limit in their ratio to the lengths of the 
lines or the lengths of the boundaries of the figures. The plane to which 


* Some writers hasten forward to the actual investigation, with what looks like a 
feeling of unwillingness to state their axiom: some are explicit on the easier cases, 
and abandon the harder ones with an “in the same manner it may be proved, &c.” 
Others make assumptions which require long trains of investigation to produce the 
most simple consequences. Others again consider that they remove the difficulty 
by adopting the language and hypotheses of the infinitesimal calculus, forgetting 
that such language is not admissible instead of axioms, but that on the contrary 
it is ty the distinct conception of axioms and their consequences that the infinite- 
simal phraseology owes its title to be used in an accurate treatise. 

It would be invidious to produce instances of the first manner above mentioned: . 
for the second, compare Lagrange, Theorie des Fonctions, pp. 218 and 300: for the 
third, see Lacroix, vol. ii. p. 198, (note): and for the fourth, see the text of the same 
note. 

It is not professed that the axiom proposed in the text contains Jess of assump- 
tion than is involved in those of preceding works: its recommendation is the univer- 
sality of its application and the distinctness with which the whole point assumed is 


seen. I apprehend that the same amount of assumption and no more will be found 
in Newton’s first section, 


e 
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the parallels are drawn need not be fixed, but may preserve a fixed 
relation to one of the lines or areas. 

The axiom is most undeniably true when the lines or figures remain 
finite; its truth, of course, eludes the senses when the figures diminish 
without limit. But here it may be made perfectly clear that the defini- 
tion of approximate coincidence, as applied to diminishing lines or 
figures, is a necessary consequence of the same in the case of those which 
remain finite, provided we admit that, however small a figure may be, we 
can conceive figures of any size, perfectly similar in form. With such 
an admission, suppose that while ‘the lines or figures diminish without 
limit, other lines or figures are formed which, always remaining similar 
to the diminishing lines or figures, do not diminish without limit. If, 
then, for example, p be the length of one of the lines (diminishing) and 
w one of the intercepts between the two lines, drawn as above, and if P 
be the corresponding length in the finite piclure cf the diminishing 
system, and II the corresponding intercept, approach to coincidence, if 
it take place in the finite figures, requires that IT: P shonld diminish 
without limit. But by the similarity of the figures I: P=% : p, whence 
@:p must diminish without limit. And in the notion of the similarity 
of the figures, distinctly conceived, it is implied that if the axiom be 
admitted as to the finite, it must be admitted as to the diminishing, figures. 

From the preceding it immediately follows that the arc of a curve tends 
to a ratio of equality with its chord, even supposing that no arc of the 

curve, however small, is plane. Let AB be a small 

Qc arc, AC a portion of its tangent at A, and BC a line 

drawn parallel to a given plane. Through every point 

k Rp FP of the curve draw a plane PQR parallel to that 

plane, meeting the tangent and cherd in Q and R. 

By the way in which the tangent is drawn, both PQ and QR* may be 

made as small as we please with respect to AR and to AB, by beginning 

with an arc sufficiently small. Hence, when B approaches without 

limit to A, there is a continual approximation to coincidence between 

AB, the arc AB, and AC. If, then, we take a, so that the arc AB, As, 

shall be = AB x (1 +g), we see that œ and AB diminish without limit 

together, whence 2As or 2/(Az?+ Ay?+Az*).(1+«) has the same 
limit as 


Dal (Ax? + Ay HA); or s= fJ (dx? + dy? + dz*), 


Q Next, let P be a point in a surface, and PA and 
PB being parallel to the axes of x and y, let PA 
and PB be Arand Ay. Hence PRQS is the por- 
tion of the surface which stands over, and is pro- 
jected upon the rectangle on the plane of ry, whose 
area is Ar. Ay. The corresponding portion Prqs 
of the tangent plane obviously approaches to coin- 
cidence with PRQS; for if lines be drawn through 
every point of PRQS perpendicular to the plane of 
ry, the intercepted deflections (as they were called) 
as PA and PB diminish, diminish without limit as 


* This must be proved: that is, it must be shown that a line passing through the 
points (x; y, z) and (4-+-Az, y+Ay, z+Az) approaches without limit to the tan- 
gent as Az, &c. are diminished without limit, 
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compared with PA or PB, and therewith with Prand Ps. If, then, we 
say, let PRQS=Prqs (1+), œ must diminish without limit, or 
2 (PRQS) and È (prqs) have the same limit, the first being, when the 
summation is made between the given limits, the required area of the 
surface. Let 6 be the angle made by the tangent plane with that of zy ; 
then, by a well known theorem, (A. G. p. 200,) Pgrscos@=PBCA 
==Ar.Ay; and, the equation of the tangent plane being č —z=p (E—z) 


+q (n—y), we have cos 0= (1 +p°+ yÈ, neglecting the sign: Hence 
Pqrs=,/(1+p*+Q°).Az Ay; area required = [fy (1 +p°+ 9°) dz dy, 
the expression already used. 

The expression for the volume contained by a portion of the surface; 
the plane of zy, and all the planes which project the boundary of the 
former on the latter, has been already shown to be f f zdz dy. It may 
also be represented thus,. f f f dxdydz. If upon the elementary rect- 
angle Az Ay we erect ‘ordinates at the four corners, we have a figure 
which would be a prism if the upper surface were not curved. If z be 
divided into any number of parts, each Az, we have in this prismatic 
figure a number of right solids,* each having the content of Az Ay Az 
cubic units, together with a figure which, as z diminishes without limit, 
diminishes: without limit as compared with the sum of the preceding. 
Hence the expression above given for the solidity is derived. 

Previously to entering upon the application of our subject to mechanics 
it will be desirable to treat of the Calculus of Variations, to which I 
accordingly proceed. . 


CHAPTER XVI. 
ON THE CALCULUS OF VARIATIONS. 


A CHAPTER on this subject must be introduced before anything like a 
general view of the application of the differential calculus to mechanics 
can be given. It must be remembered that hitherto we have considered 
only differentiations of one species. It is true that in functions of more 
variables than one, we have treated together of differentiations made with 
respect to the different variables. Thus rlogy has two diff. co., logy 
and 2:4, according as we suppose zor y to vary. But we have never 
yet supposed two increments independently given to az, arising from 
different circumstances of variation, and requiring the simultaneous con- 
sideration of differentials dx and ör, essentially differing in the notions 
from which they are derived. If, indeed, we consider z as a function of 
two variables, vand w, and represent by dz and òx the differentials of x 
taken from the variation of v only in the first case and w in the second, 
we might make a science closely resembling the calculus of variations. 
But the problems which will require consideration under this head are 
those in which dr and dz are purely arbitrary, and independent of all 
functional connexion between v and other variables. 


* I use this term in preference to the longer one, rectangular parallelopiped. See 
PARALLELOPIPED, In the Penny Cyclopedia, 
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With regard to the term calculus of variations, it is obviously 
improper as distinctive of this particular branch of the subject, since all 
that has preceded is certainly w calculus of variations. It is only when 
by variation we agree to understand a new and distinct sort of differ- 
ential, that the word is significantly introduced: and it would be more 
proper to say that the differentia] calculus is a calcalus of variations, but 
that the particular part of it now under consideration is a calculus of 
essentially different and independent species of variations, in which the 
same quantity is considered as an independent variable in two or more 
distinct points of view. 

For example, in every problem of equilibrium there is no change of 
place consequent upon mere lapse of time; nevertheless such probiems 
are solved by consideration of the variations which a system would 
undergo, if an infinitely small change of place were made, such as the 
connexion of the parts will allow. This small change of place need . 
not be supposed to be made in time; it would do equally well if it were 
instantaneous: and if the impenetrability of matter did not forbid, it 
might be simply supposed that a second system, perfectly similar to the 
first, was placed infinitely near to it, without any notion of the one 
system moving into the place of the other. Again, in dynamics, the 
actual motion of a system is the subject-matter of the problem; that is 
to say, the aggregate of actual successive infinitely small variations of 
place which occur in the successive lapses of infiuitely small portions of 
time, accumulated by the integral calculus. But every problem of 
Motion, of which the circumstances are known, may be reduced, as we 
shall see, to one of equilibrium: that is to say, the properties of the 
actual variations which do take place may be investigated by means of 
the simple changes of place, without reference to time, which might be 
made in a system at rest. Here, then, enters a science of comparison 
of different species of variations, or a calculus of variations, technically so 
called. | 

This calculus is essentially one of differentials,* not of differential 
coefficients. The latter do not change with the species of variation, as 
long as the connecting relation of the variables remains the same. If, 
for instance, y= z<?, and it be convenient in one point of view to increase 
T by the infinitely small quantity dr, and in anuther point of view by 
òx, and if dy and òy be the corresponding infinitely small variations of 
y; it follows that dy=2rdr and dy=2y ðr, and dy: dr=cy:¢cr=2rz. 
Similarly, if a function of x}, 2, 73, &c. be increased by P, dz,+P, dr, 
He... when £i, 2, &c. become ridt ro+dr,, &c., it will be 
increased by P, 6r,+P.dr.+...., when Ti, 2a &c. become r,+ êr, 
Tot Ta, &C. 

To form a primary notion of the distinction between differentials and 
variations, let y=@z be a relation existing between y and 2, and let the 
curve be drawn, of which it is the equation. If increase, and if the 
continuance of this relation be the condition by which the corresponding 
increase of y is determined, the ratio of the changes of y and z is deter- 
mined by common differentiation; or dy=¢’r.dxr. By an increase of 
x and y, then, we move from point to point of the curve whose equation 
is gz. Next, let us consider another species of change, in which, when 


* The most rigid opponents of differentials have never attempted to present 
the notation of the calculus of variations in a manner conformable to their own 
general principles. 
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x is increased by òr, the value of y is altered by an infinitely small 
quantity dy which, though it be a function of x and dz, is not determined 
hy éy='x.dz, but by a totally different relation, in such a manner that 
x+òr and y+cdy must be coordinates of another given curve, infinitely 
near to that of y= ¢x. 


Let PC be the curve of y=@z, and 
Ve the last mentioned curve, and let p 
and q be the points of the second curve 
corresponding to P and Q of the first. 
We have, then, the following relations 
between the variations and the differ- 
entials of x and y: 


PR=dr, PA=dr, QR=dy, Aq=cy. 


By òdx is meant the change which dr 
undergoes when P and R are changed by variation to p and r: or 
pr—PR. And by déz is meant the change produced in ôr by changing 
the position of P on the curve y=@r; or QH—PA- But QH—PA 
—RB—PA=AB—PR=pr—PR; or ddr=ddx. Similarly, ddy is 
qr —QR, and ddy is gH —pA, whence d}y=cdy. And the same may 
be proved of any function of x which remains unaltered: thus dor 
=¢'r.cx, and di¢dr=o"r.drér+'x.dédx, and dþe=¢'x.dx, while 
6d pap rsadr+¢q'xédr; whence èd pr=dò gu. 

It easily follows that S fydz= fà (ydr). Let ty dr=z; whence 
ydr=dz and 3(ydr)=ddz=déz. Integrating both sides, we have 
fè (ydz)=tz=3 Jydx. We have here but repeated theorems which 
we have already proved in pages 16] and 197. The whole of this 
subject may be connected with the calculus of several variables pre- 
viously explained in the following manner. Letz=a(é,v), y= (é,v), 
where a and £ are such functions as will, when v=a, give the required 
relation y=$2 by elimination of &. 

Thus, let z=a (é,a) give =a" (x,a); it is required, then, that 
B {a-'(a2,a),a} shall be identical with @r. If ë only vary, æ and y 
will therefore, when v=a, vary in such manner that dy=@'r.dx: but 
if v vary, and become a+da, x and y will vary in a totally different 
manner. To compare this view of the subject with the preceding, we 
have 


C 


Tasssslsasasss- t 


_ da r _ dp eo A _ da x dẹ 
: da _. (a e 
dex ——..dadi, 3dr= E i 
Cx da dé adé, our aa dé da, &c 


This latter view of the subject, though instructive, 1s unnecessary in 
its details, partly because it is really but another way of expressing the 
complete independence of dx and dz, and partly because the present 
state of the calculus of variations will require us only to consider the 
first orders of variation (òx, ĉy, &c., and not ò?x, òy, &c.) There are, 
in truth, but two great problems in this subject, one general, the other 
mostly applied in mechanics. We pass on to further details. 

Let it be required to express dy’, èy", dy’, &c., y, y”, &c. being 
diff. co. of œ with respect to y. Let P bea function of x, and P’ its diff. 
co.; we have then 
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~ dr d? dx dx dr 
d dP dP 
F (a-a) L ; 
or òP'—P"òr=D (òP—P'òr), where D stands for the diff. co. of the 
function to which it is prefixed. Apply this successively to y’, y”, &c., 
and we have 
dy’ —y" r= D (dy —y' òr) 
òy” — y" ðr=D (dy! —y” dx) =D? (Cy—y'6r) 
òy” —y"dz =D (ðy" — y"dx) =D? (cy —y'dx), &c.; 
from which dy’, dy’, &c. may be easily expressed. We may thus find 
the variation of any function of the form ¢ (2, y,y’, y”,...-), by substi- 


tution in 
_dp. dp, dp., dp., 


which may be made to depend upon dx, ðy—y'ðr, which call w, and the 
diff. co. of w. It remains to express in the most simple form ô /.dz, 
$ being such a function as that just described. 


ò f de= fè (pdr)= f (dp dx+ ddr) 
=f sp dz+ fọ dòr=pòr+ f (èp dr—dọ òr). 

Let $, which is a given function of z, y, y' y”, &c. be completely 
differentiated, and let the partial diff. co. 2a $, 4 &c. be X, Y, Y, 
Y,, &c.; then, remembering that the same* lation exists between the 
variations as the differentials, we have 

dp=Xdzr+Ydyt+Y, dy' +Y, dy" +Y dy" +... 
òp=Xòr + Voy +Y, oy +Y oy" +Y,, dy"+.... 
òp dx — do dr=Y (dy dr—dy 62) + Y, (dy! dr—dy' 6r)+.... 
But dy=y' dz, dy'=y" dr, &c., whence 
òp dx—ddp dr=Y (Sy —y'dxr) dz +Y, (6y'—y" èx) dr+...- 
=(Ywt+ Y,o/+Y,,w"+ Y,,0o"+....) dz; 
therefore òf pdr=pòðr+ f(Yot Y, w +Y o"t...) dz. 

The expression remaining under the integral sign is now to be 
integrated as far as it is practicable, while the relation of y to x remains 
indeterminate. This may be facilitated by the following theorem, which 
follows immediately from successive integration by parts, and of which 


John Bernoulli’s theorem (page 168) is a limited case. Let v, = /rdr, 
va Jo dx, &c., no constants being addedt in integration after v,, then 


* That is, because the manner in which ọ dependson zx, y, Xc. remains unaltered : 
but it must be carefully remembered that the manner in which y depends on g, 
and therefore the form of y’, y”, &c., undergoes an alteration, which gives infinitely 
small alterations of value. 

+ The student may endeavour to explain how all the constants would really be 
reduced to one only, if they were added. Ifu be a rational function, and v be s15 
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fu dv=uv— fu’ vdr=uv — wu! v, + fur, dz 


=uv—u v pu" va— fu" v, dx 
=uv—u' v tu" v —.... tu™ Va F furry v, dr. 
Thus SY, w dz=Vo— fY; wdz 
fY 0! dr=Y,,0' —Y,/ 0 +/ Y," odz 
JY ,w"de=Y w" —Y o +Y,,'"0 —f Y,” wir 
J Yo" dr=Y,, 0!" Yo" + Yio" 0! + Yi” o— iv Oe ; 
and so on: in which it is to be understood that by Y/, for instance, or 
dY,:dz is not meant a partial diff. co. of Y,, but one formed on 
the implicit supposition that x enters both directly and through y. | 
Substituting these, we have 
ò fodz=por+(Y,—Y,,'+Y,,"—....) oF (Y,—Y))/+ Yu —. 2.) 
+(Y,,—Y¥i' + ET wo" + (¥,— YI + Y/—....) wl” 
feeb f(Y—Y/+Y,-Y,)"+....) ode. 
This we may denote as follows: 


ò fpdr=pòr+ f (Y) wdt+(Y), w+ (Yh w+ (Y) "H... 


If be also a function of z, z’, 2”, &c., z being another function of z, 
the consequence will be that terms s milar to those depending on y, y’, 
&c. will be added to the variation of Jbdzx, so that if Zdz+Z,d/+... 
be the terms introduced into dø, and if (Z)„ &c. be formed from them 
in the same manner as (Y), &c. from y, we have, making £=dz—z’dz, 


ò Jpdr=pòùr+ f (Y) wdr+ f(Z),Zdr+(Y), 0+ (Z), C+ ..05 


and in the same way for any number of functions. 

[Let* Ø, besides z, y, y’, &c. be a function of an integral v= S ydr, 
where ¥ is another function of z, y, y’, &c. If, then, dọ :dv=V, we 
have d$=(its former value) + Vdv, whence à {dz receives the accession 
of the term / V (òv dr—dv òr). But dv or ò fydr=yòr+ f (ydr 
—dyòr), and dv=wdz, whence the accession is Ji {Vdxf (dy dx 
—dy dr)}, or, integrating by parts, 


JV dz. f (Oy dx —dy dr) — f { [V dz. (dy dr—dy br) }. 


„Lett dy = Pdy+P,dy'+P,,dy"+..... , and let fVdr.P=I, 
JV dr. P, =I, f{Vdr.P,=0,, &c.: then, resuming the preceding 
process with each of the terms just written down, and forming (P),, (P), 
&c., (II)o (II), &c., we have 


ò fpdr=pòr+ (Y), wdr+ (Y) w+ (Y) wt... 
+ fVdzr.f(P),wdr+ [ Vdr. (P) w+ [f Vdr. (Phut... 
— f T wdr— (I) w- (I)o —.... 


If y itself contained another integral function, the process might be 


cos ar, sinaz, &c., this theorem gives the readiest mode of actually performing the 
integration. 
* The student may omit the pages in brackets, at the first reading. 


+ Omit the term arising from d4 : dz, if there be one, since it does not appear in 
the result, 
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repeated : and the terms might easily be written down wkich arise from 7 
containing z, z’ &c. 

The following may serve to throw light upon the general method, 
though in any complicated case the reductions required would be 
practically impossible. 

_ In finding òU from U= f dz, we have presumed that U is the solu- 
tion of a diff. equ. dU : dr=¢ġ. Let us now suppose that U is connected 
with y and z by the more complicated diff. equ. 


P,U+P,_, UCH.. .. +P, U'+P,U+¢=0, 


P,, &c. and ġ being functions of z, y, y', &c. If this be Y=0, we have 
oY=0 upon the supposition that the dependence of U upon y, T, &c. 
remains unchanged. If we take one of the terms, for example, P, U”, 
we have 6(P,U”)=U" èP. +P òU”, or U” òP, +P, D? (6U—U! òr) 
+P, U” òr; that is, one term containing òU, namely P, D? èU, and 
others containing dr, 3P,, &c., but not ôU. We may then exhibit oY in 
the following form, 


P, D". òU + Pn- D". 3U +... . +P, D.3U +P, òU +0=0, 


P not containing òU. Let the preceding be multiplied by A, a function 
of all but òU : then if we integrate, as in page 208, (a process which 
has been in fact already repeated,) we find 


S{X®+ CAP, — (AP,)!+(AP,) — 2...) òU} dr 
+ (AP, — (AP)! + (AP,)’/—....) dU 
+ (AP,— (AP;)/+....)D.d6U+....+AP, D*"'.8U=0. 


Let A be so taken that AP—(AP,)'+ &c.=0, a diff. equ. of the nth 
degree. If its complete integral can be exhibited, with n arbitrary 
constants, then m particular solutions can be formed, each containing 
one constant only, and each one a sufficient factor for the preceding 
purpose. We have then n results of the form 


Anı D*'d6U+A,_,D" *dU+....+A, U+ Ad dr=0; 


from which the n—1 diff. co. can be eliminated, and 6U found from the 
resulting equation, with the n arbitrary constants which it ought to have. 

For instance, let the diff. equ. be P, U'’+P,U+ġ=0, of the first 
degree. We have then 


P, DSU +P, òU + U’ (òP, —P, Dir) + UsP,-+3¢=0. 


To find A we have AP,—(AP,)/=0, which gives A=P7' e^% A being 
P,: P,. Multiplication and integration gives 


242 UHS Pr' e {U! (SP,—P, Diz) + USP, +p} dr=C; 


which being reduced by the process already given will express 8U, 
though only by means of U itself. 

We shall now proceed to express òf fp dxdy, $ being a function 
of z and its diff. co., both with respect to rand y. Let the diff. co. 
of z be p and q of the first order, 7, s, and ¿ of the second, u, v, w, m of 
the third, the following table showing what differentiations are made, and 
how often, in each. 
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p\|rllr| zz || ul aaa 
ee We dk hee d Chu eee. 
tly,y || wl ayy dz dy” 

Mi Yr YY 


Let > be a function of <£, Y, 2, p, q, &c., and let d6:dr=X, &c., 
so that 
dp=Xdxr+ Ydy+ Zdz+ Pdp+Qdq+ Rdr+ Sds+Tdt+.... 
Also dz=pdr+qdy, dp=rdx+ sdy, dq=sdzr-+ tdy, 
dr=udzr+vdy, ds=vdrt+udy, dt=wdr+mdy, &c. 
The development of òf fp dx dy is made as follows : 
òf fe dx dy=[f à (pdx dy)= f f (so dx dy+ody dix+ $dz doy) 


d.o . f d.ġ 
= [fõpdrdy + Sedysz- y {Zz òrdrdy + fodsty— | { ay oy dx dy 


= fp dy i+ Sodriy+ | | pitan- t dy ) dz dy. 


It is here assumed that dx depends on < only, and dy on y only, a 
supposition which will be sufficient for our purpose. To point out the 
method of performing one of the integrations, take f f édy dòr, which is 


J dyS od dz, or 
ld. 
fdy {pòxr— ford}, or fp dy af | 9 òr dx dy. 


In d.¢:dr and d.¢:dy remember the implicit supposition that Ø 
is a function of x and y through z and its diff. co., as well as directly. 


Now from d@, as above given, 
d.o d.o 
— =X+Zp+Pr+Qs+.... — =Y+Zq44+Ps+Qi+.... 
dx dy 
Sp Xdxr+ Yoy+ Zòz + Pop+Qdq+.... 
whence ò ms an éy= Z (dz —pox—qoy) + P (Ep—rir—sdy) 


+Q (Sqg—sdx—téy) +R (dr —udx—vdy) +S (ds—vor—woy)+.... 


Now let V be a function of x and y, and V,, V, &c. its diff. co. 


We have then 


sy dV doz 


dr dx dx dr 
d N dv, dV, ë 
= ae ONS òr— V, òy ) 4- Ae 62+ Ag oy ; 


it being supposed that dy is not a function of x. This gives 


SV,—V,, dr—V,, y= (8V-V, òr — V, dy). 


ON THE CALCULUS OF VARIATIONS. 453 


Let 6z—pdx—qéy=w; we have then, by reasoning similar to that in 
page 449, 
dw . K ~ _ dw 
ép—rox —sby= og—sox— toy = dy 
5 dw 


> > > w > > > 
or—uor—voy=—  db6s—vor—woy=———, &ec.; 
Y J dx dy’ ý 


dq? 
whence, by substitution, 


of f pdrdy=fpdrõy+ fo dy òx+ f f dr dy 
dw dw w Lw dw 
= iey pas os — +T —4.... 
o=Zw+P a Say a Coed ae 

To perform, as far as practicable, independently of all relation 
between z, æ, and y, the integrations in f/f dx dy, let Vue be the 
term* which contains dx™ dy" in the denominator of a diff. co. of w: we 
have then (V’, V,, V”, &c. being diff. co. of V) 


SNo dy=Vor,—V, wrt Vyote 0 EV, oO ESV, 0" dy. 
Multiply each term by dz, and integrate with respect to x, which gives 
f f Vurdzrdy = Vori — Vi writ Vori.. EV" won F f V"w,—1 dE 

—V oat V wa — V oa.. EV oF SV oada 
AY (Orga Soe e a Ree ae we we aa 
Vra o" SE Vo EV ot fV ede 

F [dy {(Vio™ V0" 0... EVE wF SVr odr}; 


that is to say, ff Vwrdrdy is a collection of terms of the form 
Vi wr for every possible combination of values of k and l from 0 up 
to m and n, both inclusive, negative erponents reckoning as integrals 
of the whole terms; the sign + being applied when k+/ is even, and 
— when it is odd. To find J S drdy, let [m,n] stand for the 
coefficient of wy in ®: if then we wish to select the coefficients of wh, 
we must in every allowable way make m—1—k=p, n—1—/=g, or 
m—k=p+1 and n—/=q¥ 1, and neither m nor n must be < — L1, nor 
knor/<0. The admissible values of k and / being 0, 1, 2, &c., we find 
p+1,p+2, &c. for those of m and g+1, q+2, &c. for those of n, and 
any value of m may be combined with any value of n. Hence the 
following expression is the coefficient of w} : 


[ot+l,gqt+1—[ptl,qt+204+[ptl,q+3)2—[pt+1,q+4]}8+ ..... 


—[p+2, q4+1)}4+[p+2,9q4+2]}i—[p+2,q+3]i+ ..... 
+[p+3,q+1]}i—[p+3,q+2]it+t..... 
—[p+4, q+ 1] + cece. 


The meaning of the symbol [a,b] may be described, from its origin, 
as follows : 
aton 


[a, b] = diff. co. of @ with respect to AET 


* We here use exponents without brackets, for simplicity, to denote differentiations 
with respect to z. 
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[a, 6},= 


a’**Ta, b)i b] RR [a, b] containing x and y directly, and 
“da” dy” through z, 2’, z,, 2", Z/s Zıp &. 


ae a) f J $ dx dy contains, 1. The integrals F ddxré oy Sf $ dy or. 
. Terms completely free of the integral sign, namely* 


asc an ee 4+22'+133—....} E wo ef 0 
+{12?—22'— 13+... L} 0813141 —32i+....}u3 
+ {22° —32'—93°+ ....} wi + {13—23 — 141+... Jot.. 


3. Terms depending on ide integrals, (p or q being —l,) it being 
remembered that the negative exponent of w denotes the integration of the 
whole term, 


{01—11;—021+216+121+033— . . } w+ {02}—12}— 03+ ... Fwy! 


109 MN a ae E we sw a ee ew ee poni 
+{10°— 20}—119-+303+21! +13°—.. }w®,+{20°—30'—219+.. dul, 
E130) AON a E a. oe we wa hw We Re wt pi 
4. One double integral term (p and q both — 1). 
{00° — 105 — 01120 +111 +02%9—.... } WZ. 


The preceding may serve as an exercise in that Aa of symbols 
by which complicated selections and arrangements are reduced to a 
mechanical process: for all useful applications it will be sufficient to 
suppose that Ø is a function of x, Y, z, p, q, 7, s, and t, including no diff. 
co. of a higher order than the second. If then we take dp=Xdz+ Ydy 
+ Zdz+ Pdp+Qdq+Rdr+Sds+Tdt, we have 


OO =Z, 10;=P, 01;=Q, 20°=R,. 1S, 02ST: 
all the rest being =0. This gives for òf f p dr dy, w being dz—pdzx 


—gòy, 2 
Swot fodzdy+ fo dy dz 


d.S d.T dR d.S 
+f Cen a) wart | (P-e 


TEE dx + SR dy 


- La ad. R S æÆæ.T\ 
ffe- 4 Set Seat Gar eddy 


We have not limited the result a proceeding as if òr were a function of 
x only, and òy of y only, for it ‘might be shown that the wider suppo- 
sition of òr and dy being both functions of x and y would lead to pre- 
cisely the same result: but a complete elucidationt of this point would 
be beyond an elementary work. | 

The applications of the calculus of variations which are of most 
importance are 

1. Given any number of points (Tis Yi 21), (La Yo, Z2), &C., and any 
number of equations V,—0, V.—0, &c. between their coordinates, 


* To save room I have siitited brackets and commas, thus 239 stands for [ 2, 3]§. 
+ The advanced student should read on this point the Memoir of Poisson on 
the Calculus of Variations, in the twelfth volume of the Memoirs of the Institute. 
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required the relations which must exist between X, Y,, Z, X» Ys, Z 
&c. given functions of the coordinates, in order that the equation 


X, òn tY, ôy t Zi oz,+ Xô +Y, Y+ Ze 02+- e oo o =0 


may be true for every possible value which ôr, cy, 6z, &c. can have, 
consistently with V,=0, V.=0, &c. being true both of (£, Yn z,), &c., 
and (2,+ òT., Yı + ÖY, 2;+062,), &c. 

2. Given any integral, in which the integration cannot be performed 
because it contains variables which are related to one another, but 
between which no relation is assigned, required that relation, or those 
relations, which being substituted, and the integral taken between given 
limits, the result is the greatest or least which is possible ; that is, greater 
or less when the required relation obtains than it could be under any 
other possible relation. 

To give a simple instance of the first class of questions, suppose two 
points in a plane, (7, Yı) and (2,,y¥,), which always preserve the same 
distance a: under what relations between z, &c. will the following 
equation be always true? 


a? 


ry erty, oy: +t, Òt HY dyo=0......(1). 
The equation (x, — £)? + (yı—Y:)} =a gives 
(£, — 2) (rı — òt) + (Yı — Y2) (ðyı— òy) = 0.... . e (2). 


In the first substitute the value, say of dy., from the second; the 
result, cleared of fractions, is 


(2, Yi — Te Ya) 6x, + (yi—y3) òy, + (T: Yı — T Y2) òT, = 0 ; 


and this, which is to be true independently of òr, dy,, and dz, 
requires that 


Tı Yı— 2, Ya =0, Yı — y= 0, LoYır— Ti YEO... oe (3); 
which are satisfied by yi =y» T,= Ta or by y= — yn T,= — q, The 
first is inconsistent with (z, — 2)? + (yı. —y:)}=@?, but the second is not, 
and gives 4ri+4yi=a’. The answer then is that the two points may 
be the opposite extremities of any diameter of a circle whose centre is 
the origin, and whose radius is ġa. 

The following method is particularly connected with this class of 
problems, as well as with some varieties of the other. There is an 
equation between z, &c., dr, &c., say U=0, which is not to be absolutely 
true, but only for such values of òr, &c. as make V=0. This we can 
express by one equation,* U + AV=0, where A may be any function of 
T, Y, &c. independent of òr, &c. For the preceding equation expresses 
that U is or is not =0, according as V is or is not =0. If then we 
make each coefficient in U+AU separately =0, we have one more 
equation than we had before, but at the same time we have one more 
undetermined quantity A. The elimination of A will reduce the number 
of equations by one, and will give precisely the results of the common 
mode of operation. If we multiply (2) by A, add it to (1), and then 
equate each coefficient to 0, we have 


* Many other forms might be given, but all are either reducible to the one here 
given, or else they introduce (ar)*, &c. while, since dr, &c. are all to be taken as 
dimini-hing without limit, these terms of the second, &c. orders are useless. 
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t,+A(2,-2,)=0, #,-A(2,-2,) =0, ytA(yi-y)=0, Ye—A(Y,-Y2) =0, 


and elimination of A will give equations (3). 


To generalize the preceding process, let there be n points, and 37 
coordinates, one equation U=0, or X,62,+Y,6y,+....=0, and p 
relations between z, y, &c., V,=0, V,=0'.... Then we have dV,=0, 
which gives, say &',02,+7/,8y,+2',62,+....=0; also 5Vs=0, or 
El oan", dy,+....=0, and so on. And U+A,V,+A,V.+.... 
expresses that U=0 when V,, V, &c. are each =0. Equate the co- 
efficients of dz,, &c. separately to 0, which gives 


XA +A E+. 26.0, YitArn+Aan+...-=0, 
TPAC EA Pio EN 


and so on: giving 3n equations between 3n-+p quantities. Elimination 
of A, A,, &c. will reduce these to 3n—p equations between 3n 
quantities,.and the p equations V,=0, &c. finally leave us with 3n 
equations between 3n quantities, unless it should happen, which it 
frequently will, that all the 3n final equations are not independent, in 
which case the problem is not determinate.* 

[The following PROBLEM contains a most material portion of the 
purely mathematical part of the statics and dynamics of a rigid body. 
Let there be a number, n, of points (t1, Yı, 21), (Ta Y2 22), &c. immove- 
ably connected with one another; that is, the distance between any two 
remains unchanged during variation. Supposing the whole system to 
undergo an infinitely small change of place, required the relations which 
must exist between P,, Q,, Ri, &c. and £1, Yı, z, &c., in order that for 
every such infinitely small displacement we may have 


P, dz, +P, dr.+.... +Q:8y,+Q.éy.4+.... +R, 62, 4+R,62,+... =0. 


Take a new origin of coordinates, (a, b,c,) and a new set of co- 
ordinate planes attached to the system of points just mentioned, and 
moving with it. Let & n, č be the coordinates of (x, y, z) with respect 
to the new planes, and (A.G., p. 224) let the new and old coordinates be 
so related that 


a=atabt+Antyl, y=b+ ut t+B'n tyi, z=ct aE 4B nty"Z. 
Consequently, since é, n, č, &c. do not vary with the system, (for the 
new coordinate planes move with it,) ér=da+fda+né6+ dy, &c., and 
substitution obviously gives (£P meaning P,+P,+...., &c.) 
LP.da+2PE.d6a+ 2Pn.68642Pl.6y+2Q.6b+2QE. da’ + 2Qn. òp’ 
+ 2Q¢ .dy'+ 2R.dc+ LRE.Sa"+ DRy. 68" HERE. òy" =0. 
Now a, Ê, &c. are connected together by six equations,T 
A ie t Pe aP =l. By+B'y' +B" y"=0 1 Al 
B P+ p?+p/?=1 ya +y +y"! =0 B’ 
C Yty?t+y'2=1 aß + a! Bl +a" p" =0 C’ 
* The student may omit the part in brackets at the first reading. 
+ It must be remembered that these are also equivalent to 


a +E +y =] a'u 4. Bl BMI 4 of y" =0 
al? +p”? +y”? =] ale +,'B +Hy'y =0 
ARARE aa ABB +y y = 
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Take the variations of these equations, and add them to the equation 
preceding, after multiplying them by the arbitrary multipliers written 
opposite to them. This gives 


>P.da+2Q.8b+2R. c 
+{2PE+Aa+C'B+B'y} 3a + {ZPn+BB+ A'y+C'a} 5B 
+{2P6+Cy+Bia+A'B} dy +&c.=0 ; 


where, in the terms included under + &c., we must change P into Q, and 
write a! for œ, &c. for a second set, and change P into R, and write «” for 
a, &c. for a third set. If we now equate each of the coefficients to 0, we 
have >P=0, >Q=0, 2R=0, and nine other equations, in which are 
the six multipliers and the nine quantities œ, B, &c.: but between these 
there are six equations; altogether, then, fifteen equations with fifteen 
arbitrary quantities, So that it should seem at first as if we might 
satisfy these fifteen equations by values given to the arbitrary quantities 
without any new relation between the data of the question, P,, Pa, Tis To 
&c., and I have introduced this example to show how little we must 
depend upon conclusions drawn from the mere number of equations to 
which a question can be reduced, without examination of their structure. 
The fact is that the fifteen equations cannot be rendered simultaneously 
true, unless three other equations between the data of the question only 
are satisfied. 

Let (òx) be the abbreviation of ‘ coefficient of da,’ in the preceding 
equation. From (òæ)=0, (66)=0, (dy)=0 deduce a’ (éx)+' (83) 
+y (sy) =0, or 

2 {P (æE t+B'nt+ yi} +Aac + BBA'+ Cyy' +A! (yA'+hy’) 
+B’! (ay + ya')+C! (Ca’+a/3’) =0. 
Now form æ (ò) +B (ÒB) +y (6y’)=0, and we shall have 
> Q (at + Bn tyč) +Aaæd +BBB'H... (as before) =0, 
in which last, the accented letters were in the coefficients, and the un- 
accented letters are from the multipliers. Consequently, 
ÈP (a't + Bt yt) —2Q (akt hn tyč) =0, 
or ZP (y-b)= ÈQ (x—a), or TPy—bSP=IQr-axXQ, or ZPy= Qr; 
and similarly it may be shown that 2Qz=2Ry, 2Rxr=2ZPz. These 
six equations, >P=0, &c., 2Py=2Qz, &c. are therefore necessary : it 
remains to show that they are sufficient. 

For this purpose, remark that r=a+ æ% + &c., &c. give, by the aid of 
the equations of condition, 

E=a(r—a) +a (y—b)+a" (z—c), n=ß (2—a)+...., 
C=y(xr-a)+. >» o 

Form «a (òa) +a (ða) +a" (ðæ")=0, which gives, by aid of the 
equations of condition, A +Z (Pæa+ Q +Rx')=0, whence A is 
obtained, and B’ and C’ can be also obtained from y(éa)+y/ (èa) 
+ y" (ða) =0 and Ë (ðæ)+&c.=0. By the three corresponding equa- 
tions B (òb) +&c.=0, y (0/3) +&c.=0, « (68) +&c.=0, B, A’, and C’ 
can be determined, and C, B’, and A’ from the three equations corre- 
sponding to (dy), &c. Thus A’, B', and C’ are determined twice over ; 
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the equations which give them are therefore incongruous unless the two 
values of A’ agree, and likewise those of B’ and of C’. If for &, n, and 
¢ be substituted their values above, it will be found that the six equa- 
tions 2P=—0, &c., 2Py=2ZQz, &c. will make these values agree, and 
that no other relations will do so, as long as the equations of condition 
between æ, a’, &c. exist. ] 

In order to explain the second class of problems, it will be advisable, 
dropping for a time the progress made in pages 449, 450, in finding the 
variations of integral forms, to take a simple question and go through the 
whole process from the beginning. Let the question be as follows: to 
draw the shortest line.from one curve to another, without assuming that 
a straight line is the shortest distance between two points. 

When we consider the variation of an algebraical function, V, we know 
that its arithmetical minimum is 0, if any value of its variable can be 
found which makes V=0. But this is not necessarily an algebraical 
minimum, since, if the value of V, in passing through 0, change its sign, 
it is increasing or diminishing both before and after passing through 0. 
Now it is to be borne in mind, throughout the following investigations, 
that the results sought are algebraical, and not arithmetical, maxima and 
minima. For example, let the two curves be as marked in the figure, 
the arrow points denoting that the branches there 
discontinued go on ad infinitum. Arithmetically 
speaking, there are absolute minima at P, Q, and 
R, and no maxima; for between any two points, 
one on each curve, a line of any length, however 
great, may be drawn, Algebraically speaking, 
P, Q, and R are not minima: for if we agree to 
measure arcs of intercepted curves from, say PAQBR itself, then such 
lengths when they pass through P, Q, or R change their signs. The 
lower curves in the figure are so placed that certain straight lines AB 
and DC can be drawn, one of which would seem to be a minimum, while 
in the upper curves it may be made obvious that AC and BD are not 
minima. It may seem certain that CD, in the lower curves, is a minimum : 
that is, the points C and D being (however little) displaced on their 
curves, no line, straight or curved, so short as CD, can be drawn between 
their new positions. 

The fact is that these problems of the calculus of variations involve 
two questions; the first completely and satisfactorily answered, the 
second left in a very imperfect state. These questions are, as to the 
instance before us, 1. What is the character of the line which is the 
shortest distance between two curves, when there is such a shortest 
distance? Is it straight* or curved, and if the latter, what is its law of 
curvature ? 

2. Two curves being given, can such a minimum distance be found? 
or can two points be found, one on each curve, such that the line whose 
character is shown when the first question is answered, being duly 
drawn from one of these points to the other, is really the algebraical 
minimum distance of the two. We now proceed to the problem. 


* It is no doubt partly proved and partly assumed, iong before the reader comes 
to this point of his studies, that the line in question is straight: but we will suppose 
that this is not proved, and has not been assumed, in order to avail ourselves of this 
very simple problem as an illustration, i 
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Let AB and CD he the two curves 
between which the shortest line is to be 
drawn. Draw a curve cutting the two, 
and let z and y be the coordinates of any 
point init. At Vletxr=1, y=Yo, at W 
let z=2,, y= Yp and let y, = Por, Y= YT 
be the equations of AB and CD. We 
want then to find a relation between x and 
y, together with the position of V and W, 
so that VW may be the shortest line; or to make fy (1 +y") dz from 
=X, to x=a2, the least possible. Pass to a new curve, vw, by 
changing x and y for every point of VW into r+or and y+cy. let Q 
be the point corresponding to P; and let v’w’ be a curve made by 
changing z and y into r—drand y— öy. Itis to be remembered that 
at the limiting curves we must have y,+dy,= Yo (Tot ox,) and yı + cy, 
=, (a, +82); also Y, —dyo=¥, (LTo—òr) and yı — ôy, = Yı (z1 òT). 
These last four equations are not compatible with each other, strictly 
speaking, on any but a straight line; if, however, or, &c. be infinitely 
small, they are true together as far as small quantities of the first order. 
Let y/ become y'+ dy’, then substituting in /,/(1+y") dx, it becomes, 
by Taylor’s theorem, 


"5 d l >, AN2 

ffar 24 Tas (cy) ALE } (dr +d3z); 
Vity? 2 City"): 

which, between the given limits, is the length of vw, and its excess over 

VW is, to terms of the second order, 


Oy'dx yoy’ déx (òy) dx ) 
14y) dd2-— 4 _ ay OY OE l 
Jive tya ariera Bikers tary 


and dy=y'dx gives sy'dr=ddy—y'dor. Now, since VW is the least 
possible, vw— VW must be positive, as must also v'w' —VW, and v'w’ is 
obtained by changing the signs of or and òy, and consequently of dor 
and doy: whence òy'dòr and (dy')? retain the same sign in both cases. 
Moreover, since every element in the first integral is of the same 
order as dor, and inthe second as oy’dor, the second integral must, when 
òr and dy are diminished without limit, diminish without limit as com- 
pared with the first. If, then, the preceding be K,+K, for vw, it is 
—K, +K: for v'w’: and since K, is greater in numerical magnitude than 
K,, the latter must have different signs, whereas they should be both 
positive. The only way of avoiding this is by supposing that coefficients 
vanish in K,, so as to make it identically =0, independently of cy and 
sx. Both vw—VW and v'w'—VW then become =K,, and if this be 
positive, when taken between the given limits, the required condition is 
attained. ‘This reasoning, which applies in every case, is the ordinary 
reasoning in problems of maxima and minima. 
Substitute as above for dy’dr, and K, becomes 


: 'dòy y”dòr \ 

1 +y”) dàr oo ee» a Se a 

Í (v PIET ID 
he aOr y'dòy |. 
Watty) JU+yD)’ 


or 
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which, integrated by parts, gives 
` èr y' oy i l d l] . d y! 
KS re em | a eke R 
Jay a+ J de Jay ae JO) 
4i 
= ztydy _ fY] (ay -yða) dr; 


Jaty") Japy 


which is to be taken from t=, to r=r, Let (1 +y $= o, and let 
Y's Co Yis O &C. denote the values of y', o, &c. at the limits: we have 
then finally for K,=0 


o, (xH y’, y) — o, (Tety Sy.) + f zy" (Sy—y'dx) dr=0. 


The first terms depend only on the values of 7’, òr, and dy, at the 
limits, but the integral depends among other things on the values of dy 
and òr at every point of VW, and contains in fact two arbitrary, though 
infinitely small, functions of x and y; namely, òr and dy. It is impos- 
sible, then, that the last term should always (for all forms of òr and òy, for 
the line required is to be shorter than any other line) make the preceding 
equation true : nor can this equation be true unless the arbitrary term is 
made to vanish by a supposition not affecting òr or Sy. The only sup- 
position on which this condition is fulfilled is y’=0, which amounts to 
supposing VW to be a straight line, since it gives y=ar+b, y'=a, 
o= (14a%)73, We have then to satisfy 

6x,+ady,— (6x)>+ady) =0. 


Before we proceed, however, it will be necessary to remember that our 
only reason for equating the terms of the first order to 0, by means of 
coefficients, is to prevent our having a term which, being the largest of 
all, may be made to take either sign, whereas in the case of a minimum 
it must be always positive. The necessity of this supposition as to the 
indeterminate integral is easily shown; for in /y"o* (dy—y'dx) dx 
there are the arbitrary functions ôy and òr, which are altogether in our 
power except at the limits, so that the integral, if positive in one case, 
may be made negative in another. Nor can the other terms prevent 
this term, if allowed to exist, making the terms of the first order some- 
times negative: for when the varied curve begins and ends at the original 
curve VW, (as in one of the dotted lines of the diagram,) we have oz», 
yo, da, and òy, each =0, so that if y” have any finite value, we may 
make the whole of the terms of the first order, in certain cases, negative. 
Hence y”=0 is a necessary condition. But if we look at the part 
o, (62, +y', òy) —&c., which becomes (y”=0, y/=a) 


( ]+a%)3 {6x,+ady,— (totay) }, 


it is not obvious that this portion, unless made =0, may have any sign 
we please, for 62) and dy, are connected by an equation, and also dz, and 
ty,; since (2,+620, yot dy), &c. are two points each on a given curve. 
All that is necessary, then, is that the preceding should be positive: 
and if we add K,, we find for the complete variation as far as terms of 
the second order, 


òx, + acy,— (òro + ady,) +f aðadòr _ (6a)*dz | 


Jta) Jate aapa 
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where òa is constant or variable, according as vw is a straight line or a 
curve (VW being made a straight line, since 7/’=0). 

The preceding must be positive. Now suppose that our axis of x had 
in the first instance been made parallel to the straight line we wish to 
consider, which can always be done. Then a@=0, and the preceding 


becomes 
òr òro +4 fz (sa)? dz; 


where dz, and dx) are independent, and f (òa)? dx independent of both. 
If z»<x,, as we have supposed, the last term is essentially positive, and 
the whole will be positive if òr, must be negative and ôr, positive. The 
only cases in which this is true are represented in the following diagram, 
in which the straight line drawn being parallel to the 


axis of z, and x being measured positively towards the right, we see that, 
(Tos Yo) being V, and (z,, y,) being W, dz. must be negative if we pass 
to an adjacent point, and òr, must be positive. Consequently, a line is a 
minimum distance between two curves when two perpendiculars being 
drawn at its extremities, neither perpendicular passes through its curve 
so as to have the curve on both sides of it. Another case (answering to 
CD, p. 458) need not be discussed: the object being merely to show the 
insufficiency of the common method, and also its tendency to redundancy. 

The application of the preceding reasoning generally to df¢dr is 
rendered extremely difficult by the complexity of the terms of the second 
order. The only cases in which we can easily proceed are those in 
which we know beforehand that there is a maximum and ro minimum, 
ora minimum and no maximum. Then, taking 


3 fodr=ddr+f (Y),wdr+(Y)wt (Y) Hho" +... 


+terms of second order+...., 


we may make (Y),=0, for a reason similar to that shown in the last 
problem, and we then know from the nature of the case of what sign the 
terms of the second order must be. It remains to ascertain how the line 
determined by (Y),=0 must be placed, in order that the value of the 
integrated part of the expression taken between the limits, or 


P, 0L,—Po bry + (CY )1)1 1 —CCY)1 Do w+ (e) wi — ((Y3))o wote... 


may always have the same sign consistently with every variation which 
the conditions at the limits will admit, and that sign belonging to the 
maximum or minimum, as required. 

Before proceeding to some examples, let us examine the equation 
CY).=0, or 


Y—-Y/+Y,/’—...220, where d6=Xdr+Ydy+Y,dy'+Y,dy"+... 


If X=0, or a function of x; that is, if ọ either do not contain z at 
all, or in such a manner that it has the form ¢ (y, y’.---)+¥Yr; then, 
page 208, it is obvious that Y=Y/—Y,,"+.... is precisely the con- 
dition necessary, in order that Xdr+Ydy+...., or (Xdr+Yy'+ 
Y,y''+....) dx shall be integrable per se, so that we have 
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so that the diff. equ. (Y),=0 admits of one integration. For example, 
let contain only y and y', then X, Y,,, Y,,,, &c. are severally =O, and 
we have Y—Y/=0, for (Y),=0; or, by the preceding, g=C+Y,y’. 
Now, Y, containing y’, Y/-contains y”, and Y—Y/=0 is of the second 
order; but 6=C+Y, y’ is of the first. 

Let ¢ contain y, y’, y”, and y”, with x in an independent term. 


Then 
o=f Xdx+ (YY + YW) Yt tay" 


Let it be required to find the curve on which a material point, acted on 
by gravity, and descending freely, shall fall in the shortest time from a 
given point to a given curve. If x be horizontal, and y vertical, this 
amounts, hy the principles of mechanics, to making /{/(1+y") : Jy} dæ 
aminimum.* We«have then 


gen/(F4) vey ye? ayy 


e P G Me, 
p=Y,y +C gives a /( s) Sgp te 
or 1=C*y(1+y") 


dr Y awya 
Mae ee: ae = + SEA O E on 
a Y 5K -) x= t K vers Kt {(2Ky—y’) +1 


2K being 1: C*, and L a new undetermined constant. Let us suppose 
the fixed point from which the descent begins to be the origin; then, 
since x and y vanish together in the curve, L=0, and we have the 
equation of a cycloid, whose cusp is at the origin O, 
and the radius of whose generating circle, which rolls 
on the axis of v, is K. According as the upper or 
lower sign is taken the cycloid is placed with its ordi- 
nates negative (as in OA) or positive (as in OB). 

] 33 We have also (Y), =Y,, (Y)s=0, &c., whence the 
re) integrated part of ò J pdz is 


A y' : 

—-— | òr +- (y— y'r). 

MG Ja 

Taking this between the limits, we have, x, and y, being coordinates 


of the required point in the given curve PQ at which the descent is to 
end, and òT, and dy, being each =0, 


y? +y”)? (ôr, + Ydy), 


putting for y, its value in the last factor: it being remembered that y’, 
is to be taken as positive when the point comes in the first half of the 


* From the nature of the problem, a maximum is impossible: by making the 
curve sufficiently near to a level at its commencement, the time might be augmented 
without limit. 
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cycloid, and negative in the second. Lety, = yz, be the equation of 
the curve to which the cycloid is to be drawn : the sign of the preceding 
then depends on (1+y’', ¥/z,) ¢z,, so that in every case in which ĉr; 
can be either positive or negative, we must have 1+ y', ¥’r,=0, or the 
cycloid must cut the curve at right angles. But if there be a cusp so 
situated that dz, and dy, are necessarily positive, and that the cycloid 
drawn from the origin to the cusp meets the cusp in a point of its first 
half, that cycloid is a line of shortest descent: and also if it be so 
situated that dz, is positive and ¢y, negative, and that the cycloid meets 
the cusp in its second half. 

Sometimes a further integration may be made in (%): thus, if ¢ 
contain only y’ and y”, we have Y,’—Y,/’=0 gives Y,—Y,,/=const.=C, 
whence, if X=0, (Øp) becomes 


g=c+Cy'+Y,,y". 


For example,* let 6=(1+y”)?: y”, the limits being two fixed points 
in the axis of z, and one of them the origin. We have then 
l +y’) 1+ y") 2(1+y'2)? y 
C p a Ae » OT E act Cy ; 
y y 
in which, since c and C are arbitrary, 2 may be struck out. Let 
y' =tan B, y" dx =(1+tan? 6) dì, and we have 


dr= (c cos? Ê +C cos f sin 3) d3, dy=(c cos B sin B+C sin? 8) d3 
4xr=?2cß +csin 28B—Ccos28+K 
4y=2C8 —Csin28—c cos 26 +L; 


which may be shown to belong to a cycloid. The integrated part of 
the variation is 


por+(Y,—Y,/ w+ Y w, which gives Y,.w'2—Y,, w, 


since òr and w or òy —yòr vanish at both limits. And w’s¢y!—y" èx 
gives Y2 0y's—Y,,, òy, for the above. If-, and therefore y’, be given 
at the limits, this vanishes of itself, and the arbitrary character of the 
constants ¢, C, K, and L, is no more than sufficient to enable us to make 
the cycloid pass through the given points with given tangents at those 
points. But if y’ be undetermined at the limits, we have 


] 12\¢ l '2\9 
Yndi Vind = -EE aay Bt EE ty) A; 
2 i 
in which the power of giving different signs can only be avoided by 
making the coefficients of ¢8, and è£, severally =O. That is, the radii 
of curvature at the extreme points are both =0; which in the cycloid 
only happens at the cusps. Hence if A and B be the given points, 
every such figure as that in the diagram gives an 


A aleebraical mini that is t light 
Pi r A r gebraical minimum: at 1s to say, anv sli 
AVON Nee OS yə any siig 


variation of the upper curves with a corresponding 
variation of the lower evolutes would increase the area contained. 


* Let the student show that this answers to the following problem: between 
two given points to draw a curve which with its extreme radii of curvature, and 
their intercepted arc of the evolute, contains the least area. And let him show 
that the problem may be susceptible of a minimum, but not of a maximum. 
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There is no absolute arithmetical minimum; for by sufficiently in- 
creasing the number of revolutions: of the generating circle we might 
diminish the whole area without limit. 

Let it be required to draw on a surface the shortest line from one 
curve to another, both curves being on the given surface. 

Let dz=pdxc+qdy be the differentiated equation of the curve 
surface; the function to be made a minimum is then 


ofl {l+y"+(p+qy’)*} dr= fdz; 
p and q being both functions of x and y. We have then 
/ / A 
$ dx $  / 


Make o itself the independent variable, and for p+qy’ write (dz: do) 
x (do: dx), remembering that do:dr=¢. We have then 


LARENA. 
do dr \ do do) do \do 1 do)’ dz 
dz/ dx „dy\_ dy d'z dzf/ dr dy) 
iG is de “det dott do a Pager Si 
dy dz _ dx d?z 
or ape qe as in page 443, and is +P es, 


might be deduced by combining this with the equation of the surface, 
or else by altering /¢drinto f (2+1 +(pa'+q)*)? dy, and repeating 
the process, on the supposition that x is a function of y. The integrated 
part, Por+ Y,w, is subject to the remarks already made in the pro- 
blem of page 459. If z, y, and z be expressed as functions of v, the 
preceding equations (page 158) become (2 being dx: dv, &c.) 

o’ (y" + q2")—o" (y’+q2')=0, g' (2" +pz")—o" (x'+pz')=0, 
or (y"+ qz"): (2! + p2")=(y'+ 42’): (a! + pz’) ; 
which is nothing more than the expression of the property that the 
osculating plane of the curve must be everywhere perpendicular to the 
tangent plane of the surface, partly proved in page 442. 

Hitherto we have not supposed the function ¢ to contain the limits of 
integration directly, as constants. If this be the case, and if 2, Zis Ye, 
Y» Y'o» Y's &c. be the values of <x, y, y’, &c. at the limits, we shall have 
to add to the variation of J pdx the series of terms 

"dp, dg dp dó 

| (Z CE Tr OL, t.. .) dx, or ÒT, a ioe ee 
remembering that òT, òr, &c. are constant throughout the integration. 
The general form of (Y),=0 is, therefore, not affected, and the only 
change which is required is the consideration of the new terms annexed 
to the integrated part. Also if the quantity to be made a maximum or 
minimum were of the form K+ /¢@dr, K being a function of limiting 
values, the only alteration requisite would be the addition of òK to the 
integrated part. 

Thus, if in the question of the brachyslochron, or line of quickest 
descent, page 462, we suppose the line is required to be drawn from one 
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curve (Yo, To) to another (y,,2,), the velocity at any point depends upon 
the height of the point on the first curve from which it fell, and the 
expression to be minimized is 


NN; aNg 
M (25 Vas, instead of ( ( A ) dz; 
J Y— Yo J ~Y + 


in which, as it happens, dọ :dy,= —dd:dy=—Y=—Y/, since 
Y—Y/=0. Hence oy f (dp : dyo) dr=—Y cy, or —(Y,,—Y¥,0) €Y 
between the limits. Consequently the integrated part is now 


m (Yn = Y) CYo + dy OF, — Po òr +Y, (cy, —y\ ôx, ) — Y, (ĉYyo— y'o CL). 
But since $= Y,y'+C at all points, the preceding becomes 
Cor, —Côro—Y n c+ Y, êy, 


If y,=Y, 2, and Yoyo T. be the equations of the curves; substitution 
gives 


(C+Y, Ww, x) éexr,—(C+Y, Wo To) o 


and assuming each coefficient =0, we deduce Y’, r= Wo To or the 
points at which the cycloid passes through the curves have their 
tangents ‘parallel; while from the former process it appears that the 
cycloid has its cusp on the higher curve, and cuts the lower one at right 
angles.* A cusp on one of the curves might offer an exception, as before. 

Let it now be proposed to find, not the independent maximum or 
minimum of an integral, ode, but that which exists under the con- 
dition that /adz shall remain constant, as in the following question: 
Of all curves of a giren length, what is the curve of quickest descent 
from one given point to another? In this case we do not require 
éf dx to be always positive, or always negative, but only in such cases 
as also satisfy ò fydr=0. Let d¥=Zdx+Hdy+H,dy'+...., and, 
consequently, as in page 450, 


òfpdr=pòr+ f (Y)wdr+(Y)o+...., 
Sfydr=wir+f (H),wdr+(H),o+.... 3 


whence the following conditions: 1. (H),=0 must make(Y),=0. 2. 
WP, Ti — Wy Oo +....=0 must make g, òr, — Poe rot...» Regaire In the 
case of a minimum, 

To satisfy the first condition, it is sufficient that there should be any 
one constant quantity a, such that ¢/(¢+aw) dr=0; for then, since 
òf pdr +aòðfydr=0, é{wdr=0 gives ò fpdr= 0. To satisfy the 
second condition it is sufficient that for the same quantity @ we should 
have $, 62,— Gp day +- -Ha (W, Ti — Yo dry +...-.) always positive 
or always negative. Hence it follows that if we proceed as in making 
S (p+ay) dr a maximum or minimum, and then determine a, so that 
J dz may have a given value c, we shall give S pdx the greatest or 
least value which it can have consistently with the condition /yYydr=c. 


* Having in the first three questions taken notice of the limitations and excep- 
tions which sometimes occur, I shall, in the remainirg problems, simply ascertain 
the conditions under which the variation of the integral is nothing. But the 
student must remember that the results require further examination, except when a 
maximum or minimum resembling that indicated by the result is known to exist 
à priori. 


2H 
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For example, it is required, on a given line AB=A, with ACB a curve 
of given length to inclose the greatest possible 
4 area: here the maximum obviously exists, and 
gee i there is no minimum. Here fiydz is to be 
` maximized, while JS oN (A +y”)dr =c, or we 

A ~ 33 must proceed as in making 


Silytal/Aty)} dx= f pdr, a maximum. 
We have then =Y, y'+ C, which gives 


ytal(l +y = +O, or yO +Y)= a, 


l dz y—C : EEN 

=i es | (T y—C)’ =a ; 

y dy Ve-Gg—-oy OTOA 
or the curve is circular. By properly assuming the three constants, we 
may find the circular arc which passes through A and B, and has the 
length c: this arc is the curve required. The integrated part vanishes 
of itself, since the limits are fixed. 

A curve of given length is to be drawn between two given curves in 
such a way that its centre of gravity may be at the least possible dis- 
tance from the axis of z. This distance is fyds:S, S or fi ds being the 
whole length: consequently fyds is to be a minimum, fas being 
constant, or we must proceed as in making | f (y+a) ds a minimum ; 
or 


Sods=f (y+aW O +y") dr, Y=(yta)y iV +y”) 
P=Y,y'+C gives y+a=CJ/(1+y"), Y,=Cy' 


dr C 2 2 
CETE z+K=Clog aai C*) 
LK z+K 


2(yta)=Ee © Cee - 


the equation of a catenary, or of the curve in which the string would 
hang if the axis of x were horizontal. Now take the integrated part, 
derived from odr-+Y,w, or (P—Y,y’) dx +Y, oy, or Còr-+Y, dy, 
which gives 

Cox, + Cy’, òy, — Cary — Cyn cy ; 


and this is to be always positive, or nothing. Substituting Ày =p’, 7, bz, 
and ðyo= W's To ÒTo, we find, to make the preceding =O independently 
of dr, and ozo, the equations 


1+y'W'.2,=0, Lyo ho m=0; 


or the catenary must be perpendicular to both curves. But (C being 
positive) let there be a pair of cusps, one in each curve, so that òr, must 
be positive, dz) negative, and y’, dy, positive, and y’, dy, negative, as in 
the figure. There will then be the minimum 
required, if the string hang in a catenary from these 
points. 

If the distance were required to be a maximum, 
the process would appear to be the same, and to 
determine the same curve. But it must be re- 
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membered that K is arbitrary, and that by so assuming it that 
K:C=L:C+7,/(—1), the equation of the catenary takes the form 


z+L r+L 


2(ytay=—eE° -CE T, 


I have placed the curve downwards in the diagram, as the problem 
obviously requires, and it would have been placed the other way, if the 
maximum had been required. Such circumstances as these must be 
determined by the apparent necessity of each case, until the integrals 
answering to K, in page 459 can be satisfactorily examined. This has 
not yet been done in any manner which is sufficiently complete and 
elementary for the learner. * 

I shall now give some examples of the more extensive methods in 
pages 450, &c. The following was solved by James Bernoulli, in the 

p early days of the differential calculus. On 
a given line AB to draw a curve of given 
length ACB, in such manner that NP, the 

a b ordinate of another curve, being a given 
function of the arc AS, the area APB shall 
be the greatest possible. 

Let AN=z, NS=y, AS=v, let PN=S 

S (a function of v), and S Sdz is to be a 
c maximum, while /,/(1+y”) dz is constant, 
between the fixed limits. We have then (page 465) 


/odr=f (S+al/(l+y")) dr, fydr=fJA +y”) dr=v, 
(page 450) P=0, P =y' (1+y%)"3, Y=0, Y,=ay’ (+y), 
dS 


V= = J Vdr.y' (1l +y") 3, 


r= 6 T= pi id aie wW 
yf bdr=oie+ | as) ot ty) 
Se ee eee Se 
iy s Uf ( Ja+y)/ atom 


y' NJ y! 
a _ Jods — | Vdr.————_.. 
uit J ya Ja+y5) J JA +y”) 

from the formula in page 450, which gives (Y). =Y — Y /=-Y/, &c. 
Taking all the integrated part between the fixed limits, all those terms 
disappear which contain ôx or w free of the integral sign. Also f Ndz 
is, relatively to the integration of arbitrary variations, an undetermined 
constant, which we may call H. We have then 


TETIN | DE.: Ma E iC 
ay sdz= | QT Va4y79/) IO) 


+(JVae- to) f we ; 


* The student who requires more problems may consult Woodhouse’s most 
valuable treatise on Isoperimetrical Problems, which is, in fact. a richly exemplified 
and referenced history of this calculus from the time of the Jsoperimetricud pro- 
b/ems, as they were called, to our own. Also the tract by Mr. Airy, in his Mathe- 
matical Tracts, and Mr. Abbatt’s Treatise on the Calculus of Variations. 
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and, equating the coefficient of wdz to 0, and integrating, we have 


ay +(H— fVdz) y =C J(1+y")....(H) 


Cy” 
a+H—fVdr=Cy'_ J(+), —V=— 
dS , _ Cy" dz CGS ,F C 
Vdv, or 5 de y” A SERS yY EKS 
Cdv 5 (K-S) dv 


VTS TACHE 
from which y and z are to be found in terms of S, and by elimination y 
in terms of x. There are four arbitrary constants, C, K, and the two 
introduced in integration ; three are expended in making the curve 
ACB of the given length, and passing through the given points A and B. 
But the fourth constant is undetermined, a circumstance to be explained 
as follows. The curve APB would remain a maximum if all its ordi- 
nates were lengthened by Aa, as in apb: that is, no curve of the same 
length (ending at a and b) can inclose so great an area as, AapbB. 
Hence the problem is so far indefinite that the function S and S—K 
(K being any constant) must give the same form of the required curve. 
The preceding result expresses the degree of indeterminateness which is 
thus admissible into the function S, by presenting S always accom- 
panied by an arbitrary constant. The given conditions must then be 
satisfied by the three remaining constants, and K allowed to remain : 
the resulting curve APB will make / (S— K) dz a maximum. 

Before exemplifying the remaining method (page 451), it may be 
shown, in the manner of Lagrange, that all the unconnected methods 
given in this chapter may he reduced to one only. Let @ be a function 
of x, Y, Y’, y", &c., z, 2’, z", &c., &c. We have then as before (w being 
òy —y'ox and ¢ being òz— z'òx), 

dfpdr=dor+/ {(Y).w+(Z),o} de + (Y) w+ (Z) 4 
+ (Y): w! + (Z): ¢'+ s... 

In order that ò fi pdx may be always of one sign, we must have, as 
already explained, (Y )ow+ (Z)o¢=0; and if y and z be independent, 
(Y.)=0, (Z) =0. But if y and z be connected by an equation, say 
L=0, we find that it is sufficient that there should be any one function 
A, for which ò fpdr+ò/ Ldr is always of one sign, since then the 


condition L=0, /ALdr=const., ò(const.)=0, shows that the per- 
manence of sign of 6 fi dr is only simultaneous with L=0. If, then, 


AL be a function of the same quantities, and if Y, Y, Z, Zi. &c. denote 


its partial diff. co. with respect to y, y', &c., z, 2’, &c., and if (Y),, (Z)o 
represent abbreviations similar to (Y),. (Z)o, &c., we have 


Bf (PAL) dr= (HAL) 2 +f {(Y)+ (Y)} weds 
+S {(Z)o+ (Z)o} gde {AHO} 0+ {(Z) + (Dib Chee eeeee 


If, then, we eliminate A between 


(Y)+(Y)o=0, (Z)o+(Z)o=0, 
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(which are necessary, since w and ¢ are now independent), we have an 
equation between y, z, and 2, which with L=0 will determine both 
y and z in terms of x, if the integration can be effected. 

But the preceding process may be materially simplified by showing 
that the ultimate use of L=0 will allow us to proceed as if à were 
a function of x only, and not of y, y y", &c. For we have 


òfALde= f (LA .dòr +). òL. dr+ L.o\. dz) 
: = Lor f (8Ldx—dLéz) tf (cAdr—dyor) L; 


of which the first term finally becomes nothing, and the third constant, 
when L=0. So far as the integral part is concerned, L=0, and 
éAdzr—d)édr=0, produce the same effect on the result, but the latter 
would happen identically if A were a function of x alone. 

In the simple case in which Lis a function of z, y, and z only, we 
have Y,=0, Z,=0, &c., so that (Y),=AY, (Z),=AZ, and (Y) +AY=0, 


AS ke ee 7] o Alai a 
(Y» Z— (Z) (Y)=0, or => (Y) iy (Z) =0. 


Let z= / ydr, y being a function of x, y, y', &c.; or let the equa- 
tion L be z'—w=0, whence AL=\2z'—\Aẹ¢. Consequently Z=0, 
Z=), Z,=0, &c., and X, Y,, &c. are all derived from —àẹy. Hence 
(Z) = —’, Again, if $ be a function of z only, and not of z’, 2”, &c., 
(which is the case in page 450,) we have (Z) =Z, whence (Z))+ (Z)o 
=0 becomes Z—)’=0, or A= f Zdz—H, H being a constant. Sub- 
stitute this in (Y))-+(Y)o==0, which then becomes 


Y-Y/+.... +(H—/fZdr) P—{(H- fZdr) P}'+.... =0; 


a form similar to which might be deduced from page 450, in the 
manner of the example in page 467; dy being Pdy +P, dy’+.... 

The following problem will illustrate every part of the preceding 
method. 

Required the curve of quickest descent, from one given limiting curve 
to another, in a resisting medium, the resistance being R, a function of 
the velocity. Let r be measured positively downwards in the direction 
of the action of gravity, we have then, by the principles of mechanics, 
v being the velocity, J /(1+y").dz: v to be minimized, and 

dv ds 
v Ta =g—R Tr or z +2R/(1 +y°)—2g=0, 
where z=v? and R, being a function of v, is a function of z. Here, 
then, 


12 
o=,/ Ory), ALAL + QRS (1+ y")—DWg.. oes. (1), 
1 /(i+y” 
¥=0, Yer X= 0: &c., L=-5 vee Z;=0, &C., 


* Let the stndent deduce from these equations that of the shortest line between 
two points on a given surface. 
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2A Ri ARY 
o. TET 
Z=2R/(1+y), Z, =), Z,=0, &c. 
Here R’ stands for dR: dz. We have then - 


Y=0, Y= » Y,=9, &ec., 


Pl Ry’ 
(Dot =| 5m seg FOr 
Dot Doz, ARSAN.. C); 


from which three equations, A, z, and y, must be obtained in terms 
of x. 


Now (2) gives z724 2\R= Ay’ (1 +y”), and (dR: dr=R'z') 
f -4 z224 2AR} z'+2RN'= — Ay"'y'— (1+-y'*)-4 
or (3), (1), (1+ y")72 (2g—-2R (1+ y"")?) + 2RN 
=—Ay"y'* (Q +y") $; 
or 2g (l +y”) t= — Ay"y’* (1-+y2) $, or 2gN'= — Ayy’; 
whence 2gA\==Ay’'+B, and ty Sty R=——, a). .. e (4). 


From this equation, R being a function of z, z can be obtained in 
terms of y’, say z=fy'. Then (1) gives 


f'y -y"+2R/(l+y%)—2g=0...... (5); 
a diff. equ. from which y is to be found in terms of z. If there be no 
resistance, or R=0, the equation of the cycloid (page 462) can easily be 
found. 

As to the equations at the limits, we have 

(P+AL) òx, or pòr (since L=0)=273 (1 4y!)? Sz 
(Y).=2 Fy (l+y) 4, (¥),=2aRy' (Hy, (Z),=0, (Z=; 
whence the part to be taken between the limits is 

27(1 +y”)? òr + (27 42AR) y' (+y)? (Sy—y’bz) + A (822/82) ; 
or 22(1+y")! ér+A(dy—y'dx)+d0z — {2\g—2AR (1 +y°)?} dz; 
or Ay’ (1+y°) 62+ Ady—Ay'dz + Adz — Qgor; 
or (A7/—*—2dg) dr + Ady + réz. 

There are four arbitrary constants, A, B, and the two introduced in 
integration of (5). Two of these are expended in making the curve 
pass through the proper points of the limiting curves; by a third we 
may make the initial velocity what we please, say a given function F of 


the coordinates of the limiting curve at the commencement; but the 
fourth seems superfluous.* We shall, however, find that it is deter- 


* Many problems in this calculus present more constants than can at first sight 
be made determinate by the conditions, and until the theory is generalized (which 
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mined by the following circumstance. At the first limit, 62) is F’6z, 
+F, dy, F' and F, being partial diff. co.; but at the second, cz, must 
be determined from z,=fy’, giving 6z,=f'y',.cy’, Now cy’, is in- 
determinate, since it depends on the alteration of the angle at which the 
curve cuts the second limiting curve, an alteration. which in no way 
depends on the variation of the coordinates at the limits. Hence cz, is 
indeterminate, and therefore when the whole is made =0, independently 
of variations, we have A,=0, or Ay’;'+ B=0, whence 2g) 
=A (y''—y’';'), and one arbitrary constant is lost. Let y= Wo To, 
and y,=¥y, x, be the equations of the limiting curves; we have then, 
writing Ay';' for Ay’~'—2gA, and writing for ¢x, ox,, &c., and é2, 
their values, the following conditions necessary to the complete vanish- 
ing of the variation, independently of dz, and cx, 


AyT' t AY rot (FY HE, Y^ To) =0 
Ay '+ Ay’ 27,=0. 


The second shows that the curve must cut the second limit at right 
angles. If y=@(r,A,B,C,,C,) be the integral of (5), we have the 
two equations just obtained, with 


Wo To= È (To, Å, &e.), Yi t =Ò (my, A, &c.), 
A+Byo,, _AVU+y' 
possem I= 3 
Yo Yo 
five in all, to determine 2, x, A, C,, and C; while B is already 
determined in terms of A. 

Let us suppose a given velocity at the outset, independent of the 
position at starting: we have then F=const., F'=0, F,=0, and 
Yi Hyo a=; from which, aud y+ y^ r =0, we deduce W’ To 
= y’, 7, or the tangents of the limiting curves at the extremities of the 
line of quickest descent are parallel. But if we suppose that the initial 
velocity is, whatever the point of starting may be, to be that acquired in 
falling from a given height, say from the axis of y, we have z=2g,, 
`- =F, whence F’=2g, F, =0; and 


Ay HAY r+ 2g\,=0, or AW’, 2+ Ay5'=0; 


whence the curve also cuts the first limiting curve at right angles. All 
these conditions are independent of the law of resistance, and are true 
if R=0; we have already seen some of them in this case, (page 462.) 

[ shall now take an instance in which there are two independent 
variables. Looking back to the formula in page 454 we may see that 
if 3 fpdrdy is to preserve the same sign independently of w, the 
coefficient inside the double integral sign ff must vanish : for in every 
other part of the expression an integration has been made, either with 
respect to x or y; those other parts are therefore to be taken between 
limits, and w, dw: dx, &c., have only the restricted values derived from 


23+ 


it never will be until great progress is made in the solution of diff. equ.) the meaning 
of the superfluous constants must be collected from the circumstances of each pro- 
blem. Lagrange merely says that òs! is indeterminate, but does not give any 
reason ; if he meant that it may be mude indeterminate because another condition will 
be thereby introduced to determine the fourth constant, his reasoning is not sound. 
It is remarkable, that Woodhouse and Lacroix both omit this part of the problem 
in silence. 
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the conditions of the limits. But the term with the double sign ff 
depends upon all the values of w intermediate to the limits, and may be 
made to change its sign by changing the sign of w, as in page 459. 
The nature of the function which makes 6 Ji dr dy=0, dp being 
Xdr+Ydy+ Zdz + Pdp+Qdq+ Rdr + Sds +Tdt, is to satisfy the 
diff. equ. 
dP dQ. @.R. @&.S ,&@T _ 
"dx dy d? dxrdy dy = 
z being implicitly a funetion of «andy. But the conditions relative to 
the limits have had no progress* made in their solution which it would 
be worth while to present. 

What is the nature of the surface which under a given volume con- 
tains the least possible superficial content, the volume being contained 
by the surface itself, by cylinders whose projections are given on the 
plane of ry, and by the plane of zy, in the same manner as in pages 
390, &c. We have then to make J J/(1+p?+q°) dx dy a minimum, 
on the supposition that St J zdxdy remains constant. Hence we must 
proceed as in minimizing 


Sf SM +P+¢) +42) dr dy= ff pdx dy, 
Z=a, P=p(l tpt), Q=q (+p+q) 3, R=0, &c., 


d.P : - 
—— =r (14p +g’) 3 p(pr+gs) +p’ +9), 


d. : a 
ie at *_9(ps+qt) O +p +g); 


whence Z — (d.P: dx) — (d.Q:dy)=0 gives 
(THE) + ptt 9) - (prt 2pg Hga (Hpg) 
or (1 +9") r—2pqs+(1 +p") t=a (1+p"+9°)*. 


Substitute this value of (1+ 97) 7+&c. in the equation (page 435) 
by which the radii of curvature of the surface are determined, and then, 
p being one of these radii, we have, 


(rt—s*) oP? —a(l+p’+q°)’ptU4+p*+9°)’=0. 


Let p, and p,, be the radii of curvature, derived from the preceding 
equation, we have then p,+p,=4p,p,,, Or in every surface which 
under a given volume contains the least area, the sum of the radii of 
curvature is in a constant ratio to their product, or the sum of the 
curvatures is constant. This property is evidently true of the sphere. 
Again, if ri—s°=0, or if the surface be developable, (that is, if p, be 
infinite,) we find —ap,+1=0, or p, is constant: so that the common 
circular cylinder is another surface which satisfies the equation. 

If we make the conditions independent of a given volume; that is, if 
we ask for the surface which under a given contour contains the least 
possible area, we simply minimize SJ MA P+) dzdy, or make 
a=0 in the preceding. We find then the equations 


2 


* The paper of Poisson already cited may be referred to on this point; but 
after all, it is very little which has been done. 
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(1+ 9°) r—2pqs+(1+p*)t=0, (ri—s*) p°'+(1+p?+¢@)*=0. 


Consequently the surface of least area must have its radii of curvature 
equal in length and of contrary signs, except only in the case of a plane 
in which the equation is satisfied by r, s, and ¢ severally vanishing. 

The following method will frequently integrate an equation of the 
preceding form Rr+Ss+Ti=0, where R, S, and T are functions of p 
and q. Assume wand y to be each a function of two new variables v 


and w. We have then (z, meaning dz: dv, &c.) 
Zy=PTy t gY Fw=PLet Ww 
or if p=—X:Z, q=—Y:Z, these become 
Xt, + Yy. + Zz,=0, Xr,4+Yy.+Zz,.=03; 
which are satisfied by 
XEY, 2o Yo? YE, Le Zoo LET, Yote Ye 

Again zy = (12o +5Yy) Le + (Ste FYo ) Ye FP eo + VY we 

Zino = (1L F SY) Ty F (Slo + bY 0) Yo FPL + IYn 

Zimo (TLiot SY) Tot (Slo + tY i) Yo PL t VY wero 
Substitute —X:Z and —Y : Z for p and q, and let 
XIw+YYw+ZLe w= CVV), Atw+t&.= (VW), Xz, +&c.= (WW). 
We have then 


ræst 2sI Y, +ty; SNV 
TL Tie ES (Lo Yo F Tre Yr) FY Ye =V W). Z7 
- TL t WT Yo F tye =(WW).Z'; 
from which, by solution or verification, may be proved 
r={  ¥e(VV) — 2YYo(VW)+ yCWW)}.Z- 
— S= {2o Yo (VV) — (To Yot te Ye) (VW) +2, Ys (WW)}. Z 
t={ x# (VV) — 22,2 (VW)+ ci (WW)} z>. 


These, substituted in Rr+Ss-+Tt==0, give 
{Ry} — Sx, Yo +t Trot (VV) — {2Ry, Yu — S (e Yo tLe Yr) + Tz, 2} (VW) 
+{Rys— Szr, y+ T22; (WW)=0. - 

In this equation, something is left arbitrary, since an infinite number 
of ways can be assigned of producing any given relation between x, y, 
and z, from three equations of the form z=¢(v,w), r=f(v,w), 
y=F(v,w). Two of these, then, may be assumed in any manner which 
will simplify the resulting equation. Suppose, for example, as in the 
given equation, that R=1+ 4°, S= —2pg, T=1 +p°, or 

RZ?= Y’°+Z*, SZ’=—2NY, TZ?=X*°+Z?’, 
(Ryo = Sto Yot Tae) Z= (Y Ye + Xt) HZ? (Yo + Tie) 
= Z? (ro H Yot Zi). 
Proceeding thus, and substituting in the preceding equation, we find 
(To F Yo + že) (VV)—2 (te LoF Yo Yie + Že žie) (VW) 
+ (ait yt+a%)(WW)=0. 
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Now (VW)=0 is satisfied by 2,,.=0, Yow==9, 2,.=90, or 
L=P,vtPeU, Yyrpv+Y¥,w, Z=X% VFX: W; 
and the remaining tẹrms of the equation vanish identically if 
(ph w)’ + (P'o w)’ + (x's w)’=0, (pi v)’ + Cy’, v)’ + (X: v)’ =0, 
or Xe w= —] MANCAT ESTATS dw, yv=V—1 ORESTA) dv. 


But since y,v is a function of ¢,v, &c., we do not restrict our 
solution by writing v and w for ¢,v and Ø: w, whence if 


z=vt+w, y=w,v+y, w, it follows that 
eV —1 [VAHIY ) dvtV—1f /+y.w ) dw, 


the elimination of v and w will give the equation of the surface required. 
Since there are two arbitrary functions, this is the most general solution. 
From its form it would appear to be impossible; but it must be 
remembered that the elimination between equations involving ./(—1) 
does not necessarily give that symbol in the result. The preceding 
equations are useful as showing the nature of the problem, namely, that 
it cannot be completely solved without elimination between equations 
containing indefinite results of integration. 

It is required to ascertain whether any surface of revolution can have 
the radii of curvature at every point equal, and contrary in sign. Let 
the axis of z be that of revolution, and z=¢ (2°+ y’) the equation of the 
surface; we have then 


p=2r¢’, gq=2y%', r=—4a°G'+2¢'’, s=4ryp", t= 4y°h"429'. 
Substitute these in (1-+q°) r—2pqs+ (1+ p°) t=0, and we find 
(+y) P+O +2 (a*-+y") $=. 
Write 2 for z°+y’, y for ¢, and we have 
3 2 
s e+ 2e( 5), or a -- im. 
Changing the independent variable, as in page 153. Multiply by 
1:2, and let dr: zdy=v, which gives 
dv 


2 Ma A 
— =, or 2dr= rvdv, and v= fe! \ 
dy = T T t A/ \ x 


d 2 
Wy OS TT y= log (y(Cx—4) +,/(Cx)) +0". 


Subtract the constant (2:,/C) log.,/C, and make 2:,/C=a, 
y=alog WY (r— a) +z) +C'; 
whence the only surface of revolution which satisfies the conditions is 
z=alog (V(t AHN at y HOC. 
The equation of the generating curve is 


z=a log {r +4 (2# —a)} +0; 
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which is that of the catenary, the axis of revolution being the well- 
known directrix, the property of which is that the abscissa of any point 
is the length of the chain whose weight represents the tension at that 
point. 


Cuoapter XVII. 
APPLICATION TO MECHANICS. 


Our object is here not to deduce any laws of matter from experiment, 
nor to inquire into the truth or falsehood of any propositions relating 
to material bodies, but only to show the mode of applying the prin- 
ciples of the differential calculus upon the supposition of laws previously 
established. 

The aim of the science of mechanics is the discovery of the relations 
which exist between motions and their producing causes. These 
causes of motion might never have been considered separately from the 
motions themselves, except* in a purely mathematical point of view, if 
it had not happened that any cause of motion, prevented from pro- 
ducing its effect by direct human agency, gives to the individual agent 
the notion of pressure or resistance. Hence in pressure we have a cer- 
tain antecedent of motion, which will begin to take place the moment 
the opposition to the pressure is removed: and the pressure being one 
thing, and motion another and a distinct thing, the investigation of the 
manner in which the former produces or affects the latter is one science, 
under the name of dynamics; and the investigation of the method in 
which pressures may act upon a material system so as to counter- 
balance each other and produce no motion is another, under the name 
of statics. There ‘is a real distinction between the two: for in the 
second it is not necessary to consider any laws of connexion between 
pressure and motion; whereas in the first, such connexion must be 
made, and its laws either laid down hypothetically for future verification, 
or deduced from actual experiments. 

Any one pressure may be caused or counterbalanced by the weight of 
a body: hence weight is made the measure of pressure; and pressure, 
force, resistance, attraction, repulsion, tension. &c. are all terms of the 
same meaning, with differences expressive of the source from whence 
pressure is derived, or the manner in which it is communicated. And 
whereas bodies of very different bulks are found to possess the same 
weights, it is assumed that the bulk of the larger body is the con- 
sequence of a wider distribution of the actual matter contained in it, so 
that bodies of the same weight contain the same quantities of matter. 

The fundamental laws of motion are three in number, as follows:— 

I. A material point, moving with a certain velocity, will not change 
its velocity nor the direction of its motion, without some cause external to 
itself. 

2. If two causes of motion act in two directions upon a material 
point, neither cause in any way alters effect of the other. That is, 


* That is to say, we probably should not, but for our sensations of pressure, 
have considered ourselves as treating of cause and effect, in investigating the 
relations of diff. co. and their functions: which is what we do in mechanics. 
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if the point A be acted upon by one pressure in 
the direction AB, such as would in a given 
time cause it to describe AB, and by another in 
the direction AC, which would in the same time 
cause it to describe AC, it will between the two 
be found at the end of the time in the position D, at the opposite corner 
of the parallelogram formed by AB and AC. : 

3. Action and reaction are equal and contrary. Action is a relative 
term to be explained as follows. When pressure, continued for a cer- 
tain time, produces a certain velocity in a mass of matter, it is found 
that, for the same mass, the velocity produced is greater or less in the 
same proportion as the pressure is greater or less: but the same pres- 
sure acting on different masses, produces velocities which are inversely 
as the masses; that is, less or greater in the same proportion as the 
masses are greater or less. If then P and P’, two pressures, acting for 
the same time upon masses M and M’, produce velocities v and v; 
that is, if, upon the sudden discontinuance of the pressures at the end of 
the time, the masses then proceed with the uniform velocities v and v, 
we may prove that P: P’::Mv:M’v’, as follows. Since P’ acting on 
M’ produces the velocity v’, it would in the same time have produced 
in M the velocity v'M': M, and P would produce a velocity which is to 
the preceding as P:P’. But P produces v, whence v:(v'M’: M) 
::P:P' or vM:v'M'::P:P’. Now vM is called the momentum of 
the mass M moving with the velocity v, and this word momentum is 
but a synonyme for action in the preceding principle, which may be 
thus stated: momentum is never produced in one mass by the action 
of matter upon it, without the destruction elsewhere of as much mo- 
mentum in that same direction, or the creation of as much in the cun- 
trary direction. 

We may then write the equation P=cMv, where, as long as the 
units of mass, velocity, and pressure, remain the same, c is a constant. 
The value of this fundamental constant is determined by measuring the 
motion produced by the species of pressure with which we are best 
acquainted, namely, weight. And since the mass of a body is pro- 
portional to its weight, we must have M=kW, W being the weight of 
the mass, and & a constant depending on the units employed. Hence 
P=ckWv; that is, if such a mass as at the earth would weigh W 
(pounds, ounces, or whatever the unit may be) were deprived of its 
weight, and subjected to the action of a pressure P, such as would, in a 
given time, produce in it the velocity v, the equation P=ckWv would 
be true for certain values of c and k, which depend only on the units 
employed, and not on the numbers of units in P, v, and W. But if P 
be the weight itself, and if the number of feet per second measure the 
velocity, and if one second be taken as the time during which the weight 
acts, it is found that v, the velocity produced, is 32°1908, which we 
call gœ. Hence W=ck Wg, or ck=1 : g, whence P=Wo:g.’ 

The following, however, is the more usual mode of stating the 
equation. Let one given substance (usually pure water at a given 
temperature) be assumed as the standard, and let the density of every 
substance be the number of times or parts of times by which the weight 
of a cubic unit of it contains a cubic unit of water. Let the unit of 
mass be a cubic unit of water, then k ıs the mass of a cubic unit of the 
substance whose density is k, and if V be the volume or number of 
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cubic units in a mass, kV is the number of units of mass, or M=RV. 
Hence P=ckVv, where c depends upon the unit of P. Let the unit of 
pressure be that, which acting uniformly upon one cubic unit of the 
substance whose density is 1, would produce a velocity of one linear 
unit in one second. Then ]=cxXx1x1x1, or c=1, and P=kVv, or 
Mv. This is the tacit supposition as to units, upon which the common 
equation P=Mv must rest. If the pressure be the weight itself, we 
have W=Mg, but only upon a supposition similar to the preceding, 

The application of our science to mechanics does not consist in the 
solution of isolated problems,* but in the investigation of general 
methods. The most convenient foundation is the well-known pro- 
position of the parallelogram of forces, namely, that any two pressures 
acting upon a point, and represented in magnitude and direction by the 
sides of a parallelogram, are equivalent to a third pressure represented 
by the diagonal of that parallelogram, both in magnitude and direction. 
From which it is easily proved, in the usual way, that three pressures 
acting upon a point, represented in magnitude and direction by three 
straight lines not in the same plane, are equivalent to a pressure repre- 
sented in magnitude and direction by the diagonal of the parallelopiped 
constructed upon those straight lines. 

Let P represent a pressure exerted on a material point whose coor- 
dinates are 7v, y, z, and directed towards another point whose coordinates 
are a,b,c. Let the distance from (x,y,z) to (a, b,c), or /{(r—a)? 
+(y—b)’+(z—c)*}, be called p. Now p is the diagonal of a rect- 
angular parallelopiped whose sides are r—a,y—b, and z—c, con- 
sequently P is the equivalent (or resultant, as it is called) of three 
forces applied to the point (2, y, z), in the directions of the three axes, 
and expressed by P (x—a):p, P(y—d): p, and P(z—c):o. And 
these formulze will express the sign as well as magnitude of the com- 
ponents, if we agree that a pressure is to be considered as positive when 
it tends to move the point in the direction in which the coordinates 
are measured positively, and the contrary. 

Again, the value of p gives 

do _x—a dp _y—b dp z—c 


dt p’ dy p’ az p”? 
whence P Mik P ce and pe 

dx ‘dy dz 
then, we suppose a number of forces P,, Pa, &c., applied to the point 
(x,y, z), and severally tending to the ‘points (a, bı, c1), (aa, bs, €), &c. 
distant by p, ps, &c. from (z, y, z), it follows that all these forces 


together are equivalent to one whose components in the directions of 
r, y, and z are 


are the components above deduced. If, 


d ws age , a | d 

Piz; tP Hkc., P, gy tP gy TEO P, =~ +P, 7- téc, 
Call these X, Y, and Z. The resultant is then of the magnitude 
J(X?+ Y?+Z*): andif P,, P,, &c. equilibrate each other, so that the 
resultant is =0, we must have X=0, Y=0, Z=0. Consequently 
Xdz+Ydy+Zdz=0, independently of the proportions of dr, dy, and 
dz, This gives 

* No student who is totally ignorant of the common elements of mechanics 
should attempt to read this chapter.; 
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d d d 
FẸ; (3 d+ 77 dy+7— dz) +-&e.=0, or P, do, +P.do.+&c.=0. 


This last equation expresses the simplest case of what is called the 
principle of virtual velocities. If, taking forces acting in one plane to 
simplify the figure, we suppose one of them to be directed towards A, 

and if the point P on which the force acts 
B be removed to Q, the distance PA is 
A Shortened by PK, QK being an infinitely 
Q small arc of a circle, or a perpendicular let 
fall from Q upon AP. If PB be the 
K direction of another force, BP is shortened 
by PL. Hence if PA=p,, PB=o,, we 
have do, = — PK, dp, =-PL. Here if P be 
supposed to move to Q over PQ=ds in the time dt, and with a velocity 
ds: dt, then do,: dt is the velocity with which that part of the motion 
takes place which is directly towards A, and do,:dé the velocity with 
which the point begins to move towards B. As the point does not actually 
move, but a different position is taken for it, simply to examine geome- 
trical, not mechanical, consequences of the change, this motion is called 
virtual, and the velocity with which the point begins to move from or 
towards each point of direction of a force, is called the virtual velocity of 
the point with respect to that force; or, for abbreviation, the virtual 
velocity of the force. Again, P, being a force, and do: dt its virtual 
velocity, the product P, x (dp,: dé) is called the moment of that force. 
Each moment, according to our preceding equations, is positive when its 
virtual velocity is positive, or when the virtual velocity is opposed in direc- 
tion to the force, and negative in the contrary case: but it would do equally 
well to make the moment positive when the force and its virtual velocity 
conspire in direction, and the contrary. When the terms virtual 
velocity and moment are fully understood, the equation 


doz 


dt 


L 
P 


dp, 


i cit 
AY 


+....=0 


P, do, + P,dp.+....=0, or P +P, 
may be expressed as follows: if any number of forces applied to a 
point equilibrate one another, then for every possible small motion 
which can be given to the point, the sum of the moments of all the 
forces is equal to nothing. 
Let us now suppose a second point, acted only by forces Q,, Q,, &c. 
in directions also tending towards fixed points, distant from the second 
point by o,, 62, &c. Moreover, let the distance between the first and 
second points be 7,2, and let a force T,,, be applied to the first point, 
tending towards the second, and let another of the same magnitude be 
applied to the second point tending towards the first. If these points 
be both in equilibrio, we have the equations (2Pdp meaning P, do, 


+....) 
2> Pdo+ T2 d, Ti 2=0, 2Qdo+T, e ds Tie > 


where by dı T, we mean such a variation of T, as takes place when 
the first point only varies its position, and by d,7,,. the same when the 


second point only varies. If both vary together, we have dr,,2= dı 11,2 
+ d.7,,s, so that from the preceding equations we have 


>Pdp+ 2Qdo+T,,2dr,,2=9. 
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The same reasoning might be applied to any number of points, and the 
result is that if 2Pdp represent the sum of the moments of all the 
‘ forces applied independeutly, and if T,,,,, represent the action of the mth 
point upon the ath, (or of the nth upon the mth,) and 7,,, the distance 
from the mth point to the mth, we have 


2Pdp + ÈT., n drm, 03 


the second È referring to every combination of values of m and n which 
refer to points supposed to be connected. If the distances be invariable 
in the system, and if such motions only be supposed as are consistent 
with the invariability, we have dr,,,,==0, in every case in which it 
appears in the equation, whence > Pda=0, or the sum of the moments of 
the forces of any invariable system is =0, whence we see that the 
principle of virtual velocities applies also in this case. 

It will be desirable to collect together the principal theorems by which 
the differential calculus is made useful in the application of this prin- 
ciple, whether to statics or dyzamics. 

If L=0 be the equation of a surface, L being a function of x, y, and 
z, then if from a point (x,y,z) on the surface we pass to another point 
(r+dr, y+òy, z+0z) infinitely near to the former, but not on the 
surface, the perpendicular distance from the new point to the surface will 
be 6L:,/(12+L5+1L2), L, being dL: dr, &. The equation of the 
tangent plane being L, (E—2z)+&c.=0, we employ the general theorem, 
that if to the plane Ax + By+Cz+H=0 we drop a perpendicular from 
the point (a, y', 2’), the length of that perpendicular is (A.x’+&c.) 
>,/(A°+B°+C’). Applying this, knowing that at the given point 
&—x=6r1, &€., we find (L,6r+&c.):./(Li+ &c.), or €L: /(L2+ &c.). 
The perpendicular drawn on the tangent plane can only differ from 
that drawn to the surface by quantities of the second and higher orders. 

A rigid system makes an infinitely small rotation, of, about an 
axis, of which the equations are (§—a): A=(n—b):B=(G—c):C. 
It is required to find the variations of the coordinates of the point 
(x, 2). 

First suppose the axis of rotation to pass through the origin, giving 
€:A=y:B=:C. Through (2, y, z) draw a plane perpendicular to 
this axis, the equation of which is A (§—2z)+B (n—y) +C (€—2)=0. 
This plane meets the axis in a point whose coordinates are determined 
from 


3 n a _Ar+By+ Cz. 


A BC 4B?’ 
which gives (—zx)(A°+ B’+C*)=A (By + Cz) —(B*+C’) 2, 


with similar equations for »—y and —z. Add the squares of these 
together, and let 9 be the perpendicular distance from (7, y,=) to the 
axis, or /((E—2)?+ &c.), and, dividing by A*+ B?+C*, we kave 


p (A?+ B+ C*)=(Br— Ay) +(Cy—Bz)?+ (Az—Cr)’. 


Let (z, y, z), in consequence of the rotation, come to (x+ òr, y+ cy, 
z+òz); whence since its second position is in the plane A ($ — qt) + &c. 
=0, we have Aéx+ Bcy+Coz=0: also the distance from the origin, 
or 7, remaining unaltered, we have ròr=0, or réex+ yey +26z=0: from 
which equations it follows that òr, cy, and cz are in the propoftion of 
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Cy—Bz, Az—Cr, and Br—Ay. But the sum of the squares of òr, 
&c. is the square of the infinitely small arc of rotation, or p° òg”. From 
this it follows that 
n (Cy — Bz) 56 _ (Az—Cr) é¢ (Br—Ay) òp 
5 ee z= -i a _—. 
(A°+ B?+ C’) a (A°+ B*+ C*) N (A+B+C) 
Conversely, if òr, &c. be in the proportion of Cy— Bz, &c., the motion of 
(x, y, z) is an infinitely small rotation about the axis whose equation is 
A= B=. 

If the axis do not pass through the origin, let its equations be 
(Eé—a): A=(n—)): B=(Z—c):C, then r—a, &c. must be substi- 
tuted for x, &c. throughout the preceding process, and §—a, &c. for &. 

Every infinitely small motion of a rigid system may be compounded 
of one motion of translation, in which all the points move through equal 
and parallel straight lines, and one motion of rotation about an axis. 
The axis of rotation may, by properly assuming the motion of translation, 
be made to pass through any given point of the system. Suppose, for 
instance, that the whole motion brings the points P, Q, &c. into the 
positions P’, Q’, &c. Assume that the axis of rotation shall pass through 
P; and first give the whole system the motion of translation PP’, so 
that all the motions shall be equal and parallel to thatof P. Let P, Q, 
&c. thus be removed to P’, Q”, &c. Then there must be another 
motion by which, P’ remaining fixed, Q”, &c. may be simultaneously 
brought into the positions Q’, &c. Take the points Q” and R” into 
which Q and R are brought by the translation, and through the lines 
Q’Q’ and R’R’ draw a pair of parallel planes. The axis of rotation 
must be perpendicular to these planes, and must pass through P’ ; 
hence a line drawn through P’ perpendicular to these planes is the axis 
of rotation. As the conception of the theorem that every small motion 
of a system in which there is one fixed point is a motion of rotation 
about an axis passing through that point, is not by any means easy to 
the beginner, the following mode of illustration is given. Let P’, the 
fixed point, be made the centre of a sphere, immoveably connected with 
the system. It follows then that we show the existence of an axis of 
rotation, if we show that for every possible motion of the sphere about 
its centre, there is one point of it, A, which does not move; for if P’ and 
A be both fixed, the line P’A is fixed. Let a small motion take place 

which removes the circle BFC into the posi- 
H L tion DFE: either then F has remained fixed, 
and P’F was an axis, or the circle BGC has 
slipped as well as revolved, so that G has 
D come to F. This last supposition implies 
oF p that the sphere has had a aa of aaa 
about HK, the axis of BC, as well as about 
P'F. Let LM be the axis of DE: then since 


/\ GK moves into the position FM, the point A 
M K does not move at all, or P'A is an axis of 
rotation. 


The existence and position of this axis of rotation may now be shown 
algebraically, as follows. Let the original axes of coordinates be fixed 
in space, and let there be another set attached to the system, and moving 
with it. Let 2, y, z and č, n, č be the coordinates of a point with 
respect to these systems; the latter being unaltered by the motion. 
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Let (X, Y, Z) be the origin of the new system, referred to the old one, 


and let 
ta +B ntyč+X 
=a'b+8'nt+ y +Y (1) 
z=a" i+ B"n + y"64+Z 
ka æ is the cosine of the angle made by € and x, &c. We have 
also 


ae +. B® +y =], d'a! +B! B"+y' y’=0 
a? HBP tyt=1, aa +B'B +y'y =0 (8) 
oo 4 T s ia E r= P a a! +B 3! +y y = 0 
Let the system move so that (X, Y, Z) becomes (X +òX, &c.), and 
œ becomes a+oa, &c.; in consequence, of which the point (a, y, =) 
becomes (r+ 062, &c.). We have then 
6r=foa +n + oy +oX 
cy== loa! +nof! +foy' +Y (3) 
62 = Fb a! + 06" + Coy" +Z 
Now, looking at the equations (2), which give 
adat BoB+yoy=0, walt BB+ ydy =— (add HR" + y"ey’), 
&c., &c., let 
a’ Oa! + B' òp" + y òy! = T (aða HPR + yoy’ ) =x 
aða +B"OB +y"Oy = —(æ ða! +B P! +y òy =r 
a òa +B OB! +y ðY = — laða HPB +y' dy =x". 
To express &, &c. in terms of (xX), &c., we have 
=a (v—X)+a' (y—Y) +a" (z -Z) 
` n=B (e—X) +L (y—Y) +6" (@—Z) (4) 
S=y(@—X) +7 (y—Y)+y" @—Z) 
Substitute these in (3), and we shall have 


ò (a—X)=" (2-—-Z)—«"(y—Y) 

ò (y—Y)="(e@ -X)—« (z—Z) (5) 

ò (2—Z)=« (y—Y)—« (t—X); 
which show (page 480) that the real excess of the motion above the 
motions of translation òX, òY, 6Z, common to all the points, is, for 
every point (7, y,z),a motion of rotation about an axis passing through 
(X, Y, Z), and inclined to the original axes at angles whose cosines are 
proportional to x, k’, K". 

If we wish to find, in the most simple manner, the position of the 
axis of rotation with respect to &, n, č, we must remember that the points 
of this axis have only the motion of translation, or for every one of them, 
r= òX, ðy= òY, 0z=0Z. Hence equations (3) give 


tsa+-noB+loy=0, Fea’ +H&c.=0, Ea" + &c.=0 (6). 


' But between qa, a’, &c., we have the equations 


482 DIFFERENTIAL AND INTEGRAL CALCULUS. 
a + g'? +!" — l, ab +a b' +a" b" =0 
B+B +B=1,  By+B'y' +8'y"=0 (1) . 
y+ y? + y!” — L yat ya + y'a! = 0 
Whence aoa + «da! +o" da"=0 
a0B + a 6B! + aP" = — (Bdat B'da! +B"Sa"', &e.) | 
Assume Bdy-+6'd7 + B"dy'= —(y3B +738! + y'= —pdt 
Vat yda + Sa! = —(ady+a'dy' + a'y") = — gqdt (8) 
òP + a! OB! + ap" = — (Bò + B'Sa! +B" N == —rdt 


dt being the time in which the small motion is made. Multiply 
equations (6) by a, a’, a", and add, which gives rn—q¿=0. Multiply 
by £, &c., and by y, &c., and we thus have three equations, 


g—pn=0, rn—q%=0, pl—ri=0; | 
which are the equations of a straight line inclined to Z, 4, and Z at 


angles whose cosines are proportional to P, q, and r. 


The following equations may be deduced from (2), as in page 497 
following. 


a = B'y"—y' P", a! =p" y—y"B, a! = By! — yp! 
B = yal! — aly", p’ == y" — aly, p" =y S ary! (9) i 
y=Ħa' p" — B'a", y'=" B —p"x, y" =aß'— Bal. ; 
To the order of which the following is the key, 


(’ g g 2 eJ (aß, By, ya). 


Properly speaking, the preceding ‘should be +ta=p'y"—y B", &., 
the sign depending on the manner of measuring , &c. positively and 
negatively, with reference to the manner of measuring x. Take a point 
on the axis of &, so that 7=0, ¿=0. We have then, if both sets have 
the same origin, t= aë, y= aE, z=g"E; so that, £ being positive, a, a, 
and œ” must have the signs of z, Y, and z. And it can be shown that, 
according as æ is B’y/—-y'B" or y'B"—B'y", so B is y'a! —a'y! or 
ay" —y a", and y is «'B"'—B'g" or B’a"—a' B", &e. Hence, by proper 
selection between the two ways of measuring é, 7, and Z, the equations 
(9) may always be made true as above written. 

The quantities a, œ', &c. are nine in number, connected by six 
equations (for the set (7) is deducible from (2)). They can, there- 
fore, be expressed by means of three quantities only, and the most 
simple way of doing this is as follows. Through the origin of s, y, z 
draw lines parallel to the axes of £, n, Z. 
Draw a sphere with the origin as a centre, 
and let X, Y, Z and X’, Y’, Z’ be the 
points at which the several axes emerge 
from the sphere, and let N be the point at 
which the great circle in the plane of ën 
cuts that in the plane of zy. Let X’, Y’, Z’ 
be each joined with X, Y, and Z, and let’ the 
angles subtended by ZZ’, NX, and. NX’ at 
the centre be 0, Y, and @. Then, making arcs the symbols of angles 
subtended at the centre, and denoting by [a, b, c] the cosine of the third 
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side of a spherical triangle whose other two sides are a, b, and their 
included angle c, we have (remembering that Z and Z' are the poles of 
XY and X'Y’, whence <XNX'=0) 


a =cos X'X=[¢, y, 0]=cos 0 sin > sin Y+ cos ġ cos ¥ 
B =cos Yx=| ¢ + > W, o | = cos 6 cos @ sin Y—sin ġ cos Y 


y =cos zx=| 7, W, 50 |=sin0siny 


~o 


a 


== cos xyY=| 4, YHS 9 |=c0s 6 sin œ cos Yy — cos ġ sin Y 

B’ =cos Yy=| 4 +5, w+, @ |=cos 0 cos cos Y + sin sin Y 
y’ = COS zy=| 5, y+, z-o |=sin 0 cos Us 

æ"! = cos xz=| $, 5 5 5+0 |=—sinosing 

pi =o Y'Z=| $45 =, 5+0 |=—sinO cos 

y" =cos Z'Z = cos, 


From these we easily get 
oa = RP pta pytal sin Y 66 
òb =—a P +B’ òy tp" siny 60 
y òp + y" sin Y 68 
6a’ = P'õp—a 8+" cos y 60 
òp’ = —g' df—B 6+ L" cos Y 60 


G 
[| 


òy = —y òY + y” cos Y 60 
òx! — B"dh — y" sin Q 60 
6p" = — a" òp — y" cos ġ cd 
òy" = — sin 000 


Bdy+ B'dy' + Bl" dy"= (By! — yB Niy + fy" (Bsiny + B’cos yr) — Asin 6460 
acy -{. a dy’ -+ æ òy = =(ey — a'y) Our + {y (a siny -+ a'cos Ww)—a"sin 0 \30 
Bòa+ BSa! + BlSa!'= 8 + (Ba’ — B'a) òY 
+ {al (B sin Yy +L cos Y)— By" sin o} 60. 
Write — pdt, qdt, and rdt for the first sides, and, after using equations 
(9), substitute the values of œ”, 6’, and y”, with those of B sin 4 
+ 8! cos Y and asin y+’ cos W, which will b2 found to be cos@ cos H 
and cos@sing@. This gives, after reduction, 
pdt=sin ¢ sin 6 òy — cos ġ 60 
qdl= cos $ sin 0 dy + sin ġ 60 
rdt= òp — cos 0 òye 
The preceding results are of such fundamental importance in the 
2I2 
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application of our subject to dynamics, that it will be worth our while to 
explain them at length. A simple rotatory motion is easily conceived ; 
an axis remains fixed, and all the invariably connected points describe 
circles about that axis, with an angular velocity which, however it may 
vary from moment to moment, is the same for all the points at any one 
moment, But any number of rotatory motions may be given to a system 
at once. Suppose A, B, the pivots of the first axis, to rest ina frame 
which is itself supported by another axis 
CD. If, then, the spheroid in the diagram 
be made to revolve about AB at the same 
time that the frame revolves about CD, the 
points of the spheroid will take a motion 
compounded of both rotations, the nature of 
which we have now to investigate. Again, 
if CD were attached to a frame, which 
itself was connected with a third axis, a 
third motion of rotation might be given, and 
so on. At the first instant, these rotations, however many, produce 
the effect of one rotation, if the axes all pass through the same point ; 
and the axis, or the instantaneous axis as itis called, may be found as 
follows. 
First, let two rotations be made round two axes which meet at O, as 
OA and OB. Then, both axes being in the plane of the paper, all 
points in that plane begin to move per- 
E pendicular to it, from both rotations. 
Also, in one of the angles made by BO 
and BA, each point aforesaid will be 
elevated by both rotations, in the oppo- 
site angle they will be depressed by 
both, while in the remaining two angles 
they will be elevated by one and depressed by the other. Let BOA be 
one of this last pair of angles, and let the points in it be elevated by the 
rotation about OA, and depressed by the rotation about OB: also let a 
and £ be the angular velocities of these rotations. Then any point P, 
distant by PM and PN from OA and OB, would by ‘the several rota- 
tions be elevated by PM .adf, and depressed by PNAdf, in the first in- 
finitely small time dt of the motion. Take PM.ac=PN.8A, and the 
point P is therefore not moved at all, or the double rotation (O being 
also unmoved) produces one single rotation about OP as an axis. Take 
OA and OB proportional to the angular velocities @ and £, and describe 
the parallelogram OABC: it is then easily* proved that for any point 
P in the diagonal OC (or OC produced) PM.OA=PN.OB, or 
PM.a=PN.f. Again, since the point B (which is on the axis of 
one rotation, and therefore only affected by the other) only receives the 
elevation BQ.adfé, let O be the angular velocity with which the system 
begins to revolve round OC; whence BQ.adit=BR.édt, or BQ. 
—BR.¢. But BQ.OA=BR.OC, whence «:0::0A:OC, or OC 
represents the angular velocity about OC. That is to say; if upon two 
axes of rotation lines be laid down representing the angular velocities, 


* If with any point as a vertex, triangles be formed which have for their bases 
the conterminous sides and diagonal of a parallelogram, the greater of the three 
triangles is equal to the sum of the other two. When the point is on a side or on 
the diagonal, one triangle vanishes, and the remaining two become equal, 
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in such manner that the intervening points shall begin to move in 
contrary directions: the resulting motion, at the first instant, will be 
one of rotation about the diagonal line of the parallelogram formed 
on the first lines as an axis, with an angular velocity represented by 
the length of that diagonal. Moreover, the resulting rotation will be 
in such a direction that points intervening between the diagonal and the 
axis of elevating rotation will be depressed, and vice versd. From this 
it may easily be proved, in a manner similar to that employed in com- 
pounding motions of translation, that three such motions of rotation may be 
compounded into one, by laying down on the three axes lines propor- 
tional to the angular velocities, and finding the diagonal of the paral- 
lelopiped constructed on these three lines, which diagonal will be in 
the axis of the compound rotation, and will represent its angular velocity. 
Hence any rotation about a line drawn through the origin of a, y, z 
may be decomposed into three rotations, one about each axis. Let a 
positive rotation about the axis of x be that which tends to move the 
positive part of the axis of y towards that of z; similarly, let positive 
rotations about the axes of y and z be those which move the positive 
parts of z towards those of x, and of x towards y: all which may be 
easily remembered by ayz, yzx, zry. Then a rotation about the line 
which makes angles a, £, y with the axes, the angular velocity being A, 
may be decomposed into Acosa, Acos, Acosy round the several 
axes of z, y, z, or else into —A cosa, — A cos 8, —A cos y,” according 
to the direction of the rotation A. 
Secondly; let the axes of rotation be parallel to one another, and per- 
pendicular to the plane of the paper, and let them pass through A and B. 
‘ Let them be said to bem the same 
z -=== direction when A and B begin to 
Ce n move in contrary directions, and 
A is vice versa. If then the rotations be 
of equal angular velocity, and contrary in direction, the result of the 
two motions of rotation will be one motion of translation, in the direction 
perpendicular to AB. For each of the points A and B only moves in 
virtue of the rotation round the other: but the angular velocities being 
equal, and the directions contrary, the initial velocities of A and B are 
equal and in the same direction, whence AB is carried without change 
of direction in the direction perpendicular to AB. In any other case, 
take infinitely small lines described by A and B in the time dt, each of 
which is therefore proportional to the angular velocity round the other 
axis. Thus, let Aa=AB.fdt, Bb=BA.adt, whence a and b will 


ae ee. 
0 A B A B Q 
A 
Cna 
A a 


a 


represent the positions of A and B at the end of the time dt. The 
point O, which remains at rest, and is therefore a point in the axis of 
the compound rotation, is determined by OA: OB : AB Adit, AB. «dt, or 
OA.a=OB.A. 
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1. When the rotations are in contrary directions, that round A being 
the greater, the axis of compound rotation is on the side of A, and 
OA.«a=(OA+AB)8, or OA=ABBS:(a—f), OB=ABa:(a—8). 
The angular velocity gives the angle Aa: OA, or AB.fdé: (AB.8:(a—8)), 
or (x— Ê) dt in the time dé, and is e—A. 

2. By similar reasoning, if the directions be contrary, that round B 
being the greater, we have OA=AB.£: (8—a), OB=AB.a: (B—a), 
and £—q for the angular velocity. 

3. If the directions be the same, we have OA=AB§:(a+8), 
OB=ABa: (a+), and «+ £ for the angular velocity. 

If three rotations be communicated round axes parallel to one 
another, two of them must be compounded by the preceding rules, and 
the result compounded with the third. 

Thirdly ; let the two axes of rotation neither meet nor be parallel, 
the result is a motion of translation and one of rotation combined. Let 
the axes be AK and BL, and let AK and BL be proportional to the 
angular velocities. Take any point O, and axes 
passing through it parallel to AK and BL. About 
OM impress two equal and opposite motions of rota- 
tion, of the same magnitude as that about AK: and 
about OP impress two others equal and opposite, and 
the same in magnitude as that about BL. The 
motion of the system is not altered by this intro- 
duction of new motions which destroy each other. 
And the motion about AK with the equal and con- 
trary motion about OM produces a motion of translation only: as does 
that about BL combined with the contrary motion about OP. The 
whole motion, then, is equivalent to two translations and two rotations 
about axes passing through O: of which each pair may be compounded 
into one of its kind. The same reasoning may be extended to cases of 
more rotations than two: and hence follows the theorem already alge- 
hraically proved, namely, that any motions whatever, translations or 
rotations, how many soever, are at every instant equivalent to one motion 
of translation and one of rotation: also that the axis of rotation may be 
made to pass through any point. 

When a rotation is made round one of the coordinate axes, it is con- ` 
venient to call it positive or negative, as previously described ; but when 
the axis of rotation passes obliquely through the origin, though two 
rotations may be made round this axis, in opposite directions, and there- 
fore relatively to each other positive and negative, yet there is no reason 
for assigning + to either rather than to the other. This ambiguity pre- 
sents itself in formule by the appearance of a square root with an 
undetermined sign. 

If we now return to page 480, and call A, u, y the angles made with 
the axes by the line €: A=n:B=¢:C. We have then 


dr=(zcos u—y cosy) df, y= (x cos v—z cos X) ò$, 
òz = (y cos N—7 cos p) Of. 


The signs here are not the same as in page 480, being changed to suit 
the hypothesis as to positive and negative rotation laid down in page 
485. Thus, if the whole rotation were about the axis of z, we should 
have A=}r, p=}łr, v=0, or r= —yðp, ðy=xòðp, ò&z=0. If of be 
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positive, dz has the sign contrary to that of y, and ô y has the sign of x. 
Hence, as may readily be seen, this positive value of of moves the posi- 
tive part of the axis of w towards that of y: which was required to be 
the case. 

Let w be the angular velocity of rotation, and w,, o,, w,, the three 
rotations round the axes of x, y, and z, of which the rotation about the 
given axis may be compounded. We have then d6=adt, w, =0 .COB À, 
&c., whence 


ér=(B,.z—-@,.y) dt, sy= (@,.2—@,.2) dt, oz=(@,.y—®,.2) dt. 


If the coordinates č, 7, and č had been employed, we should have 
obtained similar equations. In page 481, equations (6), suppose that 
we consider a point which is not on the axis. We have then 


6 (1—X)=tða t+ nòb + sy, &e. ; 
which equations, multiplied by œ, a’, and g”, and added, give 
ad(r2—X) +a'8(y—Y) +a"0(z— Z) = (ql —rn) dt, &c. 


We have supposed the axes of ë, n, to move withthe system. But 
if we now suppose a set of axes, coinciding with these at the com- 
mencement, to remain immoveable, so that the coordinates of a point 
attached to this system vary, we shall have (page 481, equations 4) 
df= ad (rx—X)+a0(y—Y) +0 (z—Z), whence the preceding equa- 
tions give 


6&=(q¢—rn) dt, én= (rE—pZ) dt, = (pn—qé) dt, 


which, compared with the preceding, show us that p, q, and 7 are a,, 
T, and w, the angular velocities of the three rotations about the fixed 
axes of £, 7, ¢, into which the single rotation of the system and its 
moving axes about the axis §: p=: q=% : r, may be resolved. 

The values of p, q, and r have (page 483) been deduced in terms of 
dp: dé, &c.: a geometrical confirmation of this connexion may easily be 
given, now that we know the most simple meaning of p, q, and r, as follows. 
A change in ¢ only, or NX’, Oand y, or Z XNX’ and NX remaining the 
7 same, would obviously be nothing but a small 
am rotation about the axis which emerges at Z’, 

Pan? or the axis of ¢. Hence d¢ is wholly a part 
ve \ of rdt. If 0 alone were increased by 60, X’ 
/ y y and Y’ would move perpendicularly to NX'Y' 
x through arcs, the angles of which are sin ¢.d@ 

x Y, and sin (47+) 60, or sin 66 and cos¢¢é. 
X These angles, since XY is a quadrant, belong 

to corresponding rotations about the axes of Y’ or 7, and of X’ or ¢; 
but the second must be called negative, since its effect is to move Y’ 
from Z' (page 485). Hence —cosø 9 and +sinøòð are the terms 
arising in pdt and qdt from the change of 0. Finally, let y be 
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increased by oy, ¢ and 0 remaining the same; and let na’y’ be the new 
position of NX’Y’. Then, since the angles XNX’ and Xnz’ are equal, 
the internal angles at n and N are together equal to two right angles: 
but this, when true of the angles of a spherical triangle, is true of their 
opposite sides; therefore NK + Kn is two right angles, or KN and Kn 
are both infinitely near to one right angle. Hence X'v—Nt.cos ¢$ and 
y'w—=Neésing are either true, or only erroneous by small quantities of 
the second order; it being remembered that since nK=,7’y’, we have 
Ky’=nzr'=9. Hence we see, 1. A rotation about Z’ of the magnitude 
nt, or cos 9.6, and negative, since Y’ ‘is moved towards X’. 2. The 
rotation X’y about Y’, which is Nt.cos¢, or cos œ sin 6 dy, and positive, 
since Z’ is brought towards X’. 3. A rotation wY’ round X’, which is 
Nésing, or sin@sin 60%, and positive, since Y’ is moved towards Z’. 
Hence arise the terms of pdt, qdt, and rdt, which depend on dw. 

The preceding formule are adapted to one position of the figure, 
which is that adopted by all writers as the principal case. As in other 
problems, every modification of the figure requires modifications of the 
signs of the letters whose values determine the relative positions of the 

arts. 

j The preceding results relate entirely to what takes place at the first 
instant after the system has been abandoned to the effect of two or more 
rotations. Let us now suppose the combined rotations to continue, it 
being supposed that each axis takes the motion of rotation round the 
other axis. The axes themselves are, therefore, continually changing 
their positions ; and the instantaneous axis of rotation, the position of 
which is always given relatively to the other axes when the rotations 
are uniform, changes with them. Itis difficult at first to see what can 
be meant by a line of rest which changes its place, but a description 
in other words will make it clear. ‘The motion of any system about a 
fixed point, however many the rotations of which it is compounded, 
must always have some one axis at rest for the instant, and as the motion 
proceeds, one axis after another becomes quiescent, the quiescence not 
continuing any finite time.* And instead of saying that axis after axis 
is successively brought to a state of rest, we say that the axis of rest, or 
the instantaneous axis, changes its place. 

That the student may more clearly comprehend the necessity of there 
being always an axis at rest, I shall show that any change of place 
which a system can undergo, one point only remaining stationary, is 
capable of being made by one rotation about one axis: or that, for any 
given finite change of position whatsoever, some one point remaining at 
rest, some one axis mayt remain at rest. Or thus, one point remaining 
fixed, it is impossible to give change of place to all the lines of a system 
at once. This may be proved either geometrically or algebraically, as 
follows. About the fixed point as a centre, describe a sphere, and let 
the motion bring PQ, an arc ou this sphere, into the position P/Q’. 
Through V’ and V, the bisections of PP’ and QQ’, draw great circles 


* When a ball is thrown up into the air, there is an instant at which it can 
neither be said to be rising nor falling, and it is then said to be brought to rest; but 
it does not rest any finite time, however small. 

+ Not must; the following proposition is a parallel. Any given change of place 
of a point may be made by moving it along a straight line; but it may also be made 
along an infinite number of different curves. 


* 
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VR and V’R, perpendicular to QQ’ and PP’, meeting 
in R. Then we have RP=RP’ and RQ=RQ’, so 
that if the angles P’RP and Q’RQ be equal, a rota- 
tion round a diameter passing through R would bring 
PQ into the position P’Q’. But these angles are 
equal: for the triangles PRQ and P/RQ’, having their 
sides severally equal, have their angles equal ; whence 
Z P'RQ' = ZPRQ. Add Q’RP to both, and ZP’RP= ZQ'RQ. A 
similar proof may be given for every one of the varied alterations of 
position which the figure will admit of. Hence, since every change 
of place may involve a quiescent axis, every infinitely small change may 
be considered as actually doing so: but it does not fullow that the 
quiescent axes of two successive infinitely small changes are the same. 

The algebraical proof of the proposition will be as follows. Let s, 
Y, z, be coordinates fixed in space, and é, 1, ¢, coordinates fixed in the 
system, and let z=A5+Byn+Cé, y=AEt+&c., &c. be the relations 
existing at the first position, and r=ad+bn+cé, y=aété&c., &e. 
those at the second position. If, then, there be a line of the system 
which belongs to both positions, x, y, and z will in that line remain 
unchanged when the system has been removed from one position to 
another. Consequently we shall have 


(A—a)&+(B—b)n+(C—c)f=0, (A’—a’')b+&c.=0, 
(A! —a") E+ &c.=0. 
Eliminate n: č and ¢ : č, and we have 
(A—a)(B’—b’)(C” —c") + (B — b)(C’—c')(A"— a") 
+(C—c)(A!—a')(B"”—8") be 
— (C—c)(B/—b')(A"”—a’’) — (A—a)(C’ —c')(B” — 0") tere 
—(B—6)(A'—a’)(C"—c") | 


which must be universally true, if the ‘proposition asserted be so. The 
terms resulting from these products may be classed as those which contain 
three capital letters, three small letters, one capital only, and one small 
letter only. Also (page 482) we have A=B’C"— C'B”, &c., or A=C'B" 
—B’C", &c., the sign being indifferent, provided the proper order be ob- 
served. The terms of the first class give A (B'C’’-C’'B”)+B(C’A”— A'C") 
+C(A'B”—B’A"), or A°+B?+C?*, or 1: those of the second give 
—a(b'e!'—c'b") — b (da" —a'c")—c (a'b"—b/a"), or —a’—lh®—c*," or 
—1: all these terms then disappear.* The terms containing A with two 
small letters, make A (b’c’—c' b”), or Aa; that containing a with two 
capital letters is — a (B'C"—C'B”), or —Aa: these terms, therefore, 
destroy each other. Ina similar way the remaining terms of the third 
and fourth classes destroy each other, and the identity of the equation is 
proved.t 


* It may be asked, why not adopt the order AB, BC, CA, in expressing <A, &c., 
in terms of the rest, and ba, ac, cb, in expressing a, &c., which may certainly be 
done, consistently with the equations of condition? The answer is, that if this were 
done, it would be equivalent to supposing x, &c. after the change, to be the same as 
before, but with the signs changed, so that we should have (A-+-a)+&c.=0, &c., 
which would give the same results as in the text. 

+ The ease of this demonstration will illustrate the advantage of symmetry in 
mathematical processes. Euler, (Theor, Mot. Corp. Rigid.,) having proved the 
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We have shown, page 483, how to express a, B, &c. in terms of three 
angles; the following method of determining six of them in terms of the 
remaining three is due to Monge,* and will give an easy method of deter- 
mining the axis of rotation just shown to exist. 

Let the three data be the angles made by x and é, by y and n, and by 
z and Z, or their cosines a, 6’ and y’. These being given, the 
position of the axes of , n, and 2, with respect to z, y, and z, is also 
given. We have then 


y=l—y?—y'"®=1—a— £, or a? + B= y!? y" 
=] —a? — B?+>/"; whence 6?+ a?=1—e’— f+ y". 
But y"=af'—Ba', or 2Ba'=208’ —2y", whence we have 
(B+ o')?=(1—y")’—(a—B)’, 
B+ +a- Biy"). yat By"), 
(B—a Y =A +y") — (e+p), 
B—o =EN (l+ a+ B' +y"). N (1—a—B' + y"): 


whence $ and a’ are found in terms of the data. Proceed in this way, 
and the conclusions are as follows. Let 


 T=l+2+8' +y", t=l+a-8'-y", (= 1-atp'-y", t"=1-a-p' +y" 
B+a'=,/(tt’) a! + y= (tt), y+ p6"=/(tt") 
B=a =T") a" y=) y —e"= (TO) 5 


whence the remaining six are determined in terms of æ, 6’, and y". 
The ambiguity of the signs will always put a serious practical difficulty 
in the way of using these results for particular purposes. 

Let it be required to find the axis round which the system must 
revolve, so that the axes of x, y, z may come into the position of &, n, Z. 
We have then r=, &c. for every point in that axis, or r=ar + y+ yz, 
&c. This givest 


. (a—1) 2+ by + yz=0 
exe+(B'—l)y+ty'z=0 
a+ Bly +(y"—1) z=0, 


equations of which the coexistence has been proved. Taking the first 
pair, we find that z, y, and z, must be in the proportion of 


By'—yB'+y, ya —ary'+y', and (a—1)(6'—1) — Bo, 


or a! +y, BP" +y, and 1+ y"—a—B', or y (tt), J (Ut), and t', or Jt, 
Jt’, and ft’. Hence there is this restriction upon the data, that t, t’, 
and é'’ must be all positive or all negative; but ¢+?/+2", or 3—a—p' 
— y" cannot be negative, whence «œ, 6’, and y” must be so taken that 
one more than either must be greater than the sum of the remaining 


property in question geometrically, professes himself unable to give an algebraical 
demonstration: Nemo facile stupendum hunc laborem in se suscipere volet are his 
words (as cited by Sr. Piola). In vol. xxii. of the Memoirs of the Italian Society 
of Modena, Sr. Gabrio Piola has conquered Euler’s difficulty in sixteen quarto 
pages of calculation and description: the whole difficulty arising from the loss of 
the view of general properties consequent upon preferring simplicity to symmetry. 

* Or rather the results to Monge and the demonstration to Lacroix. 

+ These are the unsymmetrical equations referred to in the preceding note.’ 
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ones. ‘Hence the cosines of the angles made by the required axis of 
rotation with those of x, y, and z are 


if t ( ve A ti 
tui") ef rae i tet") 


Resuming the equations in pages 481, &c., let all the rotations which are 
to take place simultaneously be reduced to p, q, and r, round the axes of 
č, n, and ¢, which move with the system. However these rotations may 
vary, either as to amount or position of their axes, we have seen that 
their effects may at any one instant be confounded with those of an in- 
finitely small rotation round each fixed axis. 

Given the position of the system, and the values of p, q, and r at a 
given instant, required the velocities of a given point, parallel to the 
axes in space, and to the axes in the system. We must first express 
Ca, 8, &c. in terms of p, q, and7. To do this we have (page 462) 


Boat Boa! P" òa =rdt, yoat&c.= — qdt, aod + &c.=0. 


Multiply by 6, y, and a, and add, which gives (page 481, equations (2)) 
da=(rB—-qy)dt; multiply by 8’, y' and a’, and by 8”, y,” a", and we get 
similar expressions for dg’ and de’. Proceeding in this way with the 
other equations (7) and (8), (page 482), we find the following set : 


a=(rB—qy) dt, da’ =(rB'—qy') dt, 6a’=(rB"—qy’') dt 

dp=(py—ra) dt, of'=(py'—re') dt, 68"=(py"—re'') dt 
dy=(qa —pB)dt, Sy'=(qa'—pf') dt, sy"=(qa! — pp") dt. 
dx dp dy dy _da' 


ao tp nt 
dt at’ ' dt" dt” dt dt 


Hence the velocities in the direction of x are expressed in terms of £, 
&c. To find them in terms of x, &c., substitute E=arta'ytalz, &., 
which will give, making use of æ= 8'y”— y'P", &c., (page 482), 


Again, E+&c., &c. 


dx 

ap (pa + qb’ +ry') z—(pæa" +48" +ry")y 
dy i A 4i 

g (Pe +qê +ry ) 1t— (pa +q8 +ry )z 


dz 
y (Pa +98 +ry)y— (pa! +98! +ry')a; 


whence it appears (page 480) that rotations p, &c. round é, &c. are, 
for the instant, equivalent to pa+qB+ry, &c. round r, &c.: a result 
which may easily be shown to agree with that in page 481. 

Lastly, to find the velocities in the momentary directions of č, &c., we 
must suppose a, &c. to remain constant, and &, &c. to vary, which 
gives 

dg dz 
dt dt 


dë d da! da" 
= “(F E+ &c. Jte (T E+ &c. Jta" até. ) 


=q% —Tn. 


d dz d l 
tal ta" Te Td +&e., &c. 
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And thus we get 
a N” dý 
> oe — r), — 5 Trg m —— = pn— Ge. 
As an instance, let us suppose p, q, and r to he constants. To find œ, , 
and y we have to integrate the simultaneous equations 


dæ dB A dy _ 
g TIY gg PY Te gp qa pb. 
Differentiate the first, substituting from the second and third, and we 
have : 

Ca i ; 

qe P (qh +ry)—(g +1") a. 
But pda+qd6 +rdy=0, whence g8+ ry=K—pe. Let p?+q?+7?= k, 


and 


Cee tity a pK 

JE +k?a=pK, a«a=acos kt+ A sin ktt 

R ; qK 
Similarly, B=b coskt+-B sin kt+ F 


y=ccoskt+C sin e+ 


Here are seven constants, where from the original equations it 
appears that three only should enter. But patqi+ry=K, and* 
a’ +6?+y'=1, which will be found to require the five equations 


pa+gb+rce—0, pA+qB+rC=0, aA+bB+cC=0, 
2 
a’ + b?+ d=A 4B 4C 

These five equations between seven constants leave only two con- 
stants arbitrary; whereas the complete solution of the equations would 
require three. But it must be remembered that in assuming a+: 
+y°?=1, we have already obtained, and given a definitive value to, one ' 
of the constants; since e+ 6°+y°=L will equally satisfy the diff. equ., 
L being arbitrary. 

In a similar manner, we may find a'=a' cos kt+ A’ sin kt+-pK’: k’, 
&c., with similar relations between the constants. This shows how to 
express g, &c. as functions of the time: but since pa+qh-+ry, &c. are 
constants, being K, &c., the preceding values of dx: dt, &c., with page 
491, show us that the system does nothing but revolve about an axis’ 
fixed in space, making angles with the fixed axes whose cosines are pro- 
portional to K, K’, and K”. ; 

There are, however, some important cautions to be given connected 
with the subject of rotation. [If we suppose the system always to have the 
velocities of rotation p, q, 7, about axes which are perpetually varying 
in consequence of those motions, the effect is not the same im a given 
time as if we suppose the whole rotation belonging to that time first 
communicated about one axis, then about the second as it stands after 


* Let it be particularly noted that this is a consequence of the equations them- 
selves, which give ada--+ 6d8+ ydy=0, and therefore «*-+6?+ y*==const. 
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the first, and then about the third as it stands after the second rotation. 
For the actual motion in space depends not only on the rotation but on 
the position of the axis, and the effect of an infinite number of infinitely 
small motions, made round an axis which changes its position at the end 
of each, is not the same as it would have been if the axis had preserved 
its position. 

Again, if a motion of rotation round a fixcd axis passing through the 
origin be continued for an infinitely small time dl, with an angular 
velocity P, a point at the distance p from the axis will describe an arc 
which belongs to the circular sector $p*Pdé. The rotation may be 
resolved into three others, round the axes of x, y, and z, and the area 
just mentioned may be projected into three others, on the planes of yz, 
zx, and xy. But the projected areas are not necessarily the areas made 
by the resolved rotations, and must not be confounded with them.” 

I now come to another subject, namely, the consideration of those 
integrals depending solely on the constitution and arrangement of the 
parts of a system, which are required in the investigation of its motion. 
Let the whole system be divided by planes parallel to the coordinate 
planes, as follows: parallel to the plane of xy, and distant from each 
other by dz, let an infinite number of planes be drawn, and the same 
parallel to the plane of yz, distant from each other by dr, and to the 
plane of xz, distant from each other by dy. The whole system is then 
divided into an infinite number of parallelopipeds, each having the 
volume dx dy dz. If, then, p be the density at the point (a, y, z), which 
may be a function of z, y, and z, the mass of an clement contiguous to 
(z, y, z) is pdx dy dz, and the whole mass is f f f pdx dy dz, taken over 
the whole extent of the solid. It is usual to write pdx dy dz as dm, 
thus making the common symbol of a differential of the first dimension 
stand for one of the third: in this manner frdm is made to denote a 
triple integration, since it stands for f f fap dz dy dz. 

If the system were to consist of a finite number of material points,f 
having the masses ™,, Me, Ma, &c., and if 2,, Yı zı be the coordinates of 
the first, &c., the sum m,2,+m,.7,+.... or Drm must be substituted 
for fxdm in all equations connected with the motion of the system. In 
fact, Dam and {adm only differ in the supposition as to the distribution 
of the system, the first becoming the second when the number of masses 
is infinitely great, each being infinitely small, and the whole forming one 
continuous mass. 

If we change the coordinates, an integral of the form ff fP dr dy dz 
takes the form f f f TI dë dndč; and it is important to show that in the 
change from rectangular to other rectangular coordinates no other 
change is requisite except substituting in P for v, y, and z their values 
in terms of č, n, and Z, and changing drdydz into didn dg. Now 
first observe that a complete change of coordinates may be made by three 
successive changes, at each of which one axis remains unchanged. 


* On the subject of rotation generally there 1s an excellent pamphlet by 
M. Poinsot, of which the title is * Théurie Nouvelle de la Rotation des Corps,” 
Paris, Bachelier, 1834. Nothing but the press of matter more closely connected 
with the application of the differential calculus has prevented my inserting the: 
whole of that pamphlet in the present chapter. 

+ The material point, a common supposition of physical writers, should rather be 
an infinitely small mass of matter: though there is no mathematical impropriety 
in supposing a point tv be endowed with the weight of a given mass, or with any 
other property, the conception of which does not depend ou that of bulk. 
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First, let the axes of x and y revolve round the axis of z until the plane 
of zz includes the axis of £; in which case the axis of y becomes per- 
pendicular to that of € Secondly, the axis of y retaining its new 
position, let those of z and z revolve round it until the axis of z coin- 
cides with that of : the axes of n, ¢, y, and z will then be all in the 
same plane. ‘Thirdly, the axis of x remaining in coincidence with that 
of &, let the axis of y revolve until it coincides with that of n, in which 
case the axis of z will also coincide with that of Z. If, then, we can show 
that the theorem is true of one of these changes, it follows that it remains 
true after any number of them. 

Now the axis of z remaining fixed, let those of x and y revolve 
through an angle 0, and let 2’, y’, and z’ be the coordinates of the point 
whose coordinates were x, y, and z. We have then z=2', y=x' sin 0 
+y' cos 0, c=2' cos#—y'sin6. If we now write f f f P dx dy dz in the 
form* fdz{ ff Pdxdy}, it being remembered that dz, dy, and dz are 
independent, and return to page 394, we see that 2! and y’ stand in 
place of u and v, and that to transpose ff Pdxdy into the form 
ff P’ dz’ dy', we must substitute for x and y their values in P, while 
tor dx dy we must write 


4 dy dx dy dx 
—\da! dy’ dy’ dz’ 


taking the positive sign. Hence ff Pdxdy=f { P’ dz’ dy’, and put- 
ting dz’ for dz, we have fff P’ dz’ dy’ dz' for the integral expressed in 
terms of the new coordinates: no other changes being required than 
those expressed in the enunciation of the theorem. The same is still 
true after the second and third changes are made, which are requisite to 
bring the axes of z, y, z into coincidence with those of é, n, ¢. 

There is a point in every system which takes the name of the centre 
of gravity, from the remarkable preperties which it possesses in con- 
nexion with the conditions of equilibrium, when the weight or gravity of 
the system is one of the acting forces. This point possesses properties 
as remarkable in connexion with the laws of motion of the system, inso- 
much that if it were allowable to attempt to disturb any established 
term, the present would be a most legitimate occasion for the use of 
such permission. Retaining however the established phrase, I proceed 
to point out the geometrical properties of this point, by means of which 
its mechanical properties are found. 

Let there be points, n in number, (tı, Yı 21), (To) Y2%2), &c. Take a 
point (X, Y, Z), whose distance from each of the coordinate planes is the 
mean distance of all the n points from such planes, or assume 

ze% j ya"! Gases 


+ 2 n’ n 


dx' dy', or + (sin? 0+ cos? 0) dz’ dy’, or dz! dy’, 


The point thus obtained has the property that its distance from any 
other plane whatsoever is the mean distance of the points from that 
plane. Let the new plane, whatever it may be, be taken as a new 
plane of ry, so that the distances of the points from that plane are the 


* For actual integration this form would be useless unless the limits of z were the 
same for all values of x and y; but it must not be forgotten that a perfect con- 
ception of the summations of infinitely small elements, in the order which the form 
given implies, is attainable in every case, 
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new coordinates of z. Let the point (2, y, z) be (2’, y’ z’) in the new 
system, and let (X, Y, Z) be (X’, Y’, Z’). If then r=aa!+fhy'+ yz’, 
&c., we have 2 =yat+y'y+y"z, &c., and! Z/=yX+yY+y"Z. Con- 
sequently, the mean value of ~’ or 


DE. ae DY. ee E , 
BY x e a Or YX+ yY + y"Z, or Z. 


The preceding supposes that the new plane passes through the origin : 
if, however, it should subsequently move, remaining parallel to its first 
position, no alteration would be made in the truth of the theorem, since 
each 2’ and also Z’ would alter by the same length: so that the altered 
value of Z’ would still be of the mean of the altered values of z’. 

If the plane just supposed pass through the point (X, Y, Z), we have 
Z'=0, or 2Z=—0, or the sum of the distances of the points on one side of 
the plane is the same as that on the other. 

Now let any number k, of those points be supposed to coincide at 
(1) Yi, 2), also ky at (Ley Ya, z2), &C. Then, counting (x, y, z) as a col- 
lection of k, points, &c., the centre of mean distances (n being Èk) has 
the coordinates Dkx: Èk, Dky: Dk, and Èkz: Èk. 

Next, let each of these points be supposed to have the mass u: then 
at the first point is collected the mass k,u4(=m,), at the second 
ksp (=m), &c. Multiply the numerators and denominators of the 
preceding coordinates by u, and we have 


__ 2mzr _ amy _2mz 
at . aS xm’ OE 5 


for the coordinates of the centre of mean distance, on the supposition 
that each point counts for a number of points proportional to the mass 
there collected. The centre of mean distance, on this hypothesis, is 
what is called the centre of gravity. If the system be one of which 
the mass is continuous, we have 


seim , yee ged adm 
fdm fdm fdm 
dm standing for pdx dy dz. 


There are six other integrals, of which it will be necessary to consider 
the connexion; namely, 


fatdm, fy%dm, f2'dm, fyzdm, fzxdm, farydm; 


or Zm’, Emy, 2mz, myz,’ Lmzxr, mary; 


X 


according as the system is continuous or discontinuous. Of these it 
may be shown that the theory is so intimately connected with that of the 
ellipsoid, that a competent knowledge of the properties of that surface 
should* be an indispensable preliminary to the study of dynamics. 

Let T, Xa Lj) &C., Yy Yn Yin &C., Z, Zi Zu, &c. be three independent 
sets of quantities, positive or negative. Let 


* By this I mean that the long, isolated, and inelegant investigations which 
usually fill up the chapters of works on dynamics which treat of rotatory motions 
might be almost entirely avoided, if the student were supposed to have that know- 
ledge of the ellipsoid which he is supposed to have of the ellipse before he reads on 
the theory of gravitation., r 
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AZL IEHL. e, Bey HYP HYPE o e CEt tut ee 
A'=yz +y, zit Yu zut s.. B'=&zt 4z tit Zu tut... , 
C= ryt tyit uyut es. 

Lemma 1. The three quantities AB—C”, BC—A”, CA—B’, are 
necessarily positive. The first, AB— C” or 22*.2y’—(Lzy)’, is the 
sum of every possible variety of terms of the form Tm. Yz — (LY)m-(2Y)n» 
where (ry), denotes T, Yp and m and n denote numbers of subscript 
accents. When m and n are equal, these terms destroy one another ; 
and all the cases in which m and n are unequal can be collected in 
couples of the form 


Ia Yn — (LY) m (LY) nF LE Ym — (LY) n (LYmy OT (Lm Ya— Tn Yn)”. 


Hence AB—C” being © (Tm Y¥n—®n Ym)? is necessarily positive ; and the 
same of the other two. 
Lemma 2. The expression following is necessarily positive : 


ABC +2A'B’C’—AA"— BB”—CC”, 
This expression is a collection of all possible terms of the form 
Tiny ne p F (YZ) (22)a(LY)p— Tm(YZ)a(Y2)p — Ym(22)n(Z2)p — Zm(TY) n(LY) pe 


Each term in which m, n, and p are equal vanishes; and so do the 
terms which, when two are equal, arise from the term above with the 
same accents varied in position. Thus 


tn Yn tat ÈC HYR 22+ &e.+ 75 yf 2+ &c.=0. 


But ifm, n, and p be all different, and if the term he called 
{mnp}, and if we collect the six terms answering to the preceding 
with the order of m, n, p varied, and nothing else; that is, if we form 


{mnp} +inmp}+inpm}+ {mpn} + {pmn} + {pam}, 


we shall find the result to be a perfect square, namely, 


{2m En Yp — Tm Zn Yp t Lm Yn Xp — Zm Yn Lp + Ym Xn Lp — Ym In Xp} § 


whence the expression given is the sum of squares, and is positive. 

These results are equally true if for x we write ,/m..x, for £, ,/m.2', 
&e., or if A= Xmaz*, &c., A’=Xmyz, &c. And being independent of 
the number of quantities, and of the magnitude of m, they are still true 
if A= fx dm, &., A'= fyz dm, &c. 

I now proceed to point out the method of establishing those pro- 
perties of the ellipsoid* which will be required. The coordinates being 
rectangular, let the equation of a surface be 


Aa’+ By + C2°+2A'y2z+ 2Bizr+2Cay=M......(1). 


Retaining the origin, change the directions of the coordinates, and, if 
possible, let a, 6, &c. be so taken that A’, B’, and C’, in the new 
equation, shall vanish. Let this new equation be Ké?+ K’7?+ K"2? 
=M, and let = «r+ Byt yz, n=o't+&c., G=a"zr+&c. Substituting 


* For the general treatment of the surface of the second degree, in the same 
manner, the advanced student may consult a memoir on the general equation of 
surfaces of the second degree, published in the fifth volume of the Transactions of 
the Cambridge Philosophical Society. 
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these values in the last equation, and making the result identical with 
(1), we have 


A=Ke'+K’e*? + K"a"t, A’=KBy+K’'p'y'+K"p’y’ 
B=K8*+K’‘A?+K"s", B=Kyat+K’y¢+K’y’c"..... (2). 
C=Ky*+ K’y*+K"y”", C'=Kaf +K «P 4K" p" 

Multiply the first by a, the last by £, and the last but one by y, which 

i 
aes Aa+C'8+ B’y=Ka, or (A —K) e+C'6£+B'y=0. 
And by similar processes we obtain C’e-+(B—K) 6+ A’y=0 
Bia+A’B+(C—K) y=0. 

The truth of these equations will remain unaltered if we accent all 
the four, K, a, 8, y, once, or twice. Eliminate 6: a and y:« from these 
three equations, and there results > 
(A-K)(B-K)(C-K)+2A'B'C'-(A-K)A”-(B-K)B”-(C-K)C*=0, 


while the same equation, with K’ or K” substituted for K, would 
result from eliminating 8’: œ, &c. or $” :«” from the second and third 
set just mentioned. Hence it follows that K, K’, and K” are the roots 
of the equation 


K°—(A+B+C) K°+ (BC—A?+CA—B”+4 AB—C”) i (3) 
—(ABC+ 2A’B'C’—AA”—BB*—CC”)=0 
The roots of this equation are all possible, as will be presently proved. 


In the mean time, we may determine a, A, &c. in terms of K, K’, and 
K”, as follows. The equations ac’ + AB +yy'=0, ax” + BB" + yy"=0 


t n” 


show us that «œ, 8, and y arein the proportion of B’y" —y B", ya" —ay s 
and œ” — p'a". But œ+ 6'’+y=l, and the sum of the squares of 
the last quantities will be found to be 
(a +B? +y") a HB Ayla tB" yy y or l. 
Hence « is either S'y” —y E" or yP”—B'y", &c. It does not signify 
which we now assume, as our present investigations will only contain 
equares or products of these quantities. By help of these theorems, 
we may obtain from (2), by actual calculation, the following equations, 
BC -= A°=K’'K"0? + K"K2?+KK'g” 
B+C=(K'+K”") æ +(K"+K) 2?+(K+K) e” 
BC —AA’= VK" By + K"K By +KK’ R y” 
— A’=(K’'+K") By+(K"+K) By +(K+ BK’) B’y" ; 
which, with æ +a? +a =1, By +8 y+8'y'=), give 
,_ BC—A*—(B+C)K+K° h BOSAN AR 
oo (K=K)(K—K") >? T (KKK BY 


In which a° and f’y may be found by interchanging K and K’, and œ” 
and B’y" by interchanging K and K”. By simular equations may also 
be found 
, CA—B?—(C+A) K+K?° _ C’A'’—BB/+ BK 
(kok he Re Ck) 


a 
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,_AB—C?—(A+B)K+K*? ,_ A'B/-CO’4 CK 
ET RE K YER ae TK — KK — BY) 


from which 8”, &c. may be found by similar interchanges. 

One of the roots of (3) must be possible, let it be K, and if it can be, 
let K’ and K” be impossible; that is, of the forms A+p,/(—1) and 
A—pJ/(—1). Then it will be found that æ is possible, while a’ and a” 
are of the forms just written; whence g'æ” is the sum of two squares. 
It may be similarly proved that £’8" and y'y” are each the sum of two 
squares: whence g'a" + 6/6"+-y'y" is the sum of six squares. But it 
is =0, which contradicts what has just followed necessarily from two 
of the roots being impossible. Hence this last is not true, or all the 
roots are possible. 

If, in (3), A+é&c., BC—&c., and ABC+&c. be all positive, the 
three roots are obviously positive; and this, M being positive, shows the 
original equation to belong to an ellipsoid, since it can be reduced to 
K+K» +K" =M. Here M:K, M:K’, and M: K” arethe squares 
of the semiaxes, which can be found from (3): and their position can 
be ascertained from the equations last given. 

Let there now be a given system, continuous or discontinuous, so that 
f x? dm, &c., or 2mz*, &c. are quantities, the value of which is deter- 
mined as soon as the position of the axes is given. Let A= f2* dm, &c., 
A'= fyz dm, &c., and let M=1. Let X, Y, and Z be the coordinates 
of any point in a surface determined by the following equation, 


fadm.X?+ J y'dm. Y¥2+ f2'dm. Z?+2fyzdm YZ 
+2fzırdm.ZX+2frydm.XY=1. 


Now with reference to any one fixed point of the surface just 
described, the integration being made over the whole of the system from 
which {z*dm, &c. are obtained, we may treat X, Y, and Z as constants, 
and the preceding obviously becomes 


f (@X+y¥+2Z) dm=1. 


The surface must be by an ellipsoid, for A, B, C, are positive, whence 
A+B+C is so, and the lemmas in page 496 establish that BC—A” 
+&c. and ABC +2A’B’C’— &c. are positive. Let R and r be the dis- 
tances of the points (X, Y, Z) and (2, y, z) from the origin, and let 0 be 
the angle made by R and r: also let (Rs), &c., (rr), &c. be the angles 
made by R and 7 with the axis of z, &c. We have then r=rcos (rv), 
&c., X =R cos Rr, &c., whence 


sX +yY +2zZ=rR {cos (rz).cos (Rr) +&c.}=rR cos 0; ` 
whence f T” R? cos? 0 dm=1, or R? f 7° cos? 0 dm=1. 


This new integral {7’cos’9dm is the sum of all the elements of the 
mass, each multiplied by the square of rcos@, the projection of its dis- 
tance from the origin upon the line on which R is measured. If this 
line were a new axis of x, this would be the new value of f x? dm, if it 
were a new axis of y or z, it would be the new value of fy?dm or 
fzdm. And the equation f (r cos 0)? dm=R- expresses the follow- 
ing remarkable theorem. If any system be given, and also a point 
through which axes are drawn, and if any one axis whatsoever be called 
the axis of p, (meaning of x, y, or z, as the case may be,) there must 
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always exist, in a fixed position with respect to that system, an ellipsoid, 
which has the property that {p*dm=R-~, R being the radius vector of 
the ellipsoid drawn from the origin to the surface upon the line p. And 
the magnitude and position of this ellipsoid, the latter with respect to 
tee axes, depends solely upon the values of the six integrals A, B, C, 

ey C. 

If in the equation f2*dm.X?+ &c.=1 we substitute X=aX!+4o/Y' 
+Z, Y=BX'+&c., &c., we shall find that it is reduced to 


{x (aX! +a Y +a" Z) +y (BX'+ &c.)+2 (yX'+ &e.) F=1, 
or J (ax+ By + yz)? dm.X?+ f (r+ &c.) dm.Y¥’?+&c., &c.=1. 


Let x’, y’, 2' be the coordinates of the point (r, y,z) in the new 
system: we have then < =ar+ By+yz, &c. Hence the last equation is 


fz? dm. X"+ fy? dm. Y?+ &.=1; 


or the equation of the ellipsoid contains integrals of the same form in the 
same manner, whatever axes may be taken. 

The integrals f° dm, &c. are not so much used as others derived from 
them, which are called moments of inertia. By the moment of inertia 
of any system with respect to an axis is meant f{p’dm, where p is the 
perpendicular distance of the element dm from that axis. If R be the 
radius vector of the ellipsoid measured on the axis, and r and 0 as before, 
we have p*=r* sin? 0=7° — r° cos’6, and f p dm= f r° dm—R>. Now 
fr°dm is a given quantity, depending on the system only and the 
point chosen through which to draw axes, since the distance of a point 
from the origin is independent of the position of the axes of coordinates. 
Hence the moment of rotation with respect to any axis can be readily 
determined from the ellipsoid. 

It is obvious that if R be, for instance, on the axis of x, we have 
P=y +z and fo dm= f (y?+2*) dm. Ifwe had started with the 
equations 


f (yi +2) dm. X?+ &.4+ &e.—2 f yz dm. YZ—&e.—&e.=1, 
we should by the same reasoning have found 
f {(2¥—yX)*+ (yZ—2zY)?+ (2X —2Z)"} dm=1; 


and the same substitutions as before would have given f R®r*sin’@dm=1 
or f p>dm=R-*. It might also have been shown that in this case we 
have an ellipsoid, having its principal axes in the same directions as 
those of the former one. But the first ellipsoid is more conveniently 
derived, and equally useful in the exposition of results.* I shall in 
future call the first of the two the momental ellipsoid, as being that by 
means of which we prefer to deduce the properties of moments of 
inertia, though the name would apply more directly to the second, if it 
were employed for the same purpose. 

Let the axes in which the principal diameters of the momental ellip- 
soid lie be called the principal axes. Let a, b, and c be the principal 


* The second ellipsoid may be geometrically deduced from the first by the follow- 
ing theorem. If there be two surfaces in which the sum of the reciprocals of 
the squares of the radii drawn from a given point in the same direction is constant, 
and if either be an ellipsoid, having its centre in the given point, the other is the 
same. 


2K 2 
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semidiameters, whence, the principal axes being the axes of coordinates, 
we have for the equation, 


2 2 72 
x + +4=1, which, compared with fz? dm. X?+&c.=1, ’. 


gives fyzdm=0, fzxdm=0, frydm=0. The disappearance of these 
integrals, at the origin chosen, can only take place for this one set of 
(rectangular) axes, since there is no other for which the equation of the 
ellipsoid assumes the preceding form. 

Let a be the greatest of the semiaxes, b the mean, and c the least. 
The moments of inertia for the three axes are fr? dm—a-*, fr dm—b-*, 
fr*dm—c~, of which the first is the greatest, and the Jast the least, for 
fr dm—R> increases with R. And the axes of greatest and least 
moment of all those which pass through a given point are the principal 
axes on which the greatest and least semiaxes of the ellipsoid are 
found. 

Let a new axis make with the principal axes angles œ, $, and y. 
Then, R being the radius of the ellipsoid on this axis, and f7r°dm being G, 


cos*@ cos*B cosy _ 1 

e te AR 
and calling Ma, M,, M., and Mr the moments of the principal axes and 
of the new axis, we have, by subtracting the first from the second, 


Mr=M, cos’ æ +M, cos? 8+M, cos’ y, 


which may easily be verified from M,= f (P +2°)dm, &c. 

The locus of axes of equal ‘moment passing through a given point is 4 
cone whose vertex is the given point, and whose generating lines pass 
through the intersection of the ellipsoid with a sphere of which the given 
point is the centre, and the radius of which depends upon the value of 
the moment common toall the axes. Ifthe momental ellipsoid be one of 
revolution, all axes equally inclined to the axis of revolution have 
equal moments: if it be a sphere, all axes whatsoever have the same 
moments. 

Let us now consider the moments of two axes parallel to one another. 
Let axes of x’, y’, z be taken parallel to those of x, y, z, having their 
origin in the point (g, h, k). Then r=2'+g, y=y +h, z=2'+h, 
and we have 


f (@?+y) dm= f (2? +y") dm+2¢ fa'dm+ 2h fy'dm4+(et+h’) fdm, 
If (x, y’, 2’) be the centre of gravity, this is reduced to 
f (2? +y’) dm= f (2° +y”) dm+ (g4) fdm, ' 


Now the first integral is the moment of rotation about the axis of 2, 
(which may stand for any axis;) the second is that about an axis 
parallel to it passing through the centre of gravity: and g+ h? is the 
square of the distance between the two axes. Hence, of all axes parallel 
to one another, that which passes through the centre of gravity has the 
least moment, that of an axis distant from it by p, having a moment 
greater by o° M, where M is the whole mass of the system. 

Having seen that every motion of a system is, for any one instant, 
compounded of one motion of translation and one of rotation, it becomes 


G (cos* œ + cos’ 8 + cos’ y)=G: 
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expedient to ascertain in what manner the efficiency of a pressure is to 
be estimated, in causing one or the other species of motion. The former 
has been already done, (page 476,) and it appears that a pressure which 
may be represented by a weight W acting upon a mass which belongs 
to the weight W’, will create in one second a velocity Wg: W’, g being 
32°1908 feet. In order to consider the latter, let there be a system 
which, if it move at all, can only revolve about a fixed axis passing 
through O, and perpendicular to the plane of the paper. Any pressure 
applied to a point of this system is wholly ineffective in producing rota- 
tion, if applied parallel to the axis, or in a line passing through the axis. 
Moreover, if the point of application of the pressure be altered by a 
simple revolution about the axis, the line of direction of the pressure 
revolving also, no alteration is produced in the effect of the pressure. 
At the point A, distant by OA from the axis, Jet 
B the force AP=P be applied perpendicularly to 
OA, and let OA=a. No difference in the effect 
of the force will be caused if we apply it at B 
instead of A, in the direction BP, B being any 

O A pointin AP or AP produced. Let Z BOA=9, and 

applying P at B, decompose it into two forces, one 

P sin @ in the direction BO, the other P cos 9 in the 

direction perpendicular to BO. Let the perpendicu- 

p lardrawn from O to the direction of a force be called 

the arm at which the force acts : then since the part 

in the direction BO has no tendency to produce rotation, and since P sin 0 

and Pcos6@ are together in all respects equivalent to P, we see that P 

acting at the arm a is of the same rotatory power as P cos 0 at the arm 

OB, or a:cos@. And since P x a=P cos 0 x (a: cos 0), we see that two 

forces are of the same rotatory power when the product of the forces and 

arms are the same. The product of any force, and its arm of rotation, 

is called the moment of rotation of the force. This investigation may 

serve to explain the manner in which the product just mentioned 

acquires the importance which it is soon seen to possess in all problems 
connected with rotation. 

The principle of virtual velocities, like all other fundamental theorems, 
has had no proof given of it in the admission of which all writers agree. 
From its universality and simplicity it may be supposed to be rather the 
expression of some axiomatic truth than the proper consequence of first 
principles by means of a long course of regular deduction, — 

I have here, however, only to suppose the truth of the principle, and 
to show how to use it. In page 479, when it was proved in the case of 
a rigid system, we supposed every force to tend towards a point, and esti- 
mated the virtual velocity by means of the approach to or recess from 
that point, of the point to which the force is applied. This, however, 
is not absolutely necessary, since if A, the point of application of a force 

in the direction AK, move to B, AC 

B may be considered as the part of the 
[aoe motion which is in the direction of the 
nn force, as well as the differential of AK. 
The principle may then be stated as 

follows : if any number of forces P,, Pe, &c. act upon a system, and if 
any infinitely small motion which can be given to the system (suchas 
the connexion ofits parts will allow) give to the points of application the 
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motions pı, dpe, &c., in the lines of direction of the forces, then if the 
system be in equilibrium, 2Pép=0, provided that dp be in every 
case Called positive or negative, according as it is in the direction of its 
force, or in the opposite direction. And conversely, if ZP òp=0 for 
every possible small motion of the system, it must be in equilibrium. 

Let us first suppose a rigid system ; that is, one of which the distance of 
any two points remains unaltered. Itis the characteristic of the motion 
of such a system, that it may always be reduced to one motion of trans- 
lation and one of rotation. Leta motion be given to the system, and let 
it amount to moving the point (X, Y, Z) to (X+6X, Y+6Y, Z+6Z), 
and at the same time giving a rotation df about an axis which passes 
through (X, Y, Z), and makes angles A, u, and y with the axes. We 
have then for the motion of the point (x, y, z), asin page 481, 


dr==5X + {cos u (1=— Z) —cos v (y—Y)} òp 
dy=0Y + {cos v (t1—X) — cos A (z—Z)} dh 
dz=dZ-+ {cos A (y—Y) — cos p (x—X)} ò$ 


d d 


E d 
For òp write P anp Pay 4 P dz, and Pòp becomes, when we put for 
dx, &c., their values : ‘i 


d : 
| Pip=P Pax +P 2 sy4p PZ 
: dx Y 


d dz 
d d 
+{(y-Y) PP z—Z) pe Ò . cos A 
: dp dp 
+Hoe Z) P da 07X) pl OP . COS p 


dp dp 
+H (@—X) P dy (y—Y) p2} òP. cos y. 


Whence, remembering that X, Y, and Z enter in the same manner in 
every term, we have, writing P,, P,, and P, for P (dp: dr), &c., 
( 2P,.0oX—(YZP,—Z=P,) d$ cos A+E(yP,—zP,). õp cos 
> (Pop)=< + 2P,.sY—(ZEP,—XEP,) &¢ cos p+ E(zP,—2zP,). Od cos p 
+2P,.0Z—(XZP,—Y=P,) òp cos y +2 (#P,—yP,) . 5¢ cos y 
Now in order that we may have È (Pòp) =0, independently of.6X, 
òY, and òZ, òp cosà, èP cosu, and Sø cosy, which are six arbitrary* 
quantities, we must obvicusly have 
2P,=0, 2Py=0, 2P,—0, È (yP,—zP5)=0, 5 (zP,—zP,)=0, 
2 (zP,—yP,)=0. 
If the direction of P make the angles œ, 8, and y with the axes, we 
have, from page 477, P,=P cos a, Py=Pcos$, P,=P cosy, and the 


preceding are the six well-known equations of equilibrium of a rigid 
body. The full development of the meaning of these equations belong 


* Though cos à, cos x, and cosy are connected by an equation, yet the multipli- 
cation by 59, which is arbitrary, gives three arbitrary products. 
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to professcd treatises on the subject. I shall here only give one instance 
of the manner in which conditions which restrict the motion of the 
system are shown to be equivalent to the introduction of other forces. 

Let one point of the system be obliged to be always upon a point of a 
given surface, which amounts to supposing that the surface can always 
exercise in either dircction the force necessary to prevent the point from 
leaving it either way. Let L=0 be the equation of the surface; whence 
it is only requisite that 2 (Pop) should be =0 for such motions of the 
system as are consistent with òL =0 being true of the changes of coordi- 
nates of the given point. This (page 455) is equivalent to the suppo- 
sition that for some one quantity T, which may be a function of all the 
variables of the problem, we have 2Pop+TéL—0, for any motion of the 
system, the given point being no longer restricted to move on the surface. 
For the preceding fully satisfies the condition that when oL=0O, 
2Pép=0. Let a small distance perpendicular to the given surface, 
contained between the surface and the point whose coordinates are 
r+ézx, &c., be òr; we have then (page 479) 6L=,/(L?+L}+J2).6r, 
L, being dL: dr, &c., and we have 


SPip+T/(L2+ L?+12).3r=0. 


Now this is precisely the equation which we should have, if, in addition 
to the other forces, we had a new force T,/(Li+ &c.) acting perpendicu- 
larly (as pointed out by the direction of òr) to the surface, the com- 
ponents in the directions of x, y, and z being TL,, TL,, and TL.. 

The science of dynamics opens a wider field for the application of the 
differential calculus than that of statics. The first problem in it will 
be ;—given the motion of a system, that is, the curve described by every 
particle, and the velocity of the particle at every point of its curve, 
required the forces which will produce, and no more than produce, that 
motion of the system,in such manner that every mass may be acted 
upon by the forces which are just sufficient to produce the motion, with- 
out any communication to, or reception from, the other masses of the 
system. 

Let us consider one of the particles, at which say a mass m is 
collected. Let the cquations of the curve which it describes be implied 
in the expression of the three coordinates of any point in terms of a fourth 
variable u: and let v, the velocity at any point, be known in terms of 2, 
y, and z; that is, in terms of w. Let (x. y, =) be the point of the 
curve at which the moving point is found at the end of the time ¢ 
elapsed from an arbitrary epoch, (usually the commencement of the 
motion.) The reasoning of pages 143—46 may be thus briefly con- 
densed, using the language of infinitesimals. Looking at the motion 
in the direction of x, we see that at the end of the time ¢+d, the 
abscissa will be r+ dx, and at the end of a further time dt, or at the end 
of t+ 2dt, the abscissa will be r-+-2dr+d*xr: the increments described 
in the successive times dé and dé, are dr and dr + d'r, and the velocities 
are dx: dt and dr:di+d*z:dt. There is then, in the second infinitely 
small time dé, another velocity than in the first, differing by d'z: dt; 
and if this acceleration of velocity were to take place in every dt 
throughout a second, (if seconds be the units of time,) the whole acce- 
leration in a second would be d?x:di®. Let W be the weight of m, 
(removed to the earth’s surface,) then (page 476), the pressure in the 
direction of x, which is actually applied to the mass m, at the moment at 
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which we are speaking, is (W : g) x (dx : dt). To suppose any less pres- 
sure is to suppose an effect without a cause: and any greater pressure, 
a cause without an effect.* Upon proper suppositions as to the units, we 
may make m itself the representative of W : g, and m (d’z : dt?) that of 
the pressure in the direction of r. This supposes us to choose units of 
mass and pressure in such manner that a unit of pressure acting during 
one unit of time upon a unit of mass, would produce a unit of velocity, 
(page 477). If, then, more pressure were actually applied in the 
system of which m is a part, the surplus must have been removed, by 
the connexion of the parts of the system, and carried to other masses : 
if less, the mass in !question must have received pressure from other 
masses. And m (dèx: di’) is called the effective force in the direction of 
x: being that from which, and no other, the motion actually taking place 
is produced. Similarly, m (d*y: dé?) and m(d*z:dt*) are called the 
effective forces in the directions of y and z, and d’z:dt*, &c., may be 
called the effected accelerations.t 

To find these effected accelerations when the motion is fully given, 
remember that x, y, and z, as well as v (which is ds: dt) are expressed 
in terms of u; let dr: du=z', &c., whence wz’, x’, y' y", &c. are given 
functions of u. We have then (s/=,/(2'*+ y”+2'?)) 


dx _dzr ds ZS dru 

dt ds dt ds s' 
dr d {dz \ ds d fdr\ ds v (v2! 
—— —=—_-, ara —— ai ni omc — tr ol Mae 7 
dè ds (dt) dt du \dt)'du s \@ 
A O a L a C a" —a's's") OE 


s" gt S 2 


X 
J 


Change «into y or z, and we have the effected accelerations in those 
directions. Each effected acceleration is made up of two parts, the 
separate consideration of which will be worth while. The first term 
obviously contains that part which is necessary to the mere maintenance 
of v at its present value; for if v were =O, that is, if v were constant, 
it would be the only term. Now if the curve were a straight line, no 
pressure would be required to maintain v at its present value, since the 
constitution of matter gives it the power (if it be right to call it a power) 
of maintaining its velocity in a straight line. It is then, we must 
suppose, in the maintenance of the velocity in the curve that the part of 
the effective force which produces this acceleration is expended, which 
would make us suspect that it must depend for its value upon the 
curvature: and this will turn out to be the case. If for s* and s's” we 
write 27+ y?+27 and az"+yy"+2'2", we find for the three effected 
accelerations, (so far as they are now considered, ) 
v(zy,—yz,) wv(rz,—22,) wv (y'x,—2'y,) 


54 ’ g“ 9 2 


s* 
* The student must not take these words as a reason, but only as reminding 
him of a reason already proved’ by experiment, the results of which are enunciated 
in pages 475, &c. 
+ It is usual to call md*x:di? the moving force, and d?a: dt? the accelerating 
force. The word force, when used to signify both the pressure which produces 


acceleration, and the acceleration itself, has always been a stumbling-block to 
beginners. 
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where 1,=7/2"—2y", &c., as in page 409. Now (page 410) if é, n, 
and ¿č be the coordinates of the centre of curvature, and p the radius, we 


have 
3 


s? (zy,—yZ,,) s 
— pa H, ec. &ce, PEN l a + &c.) =m 
f æ t Y +2, ae WG r , "Cag Z p. 
, S i ; ; 
whence ='y,—y'z,==— (—2), &c., and the effected accelerations here 


considered are 
vy 


v` z v? z 
a C x), p? (n—y), p” (%—2); 
which being proportional to ë—x, &c. have a resultant in the direction 
of the radius of curvature, the value of which being the square root of 
the sums of the squares of the preceding, is v*:p. Hence the pressure 
mv? : p, directed towards the centre of curvature, is all that is necessary 
to the maintenance of uniform velocity in a curve: and is that force 
which is required to oppose the tendency of matter to maintain its 
velocity in a straight line. 
If we now look at the remaining parts of the effected accelerations, 
we see 
vwt: s, vvy:s?, vozis’, 
proportional to 2’, y’, 2°; whence the pressure that is required to pro- 
duce them is in the direction of the tangent of the curve, and is the 
square root of the sum of the squares of the preceding, or vv :s'. 
Now 
ds ds dv _dv du ds _vv 


dt’ dê dt duds dt s` 
Whence m (d?s:dé®) is the effective pressure which produces the 
requisite alteration in the velocity, depending upon the function which 
the arc is of the time according to precisely the same law as if the arc 
were a straight line: the first considered force providing (if we may so 
speak) all that is necessary on account of the curvature. 

If the system consist only of a single point P, at which the mass m is 
collected, the impressed pressures are altogether, effective in producing 
motion, since there is no other mass in connexion with the one to which 
they are applied. If, then, A, B, and C be the pressures applied in the 
direction of z, y, and z, the accelerations produced in these several 
directions will be A:m, B:m, C:m, which, being wholly effective, 
we have (calling the latter X, Y, and Z) 

2 z 
go y al iy D. ee welds 

n T sat s 

three equations between T, y, z, and ¢, from which, if they can be 
integrated, xz, y, and z may be found in terms of t. This integration 
will introduce six constants, and so many are necessary to the complete 
determination of the problem. For one starting point must be given, 
and the three velocities at that point in the direction of the three axes: 
that is, at one given time, 2, y, x, dr: dt, dy:dt, and dz: dt must be 
known. The six constants are then expended in giving the required 
values to these quantities for a given value of ¢. 
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The preceding equations give (v being the velocity) 


dx? dy? =) 
2 ac See - —— err. a s, 
d.v'=d ET +7 tie = 2 (Xdr+Ydy+Zdz) ; 


the first side of which is integrable, without reference to the depend- 
ence of v, y, and z on ¢. If, then, Xdx+Ydy+ Zdz be integrable, 
(say =d.¢ (t, Y, 2)), we can determine the velocity without knowing 
anything of the manner in which z, &c. are functions of t: and we have 


vi— V= 2¢ (z, Y, z)—2@ (a, b, c)...... (2); 


it being supposed known that at the point (a,b, c) the velocity is V. 
Hence it appears that, when Xdz + Ydy + Zdz is integrable per se, and 
the velocity at the starting point is given, the velocity at any other point 
is a function of the initial and terminal coordinates only, and of the 
initial velocity, and does not depend at all upon the manner in which the 
point moves from one to the other, But this is not necessarily the case 
when the preceding function is not integrable. 

If we substitute in (1) the values of d*r: dé, &c. from page 504, we 
have three equations of the form 


v's’? +8? (v's'—vs") a’ =X, &e.......(3)5 


and if these be multiplied by z,, Y, and z,, and added together, the result 
is (since s'r, +&c.=0; x2, + &c.=0, us in page 409) 


Xz, +t Yy, + Zz, =0...... (4); 


whica is one of the equations of the point’s path. Again, if we remem- 
ber that the equation of the resultant of X, Y, and Zis (*—zx):X 
=(n—y) : Y=(¢—2):Z, and that the equation of the osculating plane 
is (C—x) z, +&c.=0, we may see that the preceding equation expresses 
the following theorem :—the resultant of all the forces at any point lies 
in the osculating plane of the curve at that point. Hence, since the 
osculating plane always passes through the tangent, we see that at 
every point of the motion, the osculating plane passes through the 
tangent, and the resultant of the forces acting at that point.* 

If Xdx+&c. be integrable, so that (2) can be obtained, v? can be 
expressed as a function of x, y, and z, so that any two of the equations 
(3) will be two equations of the path of the curve. Four constants will 
be introduced in the integration ; a fifth, V, has already entered, and the 
sixth will appear in finding ¢ from dé=ds:v. But if Xdr+&c. be not 
integrable, we must, from any two of the equations (3) find v? and vv’; 
then since the second is half the diff. co. of the first, we equate the value 
of 2vv to the diff. co. of the value of vè. This gives an equation of the 
third degree of differentiation ; and the last, and (4), are two equations 
to the path of the curve. Their integration introduces five constants ; 
and the sixth is found in integrating dt=ds: v. 

It thus appears that the elimination of ¢ between the three equations 


* Hence, if a point move upon a surface unacted on by any forces except the 
reaction of the surface, which is normal to it, the osculating plane must always pass 
through the normal of the surface. Consequently (page 442) the curve in which 
the point passes from one point to another is the shortest line which can be drawn 
on the surface between those two points. 
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(1) is always possible: but there are very few cases in which we can 
completely integrate the resulting diff. equ. I now show the process 
by which the equations most convenient for astronomical purposes are 
obtained. 

Let r and 0 be the polar coordinates in the plane of zy of the pro- 
jection of (x, y, z) on that plane, and let u be the reciprocal of r. We 
have then x =r cos ð, y=rsin9. Let the forces X and Y, which act in 
the plane of xy, be each decomposed into two, one directed towards the 
axis of z, and the second perpendicular to the first. If these forces be 
P and T, we have (P and T being supposed positive when their effect is 
to increase r and 0) 


2 ? 
P=X cos 0+ Ysino=- Garr 


dt? dt? 
l dy dèr 
T= Y cos 0— Xsin ĵ=- (a TE 1G) 
dr de 
(Page 345, equ. 20) Poon aa 


d / dy dx d dé 
(do. equ. 11) T=- ( AT) =F G =) 


Let r°d@: dt=H, then dH :dt=Tr and the preceding give 
HdH=Tr* do, or H*=h?+2f Tr do; 


h being the value of H at the commencement of the integral. Also 
d9 : dt=H : °= Hu’. 


dr __ 1 du J dð du E” du 
dt uw dt w dt’ d0 do 
dT oeii Py du 2 ¿Vu T du 
da "ded dedo EAE u de 
or 2,2 T du 
ma (at +u)— u dor 
P T du 
ii orou 
or 7 zept” a APE 9, (u): 


Ga { = ; do) 

a diff. equation which is here exhibited in a useful form for approxima- 
tion when T is small. Take the third of the equations (1), and let o be 
the tangent of the angle which the line joining (x, y, z) withthe origin 


makes with its projection on the plane of zy; whence z=ro=c: 1. 
We have then 


dz ido dð o du dé, dø _ du 
dt u dð dt u? do dt \do 7 a) 
dz dH ( do du’ do / dc T) 7 


Ge uo o dt de det 
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opi T du 2° 1, fu 
whence Z=T We r get H u gp 0H u Tg 
du T du p 
From (u), H? u? rT en p7 u—P; 
do do 
uB | ested ae 
whence H'u (to +tPetT =Z 
EE do 
d’ 3 u? d9 
or Tat o+ UE (o). 


ee 
GAED 
s u? 


If (u) and (c) can be integrated, exactly or approximately, we have 
ne means of determining two equations between x, y, and z from the 


expressions of u and ø in terms of 0: since u= (2y), tan d=y:2, 


o=2z (2 +4°)?. The path is thus determined, and the time at which 
the moving point is at (x, y, z) is found by integrating 


0 i i 
Hu? ~ uta (A+ 2 | Tu dg) eee 


Absolute velocities are rarely required for any astronomical purpose, 
and angular velocities supply their places. And d9: dt is Hu’, while © 


do da dð : do 
de de ae a 

All that precedes, excepting only the equation (2), page 506, is equally 
true, whether Xdr + Ydy-+ Zdz be an exact differential independently of 
relation between q, y, and z,or not. But in all problems of physics, 
the former is the case; and the consequence is that a great degree of 
simplification is introduced into the details of operation as far as regards 
the mode of expressing decompositions of the acting forces. The follow- 
ing investigations will show in what manner. 

Let Q be the function of x, y, and z, of which Xdx-+ Ydy + Zdz is the 
differential. Hence (dQ:dxr being written Qn, &c.) we have Q,=X, 
Q,=Y,Q,=Z. Let a new set of axes be taken, such that r= ax + By’ 
+ yz, y=ar+&c. &c., and let R, the resultant of X, Y, and Z, make 
with the axes angles whose cosines are (a), (a), and (a@”). Then the 
cosine of the angle made by Rand xis (a).a+(a’) æ +(a’).a’, which 
multiplied by R gives «X +« Y +a"Z, which is the component of R in 
the direction of z. But 

i „_dQ dz dQ dy dQ dz _dQ 

Et ee dz dx! dy dz! ge. ae ae 
whence, if in Q be substituted for z, &c., their values in terms of wz’, &c., 
and if the resulting functions of a’, &c. be differentiated with respect to 
x’, the diff. co. Q, is the component of R in the direction of 2’: and 
similarly of the other coordinates. And if (x, y, 2) change to (t+ drz, 
y+dy, z+ dz), the resulting differential dQ is the moment of the force 

R which is used in the principle of virtual velocities. 

Next, let rcos@ and rsin@ be substituted for z and y, r being the 
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projected radius vector, and @ the angle it makes with z. We have 
then 
dQ _dQ dr dQ dy 


am ee === in @ 
dr dr dr dy dr Secure Gai 


dQ _dQ dr , dQ dy_ 
dð dr dð dy a Qey- 

It will be found that if R be decomposed into three forces, one 
parallel to z, one perpendicular to z passing through the axis, and one 
perpendicular to the two former, (the Z, P, and T of the preceding 
problem) ; Q, is the second, and Q, the moment of the third to turn the 
system about the axis of z, or Tr. But if at the same time we put 
o:u for z, cos@:u for x, and sin@:u for y, we have 


dQ _dQ dz , dQ dy , dQ dz 
dus dx” du dy du dz du | Q.— hy o 
___cos@ dQ __sin6 dQ a dQ) Ee 2 
u? dr wu? dy u?® dz 
sin 0 cos T ] Z 
Q.= -Qe a Fa Q-=Q. a ST 


Hence Lees EN m0, Z=uQ, ; 
u u u? u 


which, substituted in the equations (u), (o), and (¢), give 


l du o 
du a 79 ee ae 
de T 
h?+2 7 Q, de 
do 5 
d?o : Q, 79 rR +o ) Q. 
sage oy = —— 
d0? p l \ 4s 
(2 +2| ee) u 
9 
di= di 


u K Ge 2| =Q io) 

These are the equations used by Laplace in his theory of the moon: 
the function Q will be hereafter noticed. 

I now come to the equations connected with the motion of a system. 
If the connexion of the parts of a system were given, with the curve 
described by each* of its points, together with the velocity at each point 
of each curve, and the time at which the system is in some one position, 
the whole motion would be completely given: and the accelerations 
actually taking place at each point, at any one moment of time, being 
calculated asin page 504, the pressures simply sufficient to produce such 


* The equations of the curves of three of its points would be sufficient if the 
system were rigid. 
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accelerations on the masses supposed to be collected at the different 
points might also be calculated. Thus what are called the effective 
forces might be found. But the forces impressed at the moment in 
question may be very different from the effective forces: for if to the 
latter we add any number of mutually destroying forces, which will pro- 
duce no effect, the combination of these with the effective forces may 
produce an infinite number of systems of forces, which being only the 
effective forces combined with other of no effect, may be the forces 
actually employed to produce the effect. Thus the problem, “ given the 
motion, to find the forces which produce it,” is altogether indeterminate ; 
though the following, “ given the motion, to find the forces which will 
just produce it, without any forces superfluous and mutually destructive 
of each other,” is determinate, and has been solved. It is to the inverse 
problem, “ given the forces impressed, required the motion produced,”’ 
that our attention is now to be turned. 

The system and the connexion of its parts being given, let the masses 
collected at A,, A», &c. be m,, ms, &c., at which act such pressures, in 
the directions of x, y, and z, as would, if allowed to act uniformly for one 
second, produce velocities X,, Y,, Z,, Xs, Ys, Zs, &c. in the several 
masses and in the three directions. Then m, is acted on by pressures 
which may be represented by m, X,, m, Y,, Mmi, Zy on condition that the 
unit of pressure is in all cases that which would produce in the unit of 
mass a unit of velocity, if allowed to act uniformly for one second. The 
effected accelerations d’z,: dé’, d*y,: dl, &c. are now unknown quan- 
tities, as are m,d’.x,:dé?, &c. the effective forces. This only is known, 
that the impressed forces may be resolved into 1. The effective forces. 
2. A system of forces which destroys itself, or would if applied alone 
to the system at rest not disturb the equilibrium. Any other supposition 
would lead to the result that the forces proper to produce a motion, 
being applied, do not produce that motion. For the effective forces are 
so called because, being deduced from the actual motion, they would of 
themselves produce that motion: if the remaining forces could produce 
any motion they would, so that the motion of the system would be that 
which it is, and that due to the forces just called remaining besides: 
which is absurd. Hence the impressed forces (I) may be resolved into 
' the effective forces (E), and an equilibrating system (Q). 

If, then, the velocity of all the parts of the system were instantaneously 
destroyed, and at the same moment were applied systems (E’) and (Q’), 
consisting of forces severally equal and opposite to those of (E) and (Q), 
the state of rest thus arbitrarily created would continue: for (E) and 
(Q) balance (E’) and (Q), and (I) is equivalent to (E) and (Q). 
Hence (I) balances (E) and (Q): of which (Q^) balances itself, so that 
(I) balances (E): or, a system of forces composed of the impressed 
forces, and the effective forces {with all their directions diametrically 
changed, must be in equilibrium. This is known by the name of 
D’ Alembert’s principle, and reduces every problem of motion to one of 
equilibrium (page 447). 

The force impressed on m, in the direction of x is m, X,, and the 
opposite of the effective force is — m; (d*z,: dt), and soon. Hense the 
forces applied to m, when (I) and (E) are applied are 


d? d? d'z 
Mı (x.-F) m( T) m(Z, so &c. 


APPLICATION TO MECHANICS. 511 


If, then, we give the system any small motion, (either the one which 
it was going to take when the velocity was destroyed, or any other 
which is consistent with the connexion of its parts,) and apply the 
principle of virtual velocities, we have, supposing that from the motion, 
whether actual or virtual,* x, becomes ti + ôt, Pi 


Zim TEX ) da} +2 fm t 2 —y ) ay} +2 [n (Se - Z) ie} = 


in which, for convenience, the sign of every term has been changed. In 
this, remember that d’ x, : dt’, &c. are all supposed to be obtained from 
the actual motion. 

Let us now suppose the system to be rigid; the six equations deduced 
in page 502 become 


3m (Se x)= 0, or 3m “= EmX, &c. 
\ dt 
3 {ms a z Y)-ny (a K)}=0, 
or =m ma ae Y z=" (1Y — yX), &c. 


Let za Yə % be the coordinates of the centre of gravity, and let 

2, Y, z, be the coordinates of (x, y, z) referred to the centre of gravity 

as an origin, and axes parallel tv the former ones. We have then 
(page 495) 


Io5-Lm=Imr, Yo.2m=Imy, 2.2m=Lmz, 


T= tT, Y=Yot Yn t=Z tz, 
. Xo d’x 
The first set gives TE ` °, m= Im — TE’ &c., whence we find 


dro 2mX dy, ZmY dz _2mZ 
df Sm’ “dt im? “de — ym’ 
or, the actual motion of the centre of gravity is that which a point would 


have, if all the masses were collected in it, and all the impressed pres- 
sures constantly applied to it. Again 


iia (GF + Fee Gems, 
d? d y 
tmr, ge ta, ga" 


If these be summed, remembering which terms are common, we have, 
writing for d? a : dË its value, 
2m a 5 d: YN, 

LM oon SU ii 22 (mo TE 4) mz, >, tÈ ML) 3 


But t=2,+2, gives ioe Loe M+ i. and since mr =x, Èm, we 


* Actual, that which was about to take place; virtual, any other which we may 
require to be supposed in the application of the principle of virtual velocities. 
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have Smz,=0. Similarly, Smy==0 and Im(d*y,:d’)=0. The 
middle terms of the preceding, therefore, disappear, and if we inter-' 
change z and y, and subtract the result, we have, as before shown, an 
expression equal to 2m (1Y —yX), or 

Cie d’ x — — 
r, mY --y, 2m X+ =m Ç aay. a = Em (a+) Y-y,+y,X), 
from which we get the first of the following equations, and correspond- 
ing processes give the others, 


dy dr : 
=m (a JE T Er = fm (zY —y, X), 


d z d’ 
2m (: 1 aE -3 TE ek (y, Z—2,Y), 


=m (z dia —7, T- 2m (z,X—z,Z). 


These are the equations which would be obtained, if the centre of 
gravity were a fixed point, so that its translation should be impossible : 
that is to say, the motion of the system about its centre of gravity is 
altogether independent of the motion of translation of that centre,* the 
forces which act being the same. 

Since any axes may be chosen, let us take, at the end of the time £, 
the system of axes of &, 7, č, which moves with the system: but during 
each time dt, let a set of such axes remain in its position, while other 
axes move with the system, the angular velocities of rotation being p, q, 
and r. On this supposition, in page 487, we obtained 

dé di dz x 
Pr z =r, g PITI eee (A). 

In these equations we do not see dp, dq, or dr, because the motion of 
the system during the first dé is round an instantaneous axis of rotation, 
with velocities which change only by small quantities of the second 
order. But if we consider a second dé, this instantaneous axis under- 
goes an infinitely small change of position, generally speaking, and P, 
&e. become p+dp, &c. Hence in forming d*%:dl’, &c., we must 
consider p, &c. as varying, as well as &, &c. And of all the axes which 
can pass through the given point the most convenient are the principal 
axes, for which Zmin=0, Ymnf=0, YTmZE=0, using the symbol £ 
belonging to a discontinuous system. We have then 


* If the centre of the earth were suddenly to be fixed, this principle shows that 
the rotation would continue as before. But the precession of the equinoxes would 
not continue of the same magnitude, for the sun, &c. not acquiring the same posi- 
tions relatively to the earth which would have been acquired, the forces which cause 
the precession would nut be the same as they would have been if the motion of 
the centre had continued, and different amounts of precession and nutation would 
he created in any given time. But if, when the centre of the earth was fixed, the 
actual motions of the heavenly bodies were altered, so that. relatively to the earth, 
they should move in the same manner as they do when the earth moves, all phe- 
nomena connected with the earth's rotation would be unaltered. This principle 
simplifies all problems connected with the motions of bodies about their centres 
of gravity, by requiring us only to consider the motion of translation so far as it 
affects the magnitude of the impressed forces, 
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d'n _dé de. aar o o up 


de at Pu u ae 
, a : dr d 
=qrg+ paš — (P+) 1465-2 
di 


dë 


2m ——= qr Èm bo + pq Emt? — (p?+r*) Èm ën +5 smp Lm EZ 


d 
=pq 2m P+ Lmé:. 


Interchange ¢ and n, p and q, observing that the first two equations 
(A) are not then interchanged, unless p, q, and r be made to change 
sign, and we have 


tig 3 | dr 
2m qe IP mn? — FT, m7? 


de K de 


Let Mz, Mz, M; be the moments of inertia (page 499) with respect 
to these principal axes, or 


M= Èm (7° +0"), M, =m (+2), M.=2m (E+); 


and let Nz, Nn, Ng be the values of 2m (EH—n#), &c., the impressed 
pressures on the point (4, n, 2) being mÆ, mII, mZ, in the directions of 
the axes. We have then the first of the following equations, and the 
others are obtained by similar processes. 


2 2e\ . 
Sm (é dn d 3 )= pq (Èm — Emn?) + : (Em Emy). 


dr 

Mz t (Man—My pq=Nz 

My 44 (M;—M>) rp=N B) 
"dt ( g z) p= Heei ° 


d 
M; +(My—My) qr=N; 

As the impressed forces can generally be made functions of the 
position of the system, we may consider Nz, &c. as functions of «, p, 
&c., or (page 482) of 0, $, and y. If we were to substitute from page 
483 the values of p, q, and r, in terms of 6, &c., we should have here 
three equations between 9, ¢, Y, and ¢, each of the second order: these 
being integrated, the values of 0, p, and ẹ are obtained in terms of ¢. 
Six arbitrary constants are introduced in integration ; three of which are 
expended in giving the system the initial position assigned to it by the 
conditions of the problem, and three more in giving it the initial motion 
belonging to three given initial values of p,q, and r. Thus the problem 
of finding the motion of any system, acted on by any forces whatever, is 
reduced to that of the integration of three simultaneous diff. equ.: but 
these can seldom be completely integrated. 

It must be observed that all that precedes is both necessary and 
sufficient for the determination cf the motion of a rigid system, or one 
the position of which is given when that of three points not in the same 
line is given: and necessary, but not sufficient, to the determination of 

2L 
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the motion of any other system. For if a system be not rigid, the equi- 
librium of the counter-impressed and effective forces must still be true: 
and in applying the laws of equilibrium every virtual motion which is 
possible in a rigid system is possible in one which is not rigid, and 
other motions besides. So that among the conditions which express that 
2Pép=0 for every motion which a system of variable form may take, 
must be found all those which express the same for every motion which 
the system could take without varying its form. 

The two most useful cases are the extremes; namely, a rigid system, 
in which variation of form is altogether impossible, and a system of 
separate masses, supposed to be collected in points, and wholly uncon- 
nected with each other, except by an attraction or repulsion existing 
between every pair, which either attract or repel each other with equal 
forces. If our object here were mechanical, and not mathematical, it 
would be easy to show that the first is an extreme case of the second: 
but it will now be sufficient to point out some common properties of the 
two systems. Let each of the two masses m, and m, attract the other 
according to a law depending on 7,,., the distance between the points at 
which they are supposed to be collected. Let the attraction of each on 
the other be as its mass, and let the two attractive pressures be equal. 
Then m, m, Or, must represent the attractive pressure of each on the 
other, ¢7,,2 being that function of the distance on which the mutual 
attraction depends: for of no other function of m, and ms is it true that 
any alteration of m, or m, would alter the function in the same propor- 
tion. Now on the suppositions which make pressure=mass x accelera- 
tion (page 477), this pressure, allowed to act without alteration for one 
second upon mm, would produce the velocity M Ør,s, and upon m, the 
velocity m, r,e: so that each mass would produce in the other, in a 
given time, a velocity altogether independent of the other mass, and 
dependent only upon its own. 

If there be a system of such masses, each one acting on all the rest, 
and acted on by it, it is obvious that the impressed forces would be 
mutually destructive if the system were made rigid. Hence we have 
the following equations, which belong equally to the rigid system acted 
on by no forces, and to the system before us. 


dx d*y d'z 
=m ge 7O =m. Teme =m app 


dz  d’y\ _ da eda /( dy EN 
=m (y Je 7 rTP =m (- Fae) = 2m \" ae —y TE —— 1 


These equations might also be readily obtained by the formation of 
2mX, &c., 2m (tY—yX), &c., which would all be found to vanish. 
It appears from the first three that the centre of gravity (79) Yo. Zo) 
moves in a straight line, or is at rest: for they give d’r,:dé==0, &c., or 
r= at+b, y=at+l, z=a"t+b”", the equations of a straight line, or 
of a point, if a=0, a =0, a"=0. To see the meaning of the second set 
of equations, let 7 be the distance of (zx, y, z) from the origin, and let 7, 
be the projection of r upon the plane of ry. Let 0, be the angle made 
by this projection with the axis of z, we have then (page 345) ` 


Cy dx d dy dx\ _ d / o 40, 
“de "de® ~ dé (« dé ae) ae i 


qv 
= 
wr 
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Substitute and integrate, and we have 


G=0, ¥ (mfrido)=Cl+C, 


and similar equations for the other planes. Now 7łd0,: dé represents 
the areal velocity; that is, the area which would be swept over by r, in 
one second, at the rate at which the radius vector is proceeding, its 
length being taken into account. And rid6,:dé is to be reckoned as 
positive or negative, according as 0, is increasing or decreasing. Hence, 
since the preceding property is independent of the origin and coor- 
dinate planes, we have the principle, which is somewhat improperly 
called that of the conservation of areas, namely, that if any point be 
taken, and a plane passing through it, and if all the radii drawn from a 
point to the different moving points of the system be projected upon this 
plane throughout the motion, the sum of the areal velocities, each taken 
with its proper sign and multiplied by the mass of the moving point to 
which it belongs, will be always of the same value. 

Let the constants above described belonging to the planes of yz, zz, 
and ry be called A, B, and C. Take a new set of coordinates &, n, ¢, 
with the same origin, (but also fixed in space,) and let r=a&+/3n+ 2, 
y=aťt + &c., &c. Calculate &dy—ndé, or 


(arta'y+ a'z)(Bdx+Sdyt+B"dz)—(PrtBytf"2)(ade+adyta'dz), 
which, by common development, is 
(aß'—Ba') (ady — yda) + (By'- yB')(ydz-2dy) + (ya'- ay’) (zdx-adz). 


Whence (page 482) (dn—ndt): dt is o&’A+A"B+y"C. This is the 
value-of the function 2. (areal vel.) for the plane of En; those for the 
planes of nf and Zé are gaA+6B+yC and @A+//B+y'C. Now by 
assuming the latter two equal to nothing, we find that A, B, and C are 
in the proportion of By'—y', ya’—ay’, and of’—Be’, or a", B" and 
y”, whence, since g? +8" +y” =1, we have 


J (A+ BP+ C°)’ J (A?+ B+C) J(A?+B?+ Cy’ 
aA + BB+ y"C=,/(A’+ B*+C’). 


And (aA 4+ &c.) + (¢?’A+&c.)?+(e"A+ &c.)? is always = A°+B*+C? 

If, then, we take for a new axis of z the line whose equations are 
x:A=y:B=z2z:C, the projected areal velocities on any plane passing 
through this line, always give 2m (areal vel.)=0, and they give 
J (A?-+ B+C?) for the plane perpendicular to this line. 

To dwell upon the numerous applications of these principles which 
are requisite for the complete elucidation of their physical bearings 
would be to write a treatise on mechanics: in the preceding, we see the 
manner in which the differential calculus is applied to general problems. 
I now go on to the general treatment of the fundamental equation in 
page 511, which was reduced to a system by Lagrange. One important 
step, lately supplied by Sir W. Hamilton,* renders the theoretical ex- 
pression of a large class of dynamical problems in terms of the differential 
calculus perfectly complete, and leaves only purely mathematical diff- 


Em? 


* In a paper headed “On a general method iu Dynamics,” Phil. Trans, for 1834, 
- e L2? 
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culties, namely, those involved in the determination of one particular 
function depending upon the data of the problem. 
The equation in page 511 may be thus written : 


d'z dy d?z l 
2.m (= TA òy + TE 32 )= 2m (Xdr+ Ydy+Zoz)....+-(1). 


In all the cases which occur in practice, the second side is a complete 
differential, say SU. If the variations òr, &c. be actual, or those which 
the motion of the system is itself about to produce (page 511) so that 
dr=dzx, &c., the first side becomes 


dz dt dr? 
es 1 z ( bee 
Bm( aS ‘a + &c. } or pind. (Fe +&e, or d.(42mv*) 
v being the actual velocity of the point (x, y, z). The second side is 
dU, whence integration gives 


42m = U +H, and $4}Emre—}4 mu =U —U,.. oe (2) 


v, being the value of v at the beginning of the motion, and U, the value 
of U. This equation answers to (2) in page 506. 

The expression X .mv?, the sum of the products of each mass, and the 
square of its velocity, is called the vis viva,* or living force, of the 
system. If no forces act, that is, if X=0, Y=0, &c., we have 
U—U,=0, or =mv*=Dmr?; that is, the living force of the system 
always remains the same. This is called the principle of the conserra- 
tion of living force. 

In all physical problems, the values of X, Y, Z depend entirely upon 
the positions of the particles acted upon, and not upon the time at which 
those positions are attained. Hence U isa function of coordinates only, 
aud not of the time; that is, not directly, but only through coordinates : 
the coordinates themselves are, from the nature of the question, functions 
of the time. From this it follows that 2.2v*, the living force at the 
expiration of the time £ from the commencement of the motion, is a 
function of the initial living force, and of the initial and terminal coor- 
dinates of the system. If, then, any position he given to the system, 
such as, consistently with the connexion of its parts, it can occupy, the 
living force belonging to that position can be found, whether the system 
could ever arrive there or not, under the given circumstances. For, the 
initial position and velocities being given, U, and 2.2; are given, and 
for any other assigned ‘position (possible or not) U can be calculated : 
hence Smr? or mv? +2 (U—U,) can be found ; being the living force 
which the system must have if it pass through the assigned position : 
and there is nothing in the preceding mode of calculating 2.mv* to 
point out whether the system can pass through the assigned position or 
not. Consistently with preceding nomenclature, the value of 2.mo* 
belonging to any position which the system does take, might be called 
the actual living force; that belonging to any other position, the virtual 
living force. This distinction must’ be remembered, whether it be con- 
veyed in words assigned to the purpose or not. 

If the living force mv? of the particle whose mass is m continue 


* The meaning of this function, Zmv*, is of the greatest importance in a 
mechanical point of view: here, however, we have only to consider it as a pure 
result of calculation, 
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uniform during the time ¢, the product mv°¢ is called the action of the 
particle during that time. But if v vary, then mv°dé is the action 
during the time dé; and m f v'dt, taken between any limits, is the action 
during the interval between those limits; and £ .m fv?dt is the action of 
the whole system during the same time. 

But it is more useful to consider the action over a given portion of the 
motion, without any but indirect reference to the time. For dé write 
ds:v, ds being the element of the path of the particle m, which gives 
Z.mfvds; and this, taken between any limiting positions, is the action 
of the system in passing from one position to the other. And if we dis- 
tinguish the path which the ‘system does describe from any other, we 
may calculate the action in either, and distinguish the actual action from 
the virtual, in the same manner as we have distinguished the actual 
living force from the virtual. 

Let us now suppose the initial position of the system to be altered, 
and also the initial velocities, in the manner pursued in the calculus of 
variations. Let the final positions be altered in a similar manner, and 
let the intermediate path be varied, so that 2.m/frds is altered by 
àZ. m fvds, or Z.mdfvds. For each particle, dfvdsis f(dv.ds+rdés), 
which, ds being vdt, and ds.dos being dx dòr+ &c., gives 


; dx dy da n? 
afods= f ( vòv.dt + diet, dòy +; dòz ). 


Make the integration by parts, take the integrated part between the 
limits, and, 2’, &c. being dx: dt, &c., let x’), &c. be the initial values of 
2’, &c. Hence 


ò fvds =x òx +y'ðy + 2/62—2"', bx, — y dy — 252, 
+ f (vie — z'òx— y" õy—z"ðz) dt. 
Multiply by m, perform the same operations for every other particle, 
add the results, and observe that equation (2) gives 
Lmvov== Emv, ðv, +U — òU, ; whence 
De mofvds= >.m (òr tydy +2'd2)—2.m (a 62, Hyny + 21021) 
+ f {Emu ðv — ðU, +U — Em ("òrt y"Sy +z" dz) } dt. 
In the integral part the last two terms vanish by equation (1), and the 
preceding pair being independent of t, we find that 3. £m f vds is com- 
pletely integrated, as follows,* 
6=.mfrds= Z.m (2'ðr+ &c.)—Z.m (73x, t &e.) 
oe (2 .mv,dv,—dU,) dta e00 oo (3). 
One case of this equation has been long known; namely, that in 


which the virtual path of the system (or that supposed to be made by 
the variation) begins and ends in the same positions as the actual path, 


* This equation was first noticed by Sir W. Hamilton, (in the paper cited,) who 
proposes to call the relation which it enunciates the /aw of rarying action. He aiso 
calls Im/vds the characteristic function of the motion, and U the force-function. He 
has also altered the phrase “ principle of ¿east action” into the more correct one 
principle of stationary action :? and has used the English term “ living force” 
instead of the Latin “ vis viva,” 
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the initial velocities being the same in both. This gives 6r==0, &c., 
6x,==0, &c., ðv, =0, &c., whence 6U,=0, and every term on the second 
side disappears. Hence 6.2mfvds=0, and this, which may indicate 
that the real action between any two positions of the real path is a maxi- 
mum or minimum, was assumed always to indicate such a conclusion ; an 
error* of generalization perfectly similar to those already considered in 
pages 458, &c. Hence the result was called the principle of least 
action; a maximum being apparently impossible from the nature of the 
question. The true statement is, that if a path be made between two 
positions, varying infinitely little from the real path, and beginning and 
ending with the given positions, the variation of Zm fvds will be an 
infinitely small quantity of a higher order than the variations of the 
coordinates. > 

The object of this chapter being to show the student how to gene- 
ralize those notions with which the study of elementary problems is pre- 
sumed to have made him familiar, I proceed to the general treatment of 
the fundamental equation (1). Let there be n distinct particles, having 
the masses m,, Ma.. eeM and let the points at which the particles are 
at the end of the time ¢ from some fixed epoch be (Tis Y 2,)...- 
(Tas Yn Zn)» And since the repetition of the same functions of z, y, and 
zis unnecessary, let È stand for summation with respect to coordinates 
as well as masses: thus 2mxr means m, (1 +y, +21) + Mme (22+ Yet 2s) 
-++&c. The equation (1) then becomes 2m (x"—X) dx=0, which is 
to be true, not for every value of each dz, necessarily, but for every set 
of values which is consistent with the mutual connection of the parts of 
the system. Suppose, for instance, that m, is attached to a surface on 
which it moves freely, but which it cannot leave: let L=0 be the 
equation of this surface, whence L=0 must be true of 2,, Yı, and z,, and 
L, òx, + L, dy: +L,,5%,=0 must be true of òr, dy, and dz,. Hence 
dv, and òy, are arbitrary, if we please, provided dz, be made to depend 
upon them in the manner preceding. Substitute in (1) for 62, its value, 
and there will remain 3n—1 variations of coordinates; and if for z, be 
substituted its value from L=0, there will be 32—1 coordinates remain- 
ing. If the coefficient of each variation be then made to vanish, we 
have 3n—1 diff. equ., each of the second order, to be mtegrated. If 
there had been p conditions, L,=0, L,=0....L,=0, we might in the 
same way have eliminated p variations, leaving 3n—p distinct and 
arbitrary variations in the equation (1), and as many distinct coordinates 
in the coefficients. Hence, making each coefficient vanish, we have 
3n—p diff. equ. between 3n—p coordinates and ¢, by means of which, 
when integration is possible, these coordinates can be expressed in terms 


* The assumption that A is a maximum or minimum when dA—0 has occasioned 
many errors, and the greatest writers have their full share of them. Among other 
things, it is frequently stated that a system acted on by gravity only, is never in 
equilibrium except when the centre of gravity is highest or lowest. This is not 
correct; it being sufficient to make any position one of equilibrium, that the ten- 
dency of the centre of gravity should be to move horizontally, or that the tangent of 
its path should be horizontal. Thus a system of which the centre of gravity 
describes a curve which has a cusp or point of contrary flexure with a horizontal 
tangent, has a corresponding position of equilibrium. With regard to the point on 
which this note is written, it must be noted that in most, if not all, of the cases 
which actually occur, the value of the integral between two positions of the system is 
really less, for the actual path, than for any other. 
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of t: and the same can be done with the remaining p coordinates,* by 
means of the p conditions, L,=0, L,=0, &c. 

If, however, we prefer the process described in pages 455, 456, we 
must alter the equation (1) into 


2m (2"—X) drt P, 6l,+P.6L,+....+P,0L,=0....(4), 


which contains 3n arbitrary variations, and 32-++-p quantitics to be deter- 
mined, namely, the 3n coordinates, and P,, Pa»... P, The elimination 
of the p last-named quantities (the diff. co. of which do not occur) 
between the 37 equations leaves 3n —p diff. equ., from which, with the 
p conditions, L,=0, &c., the 3n coordinates can be determined in terms 
of t In whichever way we take it, a system of n particles, moving 
under given forces, and subject to p conditions, leads to 3n—p diff. equ. 
of the second order, which introduce 2(3n—p) arbitrary constants in 
integration. The manner in which these constants are found for any 
particular case is as follows: since there are p conditions between 37 
coordinates, only 3n — p of them are independent; this number of them 
may, at the commencement of the motion, be made to have given values, 
and made to begin with given first diff. co. 

It happens, however, for the most part, that the coordinates by means 
of which the fundamental equations are most readily expressed, are not 
those which it is desirable to'use in the resulting equations. There must 
be 3n—p independent quantities; and it may be desirable that all the 
3n coordinates, or any functions of them, should be expressed in terms 
of 3n—p quantities, which may be either simple coordinates, or any 


other magnitudes determining positions. Of these it will be only neces-’ 


sary to specify one, say £: so that when we say that z, &c. are functions 
of é, &c., it is meant that each of the 3n quantities 2,, Yı, Ziy Tx) Yo Zas 
&c. is a function of one or more (it may be all) of the 3n—p quantities 
61, Ée, &c. The following theorem will now be necessary, 

Let the function f(z, Y, &., 2’, y', &., 2”, y", &c.), 2’, x”, &c. being 
diff. co. of x with respect to é, &c. be changed into œ (&, n, &c., é’, 7’, &c., 
$", n”, &c.), by substituting for each of x, y, &c. its value in terms of 
É, n, &c. Let dff.dt and òfp.dt be found by the main process of the 
calculus of variations, between corresponding limits: that is to say, if 
c=w (é, &c.), and we find fo.dt from =é, to =É, we then take 
ff.dt between z=a2, and a=, 7, being =y (éo &c.), and z, being 
Y (é,, &c.). Let the results be L+ fP.dt, and A+ fI dt, abbrevia- 
tions of the results corresponding to those in page 450. Then the 
theorem in question is that L=A and P=TI, subject to the relations 
between z, č, &c. That is to say, P would become identically =H if 
WY (&, &c.), were.substituted for x, &c. 

It is certain that L+ fPdt=A+ fIdt ort f€P—N) dt=A—L: 
the second side of this last, as far as variations are concerned, depends 
only on limiting values, while the first side also depends on the manner 
in which dz, dé, &c. are connected with £, x, &, &c. between the limits. 
Consequently, the value at the limits, and therefore, the second side, 
remaining of one value, the value of the first can be altered ad libitum. 


* It is necessary that the p conditions should contain more than p coordinates: 
for otherwise they would either be contradictory, or else sufficient to determine 
some coordinates absolutely, without reference to the rest. 

+ In these equations suppose for x, &c. their values in terms of %, &c. to be sub- 
stituted: they must then become identically true. 
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The equation last written, then, cannot be true if P—IT and L—A 
have any values: but it must be true; therefore A =L and P=. 
Let the function to which this is to be applied be 


T= 4m, (city ite) + hm, (sit yt) + &e.= gma, 


> denoting summation both with respect to coordinates and particles. 
In page 449, if @=Amy”, we have, using the notation there explained, 
X=0, Y=0, Y,=my’, Y,,=0, &c., whence the indeterminate part of 
fodz is f (0O—(my’)’) wdr, where w=dy —y’sr. To adapt this to the 
present case, we must write x for y and i for x, and (since ¢ is not 
varied, or 6¢=0) òr for w The preceding then becomes f{(—mx"/dz) df, 
and by applying the same reasoning to every term of Zmz, we find 
that the indeterminate integral part of òf 24mz".dt is — f2mz2/'dx.de, 
or f Pdt. But if we now consider x, &c. as functions of £, &c., then 2”, 
&c. will become functions of £, &c. and &’, &c.; so that the indeterminate 
integral part of f24mz'?.d¢ will consist of as many parts as there are 
quantities in the set ¢, &c. Let 2$mzr”"=T, after the substitutions; 
we have then for the indeterminate integral part 


dT d dT dT d dT... 
N dt =) +, Se dt aE ot eaat Gl, OF fidt 


Equating P and II, 
B.ma"s2=2.( 


og. 


aaa 
dt dé F) 
The equation (1) then becomes, after substitution in U, 


d dT dT daUN,, : 
| Ea Fe Ge Fe EOD, 


If, then, we suppose &,, a &c. to be independent of each other, we have 
the equations 


d dT _aT_ dU o, dav _av_a 
dt di’, dé di, ° dt dé, dë, dé, 


as many in number as there are independent coordinates. 

For example, let there be one particle, moving freely, acted on by 
forces X, Y, and Z in the directions of the three coordinates. Jet the 
mass be unity, and let Xor+ Yoy+ Zoz=6U. Let the transformation 
required be as follows: z remaining the same, x and y are to be ex- 
pressed in terms of r and 0, as in page 507; we have then r=rcos90, 
y=rsin 0; dz*+dy’?+d2?=dr’?+7° de*4+ dz*; whence 


T=} (2? +y?+2%)=3 (rP +7? 0°42") 


0; BGs caw (6); 


aT, dT dT dT dT dT . 
— 5 —=70", —=ré, —= —=2), —= 
dr’ ee dr as dg’ os dé 0, dz! = dz 9 
d d dU . 

= Lexie ga „Sin @= X cos 0+ Y sin 0 

dr dx dy 

dU dW . dU f 

Ga de rsm 0-+- Th rcos 0=r (Y cos 0—X sin 9). 
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These last results were P and rT in page 507. The final equations are 
(d7': dt being 7”, &c., and T having the meaning of page 507,) 


r'—ro"?—P=0, (7°6')'—Tr=0, z"—Z=0, 
as in page 507. 
This method of deducing the equations (5) and (6) is the second of 
those given by Lagrange, and is the most general mode of treating the 
question. The following, the first of the two, is more simple in prin- 


ciple, as avoiding the formal calculus of variations. 
It readily appears that 


x" bxn+ yl" Sy + "ten (òr + yoy +2/dz) —46 (2? Hy? +2"), 


If the transformation into terms of, say &, Y, &c. give dx= Ad + Bdy 
+é&c., &., we have a/=Ai’+By'+&c., and r= At +BY &c. 
Again, since 2'$x+ &c. is symmetrical with respect to dr and dx, &c., 
the equivalent of this function must take the form 


SEA G (òy tye) + Hy’ ow + &.=P, 


and changing ò into d, and dividing by 2dt, we change 2’5x-+ &c. int 
$(v"+&c.) This last then is 


BFE" + Gily'+ SHY" + &c.=Q. 
If we now form òQ and P’, we shall have 
JF. E HEESE + Gop! + Gw'de +6G. oy’ + 46H. yH &c.=sQ 
(FEV OEH FESE + (GEY òy + Gi oy’ + (Gy’)’dé + GYE + Ee. = P. 
The first subtracted from the second gives 231+ y"dy+2"6z= 
(Fé)’sE—4Z6oF . 57+ (GE')/dyr— 6G. Ey’ + GY) dé —15H. we" + &e, ; 


in which F, G, &c. being functions of é, &c., and not of $’, &c., it 
follows that dé’, &c. do not appear in oF, &c. Now the last result 
may be obtained from òQ, as appears from observation 1. By changing 
the sign of every term of $Q in which ò precedes unaccented letters. 2. 
By obliterating the accent wherever 6 precedes an accented letter, and 
differentiating all the rest of the term with respect to ¢, or accenting it. 
Thus in Q we see 36F.2%, and in P'’— òQ we see —}òF. ¿"° ; in the 
former we see Fé’ée’, and (F&)'éé in the latter. But 


N _dQ i dQ tl dQ dQ / ° 
Q= tga dys òy + dy Y +&c.; 


make the changes just mentioned, and we have 


d dQ_dQ\,.,/d dQ _ dQ), 
dt d?! dé att T T dy P VARRE: 
Multiply both sides by m, repeat the process for every term of T, and 
add the results, which shows that (5) follows from (1). 

It is thus shown that the expressions T and U, transformed into 
terms of any coordinates, may be immediately made to give those 
equations of motion of a system which depend upon the coordinates 


x or+&c.= 
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used. This completes the theory of the mathematical expression of 
dynamical conditions; and the complete solution of every problem is 
reduced to that of diff. equ. of the second order. But it can also be 
shown* that the determination of £Ł.m fvds from the beginning of the 
motion through any time £, in terms of the initial and final coordinates 
and of H, the initial value of T—U, leads to a complete solution of the 
equations. 

Let č, &c. be the independent coordinates, n in number, in terms of 
which x, &c. can be expressed. Let subscript units denote initial 
values, as before ; let 2. (a/Sx +&c.) be changed into 2.mm (Pè + &c.), 
and let 2.mfvds be called V. The equation (3), page , 517 then 
becomes 

6V=2.m (PdE+ &c.)—Z.m (Pòt + &c.) + 16H. 


In which each of P, &c. is a known function of é, &c. and ’, &c., the 
relations between zx, &c. and é, &c. being known. If then V be given 
or determined in terms of é, &c., č &c., and H, we have the equations 


d d d 
V=9 (é, &c., én &c. H), wee E+ bo. ôk + ae. FE òH; 
LUG We] wa 


where dd: dé, &c., and df}: dH are given functions of é, &c., é, &c., 
and H, as obtained by differentiation. The two values of òV must be 
identical, and we thus have 


l q . 
n equations of cach of the forms rome, = --mP,...(Aand A,), 
: ; dp _ ; . 
one equation more qa . .. (B). 


Now we are to remember that $ contains the initial values of £, &c., 
but not of &, &c.; it has also been supposed that a, &c. can be expressed 
in terms of č, &c., without the initial values of &, &c.; which is but 
saying that the dependence of the coordinates on each other is wholly 
independent of time and velocity. Hence neither (A) nor (B) contain 
the initial values of 2’, &c.; and if between these n+l equations we 
eliminate H, and remember that (B) introduces ¢, we have n equations 
between ë, &c., &’, &c., and ¢, containing n constants ¢,, &c.; which are n 
first integrals of the equations of motion. But if we eliminate H 
between (A,) and (B), remembering that the equations (A,) do not 
contain é’, &c., we get n equations between é, &c. and é, containing 2n 
arbitrary constants &, &c. and &,, &c. Hence each of é, &c. may be ex- 
pressed in terms of £ and constants, or the problem is completely solved ; 
the solution of a dynamical question being the expression of everything 
which varies with the time, in terms of the time and of constants depend- 
ing on initial position. Consequently the solution of the problem of the 
motion of a system under given forces is reduced to differentiation and 
elimination, as soon as V, or 2.m/fvds, or what has been called the 
action of the system, is expressed in terms of initial coordinates, variable 
coordinates, and the initial value of the living force.t 

From what precedes it appears that the integration of simultaneous 


* This is the step made by Sir W. Hamilton, alluded to in page 515. 
+ Since H=T,— U, and U, is a function of 2', &c., any function of 2, &c., 21, &c., 
and H, is also a function of 2, &c., č &c., and T,. 
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diff, equ. of the second order is the sole difficulty which we meet with in 
the solution of dynamical problems of which the data are known with 
accuracy. In many most interesting questions, the absolute solution of 
the equations has not been attained, and approximation must be had 
recourse to: fortunately it happens that most of the problems connected 
with the theory of the solar system have circumstances connected with 
them which facilitate approximation to the required integrations. The 
theory of this process has been generalized and methodized by Lagrange, 
and it is now my object to present the peculiar manner in which the 
resources of the differential calculus are applied to the approximate 
development of the alterations which must be made in a solution, in 
consequence of certain minute alterations in the data of the question. 

The principles on which we are to proceed have been already Jaid down 
in a particular case (page 155). As in page 189, ¢ (2, c), a function 
of x and c, may be changed into any function of x and C, by substituting 
instead of c the proper function of x and C. If, then, y=# (a,c) be 
the solution of any one diff. equ. (A), it may be changed by substitution 
into that of any other, (B). Itis always open to us, then, to solve (B) 
by investigating what substitution for one of the constants in the solu- 
tion of (A) will give that of (B): and, in certain cases, as in page 155, 
this is the most direct road to a complete solution; in others, to an 
approximate solution. 

For instance, let there be a couple of simultaneous diff. equ. of the 
second order, U,=0, U,=0, between x, y, and t. In the complete 
solution four arbitrary constants enter, say a, b, c, e; let the complete 
solution be r= ¢ (t, a, b,c,c), y=w (t,a,5,c,e). Let there be two 
other equations, U,=Q,, U,=,, U, and U, being the same as before, 
and Q, and Q; functions which are always small in value. If a,b,c, and 
e be made variable, we may, by taking proper values of them in terms of 
t and other constants (say their initial values) make r=¢ (t, a, &c.) and 
y=¥y (t, a, &c.) become the solutions of U, =Q, and U,=Q,. Moreover, 
since the suppositions Q,=0, Q,=0 destroy the variable parts of a, &c., 
we may predict that a, &c. will vary slowly when Q, and Q, are small. 
That is, if A, &c. be the initial values of a, &c., and if 


a= A -+a (t, A, B, &.), b=B+8 (4 A, B, &c.), &c., 


the functions œ, 6, &c. will vary slowly in comparison with ¢. This 
circumstance is the main point of the approximation. 

The object of investigation is now the manner in which a, &c. must 
be made to depend upon tand initial values, in order that c= ¢ (t, a, &c.), 
y=% (t, a, &c.), which satisfy U,=0, U,=0, when a, &c. are con- 
stant, may satisfy U,=Q,, Us=Q,, when a, &c. are variable. From 
r= (t, a, &c.) we find 


daz _dó , db da dp db , dp de db de 

dt dt ‘da dt ‘db dt ‘de dt de dt’ 
from which we might find d?x:dé?; and similarly we might find dy: dé 
and d*y: di%. In these expressions da: dt, d?a: di*, &c. are unknown, 
and dd: dt, dp: da, &c. are known functions of t, a, &c., smce U,=0 
and U,=0 are supposed to have been completely solved. Substitute 
the values of x and y and their diff. co. in U, =Q, and U,=Q,, and we 
shall thus have two equations between four undetermined functions 
a, b, c, e and the first two diff. co. of each. So far then it might seem 


524 DIFFERENTIAL AND INTEGRAL CALCULUS. 


as if we had made no progress, having merely converted a pair of 
simultaneous equations of the second order into another pair of the same 
kind. But since in the new pair we have four undetermined functions, 
with only two conditions to satisfy, we can choose any two others which 
may be most convenient: and thus we can reduce the question to the 
solution of four simultaneous equations of the first order. Let the 
additional conditions which we are at liberty to introduce be that the 
parts of dr:dt and dy:dt which arise from supposing a, &c. to vary, 
shall vanish by themselves. This gives 


dp da dọ db e% dy da | dy db E , 
da dt T a ae tay gg TECH (ADs 

cate ths, dy dr _do dy dy, kii 

reducing Ti and EN to a u i ap which it must be ob- 


served that since in dp: dt and dy: dé, t varies withouta, &c., the forms of 
dx:dt and dy:dé are precisely what they were in the solutions of 
U,=0 and U.=0. Again 


dz To, E da dp db , d'o de, dp de 
de d@ “dida dt hd d dfde do ui ae 


with a similar equation for d’y:dé*, Here d*p: di®, d’@: dt da, &c. 
are known functions, so that on substituting values of x and y and of their 
diff. co. in U,=Q, and U,=Q,, we have, with the equations marked 
(A), four equations between a, &c., their first diff. co., and £. It is also 
to be noted that if any other variable be more convenient than ¢, the 
same process may still be applied. 

In language borrowed from the planetary theory, to which this method 
was first applied, U,=:0 and U,=0 are called the undisturbed equations, 
U,=Q, and U.=Q, the disturbed equations, and Q, and Q, the disturb- 
ing functions. Thus the results above obtained may be enuntiated by 
saying that the disturbed equations may be solved so as to allow both 
the coordinates and their first diff. co. to retain their undisturbed forms, 
provided that the elements (as- the quantities a, '&c. are called) which 
are constant in the solution of the undisturbed equations, vary in that of 
the disturbed equations in such manner as to satisfy the four simulta- 
neous diff. equ. above deduced. 

The preceding process is equally a preparation for exact solution 
(when possible) or for approximation: in the latter the method of 
successive substitution alluded to in page 223 must be employed. I 
shall first give a simple example of this method, and then, after giving 
an example of the application of the whole method of variation of 
elements, shall proceed to Lagrange’s generalization of this method. 


2 
Let 


d'u 
equation (pages 155, 210) is u=C cos (y (1— u) .0+ E), C and E being 


gg t YT P p being a small quantity. The solution of this 
arbitrary constants. But 


ig 0 
V(1—p).6+E=0+E— = Le p? — oo. =O+E—V, 


V being (Au+3e?+....)0 Again 
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GI 


2 
C cos (0+ E— V)=C cos (0+5)(1—L+ sae .), 
\ / 


V3 
+C sin (6+ E) (v- 55 +8. ) 


Expand the powers of V in powers of u, and we shall have 
u=C cos (0+E)+}C Osin (6+ E).p+Ap?+ By? + &e. ; 


A, B, &c. being functions of 6, C, and E. Suppose* now that we 
could not find the complete solution of the given equation, but that we 
knew it can be developed in a series of powers of u. Suppose also that 
we can integrate it completely when »=0. Perform this last process, 
which gives w=Ccos(9+E). If we substitute this value of u in the 
term uu on the second side of the equation, we leave out of u terms having 
H» H°, &c., or out of uu terms having p”, př, &c. We can therefore 
make no error in terms of the first order by so doing. But (page 155) 


clu 


gp t= C cos (0+E) gives u=C' cos (0 + E')+ u Csin 9 fcos 0. cos 
(0+E) d9 — u C cos 0 f sin 0 cos (0 + E) d0 =C" cos (8 +E’) + ł u C cos 
(6+ E)+4pCé@sin (6+ E); where C and E’ are new constants: but as 
two, C and E, have already been introduced, and no more are allowable, 
we must examine this result further. Taking the result 


u==C’ cos (04+ Eb’) +4 pC cos (04+ E)+3yCO sin (6+E), 


which absolutely satisfies the equation whose second side is p C cos(9+E), 
we have 


ot — pu=pC cos (64+ E)—pC' cos (0+ E’) 


—} p C cos (0+E)—} p? Co sin (0+ E). 


if then E=E, and if C be either equal to C’, or differ from it by a 
quantity of the first order, so that pC —pC' is of the second order, the 
second side of the preceding is entirely of the second order, or the given 
equation is satisfied as far as terms of the first order inclusive. If 
C—C’=i puC, the preceding value of u becomes precisely the first two 
terms of the real value, as found by the exact solution. If we substitute 
this value of u, exact to terms of the first order, in pu, the error will be 
of the third order, and repeating the process of solution upon the 
equation 
d'u 
dé? 
we shall get a result which is exact to terms of the second order inclu- 
sive. We may then repeat the process with the new value of u, and so 
on. It appears, however, that we must, at the end of every process, 
know independently how to determine the values of the new constants. 
Let the undisturbed state of a system be as follows: a particle of 
matter is attracted towards a fixed point by a force which varies inversely 
as the square of the distance from that point. Let the disturbance be a 


+u=C cos (0+E)+4 p CO sin (6+E) 


* These are the conditions under which equations usually present the.aselves in 
our present subject, 
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small additional force directed towards the same centre. If it were not 
for this disturbing force, and if the particle were in the first instance 
projected in any direction except directly to or from the centre of 
attraction, it would describe a conic section. It is required to apply 
the preceding principles to the determination of its actual motion. 

It might easily be shown* that the particle must always move in the 
plane which contains its first direction of motion and the attracting 
centre; let the coordinates be taken in that plane, and let u be the 
reciprocal of the distance of the particle from the centre of attraction at 
the end of the time ¢ from the beginning of the motion, and let pu’ +I 
be the accelerationt belonging to the attraction at the distance r, where, 
u being constant, pu” varies inversely as 7°, and II is the acceleration 
arising from the small disturbing force. Returning to page 507, we 
have here a particular case of the problem there proposed, in which 
T=0, P= — (pu? +I), since the force is supposed to be directed 
towards the centre, o=0, z=0, since the moving particle is always in 
the plane of ry. The equations of motion become then 


du u II dé 
at Be ae Oh 


and (o), page 508, is satisfied identically. The second of these equations 
can be integrated when II=0, and gives } 


H=A, 


w= +B cos (0—£) ; g 


B and £ being arbitrary constants introduced in integration, and depend- 
ing upon the initial position and velocity of the particle. Again, since 
rd0:di==h, the constant k is determined by the initial value of 
r'do:dt. The equation last obtained is that of a conic section, the 
centre of attraction being the focus; and if we suppose it to be an 
ellipse, of which a is the semiaxis major, and e the eccentricity, we 
have 

E 2 1 = e __ eH 

hk? ~~ a(1—e’)’ “a(l me) he 


and £ is the value of 0 when the particle is at its least distance from'the 
focus. We are nowt to apply these results to the integration of the 
disturbed equation 


u p II 
Jee TTR ae ° o Ary § 8 9 


the disturbing function being H : k? w. 
The integral of the undisturbed equation being 


* This might be shown directly from the theorem relative to the osculating plane 
in page 506. ; 

+ Meaning, that if the attraction, such as it is at the distance r, were to act 
without alteration upon the particle during one second, at the beginning of which it 
was at rest, it would at the end of that second be moving at the rate of uu? +1 per 
second. 

t The greater part of the preceding paragraph is a recapitulation of results with 
which the student is supposed to be familiar from the ordinary elements of analyti- 
cal dynamics which he is presumed to have read, 
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e 
u=- +i cos (9—B)...... (u); 


in which e and £ are constants, let e and 8 now be such functions of 0 
as will make the preceding satisfy the disturbed equation. We have 
then 


du _ 
de 
in which, there being two new indeterminate functions e and B, with 
only one condition to „be satisfied by them, we may (page 524) create 


another condition by supposing the part of du:d0 which arises from 
the variation of e and £, to vanish by itself. This gives 


_ ep k H de Ch. i dp f 
qa Sn (0—B) +, cos (9—8) = +>, 810 (0—8) do’ 


~ de e a ae du _ ep, 
cos (0-8) ot e sin (9—8). pe M ie sin (0—8) 
dy eu u. de ep dB 
doe 72 COS (9—B) — zain (0—B) To + 72 098 (86—B) 79° 
. ep : p 
For 72 098 (6 — B) write uF whence (II) gives 


Ae dp H 
—sin (@Q—B) do +e cos (9—B) do ~ me ! 


which, with the condition previously created, gives 


de m, dp 
do Pr a Cn dé 

If II be a known function of u and 0, substitution of the value of u 
from (u) in the preceding will give two equations between e, 6, and 6, 
from which, if by integration e and £ can be determined in terms of 0, 
the substitution of e and £ in (u) will give an equation between u and @ 
which is that of the path of the particle. The equation (u) is that of a 
conic section when e and $ are constant; that is to say, pairs of values 
of u and 0 which satisfy the equation are all coordinates of points in the 
same conic section. And even if e and £ should be functions of 9, it is 
still true that every point of the curve is a point of a conic section deter- 
mined by (w), though two different points are not on the same conic 
section: thus, if e=9 and B=6%, the equation u=1 +8 cos (8 — 6°) is not 
that of a conic section; but if @=a and u==b satisfy it, the point (a, b) is 
one of the points of the conic section whose equation is u=1+acos 
(9—a*). We may then say that the path of the particle is such as 
would be traced out by a point moving on a conic section, which conic 
section itself changes its dimensions, varying its eccentricity and the 
place of its vertex in the manner indicated by the functions which e and 
ß are of 0, and its semiaxis major in the manner indicated by a (1 —e*) 
ht: ph. 

It A only in this sense that planets and satellites can be said to move 
in ellipses about their primaries; that is to say, the ellipse must be con- 
sidered as continually varying its form and position, At any one 
moment it is called the instantaneous ellipse. 

The advantage of this supposition will be more clearly seen by a com- 


= cos (@— £). 
pu 
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parison with a more simple case. When a point moves in a curve, we 
talk of the different directions of its motion, as if it could at each moment 
be said to be moving in a straight line. The straight line chosen is the 
tangent of the curve, in which, however, the point can never be said to 
move, unless this tangent move also, and vary its point of contact with 
the curve. Any other line passing through the particle might be chosen, 
and the particle might be said to move on that line, if the line itself be 
also supposed to change its position. The geometrical advantage of 
choosing the tangent in preference to any other line is shown in 
page 136: the mechanical advantage lies in this, that the tangent at 
any point is the line in which the particle would continue to move, if 
all the forces were instantaneously withdrawn when the particle reaches 
that point. This amounts to considering the tangent as the line of 
undisturbed motion, and all the forces as disturbing forces:* and the 
tangent might be called the instantaneous straight line. 

In the preceding problem: we have a similar geometrical and me- 
chanical advantage which arises from the introduction of the instan- 
taneous ellipse. Since first diff. co. are the same in both the ellipse 
and the curve, the former is always a tangent to the latter, and since 
velocities depend only on first diff. co., the actual velocity possessed by the 
particle at any one point of its path is exactly that which it would have if it 
had come to that point in revolving round the instantaneous ellipse. If 
at the point we speak of, the disturbing forces were instantly removed, 
the particle would continue its course, not in the disturbed orbit, but in 
the instantaneous ellipse, allowed to remain as it was at the moment 
when the disturbing forces were removed. The mathematical advantages 
of this use of the instantaneous ellipse are increased by the circumstance 
of the disturbing forces being always small, the consequence of which is 
that the elements of the instantaneous ellipse vary very slowly, so that 
the supposition of the orbits of planets and satellites being absolute 
ellipses is not far from the truth. 

To take a particular case of the example last discussed, let the dis- 
turbing force vary as the inverse cube of the distance, and let the whole 
force be — (uu? + ku?). We have then 


a a = {Ite cos (9—B8)}=1{1+ecos (0-6)}; 


pu p h 
k: hè being called 2. Let it also be supposed that Z is less than unity. 
The path of the particle, on these suppositions, can easily be determined 
by direct integration; for which purpose I have chosen it as an 


exercise in the method of the variation of elements. Let 06—8=¢ġ; we 
have then 


* Let Y and X be the accelerations in the directions of y and x, so that a2//—X, 
"=Y. The integrals of the undisturbed equations 2”=0, y’=0 are r=at-+6, 
y=Ai+B, from which ¢ being eliminated, we have the equation of a straight line. 
Treat this by the general method in page 524, and we find for the diff, equ. of the 
disturbed motion, 


avt+/=0, AN’+B/=0, d'=X, AY; 


X and Y being each a given function of af+6 and At+B. If these four equations 
can be integrated, we find how a, A, b, and B, the elements of the straight line of 
undisturbed motion, must vary, in order that r=at+6, y=At+B may be the 
equations of the line of disturbed motion, or of the line to what the straight line of 


undisturbed motion is always tangent. 
¢ 
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de 


ago! sin  (1+ecos Ø), é(1—#)=1 cos $ (1 +e cos $). 


Eliminate d9, which gives 
de eee sin Ø (l+ec COs os P) 
dp e—tcosd (lec +e cos os p)’ 


whence e=} (1+ecos¢~)?+L. Let ecos¢=—2z, whence 


de í z? e de 2.2 
B= —a/(-5). (1+2), ETS oN (e =s 
dz er wale = 50, U9 ee A 
a a aa al /(1+L+ 2lz —(1—L) 2°) 
20—)z-2l 
V{4?+4(L+/)a— D} 


For /{4?+4 (L+1) (L1—2)}, which, L being arbitrary, is merely 
an arbitrary constant, write 2M (1—2), which gives 


or ede=l (1 +e cos h) d.e cosp; 


6,/(1—2) +C=cos™ (page 287). 


l 
= y3 tM cos {0,/(1--1)+C}. 


In uor (uw: Ah?)(1+2) write the value just obtained for z, and for é 
put back its value &: h®, which gives 


— e ,Mp i (0-4 
u= a pot me cos Lif l ) +c}, 


for the equation of the particle’s path. This may be easily obtained by 
common methods from the substitution of ku? for II in (11), page 528, 
and integration.* 

When u has been found in terms of 0, the time of describing any 
angle is found by integrating d/=d6:hu". It is also to be noticed that 
in the preceding example we might express the infinitely small variations 
of the elements in terms of di, by substitution. Thus 


de h dB h d0 
—— —-—- Ii sin (0 — So Be — Ja 8 
di in(@—f), e a IJ cos (09 — p), ; = hu 


is a system of three equations, the integration of which will give 0, e, /, 
and thence v, in terms of t. 

From page 518 I have been endeavouring to give notions preliminary 
to the introduction of the method of Lagrange for the variation of 
elements, to which I now proceed, taking up the subject from the deter- 
mination of the equations (6) in page 520? 

To avoid indices let &, %, , &c. be the independent coordinates, 


* This is the problem of the ninth section of the Principia. The result is that 
the path described is that obtained by making the particle revolve in a given ellipse 
while that ellipse revolves about the focus with an angular velocity which always 
bears a given ratio to the angular velocity of the particle i in the ellipse. It may be 
worth while to remind the readers of the Pri incipia, that the ellipse of the ninth 
section is not the instantaneous ellipse of the orbit. 


2M 
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instead of &,, &, &c., and let T+ U=Z. Remember that T is a function 
both of coordinates and their diff. co., while U is a function of coor- 
dinates only. Hence Z and T have the same diff. co. with respect to 
é, w’, &c., whence the equations (6) become 


d dZ _dZo 2 dZ av 
dt ` dë! dé” dt’dy dy 


When we integrate these equations, we express č, y, &c. each in 
terms of ¢ and a number of arbitrary constants (elements, as they are 
frequently called) «, b, c, &c. twice as many in number as there are 
equations. Now Z and its diff. co. are all known functions of &, EN &c., 
and only unknown in the same sense as, and so long as, &, é’, &c. are un- 
known in terms of t. If, after the integration, we substitute for &, &’, 
&c., their (now) known values, then dZ:di, &c. and dZ:dé, &c. 
become known, the first can be explicitly differentiated with respect to 
t, and the preceding equations then become identically true, and in- 
dependently of the values of the elements a, b, &c. If, then, these 
elements be changed into a+ Aa, b+ Ad, &c., the equations still remain 
true, and if we denote by AZ, A’’, A(dZ: dé’), &c. the changes which 
take place in consequence of the variations of these elements, we have 


d/.dZ\ dZ f AZN: dZ 


O. re -(6). 


dé’ dé 
If other variations be made, by which a, òb, &c. are changed into 
a+ õa, b+ òb, &c., equations of the same form may be made by changing 
A into 6. Multiply the d-equations by AZ, Ay, &c., and the A-equa- 
tions by of, dy, &c., subtract the second results from the first, and 
add all the results together, which gives 


af<dZy «df az dZ x, ,dZ) 
z {az.5 (355) iz (4 ap DE SEH a AS JH 


> referring to aggregation of the same functions of different coordinates. 


Now / 
d dZ \ d dZ dé dZ 
eae — Le a A aaaea == — a pee è 
AS 7 % pS 7 (5 ò 7) A 7 h) JE” &c 


Form similar results by interchanging A and ò, and substitute, which 


gives 
d dZ .. ,dZ 
X P (4.3 qe =| 
dZ dZ dZ dZ 
—star.s & ars} * A SZ pat <a F 
zata tA p E Se +a Se fo 

which, for a moment, we call S,—S,+S,. If Aa, &c., da, &c. be 
infinitely small variations, each of the terms is of the second order ; but 
it may be shown that in —S,+S, all the terms of the second order 
vanish, leaving, as a differential equation, S,=0. To show this, 
observe that (using our abbreviated notation for partial differentiation) 
we have, Z; and Zy, Z, and Zy, &c., being each a function of every one 
of the sets é, Y, &c., 2’, w’, &c., 
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OL, = Zg BE + Ley OY + &e. + Zie 0b! + Zy oy! + &c. 
6Z, = Zy E+ Zp òy + Ac. Hot + Zyy oy’ +&e. &c. 
Zig = Zy OE + Zop òy + & eC. + Ly dE! + Zop OYs' + &e. 
Ly = Ly t + Ly Oy + &e. + Zyp6b'+Zyyoy'+&ec. &e. 
Hence S, is entirely composed of terms of the following forms : 


Za AEE, Ly (AW SEFAESW), Zey (AE SY + AY dt’), 
Lyre (Ay Oc! 4. At’ jw’), Lieve Aé! oe! : 
in fact, S, is made by puiting together all such functions of single 
coordinates as are shown in the first and last of the preceding terms, 
and all such functions of every combination of two coordinates as are 
shown in the intermediate terms. But in no one of these terms would 
any change be made by using ò for A, and A for ò; now S, is converted 
into S; by this change; whence SES. or Sı = 0. But S, is a diff. co. 


with respect to ¢; the quantity differentiated is therefore independent of 
t, or 


z( ars -aa SF 7) is independent of t. (A,6). 


This conclusion is one bens it may be worth while to verify in a 
particular case. Let there be a particle moving in a given plane, acted 
on by pressures in the directions of x and y, the accelerations of which 
are y and x. We have then 

dU=ydz+ady, U=xy, T=} (2° +y"), Z=T+U, 
dZ č , dZ BTT E 
Fia, dy’ Y” and 2=y, y" 
are the equations of motion, (a result we might have looked for) which 
give c’=2, y"=y, or (page 211) 
c=Ae'+Be‘+Ccost+Esiné 
y= Ag+ Be*—Ccost—Esint 
Ar AA.s'+AB.¢°4+AC.cost+AE.snt; òr = ðA. c+ &e. 
or = ðA . € — òB .e—~— òC .sin t+ oE.cost; Ar = AA. 4+ éc. 


d dZ 
And we want Axr ò = —orA qp Ar òr — òr Ax'; form this by actual 


multiplication from the preceding, and we shall get 
Az 62'— òx Az’ =2 (6A AB—AA 6B) + (AC 6E— òC AE) 
+(dA AC—AA 6C)(cos é+sin t) &+(A4A òE- AAE) (cos t- sint) £, 
+ (4BòE - BAE) (cos t+sin t)s~*-+(ABSC -òBAC)(cosżt-sin £) £~". 
Now observe that to change z into y we have only to alter the signs of 
> and E, which will change those of AC, &c. If this be done, and the 
naa added to the preceding, we find that all the portion depending on 
t disappears, and part of the independent portion, giving 
Ax $2! — dz Az’ + Ay dy! —dy Ay'= 4 (SA AB — AA èB) ; 


a result independent of ¢, which verifies the theorem. 
2M 2 
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This very remarkable result, which is perhaps the most characteristic 
specimen of the genius of Lagrange which could be given, is the most 
general theorem which has yet been attained in the mathematics of 
mechanics, not excepting the principle of virtual velocities, or that of 
D’Alembert ;* for while the former gives a relation between the effects of 
one virtual alteration only, this theorem of Lagrange assigns a relation 
between the effects of two distinct and independent virtual alterations. 

Returning to the equations (6)’, page 530, let us now suppose such 
disturbing forces to be introduced as add the disturbing function © to 
U, Q being, as shown, a function of é, W, &c., but not of En w', &c. 
Hence dZ: dé’, &c. remain as before, but dZ: dé, &c. must be increased 
by dQ : dé, &c.; so that allowing Z to represent T+ U as in the undis- 
turbed question, the equations of the disturbed motion are found by 
writing Z+Q for Z, which gives 


d dZ dZ dQ d dZ dZ da, 
—.— -— Se a & (Q). 
dt dt dg ldg? dt dy’ dy dẹ 

Let us, moreover, suppose that the formule for the disturbed motion 
are to be those of the undisturbed motion, except that the arbitrary con- 
stants become functions of the time, and let d&, &c., which are variations 
arising from variations of elements only, be those variations which 
actually take place in the time dé; while Aé, &c. arise from arbitrary 
and virtual variations. The theorem of Lagrange still remains true, but 
not in the words hitherto used; for (A,é) (page 531) now becomes a 
function of the time; but this is only through the elements which it 
contains, which were the arbitrary constants of the undisturbed motion ; 
and (A, 5) is now to be said to be not a function of the time, except 
through these elements. Moreover, as previously explained, the number 
of elements by proper determination of which we make the undisturbed 
formule represent the disturbed motion being double of the number of 
equations to be satisfied, leaves it in our power to make it a condition of 
this determination that 3£, dy, &c. shall all vanish, the effect of which 


dZ\ 


/ 
upon (A, ò) being observed, we now see that 2 ( 45 ò TE) is independent 


of the time, except through the elements. 

Again, if we examine the first of equations (Q), or d. Ly — Z;.dt 
=Q,.dt, it is plain that d.Z, must consist of two parts: first, that 
which arises from making £ vary where it enters explicitly ; secondly, 
that arising from making the elements (formerly arbitrary constants) 
vary so as to make the whole satisfy the disturbed equation. But the 
first is the d.Z, of the undisturbed question, and, therefore, page 530, 
equations (6)’, is equal to Z,.dt: the second must, from the hypothesis 
above made as to the meaning of 6, be denoted by 6Z,. Hence the pre- 


* The principle of D’Alembert is perhaps rather of a metaphysical than a 
mechanical character; by which I mean that its evidence depends rather on our 
general notion of cause and effect, than on any conception particularly derived from 
the cause which we call force, or its effect, velocity, or the counteraction of effects 
called equilibrium. Assuming that a cause must produce its effect unless hindered 
by the effect of some different cause, it follows that if a set of causes A produce only 
the effect of another set of causes B, A and B can only differ in that A contains 
besides B, a set of causes the effects of which neutralize each other: these being 
removed, all that is left of A is B. 
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ceding equation becomes oZy=Q,.d/, or, in common notation, and 
extending the same reasoning, we have 


dZ dQ dZ dQ 
ò TE yde dt, (0) dy! “dy dl, &c. (7) 
( dZ dQ, dQ 
t ò — z| — AF + — A : =AL. de: 
Zeeg =) (S: AS + Tu Ay +8. ae AQ. dt; 


whence AQ.dé is a function which is independent of t, except as ¢ 
enters through the now variable elements. Or rather, if in the expres- 
sion 2 (Aë ò Zy»—6& A Ze), which is certainly independent of t, we intro- 
duce the conditions €€=0, ow=0, &c., we then find an equivalent to 
AQ dt, which is, therefore, independent of ¢ But we are* not to 
suppose that if we were merely to find Q in the most direct marner, 
and thence AQ dé, that we should produce this function in the form in 
which it is independent of ¢. The theorem may be thus stated: the 
expression AQ dt— È. ò AZ, may be made independent of t directly, by 
substitution in AQ of the valucs of ©,, &c., furnished by the equations of 
motion, (this is the reversal of the last process,) and this form, which is 
independent of ¢, is in value an equivalent to AQ dt, if the equations 
d6&=0, dy=0, &c. be also satisfied by the variations of the elements. 

Let a, 6, &c. be the values of &,w, &c. when t=0, and A, u, &c. 
those of Zy, Z,, &c., in the undisturbed question. ‘These quantities, 
twice as many in number as the coordinates, may be taken as the con- 
stants of Integration; since whatever constants integration may intro- 
duce, they may be determined in terms of a, &c. and A, &c. But since 
2 (AE 6Zy— SE OZ) is independent of t, it might, in the undisturbed 
question, be determined by making ¢=0, since the value which it then 
has, it must retain. But its initial value is È (Aa.d6\— 06a AA), whence, 
remembering that the value of the preceding is also 4Q.dt, and, 
substituting for č, Y, &c. in Q their values in terms of t, a, A, &c., we 
have 

dQ, dQ dQ X : 

dt (da Oat Ts AB+&c.+ rN AA+ se | aa 02+ Afou &c., 
in which Ag, AG, &c. are altogether indeterminate. Hence, then, 


| l 
eae dt, a= ge dt, i 
a df 


dN 
* For example, (At+B)a—(at+5) A is independent of ż, unless as contained in 
A,a, &c. But should it happen that a¢+b=0, we do not become immediately 
cognizant of this theorem by looking at (A¢+B)a, though we may deduce it either 
by using the term (af+6)A, or by eliminating ¢ from (A¢+B)a by means of 
at+5=0. Thestudent who examines the Mécanique Analytique, pp. 333—337, will 
see that Lagrange, when he has proved the equatiun 


AQ dt==3 (Ag. bZyr — 32 AZ yz), 


adds “ On voit que Ze second membre de Péquation précédente est la même fonction 
que nous avons vu devoir étre indépendente du tems ¢.” But he does not venture to 
add that therefore the first side is independent of f, and he cautiously abstains from 
any use of that first side, except by means of the second. The fact is, that though 
it is possible to write @ in such a form that AQdé shall be independent of 4, yet, 
after the present step, he does not find it necessary to use or reter to that form: 
and it is in fact never used in practice. The difficulty arises from the particulariza- 
tion of the meaning of 3 being made a little too early in the process, which is avoided 
in the second proot of the resulting equations presently given (page 935). 


dt, a= —S at, &e. (8), 
H 
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and soon. And since dA is supposed to arise frem a change of ¢ into 
t+dt, as soon as we pass to the disturbed question and suppose a, A, 
&c. functions* of ¢, it is not necessary to distinguish it further from dÀ, 
a differential relative to the time. We have thus a number of simulta- 
neous differential equations sufficient, if they can be integrated, to deter- 
mine a, A, &c. in terms of t. Neither is it necessary that ¢ should enter 
directly in these equations; for since AQ.dé may be exhibited in a 
form which does not contain ¢, and this absolutely independently of the 
values of Aa, &c., the same thing is true if all but Ae vanish, in 
which case AQ dt is (dQ: da) Ag dt, so that (dQ:da) dt will not 
contain £, if derived from the proper form of Q. 

The equations (8) are only particular cases of a more general form, 
from which it may be advisable to derive them. . In the general equa- 
tion 

> (Ag 6Z,, — òt AZ) =È (Aa dA— da AA), 
which merely expresses that the first side, not containing ¢ directly, has 
always its initial form, substitute for AZ, &c., AZ», &c. their developed 


values, the elements, by variation of which the variation A arises, being 
a, A, &c. We have then for the first side 


di df _(dLy dzy | 
2 f oP dat AÀ +6. ) òy — Ò FA Aa + Th Ax +8.) s 


equate this to the second side, then since the equation must be true for 
all values of Aa, &c., we have a set of equations of the form 


dé dZe ., dZ, 


= dy -à _ llu sy 
_ dé ` dy > dZy dZy, 
-da= ÒZy -+ p t &c. an Ò — aA bw~—& 


Without making any particular supposition as to the derivation of ò, 
repeat the process by substituting for dZ,, &c., their developed forms 
in terms of da, òà, &c., which must make the preceding equations 
identical. The consequence is, that if p and q represent any two 
whatever of the set «, 3, A, u, &c., we find 


(di dy _dE dZ 
\dp' dq dq’ dp / 
to be either +1, —1, or 0; +1, if p and q be a and à, or ĝ and p, 
&c.; —l if p and q be A and a, or p and B, &c.; 0, in every other 
case. 


But if in the preceding equations we take 6 to arise from the simple 
change in ¢, and make òx, &c. so that o£ =0, òy =0, &c., we then find as 


* In the undisturbed question a, a, &c. are found by making t=0. But the 
student must not therefore imagine that ¢=0 in them when they become functions 
of ¢. In fact the question relative to them is this: the values of «, &c. are certain 
functions of the elements of the undisturbed orbits; according to what law do these 
functions change when the undisturbed orbit varies its dimensions perpetually, in 
such manner that a body moving in the disturbed orbit may also be always in some 
point of the undisturbed orbit? And «. a, &c. are thuse functions of the elements 
which %, Zy, &c. are when ¢=0, altered subsequently to this supposition by making 
the elements take their proper forms in terms of t. 
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before, from considering the fundamental equations, that oZ,= 
(dQ: dé) dt, &c., whence 


_(d& da dy da dQ 
and thus we verify the equations (8). . 
Next, let the arbitrary constants be, not œ, A, &c., but certain functions 
of any or all of them, namely, a, b, c, &. We have then 


da da d« da dÀ {da dQ da dQ 
araoa ERa SN de de 
> referring to the change of œ and A, into 6 and u, y and y, &c. succes- 
sively. But this is 


(da (dQ da , dQ db \ dafdQ da dQ db \ 
t A E he E pat ey ee Ae Vs 
ld’ \da da db TFN ) da \da an” db ant % NE 
by development of which, and application of the same process to 4, c, 
&c., we get the following result. Let p and q be any two whatsoever of 
the set a, b, c, &c., and let 
dp dq dp dq dp d4 dp dq 

DPA PARALEL; 

(p, 9) dà da dæ dì dp d dp ri ý 


; dp _ dQ, dQ, dQ, 
then will y P a) ant (p, 6) te c) ant &c. ; 


in which for p we may write either a, or b, or c, &c.: it being remem- 
bered, however, that dQ: dp does not appear in dp: df, since (p, p) =0; 
and also that (p, q)=— (q, p). 

This is the generalization of the problem of which a particular case 
occurs in page 528, and we thus see that if the undisturbed question be 
solved, and the values of &, &c. in terms of ¢ and constants be substi- 
tuted in Q, we can immediately form the differential equations by which 
these constants must depend on żź, in order to make the undisturbed 
formula represent the solution of the disturbed question. Up to this 
point we have nothing but what is common to all dynamical problems, 
and the results, though exhibited in a manner which is most practically 
useful when Q is always small in value, are vet true whatever may be the 
nature of Q. To proceed further would require that we should propose 
a specific problem, and enter into its details, which it is not either within 
the scope or limits of this work to do. I have placed the student at the 
very threshold of the most important problems of the theory of gravita- 
tion: and each of these, as he is probably aware, is matter for a 
treatise, not for a portion of a chapter. I shall conclude the present 
chapter by treating some remarkable points connected with disturbing 
functions as they actually occur. 

The gravitation of one particle of matter towards another is inversely 
as the square of the distance between them: that is, if m and m, be the 
masses or quantities of matter in two particles whose distance is r, the 
particle m exerts on m, an attractive force which would, were it allowed 
to act uniformly for one second, create the velocity cmr—*, c being, as in 
page 476, a constant depending on the units employed, It is usually said 
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that this force is mr—*, but that is only on the supposition that if r were 
== 1, the velocity created in one second would be m, which requires that 
such a unit of mass should be taken that the number of linear units in 
the rate of velocity created by the action of m continued uniformly for 
one unit of time ‘such as it is at the distance of a unit, should be the 
same as the number of units of mass in m. In physical problems, it is 
only necessary to compare the ratios of different masses of the same 
kind, and this renders it absolutely indifferent what units are used, 
and makes it even unnecessary that they should be assigned. But the 
student cannot safely proceed without a precise notion as to the method 
of actually determining the force of attraction in any particular case if 
required; and this is done as follows. Suppose f=cmr-? to be the 
formula, as above described. Let the unit of length be a foot, that of 
time a second, that of mass may, as we shall see, be left indeterminate. 
Suppose the earth a sphere of the mass E, and of a radius of A feet: we 
know that the action of this sphere creates in one second on a mass at its 
surface a velocity of 32°1908 feet. But a sphere acts on a particle at 
its surface precisely ‘as it would do if all the mass were removed to the 
centre, and there collected into one particle; which in this case would 
amount to a particle of the mass E acting at the distance A. Hence 
32°1908=cEA~*, from which c may be obtained, and this being sub- 
stituted in the preceding, gives 
2 
f=32" 1908 —. at 

in which the existence of the ratios m:E and A:r renders it indifferent 
what units of mass are employed, or of distance, provided it be remem- 
bered that the velocity which the result expresses is measured in feet per 
second. 

If we adapt the units so that f=mr—’, and if the coordinates of the 
particle acted on be (x, y, z), and if the force tend towards a point at the 
distance r, whose coordinates are (a, b,c), we have 7°=(r—a)*+(y—b)? 
+ (z—c)*, and the resolved accelerations in the directions of z, y, and z 
are 
m a—x m b-y m c—z 


OS, 9 9 
7? r r? r r? r 


> 


the condition under which all forces are represented being that they 
shall be called positive* when their effect is to increase the coordinates of 
their directions, and the contrary. But 


d l] 
dr J{(a—a)*+ (y—b)? + (z—c)*} 


whence it appears that the above forces in the directions of 7, y, and z 
are the diff. co. of mr~' with respect to z, y, and z. If there be 
another particle m, placed at the point (q@,, b1, c,), and if r, =4/( (z — a)? 
+&c.), in a similar manner the acceleration of m, on a particle at 


* In page 477, e—a, &c. are inadvertently written for a—x, &c. 
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(x,y,z) has for its components the diff. co. of mr;' with respect to 
x,y,z. Hence, if a number of particles so act, the whole accelerations 
on a particle placed at (x,y,z) are the diff. co. of È (mr). 

Suppose, then, that a continuous mass acts upon a particle at (x, y, z). 
At the point (a,b,c) let pdadbdc be the element of the mass, as in 
page 493, and let this be called dm. If, then, we compute 


ae 
— J A {(2—a)? + (y—b)* + (2-0)? 2? 


$ {ff pdadbdc _ 
V{(4—a)?-+ (y—6)?+ (2-0) F 


throughout the whole extent of the attracting mass, the whole attraction 
of the mass upon the particle at (x,y,z) in the direction of x is 
(dV : dx); and similarly for y and z. 

In the function 7? or (z—a)*+ &c. preceding we have 


dr x—a d.r! l] dr tI—a 

NE anr. &c. ; aed aa ae? ae &c., 

dr" l x—« dr l (x—a)? 

dx? 73 r ‘dx $ » Če., 
der d.ro Ær 3  „ (a—a)?+(y—b)? + (z—c)? 
ee ee TENERE, Pee PLL: L AE 9 J 
dx? t dy? + dz 73 Tv r5 U 


' This simple result may be easily proved to be true of each of the 
terms of X2r-', how many soever; it is, therefore, true of the integral 
V above noticed, or we have 


PY SOY ON 2 
dat" dy!" de® 


0; 


a result which we are now to express when the variables are r, 0, and ©, 
r being now the distance of (x,y, z) from the origin, 0 being the angle 
which r makes with v, and @ being the angle made by the projection of 
r on the plane of yz with y; so that r=rcos0, y=r sin @coso, 
z=r sin ĝ.sin w, 

Using the abbreviated notation, we have 


V: =V, r.+V, 0.+ Ves w, 
Vi Na f: + Vo 03+ Vas Ds + 2V, Tz 0+ 2V oc 0; (oia 2V sr w: T, 
F V, Tsx + V, 0+ Va Wsz > 


and similar formule for V,, and V,,; the second side proceeding on the 
supposition that each of 7, 6, and ®© expressed as a function of 7, y, 
and z; thus 

r= /(ety*+2"), cosd= 


Y A 
EZTET tan 5 = —. 


Now let it be observed that z becomes y if | w become w-+4r, and 
that z becomes x if œ become r and @ become 6+47 at the same 
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time. Hence, by determining Tz, Tz &c., we can easily deduce* 7,, Ty, 
Tz, &C. 


dr z , f dr . dr 

— =—=sn@sno, —=snécosw, —= cos 0 

dz r dy -dx 

“0 do x dr rz? dé LZ cos 8 sin © 
—sin§@ == —- — re — a Lh z= e 
dz 7? dz 13? dz rr sind r : 
h d0 cos 0 cos dé sin 0 
whence Ge re ie 
dy T ’ dz T 
dus ; l] cose da sin © dw 
—=cos’ W.- = 5 SS — = 
dz y rsing dy rsin@ ax 
dr . da d@ cos*w  cos?@sin?a 
—=sin 8 cos w —-}+Cos 0 sin w — = 
dz? dz dz r 7 
d?r sin?@w cos?ĝ cos? o dr = sin? 9 
dy? — r r >’ d` r 
d0 cos 8 sinew dr cos8cosw dw sin@sinew dô 
dz? T= dz r dz T dz 
2 cos O sin Osin? ®& cos 0 cos? © 
7 re r* sin 0 

dô 2 cos ĝ sin O cos? æ cos 0 sin? © 
dy? — rè r? sin 0 
d’6 2 cos @ sing 
dx 7 
da cosmo dr sinw dw Cos T do 


Sg a ge a E OS 
dz? 7 sin dz rsin@ dz rsin? 0 dz 


cos w5 sin © cossin ®a cos w sin © cos? 0 


S-a n ina 
dw  coswsinw cosmsin@  cosw sin w cos? 0 
dèe rt T rsinta O sino 
Po 
Te” 


Hence, È referring to summation of results of rectangular coordinates, 
(as in Drz=7r,+7r,+7;), we obtain 
Dal s=} e ee ea ‘ 
aie * 7 sin? @? 
2r,9,=0; 20,0,20; S0,7,.=0; 
cos 0 


Ss Dw =0. 
r? sinb’ SS 


2 
Dran ra , 2055 


* Though this is what is here done, it is desirable that the student should 
deduce all these differentia] coefficients independently of each other. 
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Substitute these in 2V,,—= V,, 2724+ V,, 262+ &c., obtained from the 
values of V,,, &c., and we have, since 2V,,=-0, 
@V 1 deN i d'V 2 dV _ cos) dV_ 
de 7? dæ '7*sin?@ dw r dr ‘resino do ` 
Multiply by 7%, and the first and fourth terms together then make 
rd? (rV) :dr?; also let cos 0= p, which gives 
dV . dN deV dV | 4, eV 
1 da Met poe qe ee aes 
Substitute, and the second and fifth terms (after multiplication by 
r?) are 


dV dV o dj 
E a EE EE a E A ae te ae ee S 


whence the final equation (in the form employed by Laplace) is 


o » AV 1 av d (rV) _ 
7 (l—p zt + +r 5 —==0......(V). 


l— p’ dw? s dr 
. If the attracting surface be a homogeneous sphere, or spherical shell 
of any thickness, with the origin for its centre, it is obvious a@ prior 
that the attraction is altogether independent of everything but 7; whence 
if dr be the whole attraction, (which must be towards the centre,) we 
have 


WV =p, &c., or dV=—®¢r.dr ; 


dx 


whence V is a function of r only; so that dV: du and dY : dw vanish, 
while dV:dr is the whole attraction. Hence the preceding equation 
gives 


2 
g CS =0, or V=A+ 
dr 


that is, the whole attraction of such a sphere or shell upon any erlernal* 
particle is directed towards the centre, and is inversely as the square of 
the distance. Moreover, B is the mass of the sphere; for if the dis- 
tance r be very great compared with the radius of the sphere, the sphere 
must act nearly as an isolated particle, and the more nearly the greater 
ris. But B being a constant, cannot approximate to the mass of the 
sphere as r increases, and the preceding condition cannot be true unless 
B be the mass of the sphere itself. So that at all distances the attraction 
of the sphere is as its mass directly and the square of the distance r 
inversely: or the sphere acts as if it were all collectedt+ at the centre. 
The equation (V), and another analogous to it, are employed by 


B dV_ B 


r dr r? 


* Ifthe particle attracted were within the limits of the sphere, the denominator 
in the function, which integrated gives V, would become infinite within the limits 
of integration, and could not be relied on. And, in fact, the laws of attraction are 
different for internal and external particles. 

+ If our object here were the particniar discussion of this problem we should give 
a better proof of this for the beginner. 
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Laplace in the deduction of the properties of some very remarkable 
functions, which it is usual to call Laplace’s coefficients.* 

Let there now be any number of particles, attracted by and attracting 
each other, but otherwise moving freely. Let one of them, having the 
mass M, be the one to which all the others are referred, (the sunt in the 
case of a planet, the primary in the case of a satellite,) and let X, Y, Z 
be its coordinates. Let the other particles have the masses m, m, Mp 
&c.; let their situations at the end of a time ¢ from the beginning of the 
motion he at the points (x,y, =), (2% Y,2,), &c., when the origin is 
(X, Y, Z): that is, let their actual coordinates in space be X+2, Y+y, 
Z+z, X+, &c. Let their distances from M be 7,7, T, &c., and let 
Ya,» represent the distance between the particles m, and m, It is 
required to exhibit the diff. equ. by which <z, y,z, 2, &c. are to be 
determined. 

First, as to the motion of M, it is obvious that the accelerations with 
which it tends towards the several particles are mr~*, m,r,-*, &c., which, 
decomposed in the directions of x, y, and z, give 


TX _y mx AY 
dt? ~~ r°? dé 


the signs of the second side being marked as positive: for m, for 
instance, can only draw M towards the origin when it is in the direction 
of x nearer to the plane of yz than M, that is, when X-+<2 is less than 
X, or when xv is negative. This will make mz:r° negative, which is 
according to the conditions laid down for estimating the signs of the 
accelerations. Again, since the effect of M upon m is contrary in 
direction to that of m upon M, the components of the latter are 
—Mz:r3, — My: r°, —Mz: r°, and, similarly, for m, &c. Also, the 
attraction of m, on m, in the direction of x is (as before explained) 


my WZ mz, 
> 2-53 


ge de 


Ta — Ty l d mm, 
May dz, Ta, b 


r “(OE 


m, ——— ; 
{ (r, — 2)? + (Ya — Y) + (zaz) fÈ 


Consequently, putting together all the accelerations on m, in the direction 
of x, we have 


l d pom MiMe gy Mo el. Cas 


To, Ti, b Te, b J 


which contains every value of a except a=b. Suppose now we form 
the function A= È {m M, (Ta, 5)~'}, in which every pair of masses enters 
in some one term: we have still 


> ° l e s ° j dÀ 
Whole acceleration on m, in direction r=— —; 
_ m, dr, 


* The English reader may find the discussion of these functions in Murphy on 
Electricity, Cambridge, 1833, and in O’Bricn’s Mathematical Tracts, Cambridge, 
1840. 

t The planets are spoken of and treated as particles ; being spheres, or very nearly 
so, they attract each other very nearly as if they had their masses collected at their 
centres. The small irregularities arising from their non-spherical forms are usually 
treated subsequently to the main case of the problem. 
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for with regard to terms already in (m,) they are alsoinA: and the terms 
which are not in (m,) vanish from dA: d,, since they are not functions 
of x, Thus z, is not in the term which has m,m, and which only 
contains v, and z,. But since all the particles enter in the same way 
into the expression A, this function applies equally to the case of the 
action of any one particle on any other: and reasoning similar to the 
above shows it to apply also to the directions of y and z. 

Collecting the accelerations on the particle m in the direction of v, 
and equating them to their effect, we have 


M 2 
d (X+r)_ _ Ma r; l dh but dX emr. 


d? ~ 3 'm dz dt? ys? 
ax (M +) 2 mr l da 
whence Pe T 2-7 u de? 
M ie Sits bee MT 
in which 2 — means ~ heal ume m4 &e., or all but —— Z this last term 
1” r? 


having been taken into the PEU A But this last is a diff. co. with 
respect to x of 


2 (sm et Ja uy a) ; 
\ Ts / 


in which m, is successively made m, m, &c. The terms containing y 
and z, which disappear in the differentiation, are introduced that the 
same function may apply to the accelerations in the directions of these 
coordinates. It will be remembered that r, contains only T., Ya and zs. 


If, then, we make ` 
R=> (m, 22, Fyyit ty) on 
r$ J) m’ 
a function which, Sead at length, is as follows, 
re, +yy, p22 ar, YY, +z, Tt „HEC. 
m m “ +m “i + &c. 
(Gata Vasty tz? Jæ Fae) 
i i mm, 
om Wet Gt 29} 
m,m, 


+ —;, tée. l. 


Ni a, — ar, + (y, LIT (z,-2,)°} 


the differential Ee of the motion of m are nie being p) 


d’c px dR py dR dz dR 

oe tia M ie ne E dt? dz 
which are the fundamental iad of the motion of a planet. These 
equations may be approximately solved either by the direct application 
of successive substitution, (after transformation somewhat resembling 
those in page 507,) or by the method of variation of elements, described 
in the preceding part of this chapter. But, as before observed, this 
solution would require a treatise of itself. 


=0; 
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CHapter XVIII. 
ON INTERPOLATION AND SUMMATION. 


Tue present chapter is intended to exhibit some developments of the 
general methods derived from differences, which are useful in practice. 

By interpolation is meant the insertion of intermediate values of a 
function, corresponding to intermediate values of the variable. If the 
function itself be given, any value may be calculated without reference 
to other values; and the question of finding Øx for a given value of x 
is not one of interpolation. Let us then suppose that all we know of 
the function is that when z=a,, dx=A,, when r=a,, Or=A,, &c. 
It is required to investigate, as far as that can be done, the function 
itself, so as to be able to find any values of it. 

The question proposed is indeterminate; that is, an infinite number 
of functions can be found, which satisfy the proposed conditions. For 
instance, suppose three values of the function to be given, Ay, A, Ae 
answering to three given values of z, namely do, a,, Gs. 

Let N,T, Hot, YoT, &c. be any functions which vanish when x =a, and 
do not become infinite when z is a, or @,; also let Az, &c. and A,7, 
&c. be functions similarly related to r=a, and xr=a;: and let wr be 
any function of x which vanishes when x=a,, and also when r=a, or 
a, Then 

Nut DEP gap HORE gg VOR M gta 


v l 
ô Aio AQ fod, e H201 Yolo Yi 


satisfies the conditions, and contains no less than seven arbitrary 
functions. If, for instance, =a), Yr vanishes, and also pot and vot ; 
whence the last three terms vanish, and the first obviously becomes 
A, If we want the most simple algebraical function which will satisfy 
the conditions, we must take A,w=p.t=—&c.= x —a, and so on: also 
wr=0. This gives 


(rx—a,)(z—a,) (t—d,)(2— ay) (t—ay)(4—a,) 

(@y— a) (@y — Ay) : (@,— ao) (a, —4) i (az—ao)(a2— a) z 
If a,, 21, Ge, &c. be themselves the values of a function of ¢ correspond- 
ing to t=0, t= 1, &c., and if yt be this function, and gx the required 
function of x, we have rz=yt and ¢dr=—Pyt: whence A, A,, &c. are 
the values of pyt answering to t=0, t=1, &c. Consequently (page 
19) 


i—1 t—2.,, 
Ey -y AAt ke. 


satisfies the conditions; which, since {=yw~"z, gives 


t—l 
Pypt=A,+idA,+é ae A’ Att 


a ] 
frm Ay 44t. AA HyS Laia AA + &e. 


Thus, if it should happen that A,=1, AA,=2, AA,=3, &c., or if Ao 
A,, &c. be 1, 3, 8, 20, &c., we have (page 240, Ex. III.) 


prov (14442). 
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But this is only one out of an infinite number of proper forms: for 
since sin rt vanishes when ¢ is any whole number, and also x (siu rt), 
provided that xz and 2 vanish together, we may add x (sin. r"'r) to 
the preceding value of Øz, without disturbing the values of px when 
T=), or Q, or a, &c. But this change would evidently alter the 
values of Ox corresponding to intermediate values of z. 

Having said thus much to show the indeterminate character of the 
problem, we shall proceed to notice the particular cases upon which 
arithmetical interpolation is practically attainable; that is to say, in 
which we determine intermediate values by means of given values alone. 
I refer to the next chapter for an instance of another and very 
distinct sort of interpolation, which we may call interpolation of form. 

To simplify the mode of speaking, let us suppose that Ag, A,, &c. are 
the ordinates of a curve, to the abscissæ ao, a, &c. Through any two 
points we can draw a straight line y=p+qr7; through any three a 
parabola y=p+qzr+r7z*; through any four a parabola of the third 
order, y=p+qz +7rz°+szx°: and so on. Again, if we take n points 
near one another, and having their abscisse in arithmetical progression, 
with a small, or at least nut very large common difference, and their 
ordinates also not very unequal, as in the adjoining figure ; the parabola 
of the (1—1)th order which can be drawn through 
these n points will very nearly coincide with any 
regular curve of the same general appearance, at 
least between the extreme points. Leta,a+h, 
a+2h, &c. represent the values of x to which 
those of y are Ay, An Azn &c., then 


a L-AQr—a—h ,, 
— BAg+ ry AAt. 
will be the equation of the parabola which passes through all the points. 
If all the ditferences of A, vanish, from and after A™A,, 1t shows that a 
parabola of the mth order can pass through all the points, how many 
soever there may be. If, then, all the differences of A, diminish rapidly, 
so that from and after AA, they are not worth taking into account in 
practice, it denotes that a parabola of the mth order will be a sufficient 
representation of the curve from z=a until x becomes so much greater 
or less than a, that the coefficients of A"A,, &c. become large enough to 
make those terms of sensible value. If z=a+nh, we have n, 
n(n—1):2, &c. for these coefficients, from which it may without much 
difficulty be estimated, in any particular case, how many terms of the 
series will be wanted to insure a given amount of accuracy. The pre- 
ceding is also, generally speaking, the most convenient form, though it 
does not differ essentially from the one proposed at the beginning of the 
chapter. Suppose, for example, that according as x is a, a+h, or 
a+2h, y is Ay, A, or Az Let r=a+nh, then n is in these cases 
0, 1, or 2. By the first method of this chapter we have for the 
simplest function which satisfies the condition 
= = —? pe 

(n—1)(n—2) ree (n—2) Abe oD he 

(0—1) (0—2) 1 (1—2) 2 (2—1) 
for A, and A, write A,+ôâôA, and A, +234 + Ao aud the preceding 
may then easily be reduced to 


T 
y =å + h 
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n—l 

2 

Also it is to be observed that Ø% (a-++nh) and A,+7AA,+.... are 
identical if pa= A., ọ(a+h)=A, &c. This follows most easily by 
observing the laws of operation: the first expression is "pa or 
(e™")"A,, or (L+ A)"A., which leads to the operations indicated in the 
second series. Andif in ¢a+9’a.nh+&c. we substituted for g'a, &c., 
their values’ in terms of ga or Ao, and its differences, as found in 
Chapter XIII., the result would be found identical with A, + nAA, + &c. 

As an example, suppose that we have the following values; according 
as cis 5,7, 9, 11, or 13, y is 672971, 553676, 456387, 376889, or 
311805. What is the value of ywhenz=10? If 2=5+2n, n is 24 
when x=10; also we have 


Aj=672971, AA, = —119295, A’A,= 22006, AA, = - 4215, AtA, = 838, 


in which the differences ‘diminish with sufficient rapidity. The value 
required is 


672971—2°5 x 119295+2'5x 


A? A,. 


| A,+nAA, +7 


1°5 | eT 
5 xX 22006 —2°5 > -y X 4215 


= 629711 —29823 + 41261 — 1317 —33=414644.* 


Examples may be made at pleasure and verified from a table of 
logarithms ; as follows. Take out the logarithms of a, a+ h, a+2h, &c., 
and difference them, as it is called; that is, take the successive differ- 
ences of loga until the differences become very small. Let it then be 
required to find the logarithm of a+k, k being a whole number 
between ph and (p+1)h. Let r=a-+nh, whence, in the case required, 
nh=k, or n=k:h, a fraction between p and p+1. Then calculate 
loga+nAloga+&c. as far as the differences have been taken, and 
verify the result by the tables. 

Suppose Ao. A, &c. to represent a number of results of observation 
or calculation, for instance, the right ascensions of the moon at intervals 
of twelve hours from a given date; thus A, is that at noon, A, that at 
midnight, A, that at the next noon, and soon. If, then, we wish to 
calculate the right ascension at a time between the noon and midnight 
at which it is A, and A,, let n be the fraction of twelve hours which has 
elapsed, and we may compute the right ascension required by the for- 
mule A,+72M4A,+34n (n—1) AAt &c. But we might also compute 
it by A,+(1+7) 4A,4+4 (1+7) nA?A,+&c., or by A,+(2+n) AA, 
+&c., and so on. These results would be slightly different, owing to 
the necessary error of the process. And it is sufficiently obvious that 
most reliance is to be placed on that result in which the differences 
used come from the places which are nearest to the interval in which 
the required right ascension lies. Thus if we are to go only as far as 
fifth differences, which will require six right ascensions to be used, it is 
better that they should be A, As, A,, An Ap A, than Ap Az A,, Ags Atos 


* See this example in the Penny Cyclopedia, article INTERPOLATION, in which 
also some other methods may be found which are convenient in particular cases. 
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and A,,, the required interval lying between As and A,. On this considera- 
tion it is generally thought desirable to use an odd number of differ- 
ences, and to let the values employed be distributed equally on one side 
and the other of the interval'in which the result lies. Let it now be 
required to express A,, symmetrically, by means of A,, Ay, &c. following 
Ao and A_,, A_s, &c., (which we write a,, a2, &c.) preceding it ;—thus, 


woe, GQ, Ge Q a (a,or A.) A, As Ap Ay Aye. 


w] 


On examining the manner in which differences are formed, we see 
that Aa, + Aa, involves a,, Ao A,, and is symmetrical; Au, + ôa, in- 
volves from a, to A,; ^d, + A*a, involves from a, to A, and so on: 
while A?a, involves a,, A,, A, ; A'a: involves from a, to Az; Gea; from a, 
to A;,and soon. If, then, we can expand A, in a series, every term of 
which is either of the fori P (A**'a, + A*t!a,,,) or PA*a a,, the object 
is gained as far as the symmetrical introduction of terms preceding and 
following a) is concerned. Now A, is (1+A)* A, and a, is(1+4+A)77Ag, 
also 

A2 t'a stAT Aaii Arn {(1+4)=+(1 +A) A, 


Š aatri (a) A,; and A” a= 1 5) Ae 


` whence (1+A)* is to be expanded in a formula involving powers of 
A?:(1+A). This is done by the method of generating functions, 
(page 337). T.e generating function of (1 +A)? is 
1 ]l—E`'ż 
1—(1+A)¢ 1—(E+E™") t+ 
But A®?:(1+A)=E+E7'—2, say =F, whence the preceding denomi- 
nator becomes (1—é)*—Ft. The reciprocal of this is 


ley Ft + F’ i? T F“ t° i 
Q- (1—#)*  (1—4)° = (—t)"* 


Now, x being greater than a, the coefficient of t in F*.t*+(1—¢)**? is 
that of ¢7-* in F*—(1L—?#)***?, or 


pe (2442)(2a7 3)... .(Ca+2+ poo!) Sie [2a+2, a+r+1] 


eg DS ates (r—a) [r— ag 


, or (1+4 being called E) 


Hence, successively making a=0, 1, 2, &c., and simplifymg and 
summing the results, we have for the coefficient of t in the above- 
named reciprocal, 


s(t DED y C- C-D EEDEEDGED p ge 
2 3 | ee? ae 


But en ae (r—1)(x1+3)=(1+1)?—4, and so on; 


whence the preceding becomes 
= wm Pts: 
(2+1){ (1+1) al} pp GEDiGty? 1} ow -4} AE A 


1+ 
take 1.2.3 1.2.3.4, 


Call this P,,,+Q.4,F+&c. Now the coefficient of t in E™' t: {(r7—0)° 
— F¢} is E™ multiplied by that of é~' in the simple reciprocal: whence 
2 N 


z+1+7 
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tin f (1 —?#)2-_ Ff 1S Pe — E` P.+.Q.4,F-Q,E 1F4 &.; 
— Ta “7 ait 


and this coefficient we also know to be (1+A)? or E”. From this I 
leave the student to deduce the following : 


A= P Ay + Qayı AA+ R+ AtÅ_e T &c. > | a A. ae Q: A? A»— &c., 
in which P,=x, Q,=2 (27—1):1.2, R,=2 (2?—1)(229—4): [5], &c. 
This may sometimes be useful, but it has not the symmetrical form 
required: this form, as before seen, introduces a series of terms, not 
containing E~' F”, but {A+A(1+4)7"} F”, or (E—E™) F”. Taking 
the series obtained, 
E*=P,41:+Q.4:F+&c.—E-'{P,+Q, F+ &c.}. 
For v write v— 1, and multiply by E, which gives 
E*=E {P,+Q, F+é&c.} —{P,_,+Q,_, F+&c.} 
The sum of these expansions gives 
2E*=P,., ag Prat (Qrp za Q.-1) F+ &c. + (E—E™*) (P,+ &c.) 
Taking the numerators of P,,,—P,_,, &c., we find 
(7+1)—(a#—1)=2 
we (e@+1)(¢2+2) —(e@—2)@—1) e=2.3 2° 
[v-1,243]-[2-3,02+1}=(e—-1) 2 (w+1){ (x42) (#+3)—(x-2) (4-3) } 
=2.5 x? (2*—1) 
[c—2, x +4]—[r—4,r +2] =[r—2, 2+2]{ (1+3) (0+4)—(e—3) (2-4) } 
=2.7 (2—1) (2—4), &c. 
Substitute these results, and divide by 2; then perform upon A, or ao 
all the operations indicated on both sides of the equation, remembering, 
as shown at the outset, that F” A, means A" {(1+4)~"Ao}, or AA ms 


or A’™a,,, and that (E—E™') F™A, means A*"t'a,,+ Atam; also 
that E*A, means A, This gives the formula required, namely, 


= a, a (#’—1) a” (2?—1)(a*?—4) ,, 
eter toe 2....6 Te. 


l x (2*—1) 


l 
+52 (Aa, + Aa) ts 2.3 


Aide + 


(Aa, + Aas) 


l z (x?—1)(— 4 
9 Sees = (Aart Aa) + &e 


Change x intoz+1, and form A,,,—A,, or AA,. This can easily be 
done with the coefficients in the second line, which are, constants 
excepted, x, [z—1, r+1], [r—2, +2], &c., 


A [r—a,2+a]=[r—(a—1), x+a+1]—[r—a, s +a] 
=(2a-+-1) [z— (a—1),x+a], (as in p. 256). 


In the first line, the same coefficients, constants excepted, are made 
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by multiplying those of the second line by z Now, Az being 1, A.cP 
is P+(x+1) AP, or 


A{2[e—a,r+a]}=[1—a, r+ a] +(2¢4+-1) (241) [r—(a—1), 2 +-24] 
=[1t—(a—1), r+a] | r—a+(2a+1)(#+ 1), or (a+1)(2z+1)} 
[ct—a, r+a] _[z—(a—1), +a] 


or, 


[2a+1] ` [2a] : 
x[r- a, t+ a} 1 [z—(a—]), tta]Qe+1) 
[2a +2] -2  [2a4+1] 


Substitute these values, and having thus found AA,, write B, for it. 
We have then A”A,=4A"-! B,; also let B_,, B-2, &e. be denoted by 
b,, ba, &c. 

l (2r+1) z x (x+1) 1), 


= 5 (2x +1) Ad,+ 5 Gaps 
1 (2241) [x—1, +2] : 
2 1.2.3.4.5 a i 
1 l 1 
$5 bobby +5 EED (a2, Atb) 
1 (+—1, ,t+2] ees? 
+5 -——— L z. EJ i (Atb et& b)+ &c.: 


in which it is to be observed that as the former formula was symmetri- 
cal with respect to values preceding and following Aj, so this one is the 
same with respect to intervals preceding and following that of b, and 6,. 
Thus, up to third differences inclusive, this formula will be found 
to require the use of b», bi, bo, or Bo, and B,, or of one interval on each 
side of b,, bo. 

The method by which these formule are 


bs A, found is instructive, but they give nothing 

bi Ay Abe as b except the original formula in a different form. 
bo or B, AB A*b,~ 2 For instance, taking the set of terms written at 

Diana the side, let the origin be taken at b» instead of 


B,, whence r=v — 2, if v=0 give the term bz. 
For x write v— 2, for b, and b, write b 4.2Ab, + A*b, and b: + Ab., &c. 
We then _ up to third differences, 


1 (2v—3) (v— 2)(v —1) 


B =; (20— 3)(Ab,-+A*b,) +5 — ) Asb, 
l -2 
+5 Oat 2Abet Oty +b + Ay) a CODO (aabt AX) 
Gl ogi 
== Parra eer a: — A? bo +v a A’ Da, 


as will be found by actual reduction. 

In astronomical interpolations, when third differences are used, it is 
common to proceed as foilows. Let p, q, 7, s be the terms, the quantity 
to be interpolated lying between q and7. If wv be the value of the 
variable, p being the origin, we have 

2NZ 


548 DIFFERENTIAL AND INTEGRAL CALCULUS. 


v—1 v—l v—2 
ptvaptov 5 Ai p+v 5 


A*p 


3 
for the interpolated quantity. This may easily be transformed into 


v—2 v—3 


v—2 ., i 


q+(v—1) A4g+(—1) 


by writing for p, Ap, and A’p, their values q — åq + ô°q — A*p, 
Aq—ôA°q+ A’p, and Ag — Ap. It is usual, however, to write this in 
the following form: 
—2 A’ +A? = = 
gt 0-1) agro- DIT STEEP op A 2 ary, 

to which it may easily be reduced. This formula may be more con- 
venient than the preceding when it is required to bisect the interval of 
p and q, in which case v=14$, 20—3=0, and the last term vanishes. 
But in every other case the second involves more calculation than the 
first. As an example of its most advantageous application, let us find 
the logarithm of 2°15 by means of those of 2'0, 2°1, 2°2, and 2°3. 
We have then 


aes =l}, v-l=h 
p= "3010300 . 9911893 v b l 
g= '3222193 „0902034 — 0009859 . 09000876 (v-1) 7 = 
r = ' 3424227 019305] — 10008983 eo 
s = ' 3617278 @-1)-7 5 =0 


Hence the formula, when A?q alone is used, gives the first line, and 
when } (A’p-+A’Qq), the second, 


° 32221934 0101017 + °0001123+ *0000055 = * 3324388 
° 32221934 °0101017+4 °0001178+ 0= °3324388. 


Extensive interpolations may be facilitated by tables, not only of the 
values of r, $z (z— 1), &c., but also by multiplication tables, in which 
these values are the multipliers. But when an interpolation is often 
wanted, for the same fraction of an interval, it may be better to construct 
a formula in terms of the given values themselves than of their differ- 
ences. Thus the following method, deduced from that in page 542, may 
be applied. 

Let c, b, a, A, B, C be values of a function answering to the following 
values of the variable, m, m+1, m+2, &c.: it is required, using fifth 
differences inclusive, to interpose four values between a and A answering 
to m+21, m+ 24, m+23, m4+24. For symmetry, let m+r=m-+ 2h 
+1», which amounts to reckoning $v from the middle value of x 
between those of a and A. Hence v=2x2—5, and the values at which 
the interpolation is to be made are v= — $, or — 4, or +4, or +3. 

Again, if we represent the function required by 


re+gb+patPA+QB+RC, 


q, &c. being functions of v, and the whole a function of v of the fifth 
degree, (which is implied when we speak of rejecting all differences 
after the fifth,) it is obvious that we satisfy one condition by supposing 
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that when r=0 or v= —5, we have r=1, q=0, p=0, &c.; or all but 
rare divisible by v+5. Similarly, all but q are divisible by v+3, all 
but p by v+ 1, all but P by v—1], all but Q by e—3, and all but R by 
v—5. These conditions are satisfied by 


R=(v—3)(v—1) («+ 1)(& + 3) (v +5), 
Q=(v —5)(v—1)(v + 1)(v +3) +5), 
P =(v—5) (u—3)(0+ 1) (0+ 3)(U+5) 5 
p=(v—5) (v—3)(v—1)(v+3)(v +5), 
qg== (v— 5) (v—3)(v—1 )(v +1) (+ 5), 
r= (v—5)(v—3)(v—1) (v +1) (v4 3) ; 


and each of these must be divided by a coefficient, so that r may 


become 1 when v=—5, q when v=—3, &c. These coefticients are, 
then, 
For R, 2. 4.6.8.10 For p, — 6.—4.—-2. 2. 4 
Q, —2. 2.4.6. 8 a ee 86.1, 0 
P, —4,—2.2.4. 6 e.. 7, —10.—8.-6.—4.—2 


whence the required function is 
(v?—1)(v?—9)(v—5) + (v? = 1) (v—3)(v?— 25) 


een ir ors 1 2.2.4.6.8 
(v— 1)(v®— 9)(e?— 25) 
7 4.2.2.4.6 
. CDEN) 4 _ (OI) (H+ 3)(0"*= 25) a 
6.4.2.2.4 8.6.4.2.2 


(v?—1)(v? —9)(v +5) 
10.8.6.4.2 
an expression which may be thus simplified : 
(1—v*) (9 — v) (25— 2°) c C 55 _ 5B l0a 10A 
2.4.6.8.10 ET 5—r 3+v 3—v l+v at 
a form which exhibits the law of the result, and shows us that a change 
of sign in v is merely equivalent to an interchange of the large and 
small letters. Hence having calculated the coefficients for v= ++ and 
v= +4, we have immediately the same for v= — 4 and v= —4. The 
general theorem is as follows: If we take any even number 2n of 
terms z,y,....a@,A.... Y,Z, and if the variable 4v be the independent 
variable of the function measured from the middle of the middle interval 
of the terms, and if 1, c,....c, be the coefficients of the development of 
(1-+-7r)"—' up to the first middle term inclusive, the function made by 
rejecting all differences after the (2n—1)th is 


(1—v*)(9—v"*)... (Qn—1?— r°?) 
I 4 usa (an= 2) 
l ca Cad Card S&B, T: zo + l 
l+v l—v 3+v 3—v 2n—l 4v ` 2a— l—v) 
To find the value of the function answering to the mean of the values 
which give a and A, we must make v= 0, and this gives 


C; 


2 
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9(A+a)—(B+5) 150(A+a)—25(B+5)4+3(C+c) & 
16 256 Pe 
according as we stop at third, fifth, &c. differences. 

In the preceding process there is nothing which need necessarily 
confine the values of x to the form m, m+1, m+2, &c., and it may 
therefore be made to produce a more general result, though not so 
simple. But at the same time another and more elementary method 
may apply when the values of x are wholly unrelated to each other. 
Let A, B, C, &c. be the values of a function when r=a, b, c, &c., and 
suppose it required to interpolate for intermediate values on the 
hypothesis that all differences (made from uniformly increasing values 
of x) after the fifth are to be neglected. That is, we suppose 
that within the limits of the observed values, the function may, with- 
out sensible inaccuracy, take the form L+Mz+Nz2*+ P2®°+ Qz*+ Rr’. 
Taking six of the observed values, we may then deduce six equations 
of the form A=L+Ma+Na?+&c., from which the six quantities 
L, M, N, &c. may be determined. This is, in fact, the fundamental 
method of all interpolation, nor is the common and easy case anything 
but an indirect method of obtaining the solutions of these equations. To 
illustrate this, suppose three values only and second differences, and 
let the values of x be a, a+1, a+2, so that those of t are 0, 1,2. We 
have then (the function being L+Mé+Nt’) 


A=L, B=L+M+N, C=L+2M+4N; 


whence 9M=4B-3A—C, 2N=C—2B+4A, 
and 
A+ ae t+ ss fam A4t (BA) +t = (C—2B+A); 


which is the common formula as far as second differences. This being 
the case, it is to be asked whether we cannot, by a similar formula, 
methodize the solution of the above equations when the values of x do 
not increase in arithmetical progression. 

Let A, or Aj, &c. be the values corresponding to z=a@,, or a, &c., 
and assume for the required function the form 


prt=P,+P, (x — a) +P2(#—a)(4— a) + P3(z—ay) (4 -a )(1—a:)+&c. 


This theorem requires the use of an extended method of taking differ- 
ences, or rather divided differences, as follows: let the symbol of 
operation be 0, 


ure ee 
7 © y= 0A, — 0A, 
‘on AA "aay 6°A,— OA, 
—_ ae 
dg — í 0As— 0A, Gs, 6A, — Ao 
A. = == ET 
oA _ As—As a3—Q@, _ 0A — 6A, : a,— A 
* dg— Ay 0A,—-OA, ` C, -um 
As A—A 0A = eet 
0A, = = z 4 2 
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and so on; the law of relation being 6"A,= (0""'A,,.—-0"7'A,) : 
(@,4,—@,). From these we find 
A,= Ayp+(@,—4) 0Ay, As=Ai+(a,—a,) OA, 
=A, + (ai— ao) 0A + (d2— a) {0A + (42 — an) OP Ag} 
= A, + (a:— ao) 0A, + (a2 — a, )(do— A) 0° Ag 
A,;=A, +(a;,— a,) OA,+ (a@3—d2)(a3— a) CPA, 
= Å+ (a,— ao) 0A, + (a, —a,) {0A,+ (adg— ao) 0 Ao} 
+ (a; — a.) (a; — 4) {0,Aq+ (a, — ay) 0° Ao} 
= A + (dg — ao)0 A+ (a; — a) (as — a) Ag+ (t3 — aa) (As— a) (3— ao)’ Ao 
and so on; whence we find for all the values of x specified, 
A= Ao + (x—a) OAy+ (1—a) (x — u) GA, 
+(r—a)(z—a)(r—a:) & A+ &e. ; 


which may be used as an approximation to any value of the function. 
In observations of a comet, for example, which cannot be made at 
stated intervals, but must be taken when opportunity offers, this method 
or some other equivalent must be employed to interpolate, and also to 
find the required function in a series of powers of xv. If the preceding 
be called M, +M, 7+ M, 2?-+-&c., we have 


M = Ay —@ 0A, + dy a, © Ay — Ay A, Ae 0° Ag+ &c. 
M, =0A,— (a+ a) 9° Ap (dy 4, + @, Aa + ae ao) O° Ap— Ke. 
M,=60? Ay — (ao + a, + a2) 6° Ay+ (a) @ + &c.) 0t Ay — &c. 


I leave it to the student to show how these formule are reducible to the 
common ones, on the supposition that ad, a,, &c. are in arithmetical pro- 
gression. ‘The method is, in fact, an extended method of differences, 
rendered laborious by the number of symbols which occur. We may 
simplify it by writing (mn) to stand for a,,—a,, and in actually working 
the foregoing theorem even the parentheses may be omitted, since there 
are no numbers with which mz will then be confounded. Thus 21 
may represent ag—a,, and 10 may represent @,—a,. This notation, 
like that for diff. co., described in page 388, and also that of page 454, 
is only for the actual process, and the result should be then written at 
length. Thus, proceeding one step further in the theorem, we find 


A,=A,+410A,4+42. 41 6A, +43, 42.41 6A, 
=A, + 100Ay-+ 41 (0A, + 206°Ay) +42.41 (67Ap+306°A, ) 
443.42. 41 (A, +400'A,) 
=Ao+(10+41) 6A,+41 (20442) A, 
+. 42.41 (30+43) 6A,+ 43.42.41. 40 64A,. 
But 10+41=40, 20+42=40, 30443=40, 
As Ay + 409A, +40. 410A +40. 41. 426A, +40.41.42.436A,; 


and now, writing a,—a, for 40, &c., we have a new case of the 
theorem. By this simplification of notation, we may easily give a 
general proof of the theorem, showing that if it be true up to r=a,, it 
is true for z=a,,,. For if l 
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A, =A, +n0.0A,+20.nl A-H &c., then A,y,=A,+(n+1) 16A,4+&c. 
=A ,+10.0A,+ (n+ 1) 1 {0A,+209°A,} 
+(n+1)1l.(n+1)2{0FA,+&c.} + &. 
=A + {10+ (2+1) 1} OA,+(n+1) 1.{20+ (+1) 2} A+ &e. 
But 104+ (n4+]1) l=(m+1)0, 204+(n4+1) 2=(r+1) 0, &c, or 
Anp A + (Qn41—@o) OA, + (an4 — a0) (Ant 1— a) FAH &e. 


The divided differences 0A,, 6°A,, &c. may be expressed in a manner 
which will throw some new light on the binomial theorem. For we 
find 
A-A A, , A, 


Lea a0 MOL 
Ae A, Ay Ao \ A; A, Ao 
9 2A cam aay == 2A = — e a 
20:9 Ae ai +i 10 ToL? Pas 20. ERITA t OT02 
1 1 10-12 20 a 
Siro iar oie n 
A; Ag A, Ay 


© A, = ——— 1 + —— M — ——, 
Ag 30.31.32 ' 20.21.28 ` 10.12. 2.13 * 01.02.03" ae 

Now, if a0, @,=1, 4,=2, &c., then 6"A,=A"A,—2.3... n, and 
mn, as here used, means m—n; then, from what we know of the law of 
the coefficients of A"A,, it appears that the coefficient of 2” in the 


development of (1 — <)" has the form 


1. 2 . 3 «.-. (m—l). n 
(m—0)(m—1)(m—2)....(m—n4+1)(m—n)y’ 


I now proceed to some practical rules connected with the summation 
of series, a subject already considered in pages 82 and 311. 

We shall have to consider separately series in which all the terms are 
of one sign, and those in which the signs are alternate. Let the series 
for consideration be A,+A,+As+..-..+A,+&c., and A,—A,+A, 
—....3 A, being agiven function of x, and the series being convergent. 
It is then to be remembered that A, and all its diff. co. diminish with- 
out limit as x 1s increased without limit. 

When the series is of the first class, and its analytical equivalent ‘not 
known, the limit of the sum must be found either by actual summation, 
or by transformation of the series into another and more convenient one, 
if possible one of the second class, which is often easier than ae 
of the first. If, for example, the series have the form })+6,+6,: 2 
+6,: (2.3) +.&c., we see (page 240) that 

b b 
bP bee te 


leaving out m—m. 


A?b, , A’) 

AI ° - „ali 
Bee On Tare Mag ) 
and the required transformation is made if the differences of b are, or 
finally become, alternately positive and negative. In the series 1+2™ 
+3-"+&c., we have, calling the limit S, n being >1, and s being 

—2°"*+3-"— &., 
DP ae 


ae l—n : 
S=s+2'"S, or S=] i* 
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Also 143745" Ee =S (1—2) OO S 
From page 311, the sum of all the terms up to a, inclusive, or Za, +4&,, 
which call Sa,, is 


1 : 
eons a ee dg aes | 
Sa,=C+ fa, dr +5 + EET + &c., 
where, making a little alteration in the notation of page 248, we mean 
by'B,, B,, &c., the numbers of Bernoulli, as follows: 
l l l J 5 
B= B=5 Bs=75 B, =z B= 
The constant C, which depends on the lower limit of the integral, 
may be made to represcnt the sum of the series ad infinitum, by sup- 
posing that fæ de is made to vanish when z=: for fa, dr 
must be finite when r= œ, if the series be convergent, and we 
may so take C that it shall then be =0. But a, and all its diff. co. 
vanish when r= œ; so that, C being as above, we have only C left on 
the second side of the equation when s= œ, or Sa, =C. ‘This is an 
important step in the summation of series, since we may now generally 
reduce infinite summation to the summation of a finite number of terms 
of the given series, and the approximation to a much more convergent 
series whose terms are alternately positive and negative : thus 


&e. 


C or Sa, = Sa; — fa, dz—3a,— = a',4 &c., 


it being remembered that the series $a,+3B, a’,—&e. may be of the species 
discussed in page 226, as will appear in the next chapter. As an 
example, let it be required to sum 1+27’+37*+4-*+ &c. ad. inf. 
Let r=10, we have then, taking the reduced series from page 31], 
observing that fet dx in its common form vanishes when r= œ, 


S( csr Sree aa ee at T 
a 10 200 12000 72000000 ' 
1-°= 1 ' 00000000 (10)—'= * 10000000 
2—°— 25000000 (6000)—'= * 0001 6667 
3 = “LL — 
4~?= '06250000 ° 10016667 
5-72=— ° 04000000 
6"-= *02777778 (200)—'= 00500000 
T= °02040816 (3000000)—'= * 00000033 
8-"= °01562500 ——-— 
9-?= 01234568 — °00500033 

10-?= ‘01000000 + °10016667 
S 107°=1°54976773 + '0951663-4 
+ °093516634 


S (oc )-? 1°64493407 


And this answer is correct to the last place, other methods giving 
1°6449340668.... To obtain as correct a result by actual summa- 
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tion would require at least 10,000 terms of the series. 
table may either serve for exercise or reference: the meaning of the first 
line must be collected from page 312. 


The following 


Let 1 + 2+ 3™+&c. 


~e 
1 S(œ)™” n S (oc) 
L °57721 56649 015329+log (oc) | 19 | 1°00000 19082 127166 
2 | 1°64493 40668 482264 20 | 1°00000 09539 620339 
3 | 1°20205 69031 595943 21 | 1°00000 04769 329868 
4 | 1°08232 32337 111382 22 | 1°00000 02384 505027 
. 5 | 1°03692 77551 433700 23 | 1°00000 01192 199260 
6 | 1°01734 30619 844491 24 | 1°00000 00596 081891 
7 | 1°00834 92773 819227 25| 1°00000 00298 035035 
8 | 1°00407 73561 979443 26 | 1:00000 00149 015548 
9 | 1°00200 83928 260822 27 | 1°:00000 00074 507118 
10 | 1°00099 45751 278180 28 | 1°00000 00037 253340 
11 | 1°00049 41886 041194 29 | 1°00000 00018 626597 
12 | 1:00024 60865 533080 30 | 1°00000 00009 313274 
13 | 1°00012 27133 475785 31 | 1°00000 G0004 656629 
14 | 1°00006 12481 350587 32 | 1°00000 00002 328312 
15 | 1°00003 05882 363070 33 | 1°00000 00001 164155 
16 | 1°00001 52822 594086 34 | 1°00000 00000 582077 
17 | 1.00000 76371 976379 35 | 1°00000 00000 291038 
18 | 1°00000 38172 932650 


There is no other general method of any note or utility for the direct ab- 
breviation of the actual summation : though recourse is frequently had to 
transformations, either into a finite algebraical quantity, or a definite 
integral, as in the next chapter. If, however, it should be found more 
convenient to sum @)+4,+@:,+&c., the sum of a)+a,+ &c. may he 
found from the formula in page 318, making a= Yo, a,—y,, &c. Then 
since a,, vanishes when g is infinite, and also its differences, we have, 
making a,+a,+ &c. ad.inf.=A, 

n—l n?—1 


Ata, + &c. = nA —— a,+— 


E LE TEE 
- = SS a Cis 
2 12n : i ? 


24n 
where Ado, Aao &c. are taken for the series ao, Qna, Qen, &c. Butit 
would rarely happen that this method is preferable to the preceding. 

We now pass to series whose terms are alternately positive and nega- 
tive, included under the general form ao— a, +48—.... The symbolic 
representation of this is {1— (1+4) +- (1 +4)?—. . }, a, or (2+4)™ ao 
or (1+¢°)"'a, (pages 164, 248). Hence 

Aa, A’a, Aa Ata, 


$= ht SOS = eee ag 


+&c. (see also p, 240) 


a'h a; 
2.3.4 52.3.4.5.6 


The last follows from page 248, by the principles in pages 164, &c., 
altering the notation of Bernoullis numbers as ubove: @,, a’, &c. 
standing for the values of the diff. co. of ¢, when x=0. In using this 
last series it would be advisable in most cases to sum a few terms, and 
then to make a, the first term not included in the summation. This 


l d'o 
=i u —(2—1) B, Z+ (2—1) B, 


—(%—1) B +&c. 
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series might also be obtained from §172, p. 311, by making y infinite, 
or from $174, by making a=—1. 
Previously to using these series, I set down both the series for 
ota, +&c., and a —a,+&c., with reduced coefficients.* Let 


Ap +a, + &c.= (a+ ..+4,) — fa,dr—a,—P, v.+P,a!",—P,art+é&c. 


Ay — 4+ &C. = (ao~ oo Ea.) +3a,+Q, a'.+Q,a'",+Q, ar + &c. 
I 
BS TB = 5 B] 
P,= 1:720 wae iat 
— ~ 30° 
l 
P, = 1:30240 =75: [6] 
l 
P,= 1:1209600 =—5:(8] 
5 
P,= 1:47900160 == :[10] 
P, =691:1301674368000= 22L : [12] 
PEE ~ 2730° 


P,3== 1: '74724249600 =: [14] 


l 

Q 1:4 = x3: [2] 
l 

a Fe | z= — 5: 

Qs 48 39 * 15 [4] 
] 

„= 1:480 = 7p X63: [6] 
l 

Q, = 17: 80640 RT x235: [8] 


t 
Q= 31:1451520 =~. x 1023: [10] 


691 
Qi 691 :319334400 : 


= F799 X 4095: [12] 


7 
Q= 5461 : 24908083200 =—— x 16383: [14]. 


Let it be proposed to determine 1—2 +3 — &c. ad. inf. Let the 
terms be first summed as far as +97°, whence, a, being (x +1)™>, we 
have 


a= —2 (141), a"=— [l4] (r41), az= — [6] (t4+1)7%7, Ke. 


l 3 15 63 
— 9—2 -p — =2 Es Z2 LNE Se Sere a re Sees a) = 
a a a a a 10455 105-55 1074+ &e. 


* Enough are here given, as I suppose, for every purpose; but if more be 
required, they must be calculated from the numbers of Bernoulli. These, up to 
Bos Will be found in the Penny Cyclopedia, article Numbers of Bernoulli. 
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1—°=1'0000 0000 0000 2= °2500 0000 0000 
3-?= <1111 1111 1111 4—>=— °0625 0000 0000 
5"= ‘0400 0000 0000 6—°= '0277 7'17 1778 
7-"= +0204 0816 3265 8—°= °0156 2500 0000 


9*= °0123 4567 9012 — 
— — °3559 0277 7778 
1°1838 6495 3388 +1°1838 6495 3388, 


S 9—= "8279 6217 5610 


10—* —2='0050 0000 0000 

10— x 3—6=:'0005 0000 0000 

10-7 x63—42=:'0000 00i5 0000 
10—! x 5 x 1023—66 =°0000 0000 0775 
10—" x" x 16383—-6='0000 0000 0019 


—°0055 0015 0794 

°8279 6217 5610 

10° x 15=+—30=°0000 0500 0000 

10-° x 255—30=:0000 0000 8500 

107" x 691 x 4095—2730= °0000 0000 0104 


+ °8279 6718 4214 
—°0055 0015 0794 


°8224 6703 3420 


By the theorem in page 552, n being =2, it appears that 1 — 2+ &c. 
=} (142-?+&c.) Halve the value given for 1+2°-°+é&c. in the 
table, and we have °822467033424, so that the preceding result is 
wrong only in the last place. This process is much less convergent 
than that for a.+a,+&c., owing to the entrance of the multipliers 3, 
15, 63, &c. 

We shall now try the same series by the formula $¢,—+tAa,-+ &c. 
(page 554). If we first sum the series up to -ta,, the remainder is 
then +4¢,4:+44a@,,,F&c. Taking the series as summed up to 
+97, we find by taking 10— and nine following terms, the results here 
written: it is not worth while to write down the process. 


10° 2—*010000000000—-  2= 005000000000 

—A 107?— 4=°001735537190— 4=:000433884298 
A2107°— 8S8=°000415518824—  8=-000051939853 
—A?107— 16=:°000122785139— 16=:°000007674071 
At10——=- 32—-000042217188-—- 32—-000001319287 
—A510—2-- 64=°000016292396— 64—:°000000254569 
At10-2-— 128= °000006890116-—— 128== 000000053829 

— A710" 256= 000003139573 256= -000000012263 
A8 10-2 512=°000001522337-— 512= *000000002973 

— A? 10~°—-1024= * 000000778115 1024= * 000000000759 


a es eee e 


— ° 005495141902 
Sum up to 9? . . . . . . +°827962175610 


Approximate sum ad infinitum *822467033708 
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The result is only true to cight places, and involves much more 
calculation than the preceding, which is truc to eleven places: never- 
theless the second method will be found preferable to the first, when the 
differences diminish more rapidly than in the preceding instance. 

Dr. Hutton (Tracts, vol. 1. p. 176) gave a remarkable method of 
exhibiting the results of the preceding process, and added a process by 
which its power is much increased. 

If we take the successive sums 0, G, @y— đa, Qo— U +da &c., and 
substitute values of @,, a» &c. by means of the differences of m, we 
shall find 


0, a» —Aa, a+Aa,tA%a,, —23a,— 2A d — A lo &Ke. 


Leave out the symbol a, for brevity, and take a succession of means 
between each of the consecutive pairs, and repeat the same process, 
which gives 
4, 40—44), $(1+A4%), 4(1—4—4°— 4’), &c. 
EESE ETETE 
4-1 A+44°, $—f{A4+4 Aa A, ke. 
4—1 A+} A°—7, A, &c. 

It thus appears that the first terms of the several rows are the successive 
approximations 

4a,, 4a4,—tAa,, 4a,—tAq+}PA*%a,, Kc. 


If instead of means we take simple sums, neglecting the division by 
2, we must divide the several first terms at the end of the process by 2, 
4,°8, &c., or rather we need only divide the one which is correct enough 
for the purpose: the following exhibits the process in a more general 
form. 

Let the operation 1+A be called E; then the results of the sum- 
mations give the performance upon «@, of the several operations following, 


0, I, 1—E, 1—E-+E’, 1—E+E°—E’, &c.; 
+B l-E 14E 1-5! 
’' 14E I+E’ 14E?’ 14E? 
and these results are alternately less and greater than (1+ E)`', the 
sum of the whole series. Omit the common inverse operation (1 + E)™', 
to be replaced at the end of the process; the first, second, third, &c. 

succession of sums are then, (1+ E being 2+A), 

2+4, 2—EA, 2+4+E’A, 2- E4, 24E*‘A, &c. 
4—A®, 4+EA!, 4—E?A, 44E, &e. 
StAS S—EA® 8+E:3, &c. 

Consequently, when the rows have been divided by 2, 4, 8, &c., and 


(1+ 15)~* is restored, the sth in the rth row is obtained from a, by an 
operation signified by 


{] + ( —_ ] j Ẹ'-! DAN (1 + E)"! Ay, 
or (+E) a+ (—1)*t" 2°" Et A (14E) ' a. 


or 


&c.; 
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_ The first term of this represents the whole sum in question, and 
27A ES (14+ E)7' ap 277A’ (E-E +... .) d 
=27 (A’ a,_,—A’a,+ &c.) 


If, then, the terms and their differences diminish without limit, we thus 
approach without limit to the sum of the series, whether by increasing r 
or s, or both. And the same thing might happen, and be due solely to 
the diminution of 27. 

The results in each row are alternately greater and less than the sum. 
If the differences A, A’, &c. be all of one sign, then the first terms of 
the several rows give results alternately greater and less than the whole 
sum. But if the differences be alternately positive and negative, this is 
only the case with oblique columns taken in the other direction ; as, for 
Instance, 24+ E'A, 4+ E’4?, &c. And the errors of any such oblique 
column (the nth, for instance, 2—EA and 4—4? being the first) 
depend upon E"A, E"~*A®.,..A"*?, which by the formula finally depend 
on 


Ze (Aa, a &c.), 27? (A? an T &c.), © e@e Q-e+h (Art Ao zu &c.) 


Now it may happen that these increase or decrease from the begin- 
ning to the end, or come to a maximum or minimum in the middle. 
This point can only be tested by the actual operation; the advantage of 
this method being that we can always find a set of results which are 
alternately greater and less than the truth, and the degree of approxima- 
tion of these results to each other determines, of course, a quantity greater 
than the error of either. 

This method succeeds very well when the series is not too convergent : 
for it is remarkable, that the easiest series of all to treat by it is one 
which has no convergency whatever, or a@—a,+d,—a+&c. This 
follows from the method representing the results of 4a,—}Aa,+&c., 
which, if @==a,=a@,, &c., is reduced to $a). And by means of the 
property proved in page 226, it even ascertains, exactly or approximately, 
the algebraical equivalent of a divergent series: thus Dr. Hutton has 
verified by it the known value of 1—1+1.2—1.2.3+&c. Butifa 
series converge too rapidly, this method will give approximations but 
slowly. All that has been said will be illustrated by applying it to the 
series already considered, 1—27*+3-*—&c. The first column contains 
the sums 1, 1—2, 1—27°+37*, &c.: all the remaining columns 
exhibit the sums of the several pairs, in the manner above described, the 
Roman numerals which mark the columns being followed by the figures 
common to every row in the column. Decimal points are omitted. 


817962175610 


L-1 IL.—3 IlI.—6 
1000000000000 | ye 0000000000 
750000000000 361111111111 
611111111111 631944444444 
861111111111 210833333333 
659722222222 567777111111 
798611111111 ; 296944444444 | * 
637222222229 583611111111 
838611111111 286666665666 | ` 
} 649444444444 6 | 578185941041 
810833333333 ? 291519274375 
642074829931 580452097502 
831241496398 288932823127 
; 646857993196 5719369488531 
815616496398 290436665404 
827962175610 | 043978672208 | 259503023428 | 519939688832 
645924351220 ; 
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IV.—131 V.—263 VI.—526  VII.—1052 
99722222222 | | 


9 n35 
61797052152 | 20435090695 | 33021031135 | 72515747006 
58638038543 | 18459624576 | 38994715271 | 76485103243 
59821586033 | 19130763396 | 27290387972 | 
59309177363 | 


VIII.—2105 I[X.—4211 


10433830892 | 
49000830249 | 19434681141 


The differences being alternately positive and negative, the last 
numbers of the several columns, divided by 2, 4, 8, &c., will give a 
succession of results alternately greater and less than the truth, and it 
will be seen that the nearest approximation is in tne middle of the set. 
If we had commenced with 1—27*+....—10~”, and proceeded with 
the summations up to 19-*, not only would the approximation have 
been more rapid, but the final termination would have been the most 
correct result of all. 


1645924351220—- 2=822962175610 
3289503023428- 4822379735857 
6579939688832 8=822492461104 
13159309177363— 16=822456823555 
26319130763396—- 32= 822472836356 
526375903879712 — 64—822462349812 
105276485 103243— 128 = 8224112539869 
210549000850249--256=822457034571 
421119434681 141—512=—822498895862 


Of these the fifth is the nearest to the truth. 

If these results be taken, and used in the same manner as the original 
sums, a close approximation will sometimes result, particularly when the 
original series was divergent. No rule, however, can be given as a 
guide when to expect additional advantage from carrying on the process. 

As a more simple instance, take 1 —i+i-—...., beginning with the 
sum of six terms, which is "744012, and taking means of the sums to 
show more clearly the degree of approximation. 


°744012 


+) 
820935 | 7e7601 18903" | 78533) 
734268 | -o3eeq | 785641 | 785434 | 785387 | 785396 
813091 | 12997 | 785297 | 1222S | 785403 | “7 
760459 | (8007 | Taa522 | (Pe! | 
= é fA 
808078 


The result to six places of decimals is *78539S, and the greater 
rapidity of approximation in this example, as compared with the last, arises 
from the slower convergency of the series treated. 

Any given result might be attained by one process, as follows. If 
So S &c. represent the several sums do, do—a,, K&C., it is easily shown 
that the (m-+1)th mean of the cth column is 
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K€ 
(smiet CSateat C wO Smte—2 F cece Sm Jez 
Substitute the values of Sm}. &c., and it will be seen that a, enters all, 
Am} all but the last, &c.: also the sum of all the coefficients is 2". 
Let 


c—l 
go 2, C,y=2°-1, C,=2°-1l—c, C,=2'—1-—c—e——, Å ; 


and the (m-+1)th mean of the cth column is 
{Co (ao—a t. eee Ean) + C, Am+i + Cz Am2 F este +C. Amny} Co, 


Cit. —C Am +....+C,4, c 
or Oy — 0+ 0906 £0 E 
0 


I have confined myself in this chapter to purely arithmetical con- 
siderations, but in the next, and also in the one which follows, on 
definite integrals, the reasons of the marked difference which exists 
between a,+a,+&c, and a,—a,+&c. will more fully appear. 


CHAPTER XIX. 
ON THE TRANSFORMATION OF DIVERGENT DEVELOPMENTS. 


Tue theory of series is intimately connected with that of definite in- 
tegrals, insomuch that previously to proceeding with the latter subject, 
it may be advisable to resume the former. We have hitherto considered 
series, pages 222—244, with reference to the actual arithmetical sum of 
an infinite number of terms, and have given, page 326, the test for distin - 
guishing between a convergent and divergent algebraical series. And 
though we have deduced series which are sometimes divergent, it has 
been hitherto a matter of trial merely: nor have we attempted to draw 
any conclusions by means of divergent series. When, indeed, it happens 
that the divergent series is known to arise from development of a given 
function, we may safely use it, since we have the means of avoiding the 
divergency by using Lagrange’s theorem on the limits of Maclaurin’s. 
In such case we may use the terms of the diverging series freely, since 
those which we neglect might have been from the beginning expressed 
in a finite form (page 73). But when it happens that we do not know 
the original function from which a diverging series was produced, the 
use of such a series has been considered unauthorized by many eminent 
mathematicians, whose opinions should be carefully weighed, whatever 
conclusion may be adopted. 

In general, a series of the form a+ a,2+a,2*+&c. is convergent for 
all values of x less than a certain value (page 222), and divergent for 
all greater values. And here a, is a function of n, which we may call 
n, so that the series is $(0)+(1).c+q@(2).2?+.... Let us 
consider ourselves as led to this series by the performance of a number 
of operations which obviously lead to terms having the law in question, 
though they end in a series which cannot be arithmetically summed : 
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and let us ask whether we might not, by putting the operations in 
another form, have obtained a convergent series ? 

In the answer to this question there is a marked difference between the 
case in which Øn may become infinite for a finite value of n, and that 
in which it cannot. Let us suppose the latter case; the transformation 
is then rendered very easy by representing the whole series as one of 
operations performed on ad), which gives 


agta,c+...={1+(1+A) c+... Jam nya" 
1l 1 l 
a “=~ Teas o aA 
G5 a 
ae 


or as follows, 
P(0)+6(1).x4+6(2).0°+.... 
=—{¢(—1).a7 +e (—2).a% +4 (—8) 0? + be}. 
The same result might be obtained by taking the series 


PE OE 


$(0)+P(1).2+... ag Pee 


$0) , AG(0).2 
x—l (c—1)? 7°”? 


developing the negative powers of x—1 in negative powers of x, and 
remembering that 6(—2)=@ (0) —n Ad (0) +42 (n+1) 49 (0)—&c. 
I shall call each of these series, d (0)-+- &c., and —% (—1).27', &., the 
inverted form of the other. If @(2).2’=wn, we have y (0)+¥% (1) 
+..-e=—¥Y (—1)—y (—2)—.... The most condensed form of 
the theorem is as follows: if yn be a function which does not become 
infinite for any value of n, positive or negative, then, 2¥2—0, > extend- 
ing from n=— © tom=-+ œ. The theorem is to be understood in an 
entirely algebraical sense, as meaning that the same operations which 
give w(0)+% (1)+-.... would, differently conducted, have led to 
—¥ (-1)—y (—2)—.... 
(1+ 


For instance, let us take log| wt) =2(242 +... ay Here the 
“\l-2x \ 3 j 
term ¢ (n). x" is n™'(1— (—1)") x", and 
= aa —, when n=0, is SASV N oe) 
n 1 
and y (1)+y(2)+....=—% Da E n 
1 l1 1 
log (GFE aloe (—1)+2 > +5 oo 3 tz 3 maes 3 


which may easily be verified. But if we had taken the general term of 

the series to be 2 (2n+1)~™' z™t', we should have — 2 (Hte .. .) 

for the inverted form, which is not true. But here observe, that in pass- 

ing from n=0 to n= —1, we pass through a value of n, —$, which 
20 


, or — log (—1), 


562 DIFFERENTIAL AND INTEGRAL CALCULUS, 


makes the term infinite. As another instance, take tan“ sv=r 
ara PTT E 
— +7 &e., one form of the general term of which is 


ntl 
sin a Sa which = — 7 when n= — 1, giving 
2 nrl ' 2 
š A n 2 a L.i Bait 
ETI b i a x 373 Hr’ ee @ 09 


which holds in one case: for r—1a*°+&c. is that value of tan™'r 
which lies between —ġr and +47; in which case tanr-+tan "2" 
= —4r, if tana lie, between 0 and —4z. 

No great stress is to be laid on these examples, because the method of 
supplying the function proper to make the even terms vanish, as 
1—(—1)", &c. is arbitrary, and might be varied: and though I have 
taken these instances to show that when the proper function is used, true 
results follow, yet the determination of that proper function is not at 
present always attainable, nor can a test be supplied for distinguishing 
it from others. 

But in the case in which ¢ (7) is always finite, the theorem may be 
freely used, as showing, without reference to the arithmetical value of a 
series, a variation of development which might have been given to its 
algebraic invelopment. For example, let the series be 


L4+a+3x° + 72°4 172'+4125+992°+....=2A,2"; 


of which the law of the coefficients is that A,—2A,_,+A,_., whence 
A,» A,—2A,_, and A_,=A_,4,.—2A_ns1, giving A..=-—1, A_.=3, 
A_,;==—, and the rest of these coefficients are 17, —41, 99, &c. 
Hence the same series is 


gh cS 0 17 4 0. 
x6 


cw a gf p 
Now the original series is the development of (1 — x) : (1 -—2r—z‘), 
and if r=v™', this becomes (v—v’) : (1+ 2v—v*), which developed by 
common division gives v— 3v’ + 7v?—&c., which verifies the preceding. 
As another example, take 1+ x cos 6+ 2’ cos 20+ &c., which, by the 
theorem =—2x~'cos0—2x~* cos 20—&c., which can be verified from 
page 242, 
If ¢(n) be an even function, or if p (—n)=ọ (n), we obviously have 


T 1 
Apt a (2454 a,( t+ = )+ ...=0, 


or a, + 2a, cos 0 + 2a, cos 20 + &c.=0., 
making z+27-'=2cos@. Thus if pn=1, we have 1+2 cos 0+2 cos 20 
+....=0, a well known result. If ¢(n)=cos n0, we seem to have 


1+2cos’6 +2 cos? 20+ 2 cus? 30+ ....==0, 


a result which will require the following considerations. 

Divergent series are mostly developments, which though arithmeti- 
cally false, as presenting infinite arithmetical values for finite functions, 
yet present specific cases in which the function actually does become 
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infinite as well as the series. Thus, though 1+2c24+3c°+...., or the 
development of (l—2x)~, is divergent when z>1, the invelopment is 
not therefore infinite: except only in the isolated case in which c=1, 
when (1—zx)™ and 14+2+3+.... agree in arithmetical value. In 
this case we must guard ourselves from the fallacy of making an 
arithmetical infinite the subject of reasoning, and must stop at the first 
step in which it appears. This fallacy, in its broadest form, is as fol- 
lows: there are many cases in which infinity is equally positive and 
negative; that is, pa being = œ, P(a+h) is (h being small) great 
and positive, and Ø (a—/) is great and negative. If we then say that 
œ= — oc, we have 2X œ=0, a result which is a sufficient caution against 
the use of oc, that is, infinite in value, in the manner in which rational 
considerations entitle us to use that which appears infinite in value by 
divergent or (as those who reject divergent series say) wrong develop- 
ment. 

All I assert in the first instance is, that 1+ cos?@.2-+cos?20.2°-+&c. 
is the development (whether right or wrong matters not here) of a 
function which may also be developed into — cos? @.2~'— cos? 20.47°—... 
Now the first series may be easily shown to arise from the develop- 
ment of 


T x ee cos 20. x— z? 
2 l—r 2 1—2cos26.r4+2” 
l l l cos 20. x—'— 1 


lL- ——+ = —— 
g 2 lL—r™! ' 2 r™—2 cos 20,27'+1 


Develope the second form in negative powers of z, and we have 
1—k(+o'+r%+....)—4 (1+c0s 20.2" +-cos 40.27-°-+-....), 
or — cos? 0, 2~'— cos’ 20. 1° — &c. 


as asserted. In the particular case x=1, the original function becomes 
infinite; consequently, though we may say that whenever we meet 
with 1+cos*6+...., we might by a different process have obtained 
—cos* 0 — cos? 20— &c., yet we may not say 1+2cos’6+2cos* 20 
+.. ..=0, for by so doing we really commit the fallacy “‘c=— œ, 
therefore œ + oc=0.’? But the student must not imagine that it is any 
point connected with series that I have cautioned him upon: for the 
same care should equally be taken with finite expressions, as to these 
particular cases in which they become infinite. The real difficulty is, 
that in using a general divergent series, and passing to a particular case, 
we may light upon a divergent series which really represents infinity, 
and we cannot as readily know whether this be the case or not as we 
could if we had only finite expressions. 

If a, or ¢ (n) be an odd function, or if ¢(—n)=—¢ (n), we readily 
obtain (since then a=0 or œ, and by hypothesis we are not speaking of 
the latter case) a, (r—2"') +a, (22@—2“) +....=20, or a,sin 6+ 
sin 20+....=0, And if E, and O, represent an even and an odd 
function, and if (remembering that“every function is the sum of 
an even and odd function, if 0 be included among functions) we make 
a,—E,+0,, we have 


Ay +a, (1+1) +a (tH)... = O,(a+2)+0, (2? +2) 4+.... 


Ay + a, (x=) +a, (x? — 27") +... = E+E, (c-2")+E,(2°-27*)+,.. 
202 
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This sets in the clearest point of view the remark in page 327, that it 
is not allowable to make two series of the form 2a, (2" £ 2”) identical 
because they are derived from the same function. 

The two forms of 6(0)+¢(1).2+.... cannot generally be both 
convergent, though both may be divergent. To prove this, let % (0) 
+y (1)+.... and —y(—-1)—yw(—2)—.... be the two forms. 
The convergency or divergency depends in the first instance upon the 
values of —n (log yn)’ and —n {log y (—n)}’, when n is infinite. 

These are —ny'n: yn and ny’ (—n): y (—n), which have different 
signs whenever Y'n : yn and Y'(—n) : y (—n) have the same limit as 7 
increases without limit. This is the case whenever wv is an algebraical 
function of n, or one multiplied by z”; and since convergency requires 
that the function here treated should not be less than +1, this necessary 
(though not sufficient) condition cannot be true for both forms, in any of 
the cases specified. But it is possible that both may be divergent: for 
Instance, in 14+4*r+9° 27+ ...., and its other development —2 
—4+z7*—,... But extreme divergence in one form is frequently 
attended by as great convergence in the other; for instance, in 1+ 2° x 
+3 a°+....,and —x'—2°% r?-33 7 3_-.... 

Since we have a,—a,r+a,27—....2a_,x7'—a_,.ut*+.... we 
now see the confirmation of a fact which every algebraist observes, 
namely, that in every series the terms of which follow a law expressible 
by common methods, and in which the terms are alternately positive and 
negative, the function so developed diminishes without limit when z 
increases without limit. This will yet more fully appear in the next 
chapter. 

x* x 

When a series has the form a,+-a, 2+ a, gt T3 + ...., where 
a_, can be assigned, the present theorem fails from our not being able 
to assign the value of the function from which 2.3.. ..n is derived, in 
the case in which n is negative. It will, however, appear in the next 
chapter that these inverse values are not finite. In algebraical series, 
the values of a, a,, &c. being those of diff. co. generally contain J, 1.2, 
&c., in the numerators. But in several remarkable cases the theorem 
will not apply, owing to our ignorance of the method of inversion, in the 
development of (1+ x)" for instance. There are, however, cases in 
which we may invert the process and infer negative values by means of 
independent developments. Thus, n being a whole number, 


Q-a t=l+nryn E "a = (—1)* E ae T a EEES E 


hence, a, being the coefficient of 2” in the first series, we may infer that 
a_,—0, a_=0,. ° T A = l a_,=—( = 1)’, Q_n- = —(— 1n, &c. 
I leave the following to the student: 


Q+a,r2+a,v+...=a_,(1-2)'+Aa_.(1-7r)*+A’a_, (1-2)... 


In most of the cases in which the general term of the series is of the 
form a,c": (1.2.3....2), the denominator insures a high degree of 
convergency. To examine this point, remember that (page 293) 


1.2.3....mhas always a finite ratio to n"*® e-" as n increases without 
limit, so that (page 234) we need only examine the convergency of the 
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series whose general term is a,2"e":2"*?, Let this be yn, and we 
have 


The only case in which this series can he divergent is that in which 
—na’,:a, is — when n= œ, in such manner that the limit of the 
first two terms is at least as small as +}. If, for instance, a,—=7", 
which is a function increasing faster than 1.2.3....”, we have for the 
preceding 4—7 log (xe), whence the series 


P 
2.3.4 


r? q? 
2A 3 4 
l+24+2 a T3 matt + cee. 
is convergent whenever x is <é~. 

The following methods will often convert a divergent series into a 
convergent one. 

Let OGr=a,+a,r+a,2°+...., and let a,b, +4, 6, ct +agb,x°+.... 
be the series in question: then, as in page 240, this series is obtained 
by a train of operations on b, of which the symbol is p (<E) .b, where 
E stands for 1+4. Assume E=m-+F, which gives 


Pp" (mx). 2? 


a Feb. 


dy bota, bap... (mr) .b,+'(mr).2F b+ 


Now E=m-+F means Eb,=mb,+ Fb, or Fb,=b,4,—mb,, which gives 
Fb,=b,—mb,, F?b =b, — 2mb Hm by  &c.; 
the process obviously being an extension of the method of differences, 
by substitution of the operations b,—mb, b,—mb,, &c. for b,—bp, 
b.—b,, &c. We thus get 
b, (bı—mb) x | (b,—2mb, +m? by) 2°, 
l—mz  (l—nmzr) (1— mr)? ui 


b tbi rt... = 


; y2 2 
b +b, c+), z+ ee ied | bart (b,—mmb,) t+(b,—2mb,+m? bo) St bes l, 


in which m may be any finite quantity, positive or negative. Let 
m= — 1 in the first, and we have 

by (bitb) x 1 (bo + 2b,+6,) 2? | 
l+2 (l+) (l+2)? 

If ba bu &c. be increasing, this series is convergent whenever 
b,+2b,v+4b.v°-+.... is convergent, v being r:(1+2). If6,4,:6, 
=k when n=, this last is convergent whenever v <(2k)™, or 
r<l1:(2k-—1). If 2k= or <1, the second side is convergent for all 
positive values of z. 

If instead of E we write €”, by the theorem in page 307, we have 


betb... = 


b" 
a bat abit +.. =ġr.b, +o {a(1+A)}.0.0,4+-¢{2(1 FA) OS Pei 


where b's» b'a» &c. are written for Db, Dò, &c. This, expanded, the 
table in page 253 being used, gives 
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b" 
abita bist ...=b, orb’, preto (p’r.x+9"2. 2°) 


+ (g'z. + 3o"x. +o" x.x?) 


iv 


2.3.4 


a result which might easily be verified from page 239 by help of page 
263. The remnant a,b, 0°+4,4,b,4:%""' —+.... may often be ren- 
dered more convergent by use of this form of development. 

This chapter may serve to throw some light on the character of 
divergent series. Further considerations will offer themselves in the 
next chapter, previous to which it is hardly right to invite the atten- 
tion of the student to any final opinion upon the use of divergent 
series. This much, however, may here be said: the history of algebra 
shows us that nothing is more unsound than the rejection of any method 
which naturally arises, on account of one or more apparently valid cases 
in which such method leads to erroneous results. Such cases should 
indeed teach caution, but not rejection: if the latter had been preferred 
to the former, negative quantities, and still more their square roots, 
would have been an effectual bar to the progress of algebra, which 
would have been confined to that universal arithmetic of which Newton 
wished it to bear the name: and those immense fields of analysis over 
which even the rejectors of divergent series now range without fear, 
would have been not so much as discovered, much less cultivated and 
settled. 


edo 
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CHAPTER XX. 
ON DEFINITE INTEGRALS. 


In commencing with a title which may induce the student to think that 
he is already master of the principles on which the following pages rest, 
a conclusion which would not be altogether correct, it will be necessary 
to point out the extension of views with which the subject must be 
looked at, before the objects of the present chapter can become intel- 
ligible. The subject of definite integrals becomes daily of more import- 
ance: and, to judge from appearances, any very decided increase of the 
power of the mathematical sciences can only arise from successful in- 
vestigation of the methods of obtaining their general properties, and 
computing their numerical values. 

A definite integral is distinguished from an indefinite one by the sup- 
pusition that both its limits are specified; and the consequence is, that 
the former is no longer a function of the variable, but only of the limits and 
of such constants as enter into the function integrated previous to in- 
tegration. If, therefore, all indefinite integration could be successfully 
performed, all definite integration would necessarily follow. Thus when 
we know that 27 is the diff. co. of x°, we therefore know that f bordz 
is b°—a*, whatever 6 and a may be. But we know that indefinite 
integration cannot always be performed; and, as in pages 103—105, 
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(which the student should here review attentively,) we may see that the 
lifficulty arises from a deficiency of means of expression. To carry on 
the same mode of illustration, remember that geometrical recollections 
introduced the circle and its properties into algebra before the differential 
calculus was invented. As algebra was applied to trigonometry, the 
sine, cosine, &c. of the latter science were made fundamental modes of 
expression in the former. The consequence was, that at last a broad 
distinction was drawn between the two series 1—}2°+4112'—&c,, 
x—$12°+&c., and all others. The student finds, on his first intro- 
duction to these series, that he is already master of their properties by the 
hundred, is provided with tables to find their numerical values, and 
knows how to make them of continual use. But if he had been com- 
pelled to be a pure algebraist, without permission to draw suggestions 
from any other science, he would have had no more occasion to investi- 
gate the properties of these series than those of many others of equal 
simplicity. And on the other hand, if the suggestions of geometry had 
been more extensive,* he might have been familiar with many results 
which are now to be presented for the first time, and might have had 
common and well-known names for results of calculation which are now 
only expressed by symbols, and have no distinct appellatives. In 
geometry, the previous treatment of the curve y=,/(a®—2*) made 
f./(a@’—z*) dr expressible in known functions as soon as fudr: had 
the same science directed attention tv, and been made the means of 
developing the properties of, the curve y=e—*", the integral fe—z* dr, 
to the consideration of which we shall come, would perhaps have been 
already known, named, and tabulated. 

If all the cases of f ox dx were written down, when Ør stands for a 
function in common use, the greater number of these integrals would be 
inexpressible, except by infinite series. If all infinite series were con- 
vergent, the difficulty of computation would not be insuperable; and if 
the general properties of an infinite series, for which no finite equivalent 
is known, were as easily determined as those of a finite expression, we 
might satisfy the wants of any application of our science with compara- 
tive ease, though the labour of computation might be considerable. But 
itis not always readily practicable to reduce integrals to convergent series, 
and it frequently happens that the form of a series does not throw any 
light upon its properties. At the same time, nothing is more certain than 
that the results of most of the problems in which the higher mathematics 
are necessary, must from their nature require integration. Do we then 
find in what precedes premises requiring a conclusion that most, or at 
least many, of such problems must remain insoluble ? 

This question is to be answered in the negative, and the reason is as 
follows. Every particular case of an integral can be found by common 
arithmetic, whatever the function may be. It may easily be that 
fi pr dx may not be expressible in terms of a aud b, with such modes of 
expression as we now have; but specify the values of a and b, say 
a=2 and b=3, and by the definition of the symbol the equation 


: ol l 2 n 
figrds= (peaa) (E) Fetal) 


* If the hyperbola had received as much attention as the circle, its area might 
have suggested the notion and properties of logarithms, and the attention thereby 
excited might have led to the calculation of tables, 
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may be made as nearly true as we please, by taking n sufficiently great. 
This symbol, then, for an isolated and specified value of a and b, is 
merely the limit of a simple arithmetical conception, and every case of it 
may be calculated, quam prorime, by a person who knows only how to 
calculate the value of an algebraical expression in any particular case. 
The more artificial and rapid method of page 314 may be substituted : 
and it must be observed that in calling every definite integration practi- 
cable, we speak of possibility only. Should the actual computation of an 
integral occupy twenty computers for a year, it might well be a question 
(and one by no means always to be answered in the negative)whether it 
were worth while to employ them: but this does not affect my asser- 
tion. l 

It is, then, admitted to be possible in every case to construct a table of 
the values of an integral which may be used like a table of logarithms, 
so that reference and interpolation shall give any value we please, with 
sufficient accuracy. Each integral so calculated is a fundamental table 
of reference, and the question is to choose such integrals as will admit 
of the largest number of uses, and to find out as many uses as possible 
for those which have been calculated; previously using the shortest 
and most convenient method in the actual construction of the table. 

So much for the numerical attainment of results which can only 
be exhibited in an integral form: but this is by no means the only use 
of definite integrals. It frequently happens that one particular set of 
limits have an importance which distinguishes them from all others, and 
renders the case in which they are used perhaps the only one which it is 
ofany usetoexamine. Thus, in the theory of probabilities, fa"(1—a)" dx 
is of the most frequent occurrence, but only between the limits z=0 and 
x=1, and also between limits which lie near the value of æ which 
makes 2°(1—.)" a maximum: it would be only wasting time, so far 
as the most important cases which occur in that science are concerned, to 
examine any other limits. In such a case, we learn to look upon the 
variable z, the most prominent symbol in the ordinary integration, as 
subordinate in importance to m and n; the first being necessary only 
in the conception of the manner of attaining a result which depends 
for its magnitude only upon m and n. It frequently also happens 
that the isolated cases which it is most important to examine are also 
those which can be most easily attained; and that we may thus arrive at 
a particular value of a function, the general form of which must be 
presumed to be an inexpressible transcendental. This happens, for 
example, in f e— dt, which, when a is infinite, is 4,/x, (page 294) ; 
but cannot be finitely expressed in terms of a. Another important 
branch of the calculus of definite integrals is, then, the determination of 
useful isolated cases of general integral forms, of the complete solution 
of which no hope can be given. 

Again, an integral of the form fọ (r,a)dzr, between specified limits, 
whether those limits be functions of a or not, is, generally speaking, a 
function of a, and of the limiting values of æ. If these limits be 
numerically specified, (say they are r=0 and r=1,) f} $ (a, a) dx isa 
function of a. Say that this integral can be found, and that it is wa. 
We have then a mode of expressing ya, which may lead us to proper- 
ties of that function which would not othewise suggest themselves. 
There may be an infinite number of ways in which wa may be thrown 
into the form of a definite integral; and each of them may be the easiest 
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mode of expression for some one particular purpose, or for the develop- 
ment of some one particular property. 

Lastly, by looking at a definite integral as the mode of using a variable 
x, between given limits, to obtain an expression for a function of a, we 
may not only learn new properties of this function of «u, but may 
even extend our views beyond what would be possible when the 
function retains its usual form. Thus, if 1.2.3....n be considered as 
a function of n, we can form no rational idea of its existence except when 
n is a whole number; but when we come to observe that 1, 1.2, 1.2.3, 
&c. are values of {o2"e~*dzx answering to n=0,n=1, n=2, &c., we 
see no difficulty either in the conception or calculation of this integral 
when 7 is a fraction, and we have thus the means of interpolating values 
between 1, 1.2, &c. answering to fractional values of n. 

The mode of obtaining a definite integral supposes that in {2+" rdr, 
px must not become infinite between x=a and r=a-+h: not that the 
value of the integral is then necessarily infinite, but that we have no 
obvious means of testing whether it be so or not. The diminution of w 
(page 99) may more than compensate any increase of the terms of the 
sum. To the criterion for determining the result in this case we first 
turn our attention: say that b is the value of x, intermediate between a 
and a+ h, at which gz becomes infinite; it is required to ascertain the 
conditions under which, in f¢** px dz, or [2 Pxrdr+ f sth hr dr, each of 
the two portions is finite. Since 


figa dr=¢b.b—ġpa.a— f! xọ'r dr=ġa (b—a)+b (gb—9a) - f? zọ'zdr 
= pa (b—a) +b ft o'x dx— f: rp'x dr= ga (b—a) + f! (b—x) p'r dx, 


whenever ġb and ġa are finite, this last result is true when b is any quan- 
tity (however little) less than that which makes Øb infinite ; and supposing 
b to increase towards that value, it always remains true, and (page 22) 
is therefore true when r=b makes gx infinite; ga, b, and a being 
supposed finite. Let y=@x give r=@"y; then, since y=@a and 
y= & correspond to z=a and r=, we have 


fi prdr=pa (b—a)+ fri (b— gy) dy. 


Now (page 325) the last integral is found to be finite or infinite, 
precisely in the manner which determines whether the series whose 
general term is b—ġ™'y is convergent or divergent; that is to say, let 
wy=b—d"y, and find 


=, EF DY 
le ee ee 


according as a >1, or <1, the integral is finite or infinite. But when 
a= l, find a, the limit of log y.(Po—1) when y= œ, and the integral is 
finite or infinite, according asad, > or <1. But when a,=—1, find a, 
the limit of log log y.(P,— 1), &c. This seems to involve the necessity 
of inverting @z, but it does not so in reality, for 


y= py gives y'= (Py). (HVY. y, or (PY y=1: p'r; 


whence P»>= goz : o'r (6—x), and a, is its limit when r=). 
If it be r=a which makes Øx infinite, the same result applies, substi- 


, and ao its value when y= œ: 
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tuting a for b, since fix de= — fi prdr, and —fprdx and Jrd: 
are finite or infinite together. 
Example 1. f?(logrdr:z). Here z=0 makes pr= œ, and 


pz log x 


= x (0 —2) “ogs l, when z= 0 (doubtful) 
log x` __loglogz—logz _ a 
P,=log( )e 1) kesal l when c=0; 


whence, since —1<1, this integral is infinite, This may easily be 
verified, since the indefinite integral is $ (log x)’. 


. = + tar re cee NGL = t)(4r—z)” a= f; 


So far, then, the result is doubtful, and this case is more easily solved 


by inversion. We have f a7 tan z de= fo ydy:(1+y°), y being tan z, 
which falls under another rule. For the preceding rule does not apply 
when b= œ. Itis obviousthat fọ ¢y dy is infinite if dy be finite when 
y=. But here y:(1+y*)=0 when y=, so that the rule to be 
applied is that which determines whether 2y: (1 +°) is convergent or 
divergent. Here 


$ t 
Example 2. sS main P, ae 


whence the required integral is infinite. 


Example 3. f o E7 2” dx, n being positive. Pop=(2+n)~', aa=l:n. 
This integral is then finite when z<l1, and infinite when zœ>1. In 
the doubtful case, or when z=1, we have 


pot (eT) 


t+l > 4=0; 


j 1 

= -T pal 

P ,=log (e~ 17t) izi 3—1) 
or the integral is infinite. 


Example 4. foe pædr. Here the method of Ex. 2 also applies, 
and P,=xz (a—ġp'r:px). The integral is therefore finite whenever 
g'x: zx diminishes without limit, or tends to any finite limit <a: for in 
such cases a, is +œ. But when ¢/r: qx has the limit a, then a, 
takes the form œ x0, and P,, &c. must be examined. 

Though I have given these examples at full length, in order to illus- 
trate the general rule, yet it must be remembered that any factor which 
remains finite throughout the whole interval of integration may be 
rejected ; and the result, as concerns the simple question whether the 
integral be finite or infinite, may be obtained from the rest. Thus in 
fte" 2" dx we might have rejected €™, and used f2-"dz only. 

Resuming the general subject, it would seem at first sight that there 
cau be no difficulty in any case in which the integration can actually be 
performed: thus, if f@xrdr=q,x, ft pr dx=g,b—¢G,a, which is finite 
when 4 and ġa are finite, even though Øx be infinite between the limits. 
But we shall soon see reason to know that the difficulty which arises 
from the definition of a definite integral as the limit of a summation is 
not thus evaded. For instance, 
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fetdzr=—2x", fia*dr=a-'—b-, which is finite; 


em ro dr = =j- c 9 fc u'dr= -A oC, fs r`? dr— = 5 
m 
The reason why we put the sign + before œ in both cases is as follows. 
We find that 
l l 1 1 
—mth ~—2 Z Ea = 4 2 asi 
fz L d= 3; -+ mn? —m+i 0 dz 


Both these are positive when h<m, however little m—h may be: 
hence we call their limitiug symbols positive when h=m. If, then, we 
; construct the curve whose equation is y=2~*, 
Y and if QA= —m, OB=-+m, we find the areas 
' PAOY.... and QOBY.... both positive and 
infinite, which agrees with all our notions 
derived from the theory of curves. Again, if 
z Ś we attempt to find the area PYQB by sum- 
x A o B x Ming PAOY and YOQB, we find an infinite 
and positive result, which still is strictly intel- 
ligible. But if we want to find the area by integrating at once from P to 
Q, we find, as above, — (2 : m), a negative result for the sum of two positive 
infinite quantities. The integral then, y being infinite between the limits, 
takes an algebraic character, standing in much the same relation to the 
required arithmetical result which must have been observed in divergent 
series. Thus 1+2+4+é&c. ad infinitum, is an algebraic representa- 
tive of —1, though it only gives the notion of infinity to any attempt to 
conceive its arithmetical value. Whatever may be finally discovered as 
to the interpretation of these results, I think there can be no doubt 
that the student’s first mtroduction to the subject of definite integrals 
should be kept clear of them and it: and I shall accordingly avoid them, 
at least till further notice; confining myself to those integrals which, if 
their subjects do become infinite, are not thereby rendered infinite. 
There still remains a peculiar class of definite integrals, in which the 
function integrated is periodic, and the integration is made over an 
infinite interval; such as fjsinzdz, {[cosxdx. Such integrals are 
obviously made up of a succession of elemenis of one sign, followed by 
a succession of another sign, ad infinitum. Thus we have 


| cosrde |, coszdr+ [Y cosedrt...-=1—24 2-24.04, 


0 


fisinzdr= fjsinadz+ f*sinedzr+....=2—242—24.,.., 


Now, as explained in algebra, 2—24+2—....=1 and 1—24+2~— 
. «o = 1—1 =0: are we then to assign O and 1 as values of these 
integrals? Examine the grounds of the algebraical assertion, and we 
shall find them to be as follows. The series a,)—a,+a.—... =a, 
—+Aa)+....: any supposition which diminishes Aa, A?a,, &c. without 
limit makes a,—a,+.... rigorously approach the limit 4a), as long as 
@, a,, &c. really diminish without limit. And thus in the extreme case, 
in which Aa,=0, A’a,=0, &c., or ay=a,=a,, &c., we see that Ja, 
must be the substitute which a,— as +ao—&c. ad infinitum requires. 
Similarly, let P be any function which =O when r= œ, we have then 
JP cos z dx=P sin z— f P' sin xdz, or fọ P cosrdr=— fọ P’ sin zdr. 
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This is rigorously and arithmetically true as long as {> Pcos x dz is 
finite: any supposition, then, which makes P approach to a simple con- 
stant; that is, makes P vary more and more slowly whatever x may be, 
or diminishes P’ without limit in all cases, also diminishes fj P’ sin z dr 
and fo Pcosxdz. Consequently, at the final limit, or when P is a con- 
stant, we must write f Pcoszdr=0,or f;cosrdz=0. Again, since 
JP sin zdr = — P cos z +f P'cosz dx, we have foPsin x dx = (P) 
+ fo P' cosx dr, (P) being the value of P when z=0. By the same 
reasoning, any snpposition which diminishes P’ without limit brings the 
truth nearer to SP sing dx= (P). This is, then, the final limit when 
P is made constant, or P=(P); and it gives fosin æxdr=1. For 
instance, (æ being positive, ) 


sin I—a Cos X a 
fe-* cos v de= ———_-—_ ; fo E cos dx =>——. . 
lta l +a? 
i cost+asnzr ; ; l 
[ee sin 2 dr=—e~* ——_—__—_—__ fo e—™ sin x dr=———.. 
l +a’? l+a 


For every positive value of a, however small, these equations are 
arithmetically true, and might be verified to any extent by actual sum- 
mation: when a=0, they become 0 and 1, and €“ is reduced to a 
constant and =1. 

It may diminish any regret which the ambitious student may feel at 
being desired to lay aside, for the present, all idea of considering definite 
integrals in which the subject of integration becomes infinite between 
the limits, if we show explicitly that even those considerations on which 
we propose to enter necessarily require the algebra of discontinuous 
functions; and that those which we throw aside would probably intro- 
duce the same sort of difficulty in a more complicated form. Let 
f¢z'sin ax dr be proposed, which it should seem must be a function of 
a, and the more so, since it changes sign with a, on account of sin (ax) 
=—sin(—«ar): and when a=0 it is obviously reduced to C—C or 
0: that is, it changes sign, passing through 0, when a changes sign. 
Nor is it one of the excluded integrals; for sinar:7 is finite when 
w=0, being then =a. But 


pa r) 

g£ Jo aT | d 

since writing v for ar does not alter the limits. The last result must be 
independent of a, so that we have a constant, not a function of a, which 
as 0 when a=0, and changes sign with a. Unless, then, this integral 
be always =0, itis a discontinuous constant. But it is not always =0, 
is will be afterwards shown. It must then bea discontinuous constant ; 
and thus, even in such definite integrals as we do consider, we cannot 
always procure general algebraical expressions of the results. 

Our sole restriction being that in f¢x dz, pr must not become’ infinite 
between the limits, unless we can show, as in page 570, that the result 
is arithmetically finite, we are at liberty to substitute for 7 any function 
whatsoever which does not invade this restriction. Thus even if the 
function substituted should be impossible in form, the truth of the results 
is not affected. For example, take f tan™0 dO from 6=0 to 6=}37, n 
being positive. Here ¢ð= cc when 0=0, and we therefore examine 
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g6--9'8 (0—9), or the more convenient form {(log #6)! (0 — 0)}-'. 
This gives 

f_,l+tan?@\"' 

( n0 ea u 1 , which =n", when 0=0: 

\ tan / 
so that the integral. is finite when n is less than unity; this we must 
therefore suppose, the case of n= 1 being left doubtful, as unnecessary for 
our present purpose (it gives the integral infinite). For tan™” 6 write 
its value 


which is, say =(—1) 2=(A,+A, ees AL gaa ste, De 
and —1 being e*’—', we find for integration - 
(A, enbeeVmi A, g- Uinnt20) vba As «7 Gento) L, ....) dð; 


of which the impossible part must vanish by itself, since the required 
integral must be possible and finite. The possible part is 


{Ao cos (477) +A, cos (Aan + 20) + As cos ($rn+40)+ ....} do. 
Now fcos(c+2k0) d0, from 9=0 to 0=}r, is (2k) {sin (c+kr) 
—sin,c}: whence this integral vanishes when Æ is even, and becomes 


—k-"sin c when n is odd. This gives for the integral required the 
series 


37 A, cos (477) — sin ($277) (ari +24 sha y 
We might, however, obtain a finite result,* as follows. We have 
(—1)* f tan 6 do= f(A, +A, TA Enn) dO, 


and (—1)* is cos$ rn+,./(—1).sin4an. Now integrate, and equate 
the possible parts on both sides to each other: the possible parts on the 
second side being all of the form A, {cos 2k0.d0, must vanish when 
taken from v=0 to r=ġr, and we find (A, being =], as appears from 
the function to be developed) 


37 47 570 
cos brn f tan™" 0 dO=}4r, or tan~" 0 d0 = a i 
ò ; -z COS ġmn 
A further examination (or simple substitution of 4r —9 for 0) will 
show that this integral is true for negative values of n also (if between 0 
and —1). Let tan*6=2”, m being a positive integer, which gives 


re 2 = (in) 
[tanto d= (2 Apne LAGE (n>—1< +1). 
0 


Jo la” — cosdrn 
Let gm (1 —n)—l=r, or $a (L—n)=r(r+1):m, and cos (rn) 
=sin (m (r+ 1):m). Hence 


* For this proof, which is much shorter than the one usually given, I am indebted 
to a writer who signs S.S, in the Cambridge Mathematical Journal, (vol. i. p. 17.) 
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fi (y (r>—l<m—1); 


It will, however, soon be observed that there is a liability to fallacy in 
an incautious use of the preceding method. If, having deduced 
A+B/(—1)=P+QJ/(-1), we infer A=B, P=Q, we are justi- 
fied only when we know A, B, P, and Q to be real. Now if either 
of these quantities be an infinite series, and divergent, it may represent 
an impossible quantity, as does z+4a°+.... whenz>I1. And even 
if we have a series which is real,before integration, it may become im- 
possible after it; thus 1+r+z?+.... is real when <©œ>1, while its 
integral, beginning at x =0, represents an impossible quantity. 
We shall, therefore, add the common proof of this result, which, though 
employing impossible quantities, does in a manner free from the pre- 
ceding objection. 

If we denote the n roots of the equation 2*"+1=0 by a, B, &c., we 
find, as in page 276, (m<n—1), 


nr” Pai m+l 


~ T+" rp «r—B 


nx" dx 

+&c., or — Iip “ig (z—a)+ &c. 

It would appear as if this must = œ when z= œ, but if it be 
remembered that 2a"*'=0 (page 319), and that log (r—e), log (x — 2), 
continually approach to log x as « increases, it also appears that the limit 
of the preceding is that of 2e”t'.log x, which takes the form 0x œ 
when wis infinite. In fact, since log z Dq@™*! (m+1<n)is =0 for all 
finite values of 2, add it to the integral as found, and we have 


m -p Mt -—— RMA 
f Eo log (= ) B"*" log (= \-&e,, 


which diminishes without limit in every term as v increases. The value, 
therefore, of the above form is 0 when r=cc, and the required integral 
from t=0 to x= œ is the value of the first form when z=0, with its 
sign Changed, or >{a*'log(—a)}. Lete stand for eV‘, and 6 for 
m:n; we know then that ae’, B=e”, &c., up to e- and since 
e"== — 1, these roots with their signs changed are e't”, e***, &c, Con- 
sequently 


2 fart log (—a)}=(O+7)/(—1) e4 (39+ 7) J(—1) error, 
+{(2n—1) 04r} J(—1) ert vente | 


For e®"* write z, and On for r, whence the preceding, divided by 
OJ (— 1), is (n4+1) z+ (n+38) 2+....+(n+2n—1) z”, We show 
generally how to find a+ (a-b) z+(a+2b) 22+... +(a+nb-b) z"! 
This obviously consists of two parts, the first a(1+....+ RT L), 
or a(1—z"): 1—z; the second bz x diff. co. of (z +z2?+....-+2"~), or 
bz x diff. co. of (2—2z"):(1—z). Thus we have 


For z write z°, multiply by z, let a=n+ 1, b=2, and 


(n+1)z+.... +(3n—1) 2°"! 


a-+-(a+6)2-+-...+(a+nb-b) z2" =a 
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1—2” z? —nz" +t! (n—1) 243 

=(n+1)2—-—-+ 2 SE en ee 

( LI ) er (1 —2z’*)? 

In the instance before us, z=e*F"® and z*%=e™t)-**=] ; whence 

the first term vanishes, and the second numerator becomes 2n {:*—z}, 

while the whole becomes —2nz:(1—z’). Restore the factor 6,/(—1), 
and we have 


s f "dr Onf(—1).2 _ 2ef(—1) 7 


l +2" = g?— l eo e(m+1)0__ eT (m-+1)9 a ee 


~ sind(m+i)-% ony 


0 


> t”dx T 


: [zee 
Hs ( 
alae nsin}™ (m+1)} 
n 


a result of great importance. If we examine the limits within which it 
is true, we find that, as far as the lower limit 0 is concerned, m must be 
>-—1, while, for the higher limit, m must be <n—1. 

The preceding, though it employs impossible quantities, is yet pre- 
cisely the same in its processes as the longer method which would be 
followed if x” (1 -+2")—' were integrated from the rational form found in 
page 276, § 89, by collecting the impossible factors of the preceding 
process in pairs. 

It would seem as if hitherto I had given nothing but cautions, and 
this I have purposely done to impress upon the student the idea of the 
very slippery character of the subject ; or, which is the same thing, of the 
very imperfect manner in which itis understood. Some further hints of 
this kind will still be necessary. 

Every integral of the form fp px dz may be thus expressed : 


So du dr= fp br drt faprdr+ fedrdr+....ad infinitum ; 


llo, Qis Qa &c. being a series increasing without limit. Every such 
integral, then, is really an infinite series, of which it is found that 
the divergent case is not so well understood as that of ordinary divergent 
series. Let us divide series into four classes, simple divergent and 
convergent series, in which all the terms are positive, and alternately 
divergent or convergent series, in which the terms are alternately 
positive and negative. Besides these we have the intermediate series, 
of which the terms are or become of the form a+a+a+.... and 
A~—At+A—.... - 

When the above infinite series of integrals is of the simple diver- 
gent kind, we have rejected the consideration of fpr dr as being 
infinite ; though it might reasonably be asked why such a diverging 
series Of integrals should be called infinite, when a diverging series 
of simple terms is only called at most a wrong development of a finite 
quantity. About converging series of either kind there is no question ; 
while diverging alternating series will be readily admitted, even by those 
who reject them, to staud upon a different footing from simple diverging 
series. But having thus pointed out that integrals taken from 0 to œ 
must have a general resemblance to series in their properties, or at least 
a similar classification, I now show that there is decided danger of error 
in any attempt to apply these conclusions to series in general, which are 
demonstrated in algebra to be true of series of powers of the same variable. 
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For example, take fcos r dr=0 from r=0 to s=œ. We see (page 572) 
from what this springs; if we write br for x, which does not alter the 
limits, we have 6fcosbr.dz=0, or fcosbx.dr=0. Now itis a funda- 
mental property of any integral, that if the limits remain the same, 


d dP 
pa as -m ag ee ee P 3 
i fPdp IE dp (page 197) (P) 


provided always that dP : dq does not become infinite between the limits, 
in which case the second side of the equation may not be within our 
present conventional boundary. This proposition is easily proved, 
independently of the page referred to: for since (returning to the 
definition in page 99) 


i 2P Ap=2 T Ap, for any number of terms, ` 


the limiting proposition must be true, or (P) must be true. Take, then, 
Jcosbr.dx=0, and differentiate twice with respect to b, which gives 
— feos br.a*dz=0, or fcosbr.2%dt=0. We may readily find, as in 
page 572, that l 


> e—cCr ; Ea N » cr 2 _ Ë Be 4 
fhe cos br dz =e foe "cos bz a dr= TACIT 


which verifies the preceding when c=0 Also, if we differentiate twice 
with respect to c, we have a conclusion of the same kind, verifiable 
in the same manner. 

Differentiate again twice, and so on, which gives fẹ .cos br.x*"dx=0, 
by making c=0. Various other methods coincide in the same result; 
surely, then, we should say 


focosbx (1—2?+2*—....) dr=0, or DDEL 
o L+ 

This result is, nevertheless, not true, and we may see that we have 
here made an assertion which need not necessarily be true, in saying that 
fcosbrdr+ {cos br.2°dx+....=0, because each of its terms is so. If 
each of the terms f o cos br. dr, f a COs ox, 2z°dz, &c. diminish without 
limit when a increases without limit, it by no means follows that their 
sum ad infinitum does the same. If we assume this in the case of 
a+br+cr’+,..., it is because we never have to use sucha series, 
unless as the development of a function; and this function may always 
have (as in page 73) all the terms after a given term expressed in a 
finite form, from which it easily follows that the series is comminuent 
with x. But if it ever should happen that we find a series such as 
a+br-+.... always divergent, no matter how small z may be, and 
not having any assignable mode of invelopment, I then say that we have 
no right whatever to assume that such a series is comminuent with z. 

To prove the preceding assertion, assume 


"cosbrdr œP “cos bt. xdr 
P= f Tp? To) E ficos bedr P=P; 


whence P=C +C e~, 
Now C=0, for otherwise this integral, which is always finite, being 
necessarily not greater than f; (dx:(1+.2°)), or 47, would increasé 
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without limit with 6. And C, must be the value of the integral when 
b=0, or 4r. Hence are deduced the following results, being the above 
and what arises from differentiation with respect to b. 


é “cosbuda T “sinbr.adz _ 
oe peer E Sa Taare 


If we suppose the sign of b to change, cos (br) remains the same, 
and the integral, while its equivalent becomes rst’. The result is 
evidently not allowable, since it would be then C,, which is =0, and C 
which is =47. Consequently, this integral is represented by }7e—" 
when b is positive, and by 3ae’ when b is negative. Similar circum- 
stances frequently occur, and they arise from the difference of treatment 
of series and definite integrals. If we had rejected divergent series, we 
should have called r+2+2°+....(¢4>>1), a mistake which is to be 
corrected by writing -1—2~'—.*—... Both series have the proper- 
ties of x (1 —x)™'. An extended theory of definite integrals will, I con- 
fidently expect, at some future time contain the same distinction: ex- 
hibiting results in a form which points out numerical values when they 
exist, and algebraical equivalents when the numerical values are infinite: 
though I admit that there are some circumstances which appear to 
create a marked distinction between integrals and series. 

Many definite integrals of the form fe’ vdo from v=0 to v= œ 
have received particular attention. The most celebrated of all is fe~’ v*du, 
which, being 1.2.3... .x2 when v is a whole number, supplies an expres- 
sion which is intelligible and calculable when < is a fraction ; and is the 
same extension of the notion of 1.2.3....., which a fractional expo- 
nent is of that of a whole one. This function fe’ v* dv is generally 
denoted by F (x+1), or x= fev" "dv. This last integral is finite 
(page 570) whenever v is >0, and T (a#+1)=aTIz is a functional equa- 
tion which its values satisfy. For 


feu? de= e.v +2 fE o do, 


which, taken from 0 to œ, gives T (av+1)=2TIt, since v” €~ vanishes at 
both limits. And it is perfectly possible that this equation may be true 
of fractional values, or any other of the same kind. Thus if r stand 
for x terms of the series 1~"-+2-"+ .... +2”, we have before us a 
function which, when x is a whole number, satisfies 6(7+1)=—@r 
-+-(v-+-1)~", and as to which the mode of derivation entirely fails when 
æ is not a whole number. Nevertheless, there may be a continuous 
function which satisfies the above equation for all values of z. Thus 
pr=1+2+3+.... +2 gives p (x+1)=ġr+ (2+ 1), and the deriva- 
tion is unintelligible when z is a fraction; but ¢xr=42 (x+ 1) satisfies 
the equation for fractional and even negative and impossible values of x. 
Let us now take gx from f(0)+f(1)F/(2)+ ..-. $f(r), which 
satisfies ġ (v+ 1)=ġr+f(x+1): required, if possible, the expansion 
of dx in powers of z. Let wro=f(r7+1)+f(t+2)+.... ad inf. 
when z is a whole number, and let yz in all cases satisfy Yr— y (t+ 1) 
=f (x+1). Then r+ or=—y (x-+1)4+6(2+1) or Yx+¢r is con- 
stant. Now when z is a whole number, ye+ xis obviously the sum of 
the series f(0)-+f(1)+...- ad inf., say =È}; whence in all cases 
wet pr=—Z. We have then 6r=2—Ya, or Z—Y (0)—Yy' (0).x-&c. 
But since yOr=f(x+1) + fO(24+2) + vee, we have yo 
2 P 
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=f (1) +f(2)+.... This equation is not derived from differentia- 
ting with respect to x a function in which x is a whole number only, 
but as follows: since yx in all cases satisfies wr—w (7+ 1) =f (r+1), 
we have ¥™2—WO"(r+1)=f(a+1), or 


YO LH=FKO (HL) +fM(a@+2)+ yy (e+2) 
=f) (x+ I Ff (x +2) +f (@+3) + (2 +3) 4+ &e. 5 
or YOr=fM(r+1)+....ad inf. +y( o ) (as in page 228) ; 


and all the series being supposed convergent, we have “(a )=0. 
Hence if f™(1)+&c.=2™, we have 


x3 
i e 


Observe, that it matters nothing if È be divergent, provided 2“, &c. 
be convergent, since 2>—2Z™ is simply ¢ (0). 

To apply this, consider F (1+c2)=2Tx; we have then log (1+) 
=logr+logIr, but since both È logsz and dx~ are divergent, differ- 
entiate both sides, and let øx be the diff. co. of log Ix or I’r: Ta. 
Required the development of $ (1-+v) in powers of x, having ¢ (1+ 2) 
= 4hr. Let wr=(1+1)'+(a-+2)'+...., or Ya—y (r7+1) 
= (#+2)—6 (241), and ¢ (1+1)-+Y%x=const.; whence d™(x+1) 
= —4y™r. Now wr=(r2-+1)7'+ (+1) gives 

r Ao ay) e E T E T PEET i? 
CS p RE BEY PC.) PRE ee A yee ee ae) 
Y “z T (z+ Tat (t+ 1) TE t (a+1)"7? taggt" (2+2), 


; hr ST — TO — TO 2 —-D™, £ = 53), 


or Y™®(0):2.3... n=(LE 20 43-CHO4 ,,,.), which call Spp., 
p (a+1)=¢ (1) +8, 2—S,2°+S8,2—...., 


a series which converges when r<l. It only remains to find ¢ (1). 
Since $ (7+ 1)=27'+¢z, we have ġ (1)=—17'+ (2) =—17—2"" 
+4 (3)=, or 
t (L)=—1 7-27 -—....—2"4¢6 (1+1) 

= —(17'4+ 277+... +27 —log r) +o (a +1) —log z. 


If we take the series for T (a+1) in page 312, in which x is a whole 
number, we see that this series is intelligible when 2 is fractional, and 
therefore* is in all cases the function required. We have then 


T (2+1)=,/(2r2) (ye 
or log T' (xv+ 1) =log f(27) +4 log 2+xloga—r+R; 


where R is a series which diminishes rapidly when x increases, and 
its diff. co. diminish rapidly. Differentiate both sides of the last, and 
subtract log, which gives Ø (x + 1)—log z = (2r)-'+R’, whence 
p (r+1)—log z diminishes without limit as x increases. Consequently, 
—9 (1) is the limit of 1-'-+27'+ .... 4+.v7!—log x as x increases, which 
was shown in page 312 to be the constant, °5772154, (more correctly 
°57'712156649015328606065,) which, being called y, we have 


7 


* Another proof of this will subsequently be given. 
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I (£41):F @t)D=—yt8,.7-S,2°4+8,7-.... 
log T (a@+1)=—yrth S,2’—48,2°+35,24—...., 


no constant being added, since log T (x+1) vanishes with «. This series 
is convergent from z=—1 (exclusive) to v= +1 (inclusive); but we 
shall presently show that still more convergent ones may be used. 

Again, since I'(ve-+1)=ffe-’v" dv, we have IY (c#+1)=fe-"v" 
log v dv, and I’ (1)= fe7" log v dv, while T (1)=1. Consequently, the 
constant —°5772....,or — y, is the value of fg E~” log vdv, and thus 
this (hitherto) pure result of computation obtains a symbolical expres- 
sion. The student may now try if he can make the preceding process 
suggest proof of the following. 


=t jos l on J : - 2 l 3 
l. fE los) dos=1+ (5 +log z+ gts SG log ajte : 


Prove, both from the nature of this series, and from page 326, that 
it 1s not only convergent, but ultimately as convergent as 22~*. 


9 = ÆlogT (1+2) awd 1 l o 
d 14a" ® 0+4) 
] 1 
as Gitaditindtint e» e » o (page 166). 


l l 1 1\ 1 ) es O 
4 d" log T (a+1) 


Darr ee ee ee, ee i 
a SOV TW Gp t er ay 


n being >1. 

We can thus calculate log (x+1), and thence logrw, which is 
log '(a-++-1) —log x. The former function, which, since F(1)= 1, vanishes 
when z=0, is what may be called the general function of log 1 -+log 2+ 
-+-. + log az, being the function of which log 1, log 1 + log 2, log 1+ log 2 
+log 3, &c. ‘are the values when =0, 1, 2, &c. We proceed tu some 
properties of the function T (x+ 1), the general function of 1.2.3...2. 

Turning back to page 388, we see that ffov.yw.dv.dw, if the 


limits of each variable be independent of the other, is f gu dv x f yw du. 
Hence 


(1+1) xr(y+1)= fie vdvx fi e" urdw= fo fo 7v w dv dw. 


If we assume w=tv, we may perform this integration by first integrating 
with respect to v from 0 to œ, and then with respect to £, also from O to 
œ. For, to change v and w into v, and vt, we have v=v,, w=v, t, and 


dv dw dv dw 
do de dt p RIT KIS o fo cmv = vate EHIE y 
dv, dt dt dv, l xv —0 x t=v, whence So Ta E v t.v, dv,dt 


is the integral above given; while 0 and œ are limiting values of v, and 


t, answering to those of v and w. Now, integrating first with respect to 
vı we have 


© T (t+y+ 2) 7 
=m (IE tyt yg am =ar yf ass yala E~ af 


2P2 
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and O and œ are the limits both of v, and v, (1+4). Multiplying by 
idt, and integrating, the original form compared with the transposed 
expression gives 

T (z+1).T (y+1)=T 2) { OREN] 
® y ae (c+ y+ (1 piotat)? 


t NI 1 \ dt ) 
= J (D (7) a+ 


Let ==t (1+), which gives O and 1 for the limits of z, and we 
have finally 
r(x+1).T(y+1), 
r(@+y+2) ’ 
which requires, to be finite, that x and y should both be >—1. Thus 
an extensive class of integrals is made to depend on the general factorial 
function, as Ir is called. If r=—y, which requires y and z to be 
numerically <1, we have, T (2) being 1 xT (1), or 1, 


r(1+2).0 (l—2)= fj 277 (l1—z)* dz. 


Again, let x+y=-— 1, or, for y and v, write —4+2 and —}—z2, 
which gives 


Re (1—2) dz= 


fiz (1—7 dz=T (2-42). (4—2). 


This integral admits of being found; for if z=sin? 0, it is reduced 
(page 573) to 2 f * tan? @ dO or w: cos (mx); which may also be written 
thus, by writing $—v2 for q, 
re (l —r)=—— (r>0<1). 
sin 27 
Let c=}, then T (4)=,/7, a result found in page 294, though in a very 


different form. 
In the integral {7°¢e-¢" dé, let "=v, which does not alter the limits 


if n be positive e have then 3 


= l zei l l l 
foen® di=— JE Eo w=- r (=r (+1) (n>0) : 
' foe- di=}T (4)=4,/7, as in page 294. ` 
Returning to the series in page 579, we have 
log (+2r)=—yr4+3S,.07—-45, 84+15,c—.... 
log (l—r)= yrt+4S.2°4+4S8, 7°4+458, 0+....; 
but T (1+2). T (1—r)=2rx. r (l—2)=72: sin rx, whence 


I S.2°+3S8,21+258, af+.... 


\sin rz / 
log T (1--r)=4 log rr— 4 log sin mx — yz — 4 Sa 5—4 S, c—.... 
Now T ($+2).F G—2)=G@+2)($—2) F (4+2). F G-<) 
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and we can thus calculate [(1+$+2z), or F(1+a)where 2 is >} 
by means of I (1+4$—z), or T(1 +r) where 1<}. When r< J the 
preceding series is very convergent. 

If we differentiate the last series but one, we have 


(1—' — r cot rr) =2 (Ser HS HS p.n’). 
Turn to the series for cot x in page 248, and we find (making the slight 


change of notation alluded* to in page 553, so that B,=1 : 6, B= 1 : 30, 
B,=1: 42, &c.) 


1 “r 
Aan — 92 =e B Sea — m @ Oe 
cs BiG M35 34 PTB 45.6 
£ 
whence A ~ z- gte = 


ay (2m) Bon- 
=3 1.2. 2.3... 20? 


a result remarkable in itself, and useful as showing how to estimate the 
degree of convergency of series in which Bernoulli’s numbers are among 
the coefficients. For since the first side of the equation has the limit 1 
as 7 increases, if we write for 1.2.3.. ..2n its limiting form (27). 
(2n)® t? e—*" we find that B,,_, m ro a g—2n continually approxi- 
mate to equality as 7 is increased. Also we have 


Bantry _ (20n +1)(2n+2) n? 
o 4,3 > very nearly, or =—, 


when 2 is very great. 
A higher degree of convergency is given to the series for log I (1 +x) 
by writing it as follows: 


log T (1+2)= 3 log E- 4 lo (2) 


— E 
+ (l—y) r—4 (S;—1) 2° i (S;—1) CP — eee 


We now proceed to other properties of T (x). If l; aen 
be the roots of x” —1=0, we know that g, æ, &C....» are the roots of 
w+l=0,and 1, œ’, a’, &c. are the roots of t"—l1=0. Hence we have 
G-Ni.. .. o (x — a") =2*—1. For x write x°, divide both 
sides by 2".a@,.a*...-a" ', and 


NEIG- 


Now g" is —1: divide both sides by 2"{,/(—1)}"; make r= 0D, 
and for œ choose the value s”V“~, w being — r:n. We have then 


whence Sony Or L774 2-4 37-4... 


ne eee ,—l by 2s ; 
sin Â sin (047) sin | +=), .. SIN Fop im z se grt sin70;. , 
n \ n \ no è )/ 
and various other of Euler’s formulæ of the same kind may be proved 


* Or for B, in the page cited, write B, for —B, write Bs, for Bs write Bs. &c. A 
list of the numbers of Bernoulli will be found in the article Numbers of Bernoulli in 
the Penny Cyclopedia. - 
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in the same way. Now divide both sides by sin 0, and make 0=0, 
which gives 


. Tt . Qe , 3r . n—l n 
sin-.Siln — . SIN —e e o» SIN T 
n n n 


pam oat 


Now consider the function 


1 2 n—l 
ys=Fr.F (2+2).r (24 =) et (2+ : } 


Change v into z+n7', and the second side becomes zz, whence 
Y (e+n")=ryr. This is satisfied by n`™ F (nx), which, when the 
change is made, becomes 


n`" F (nz-+1), or n.n ™. na (nx), or sen ™ F (nz); 


and on the principles explained in page 229, there can be no other solu- 
tion unless it be the preceding multiplied by a periodic factor xx, such 
that y (r+])=xz. This factor having been rejected when Fr was 
taken as the solution of y (x+1)=zrẹx, must be also rejected here: 
though a multiplier P, which is a function;of n, may be requisite. We 
have then yr=P.n™ F (nz), and P may be determined by making 
#==n—, which gives 


n~ F()-P=F(<).r(2) — r(=) 


Now F (n: n)=F (1) =1, and the remaining »—1 factors may be 
resolved into Fa“. (l—n"'), F2n".F (—2n“).... with a middle 
term F (4) if n be even, and none if n be odd. This gives 


. © , 25 . m—l Ni 
n=2m | 2m) P=} :{ sin — sin —. . Sin eae T 
(em) 2m 2m 2m /3 v 
tm , 22r . mr N 
~ SN e eses ANN 1—1 Š 
2m+1  2m+1 2m-+ i) 
Examine the value above given of 7:2", and it will appear that it 
can be resolved in a similar manner into sin .rn™ sin (r —an™"), or 
sin”. mn~, sin. 2x sin (r—2mn—"), or sin®.27rn—", &c. with a middle 
factor sin 47, or 1, when n is even, and none when n is odd. Hence 


n=2m+1)(Q2m+1)7' P=": (sin 


n=2m sin? ae sin? 25 sin? —— l T= san 
— 2 e 9 PFP oo 9 PENN ua) 
f T i Ir : mr 2m +1 
=2m+1 te—— Sin? =a, .. « sin” =a or 
m sin 5 i sin 9 i sin SP 5 


Extract the square roots of the last pair, and divide the preceding pair by 
them, which gives 


n=2m, P=r" 3,2 (2m)}; n=2m+1, Por" 2" (2m+1). 


Both are contained in P=(27)?"- nė, whence 


l 2 n—l z= 
reT(2+2)r(2+2), . I (24 J=) 2 Ua ONAR): 


i 


This equation is useful in reducing the calculation of F (1:7), 
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T (2:n),s... F(n— l:n) to the smallest number of applications of the 
series for log T's. Suppose, for instance, we want to determine T, 
F- I4, which we call A,, A,,....A,,. We first have Fe F (1—z) 
=g : sin wz, which gives A, A Az Ay, AzA,, A,A,, A,A,, and Aj. 
Making n=2 in the preceding, we have 
FoF (1+4) = (2r) 2T 2x 
(Ay Ar As) (Aa A, As) (As A, As) (A; Avo AȘ) (Ay Ani Auo); 

and those quantities are bracketted together, between which equations 
are thus given. But only the two first are of any use, for A, is known, 


and A,x A,; again, (A, Aw, A) is only the same as (A, As, Ay) in 
another form, &c. Again, make n=3, and we have 


Fol (c+4).F (a +2) =27.3F* I 3x, (A, A, A, As) (As A, Aro, A). e0 


of which only the first is of use; thus (A, A, An, A,) is the same as, or 
may be reduced to, (A, A, As, As). Collect all the equations, and we 
have, 7:12 being 0, 


TN rT 3 wT rq 
sin? gin 20” 4 sin 30” ee sin 40 
T 
A.A ————— At‘=-r 
Cs ea Be 8 


A, A;= (2r)? 23 Ay, A, A= (27)? 28 A, A,A;A,=2r. 3! As: 


nine equations between eleven quantities; so that all can be determined 
by means of two only. It might appear at first as if we might carry 
the main theorem one step further, and form an equation (A, A, A, Av, 
A,); but if we do so, we should find that the new equation is really 
contained in the others. 

The importance of this function Fe can hardly be over-estimated, and 
the progress of the mathematical sciences will probably render its use as 
frequent as that of its particular case 1.2.3....(@—1) has been 
hitherto. Legendre has given a table of the values of com. log F (1+ x) 
for every thousand part of a unit from r=0 tor=1. This is all that is 
necessary, if the table be carried to a sufficient number of (figures; for 
Te (2-1) 0 (@ —1)=(@-2) (2-1) F(a—-2), &c., which can be continued 
until I (x—n) falls between 1 and 2; whence (zx can be found from 
I (x—n). Again, Te=2 T (1+x), which gives Tx when z is less 
than unity. The table presently given is an abridgment of Legendre’s, and 
the last column will enable any one to reconstruct as much more of the 
original as he wants. 

The value of Tz, considered as fe~’ v7 dv, is finite as long as r>0, 
but infinite for z= or <0. But if Tv be considered as a solution of 
ọ (z+ 1)=-9z, it does not become infinite when wx is negative, except 
when «v is a whole number. Thus 


1=T (1)=0.T0=0 (—1) PC -—1)=0.(—1)(—2).P (—2), &c.; 
whence F (0). (~—1), &c. must be infinite. But x being >0<1, 
Pe=(e -DT (x—1)=(x—1)(x—2)T (e#— 2) 
= (x — l )(x—2) (x —3) T @w—8), &c.: 
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so that IT (r—1), T (t—2), &c. are not infinite. It must be remem- 
bered that many of the properties of [x have been derived from the 
equation, not from the integral; and negative values given to r, and 
used in the series for log I (1+ 2) give results perfectly coinciding with 
the formulee just given. This point requires further examination. 

Tx, the integral, satisfies Ø (x +1)=xġx, and so does x.x, Ex 
being any function which satisfies §(r+1)==é27; for instance, x may 
=cos2rz. The series for log T (#+1) was derived entirely from the 
equation; how then do we know that this series represents Fx, and not 
cos 27x. Tx, or any other solution of the equation ? 

We should answer this, if we remember that the condition Fa F (l1—r) 
=r : sin wz is derived from the integral alone, if we could show, 1. That no 
other solution of the equation will satisfy this condition; 2. That the 
series obtained does satisfy this condition. 

If possible, let x. Tx satisfy the condition; then since Fz also satis- 
fies it, we have x č (1 —2x)=1, an equation which can only be satisfied 
by the form P**—', where P is asymmetrical function of z and 1— zv, or a 
function of ++1—zx and of r(1—z), or of z(1—z) simply; so that 
changing x into 1—w does not alter P, and changes 2x—1 into 1—2x. 
Let log P= (x—.2*); then since ér==é (x+1), we have 


(22—1) $ (2—1) =(224+1) $ (—2—2°). 


Change the signs, and both sides become integrable, giving ģ, (1—4?) 
=, (—x —2?), which, if it can be solved, determines ¢,7, and thence 
gx, and thence (2r—1)%(x—2°), or log.P*—'. The calculus of 
functions does not give any reason for supposing that this equation 
cannot be solved, though no solution has been attained; and therefore, 
so far as we have yet gone, we fail in showing that the series for Iz is 
that particular solution of ¢ (t-+1) = «dz, which Legendre and others 
have assumed it to be. There are plenty of solutions which coincide 
with fe-’v* "dv, when x is a whole number, but not when z is a 
fraction. For example, 


1+ cos? Irr 

| eel fedr, (1—cos 2re+ cos 2ra) fer’ v- da, &.; 
any one of which may, for anything to the contrary shown in the method 
quoted from Legendre, be the function whose values have been tabulated 
for those of fev- dv. 

By the following method, however, I find that the series for log F (1 +x) 
may be deduced entirely from the integral, without any reference to the 
equation ọ (x1+1)=zọr. Take I (xr+1)= Í €” vdv, (the limits 0 
and oc always understood,) and remember that v* is the limit to which 
(1 —e~%)* : a approaches when a is diminished without limit. If, then, 
we find fe (1—e~*’)* dv, and then divide by a’, and diminish a with- 
out limit, we see I‘ (x+1) in the limit attained. Let e~”=y, which 
changes the limits to 0 and 1, giving (page 580) 


1 
1 Lire T@w+1).0 G) 
fo e™ (1—71 doa f (l—y)"(—y? ] dy)= l —, 


l 
: È aa 
ar( 247+ 1) 


Let 1 : a=b, whence T (2+1)=F0 (1+1). Tb bt: T (1t+b+D) is an 
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equation which approaches without limit to truth as b is increased without 
limit; or Fb.07*': I (xv+b+1) has the limit unity. If, then, b be a 
whole number, we have 

(r+b)(r+b—1)(x+b—2).... (141I) T (1+1) 


(b—1)(b—2) Lott! has the limit unity : 


log T (1 log 6—log (1 pag IE \—log (142) 
or log T (L+2)=2 log b—log (1 +) — os | ta og( 1 +s ] pews 
continued ad infinitum. Use'the logarithmic scries, and we have 


1 1 l f 
log T (1+2)=( log b—l—57 =} )e+ 9 (1+ ee TESE 


l FNs . 
Ste te Um seer y 


provided b be increased without limit. This gives (y being as in page 
578) 
log T (l+2)=—yr4$ 8, 22-18, 73+ .... as before, 


We also find, when b is considerable, the means of calculating ap- 
proximately (e+1)(v+2)....(¢+0) for all values of x from >—1, 
by means of 


l 
(cx+1) (42)....(a+b)=0’ SOEN very ncarly, 


It will be convenient here to introduce some theorems by which the 
preceding results will be confirmed. It is required to expand é*+ e7" 
and €—é€~* into products of an infinite number of factors. Let w=7:n, 
and it is known that 


-on— 
ot a=: {x — Qar.cos [4w] +a} [$w].[S0].... aani. v 


x — a= {z"—2az [cos w] +a} [2w]. [3w]. . .. [n—1.w] x (2 — a"); 


where by [$w], [5w], &c. we mean the repetition of the first factor with 
3w, 30, &c. instead of 4w, &c. For x write 1+: 2n, and for a write 
l —x: 2n, and we easily find 


xN x x x \? 


a? oot? 2 
=2 (1—cos 0) (12 cor N; 


ån? i 


remembering that (1--cos 0) :(l—=cos 0) =cot’} 0. For n write +: w, 
and we readily obtain 


24 
cot a ee, where P, = (tawy : (tan $aw)?. 


6=aw gives —— = 
i An? En’? 


S A TN wN? x 
And for x?—«? write ( 1-+— }) — (1 mie) , or 2—. 
\ an j 2n, n 


Substitution gives 
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i lw] [2w] [żw].. 2n—l | 
Me- = 2 {1-c0s Rujito]. 2o | x 


TE WEI) le) 


in which one factor of each set is written down, and the part which is 
altered in the other factors being in brackets, the alterations necessary 
to make the other factors are adjoined, also in brackets. This notation, 
with which I do not feel quite satisfied, is here used merely to show how 
much some such notation is wanted. We have also 


ge . 2" {1 —cos [w]} [2w] [3%] ...[n—1.w] x 
CASS Ce 


_ (r= 1) 


Let c=0 in the first; 2=2" {1—cos [$u]} [Sw]... | => ra 


Divide the second by x, and make r=0, which gives 
1 
l ii ORs { 1 — cos [w]} [2w] [3w] eeee [u— 1 ow]. 


Substitute, which makes the first and second become 


+S Lal} ls] atteler 
2a {1+ 2 H MS | He tes] 


Increase n, and diminish w, without limit, and equate the. limits of 
equal quantities which gives an infinite number of factors in both pro- 
ducts, and the results, restoring the common notation, are as follows : 


eea (E (E (1488) E) 
-ec 1+5) (1 +5) Q +=) i a 


For z write z,/(—1), and we deduce 


or (1-$)(-8) (0-88) (db) 
pie i 1-7) 1-3) $ T 


results which can be easily proved by the theory of equations, provided 
it be first shown that sinz and cos have no impossible roots, to intro- 
duce other factors. This can be readily shown, for if sin z had an im- 
possible root, € — €77 would have either a possible root, (which, except 
x=0, it cannot have,) or an impossible root of the form a+b6,/(-1) 
which it cannot have, a and b being finite. I know of no results better 
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calculated to establish confidence in widely extended chains of algebrai- 
cal deduction than these formula, which can be verified to any extent by 
actual calculation. Take the logarithms of both sides, and expand by the 
common logarithmic series, which readily gives (s, heing 1-4+-3-"+-5-" 
Feee.) r 


x 
log cos == —2" s, re Qs, = 28 5, = 


x" qË 
— 28 Sa m aee o ‘s e 
4r? 


z x? x* xê x8 
log ( 5-845 ugat Seat Sez t @ets 


Write wx for x in the second series, which then agrees with that in page 
580, deduced from log T (1 +x): compare the first with page 253. 
The values of Tx are found from the following table : 


a, CommonlogI'(1+a). A(-) A*(+). A°(-). 


"00 | 000 000 000 000 | 250 324 559 |713 343|1039| 841045084 
‘Ol | 997 528 730 659 | 243 237 587 |703 070|1014|884288229 
"02 | 995 127 871 989 | 236 252 129 |693 065| 985| 327541762 
"03 | 992 796 420 889 | 229 365 528 |683 323] 961] 764803228 
"04 | 990 533 400 409 | 222 575 220 |673 830| 935] 409732884 
°05 | 988 337 858 790 | 215 878 738 |664 580| 911] 184228633 
"06 | 986 208 868 556 | 209 273 702 |655 562| 8837| 360286311 
"07 | 984 145 525 635 | 202 757 S18 |646 770] 866) 531955216 
"08 | 982 146 948 534 | 196 328 874 |638 197| 848| 328963018 
"09 | 980 212 277 540 | 189 984 731 |629 829| 824| 249654297 
°10 | 978 340 673 962 | 183 723 330 |621 667| 806| 419954217 
“11 | 976 531 319 409 | 177 542 679 1613 699| 787| 430985220 
"12 | 974 783 415 092 | 171 440 853 |605 919| 768, 6349985392 
°13 | 973 096 181 165 | 165 415 996 |598 322 149| 973419865 
"14 | 971 468 856 086 | 159 466 309 |590 901| 732) 016644088 
"15 | 969 900 696 012 | 153 590 056 |583 652| 717/ 251788331 
°16 | 968 390 974 219 | 147 785 556 |576 567| 700' 874339984 
"17 | 966 938 980 539 | 142 051 183 |569 642| 684| 490873513 
18 | 965 544 020 828 | 136 385 362 |562 870] 666'0552109%6 
‘19 | 964 205 416 457 | 130 786 570 |556 249] 652’ 428975590 
°20 | 962 922 503 814 | 125 253 332 |549 775| 642! 777250006 
°21 | 961 694 633 839 | 119 784 217 |543 439] 627] 514006862 
"22 | 960 521 171 565 | 114 377 841 |537 240] 613: 209675240 
°23 | 959 401 495 687 | 109 032 859 |531 172 600| 876523199 
°24 | 958 334 998 144 | 103 747 971 |525 232| 586) 653227176 
°25 | 957 321 083 716 | 98 521 914 |519 417| 575] 522103863 
°26 | 956 359 169 640 | 93 353 463 |513 723| 563.111778333 
°27 | 955 448 685 234 | 88 241 427 |508 146] 554' 988955233 
28 | 954 589 071 553 | 83 184 656 |502 680! 539| 988652429 
"29 | 953 779 781 029 | 178 182 029 |497 328| 531!86853503S 
"30 | 953 020 277 150 | 73 232 457 |492 081| 519| 983724129 
"31 | 952 310 034 141 | 68 334 883 |456 937| 508, 964562398 
"32 | 951 648 536 655 | 63 488 283 |481 897| 501 775732149 
°33 | 951 035 279 481 | 58 691 656 |476 951| 487: 083844304 
"34 | 950 469 767 254 | 53 944 033 |472 102] 480, 659545349 
°35 | 949 951 514 191 | 49 244 477 |467 349| 172! 0608416540 
"36 | 949 480 043 811 | 44 592 065 |462 684| 462] 299896544 


Common log I\(1+a). 


949 
948 
948 
948 
947 
947 
947 
947 
947 
947 
947 
947 
947 
947 
947 
947 
948 
948 
948 
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L2(+). A*(-). 


054 
675 
34l 
052 
808 
608 
451 
338 
267 
239 
253 
309 
406 
544 
123 
942 
201 
499 
837 
213 
628 
082 
573 
102 
668 


27) 


910 
586 
298 
046 
830 
649 
502 
391 
314 
271 
262 
286 
345 
436 
560 
717 
907 
128 
382 
667 
984 
333 
712 
122 
564 


8898 
090 
698 
7171 
375 
085 
483 
158 
107 
134 
S50 
672 
825 
940 
653 
608 
453 
844 
441 
910 
923 
156 
292 
017 
024 
009 
675 
127 
S75 
835 
327 
073 
802 
245 
138 
221 
237 
932 
058 
369 
623 
580 
005 
666 
333 
181 
187 
131 
596 
968 
036 


692 
223 
363 
411 
189 
823 
542 
474 
452 
430 
302 
126 
958 
683 
862 
575 
875 
642 
447 
410 
078 
289 
058 
450 
467 
938 
402 
102 
428 
712 
238 
596 
498 
692 
872 
996 
206 
741 
S74 
818 
269 
322 
412 
241 
711 
864 
816 
699 
599 
499 


225 | 


39 
35 
30 
26 
22 
17 
13 


A (F) 


985 
425 
908 
436 
006 
619 
273 
967 
102 
476 
711 
S61 
974 
050 
090 
095 
065 


2 000 


903 
7712 
608 
413 
186 
928 
639 
320 
972 
995 
189 
154 


227 
485 
719 
930 
lis 
284 
427 
549 
649 
128 
186 


904 
131 
899 
388 
196 
343 
272 
844 
338 
052 
698 
580 
244 
324 
439 
193 
175 
961 
lll 
173 
683 
165 
126 
068 
478 
830 
593 
221 
158 
840 
693 
132 
969 
396 
007 
184 
099 
320 
S03 
901 
956 
306 
280 
201 
386 
146 
184 
998 
881 
920 
995 


458 
453 
149 


106 
615 
205 
878 
630 
457 
360 
336 
382 
498 
682 
932 
244 
620 
057 
554 
109 
720 
386 
108 
881 
105 
583 
507 
481 
501 


3 567 


678 
833 
031 
271 
593 
873 
234 
635 
070 
545 
056 
602 
182 
796 
443 
124 
836 
580 
354 
158 
992 
856 
14" 
667 


454| 201097945 
44" | 322209087 
436| 652522018 
429| 687543439 
421| 287886544 
414| 040918867 
407| 443421009 
400| 858472532 
392| 000889575 
385} 343201288 
378| 884654421 
374| 000880666 
365| 543314829 
359| 978666453 
353| 249100987 
348| 756444511 
342| 209998776 
337| 464251221 
331| 728959674 
327| 336131229 
319| 007787657 
313| 445113209 
311) 078985765 
305| 354322110 
302| 981687874 
296) 946314320 
291| 109161758 
287 | 665453432 
283| 292378297 
279) 678567354 
2'14| 333130399 
269| 199868758 
266| 546155304 
261| 020108097 
261| 640756556 
252| 614502311 
250| 018007878 
249) 450634634 
245| 233131101 
241| 990889787 
237| 576474445 
232| 342140111 
230| 005088978 
226| 857575364 
224| 343322212 
221| 019009970 
217| 886694756 
214| 554433431 
214| 022119118 
210| 999789865 
2091 576556363 
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a, CommonlogT (1+a). A (+). A’(+). A3(—). 


°88/ 980 035 591 388 | 148 824 384 |302 612| 205| 334233121 
°89| 981 537 428 333 | 151 841 355 |300 555; 203| 920001726 
°00| 983 069 344 086 | 154 838 173 |298 585| 201| 797968596 
°91} 984 631 138 300 | 157 815 101 |296 608| 195| 755645453 
°92| 986 222 613 211 | 160 772 391 |294 659| 194| 334141222 
°03| 987 843 573 586 | 163 710 296 |292 733; 189| 481108271 
-94| 989 493 826 676 | 166 629 061 |290 832| 187| 989868755 
°-95| 991 173 182 172 | 169 528 926 |288 957| 157| 577554545 
°96| 992 881 452 156 | 172 410 131 |287 103| 184| 434333222 
°97| 994 618 451 063 | 175 272 906 |285 273| 182| 203921811 
98] 996 383 995 632 | 17S 117 481 |283 464| 177| 271616069 
- ©99} 998 177 994 868 | 180 944 079 |281 679| 177| 694956665 
1°00! 000 000 000 000 | 183 752 920 |279 916| 175| ...s.se.. 


The explanation of this table is as follows: it is an abbreviation of 
that of Legendre, in which the values of common-log F (1 +a) are given 
for all values of a differing by °001 ofa unit from a= * 000, through * 001, 
"002, &c. up to 1°000. Out of this table every tenth value has been 
extracted, namely, those for 00, °O1, &c., upto 1°00; and the deci- 
mals of the logarithms are given, omitting the characteristic, which is 
always —1, or 9, if — 10 be understood. But the differences attached 
are those of the original table; significant figures only being retained, 
and twelve places understood. Thus, opposite to a=°22 we find 
—:000 114 377 841, not log F (1°23) -log I’ (1°22), but log T (1° 221) 
—log I (1°220). Since the fourth differences in Jegendre’s* work 
(which is not very eommonly met with) only differ in the last places, the 
row of figures following the third differences has been added, which gives 
the last figures of the fourth differences for the omitted rows of the 
table. Thus opposite to °46 we have 385, say °000 000 000 385, for 
the fourth difference, followed by 3, 4, 3, 2, 0, 1. 2, 8, 8, which means 
that the nine fourth differences next following 385 are 383, 384, 383, 
382, 380, 381, 382, 378, 378. Thus the decad which begins with °460 
may be reconstructed, as it is in Legendre, and the row which follows 

°46 in the preceding table verified, as follows: 


—385 | 420 498 | — 476 052 | 947 239 734 430 | °460 


383 | 420 113 °55 554 | 947 239 258 378 | °461 
384 | 419 730 364 559 | 947 239 202 S24 | °462 
383 | 419 346 784 289 | 947 239 507 383 | °463 
382 | 418 963 203 635 | 947 240 351 672 | °464 
380 | 418 581 622 598 | 947 241 555 307 | °465 
osl | 418 201 O41 179 | 947 243 177 905 | °466 
382 | 417 820 459 380 | 947 245 219 OS4 | °467 
378 | 417 438 877 200 | 947 247 O78 464 | °4608 
378 | 417 060 294 638 | 947 250 555 664 | °459 


TP] 


U NDN m m 


416 682 3 711 698 | 947 253 550 302 | °470. 


* Traité des Fonctions Elliptiques et des Intégrales Kuléemennes. Paris, 1826 
Also Exercices de Calcul Intégral. Paris, 1817. 
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I have chosen this decad for reconstruction, as it contains the mini- 
mum value of T (l1+a), which answers to 1-+a=1'461" nearly, or 
to 1°4616321451105: the logarithm is 9° 94723917439340. 

The values of Ta, when the denominator of a is 12, being frequently 
useful, their logarithms are here inserted, with those of F (1 +a). 


a. log Ta. log F (1 +a). 
1-12th 1°06067 62454 1387 | 9°98149 49993 6625 
2-12ths | 0°74556 78577 5330 | 9°96741 66073 6966 
3-12ths | 0°55988 10750 4347 | 9°95732 10837 1551 
4-12ths | 0°42796 27493 1426 | 9°95084 14945 9460 
5-12ths | 0°32788 12161 8498 | 9°94766 99744 7338 
6-12ths | 0°24857 49363 4707 | 9°94754 49406 8309 
7-l2ths | 0°18432 48784 0648 | 9°95024 16723 7311 
8-12ths | 0°13165 64916 8402 | 9°95556 52326 2834 
9-12ths | 0°08828 37954 8265 | 9°96334 50588 7435 

10-12ths | 0°05261 20106 0482 | 9'97343 07645 5719 
11-12ths | 0°02347 73967 1089 | 9°98568 88358 2149 


When in the integral fe-’v" dv, the superior limit is not œ, but a, 
series or continued fractions must be had recourse to. The following 
series may be easily obtained from integration by parts : 


5 = az n+l ea ( z a a? 
Jer e E A E nta AFDATI) 
PENE EE E! 

(n+ 2)(n-+3)(n-+4) j 
n n 1) Til U 1)(n— 2) 


fa E~” »" dv= a" efit? +— ere evel 
The first is always convergent, the second always divergent; but the 
convergency of the first is slow if a>1, and the terms of the second 
(which gives the integral in finite terms when n is a whole number) 
hecome alternately positive and negative if n be fractional; so that, if a 
be great enough, the principle in page 226 may be applied. One 
method of reducing the latter integral to a continued fraction is as 
follows. 


Assume fs E” vp" dye" v"V, f sE v dv=l (l+n)—E’ v" V. 
Differentiation gives €E” v2 =ne” v"! V +e ”v V—e r" V', 
vV'=(v—n) V—v. 

Consider the equation vV'=(v—a,) V —v+b,V?, divide by V?, and 
make 1 : V=1 +k, Vi: v, which gives 


Ak pes ')—o+h( ( 1+h, w, 


or 


or 


=(v+a +t 1) v.54 v+ k, Ve. 


Let k:=b,—a,, b,.=h,, da= — (a +1), and we have 
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vV'),==(v—a,) Vi —v+ b: V$, 


an equation resembling the preceding, in which if we make 1 : V, 
= 1 + kVz: v, we shall get another equation of the same form by making 


k= ba — ay, b= ko, as= —(a,4-1). Go on in this way, and it is obvious 
that we have 
y 1 1 ka! ae Ror ko * Rev 


"Takeo v, lt Ibo, Cle le TE Tee 


using a recognised notation for the continued fraction; that which 
follows each + in any denominator being printed as a factor, to save 
room. To determine the law of k,, ks, &c., remember that a,=n, b,=0, 
whence we have 


l 2 3 4 5 6 | 8 &c. 
PA a SE EEE A aE OE rE S, 
a n —(n+1) n —(n+1) n —(n+1) n —(n4+]1) &e. 
b 0 —n l l—n 2 2—n 3 3—n &c. 
k | ~n l l—n 2 2—=n 3 3-—n 4 &c. 

a ESAR | ona L nv y` (l—n)v"! 

or foe’ mdv=e-*v fe ee Te ie Tee 

l+v7 
1+&c 


which converges rapidly when v is Jarge. 
I leave the following* to the student : 


aap? ‘ 
fae-” nT E ae oo 29 3q 49. (a= 55) 
2a 1+ 1+ 14+ 14 1+&c. 2a? 
Shed ss vv? Qu" 2v 807 3y7 
efre log v dulog vt 7 ee ee 1 ee &e, 
Before proceeding further, I touch upon the general question which 
the consideration of I'v has raised, namely, that of the interpolation of 
form, as, according to the suggestion in page 543, it might be called. 
When any process is constructed by successive operations, n in number, 
the result is a function of n; that is, depends for its value on n, and 
changes value with n. Nevertheless, this function is not imaginable 
when n is fractional, for there is no such thing as going through a 
process more than n times, and fewer than n+ 1 times. Students,, how- 
ever, are apt to confound going through a process with a fraction, and 
going through a fraction of a process: and many figures of speech favour 
the misunderstanding. Thus it would not bea violent use of language 
to speak of multiplication by 10 as being the operation of multiplication 
by 4 performed twice and a half; whereas three multiplications are 
performed, two of them using 4, and the third } of 4; this third multi- 
plication is not the less a multiplication because its multiplier is one 
half of preceding ones; just as a house is not the less a house because it 
has only half the size of another. : 


* The values of the first of these integrals, though all important in the theory of 
probabilities, are of little use for general purposes, They will be found (reprinted 
from Kramp) in my article on that subject in the Encyclopedia Metropolitana. 
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a 


Let there be a function of x which is 1 when r=1, 1+2 when r=2, 
1+2+3 when z=3, and so on: what is it when z=35? Here z 
means, when æ is a whole number, the number of terms in a series ; 
we have no right whatever to say that 1 +2 +3+35 is the value of the 
function when x=34}, for the additional term is not the less æ term 
because we make it 3} instead of 4. There is not then any direct 
mode of deciding upon the value of ¢xz when z isa fraction, because 
pr=1+2+3+....+xwhen x is a whole number. If, however, we 
write 4r (x+1) for 1+24+3+....42, we see that the new form is 
intelligible when z is a fraction. The question now js, how far we are 
justified in asserting that pr=42(a2-+1) must be true when z isa 
fraction, because it is true when z is an integer ? 

The sole condition necessary to determine Oris ġ (ex +1)=¢r+(e+1), 
nor even this universally, but only when zis integer. If, then, yx and 
xt be two functions the first of which is always unity and the second 
zero, whenever x is integer, we have 


pxr=}x (r+1).yrt+Pyxe, 


where P may be any function whatsoever, provided that Pyr and xr 
vanish together. For instance, $x (x+ 1).cos 2rr+P sin 27a satisfies 
every condition. Nor is this the most general form, for the following 
will do equally well: 


pr=f (že (t+ 1), 2x), 
provided that f(z,7)==2 when z is a whole number. For instance, 
pr={}r(x+1)}". yir 4+ Pya, 


where yz is of the same kind as yr above described. 

Again, if 6r=1—243—4+4+.... tx when zv is a whole number, we 
have for one solution éx=2 {1 — (2x-+1) cos rx} =z, and for a general 
solution y= f (z, x), where f(z, 7)=z when x is integer. The general 
problem of interpolation of form is therefore doubly indefinite, every 
solution involving two distinct sorts of arbitrary functions. 

The ends of mathematical analysis are best answered by selecting from 
among this mass of interpolated forms certain of them for particular 
consideration. The first limitation is made by requiring that the form 
selected shall not only satisfy the functional equation when 2 is a whole 
number, but also when z is a fraction. This reduces the two arbitrary 
functions to one: thus, in the first example, taking 6 (@+1)=—9(@) 
+2+1, and assuming pr=}r (x+ 1) +2, substitution gives Y (x+ 1) 
wr as the sole condition for determining wr. The most general 
answer which the present state of algebra will allow of is yr=f (cos 272), 
where fx is any function of which the operations do not require the 
inversion of cos 2rr; any function, in fact, which remains periodic as 
long as its subject is periodic. It seems, then, that every solution of 
such an equation as ¢(#+1)=—2r+az, ar being a given function of z, 
may be separated into two terms, one not generally periodic, the finding 
of which is the only difficulty, and the other periodic, its period being a 
unit: the latter may, without hurting the solution, be changed into any 
other of the same kind. This non-periodic part of the solution is some- 
times treated as if it were the only solution; that is to say, all series or 
developments derived from the equation are considered as equivalent 
forms of the non-periodic solution, which may or may not be the case. 
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Let this non-periodic solution be called the principal solution. It must, 
however, be remembered that this principal solution altered by any con- 
stant does not cease to be a principal solution; so that nothing but the 
accession of the variable and periodic term can deprive it of that 
character. If then P and Q can be shown independently to be principal 
solutions of p (x+ 1)=ġx+axr, we may not affirm that P=Q, but that 
P=Q+C, where C is a constant. 

The function @(1)+a(2)+....+a(r—1), is 2.ax (page 82) 
which may be considered as the general representation of the function 
which, when v is a whole number, and then only, represents the sum of 
the series above given: it is a principal solution of the equation 
p(c+l)=dx+axr; and we consider Xæ as a common functional 
symbol. Itis then easily shown that (2«)/z is a principal solution of 
p (7+1)=Ge+e71, and so on. Having shown then that [r= 

E€™ y*' dv is a principal solution of p (r+1)=2pr, we now know that 
log Ix is a principal solution of @ (e¢-+1)=¢2+ log r, and must there- 
fore be the general form of È log (x). Similarly, log Cr being written 
Ar, we find that A'r is the general form of 22~', —A”z of I2-*, Ax 
of 227°, and generally (—1)"*'(I'n)“'.A™x «of Er”, n being any 
positive whole number. 

Let us now consider 2x7 independently. It is easily proved by 
expansion and integration, that {xv being a whole number) 


1 


— y7? 

dv, 
l—v 
and the integral is intelligible when g is fractional. This integral is a 
principal solution of ọ (x+1)=ġr+™, and sois I%r: Ter or A'r, 
whence we have 


J 42-43-14... +1 | 


> 


==) 


d dv+C. 
v 


si 
A (l+) = f i 


ew D 


To determine C, make 2=0, which gives, by the series in page 5930, 
A'(1)= — y, and the integral obviously becomes nothing, whence we have 


1 1 io 
0 


which affords a ready mode of finding the last mentioned integral, since 

A'(1+) can be found from the table by means of the differences; it 

being remembered, however, that as the logarithms of the table are 

common ones, the result must be divided by the modulus °43429545... 
Integrate the last equation with respect to x from r=0, 


1 ( — 2" 
A(+2)= | Fer ganu a } de—yz. 


l—v, loge 
Make r=1, and A (1+27)=log T (2)=0, whence 


= K l l | dr 
v= | l—v tigo A 


a form frequently used. I leave the following to the student : 


l xzx—l 1 a—l x-2 
A'(l4r)=xr E A +3 r E 


2 Q 
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Since A’(x) is a principal solution of 6(#+1)=—¢2+27, it follows 

that —A"z, Alv:2, —Ar: 2.3, &c. are principal solutions of 

~(e+1)=—dr+2™ for n=2, n=3, n=4, &c. But 2.2" is a prin- 

cipal solution of this equation; whence we find the general function 
2u—" by the equation 

Ag 
Nef 4 \ tt 
allan a a wae 7 


Write 1+z for v, and for A(1+.2) write its value —yr+4§, 2° 
—i8,2°+&c., which gives 


> (1+27)3=C—S,+78,,,27—n sat Sapp tt... (n>1) 


+C. 


Make r==-0, then since 2 12=0, we have C=S,, or | 


l r 
2 (1+2)"=n8,4,2—n = Srp LLAN a ct 
2 3 


Sa — Kee seis 


Let r=1, which gives, 22 being 1, 


n+l ~ n+1 n42. 
L= nS, 41-2 —— Saget 2 —— Tg ntos s @ eee 


But 2°=1—n-+ dn (n +1)—&c., whence ` 


1 
2-*=n (S —1)—n a (Sig Dien 


These last two equations may be verified in various ways. From the 
integral form for A’(1+ 2) we also obtain 


| ere v I o 
>(1+2)7?= s+ f vi og udp B(+a*=8,—5 f v (log v) dv 
0 


> i-v l—v 


and so on. The series for A’(1+2), &c. may be verified in a par- 
ticular way, as follows. | 

Let Sez be the general form of the function which when z is a whole 
number becomes a(2)+a(t+1)4 &c. ad infinitum. This function 
is then a principal solution of Y (7+1)=Yr—azr; again, Zax being 
a solution of ¢(r+1)=¢2r-+ a2, we find that p (x1 +1)+4 (x41) 
=Gxr+~wWe has Lax+Sear for one of its principal solutions. But this 
equation being of the form é (x+ 1)=éz, can have no principal solution 
except a constant, all its variable solutions being periodic. We have 
then Lax+Sar=C, and C may be readily determined when æ (0) + 
a(1)+.... is convergent, by making x any whole number; in which 
case 2axr+Sax becomes a(0)+a(1)+.... ad infinitum: so that, 
representing this series by Sa (0), we have 


Lar+ Sax=Sa (0). 


But when the series is not convergent, still Lox and Sax may be finite 
functions: thus when ars=2~, Sa (0) may be the constant y (page 
578) which occupies the place of 1+4+3+.... ad infinitum, and looks 
like a sort of algebraical equivalent of it, This point may be further 
elucidated as follows. Let us take 
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| ] l 
~“ = —— WO CA EEG Oooo o 
SIRA) ~ e+) Wrap trat 
The arithmetical value of the second side is unquestionably infinite, 
whatever the value of x may be. Now let x be less than unity, and 
expand each of the terms in powers of x, we have then 


S(14+27)1°=1443+ t.s e—a AS 2°—.... 


The first term of which is infinite, but all the others finite; and even 
(if 1<1) forming a convergent series. Now since Sz7' altered by any 
constant is still a solution of Y (x +1)=ẹ¢yx—™', and since the value 
of that constant is altogether immaterial, strike off the constant 
1+3+...., and it appears that —S,7+S,2°—.... is also a solution, 
whence 


2 (14+ 2) "—S,2+8,2°7—.....=C. 
And since Z 1~'==0, we find by making t=0 that C=0, or 
2 (1+2)'=S8,2—S8,27+8,27—.... 
If, however, we choose A’(1+.2) for the principal solution of 


d (c+1l)=dr+2x, we have A’(1+2)=22-"—y (page 593), whence 
we get 


A! (l4+2)+y—S,27+58,2°— eo. =0, A’ (14+2)+85 (14+2)7°=—y; 


in which, if the distinction between principal solutions differing by a 
constant be forgotten, we might imagine* we see > (1+27)'+S(1+2)™ 
<=—y; that is, —y in the place of 14+-$+4+.... 
Let it now be required to generalize the function 

a a+b a+26 a+b (x—l) 
ae , or — + — + + e o HP—mMmle 

ptas p ptq p+2q p+g (@—1)’ 
supposed to vanish with z. This is obviously the integral of av’ 
+(a+b) et 4+....t{atd (a—1)} vette" from v=0 to v=l. 
This last series being summed, gives for the function 


L yet (1 =v”) dv p M 91 py + (1—1) UCTE g 
7 i—v' ; (1—0)? 


For v' write v, which, q being positive, does not alter the limits, and we 
have, writing 0 for I: q, 


at br 


0 


(> v— «r+ (xr 1)vt' 
J 0 (=v) 
The multiplier of dv in the second integral is easily found to be 


vx diff. co. of (v—v*):(1—v); integrate by parts, taking the in- 
tegrated term between the limits, and we have 


se l 
ag i ye! dy +. bO y? dv. 
VER 


* I think Legendre has very obviously fallen into this misconception ( Fonctions 
Elliptiques, vol. ii. p. 429), but it has led him to no false results. Indeed it is 
obvious that confounding ‘ A may be written for B’ with ‘A is equal to B; though 
it must affect the logic, may not affect the result, of a process.’ 

2Q2 
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1—2” V — y” 
v— dy — bpa? ARAT aa dy 


1— ip 


10 (r7—1 a 
(r s 


If we consider Sz as a known function, we have | 


ly” — yp" l | —y" ı J—=p* E 1 
, araea l — < pk- — —— m -== 
f l—v a {= cee Í, l—v Se n+l mr 


Apply this, and the preceding becomes 


l l X $ 1 l 
. b9 (x 1)+a0 ( 2 3 6) bp ( = 5 > ) 


potre po+ 1 
For = (p9+1)~ write its value È (p0)~'+ (p09), which gives finally 
at ber { 1 1) 
=L0x 4+8 (a— by a e 
+ sivas Lox +4 (a—bp8) ore 2 05 


(There is a remark which it is here essential to make, to prevent the 
student from transforming expressions of the form Yaz, generally con- 
sidered, in the same manner which he would have done when they stood for 
no more than simple summations. If we consider 2.pzx and p 22, we 
see that both mean the same thing if 2.pz merely stand for p.l+p.2+ 
.eee+p(x—1). In this case x is the index of the extent of summa- 
tion, and p a multiplier in each term. But if 2.pz be a case of 22, and 
if pr be a whole number, the symbol means 1+2-+...-+ (px—1), 
which is altogether a different thing. We might easily make them dis- 
tinct either by appending the index of the extent of summation to the 
symbol =, which would make È, pr = p È, x evidently true, and 
X,- pr=p}.r evidently false, or else by putting the index of summation 
in parentheses. Thus, 2 and a being whole numbers, 


=o mee 4- : ee ape + 
at(t) a ° ata—V ~ (ate) 1° °°" FateeHl 


ee ee E 
a+) (a+r) ~ (a) 


Both methods have inconveniences; a third is to use a specific 
symbol for each form of È, as we have done in making A (1+2) or 
log T (1+) the representative of the generalized function of log 1 
+log2+....+log(v—1). Thus Abel uses Lz to signify the func- 
tion which, when x is a whole number, becomes 17'+27'+..+(¢-1)™. 
We have, however, 2 symbol for this function in A’r—y.) 

If in the last equation we make a= 1, b=0, we have 


which then gives 2 


l l p 1 /p : 
z- o mtw (Bte) ai (E). 
ptg) q A G a ) 


When wa satisfies $ (x+1)=gġr+ar, it is obvious that fyxdr 
satisfies ġ (r+1)=ġpx+ faæxdr. Consequently, multiplying by g, and 
integrating, we have 


2 (log {p +9 (1)f +0) =A (P+2)—s0 “aan T Ci," 


=. + 
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in which the second side is corrected for the supposition that the value 
of the general function may become C, when c=0. It may here appear 
difficult to sce why the constant is retained on the first side, while the 
second is corrected; but remember that the last equation was not 
obtained from the preceding by integration only ; but that there are two 
distinct introductions of arbitrary constants. If wa satisfy p (1+1) 
=x + ax, then fy rdz, thatis, Y, r+C,, satisfies p (t+1)=gr+a,74C. 
Here C, may be determined without reference to C ; for it disappears 
entirely when ¥,2-+ C, is substituted for dz, while C remains dependent 
upon the manner in which yr and «ız were obtained. Now, remem- 
bering that 2C in its most general form is C (x—1), the preceding 
gives for the function which becomes p(p+q)..-(p+q(x—1)) when 
x is a whole number, the value 


ect) _ (ett) Tr (p: IED aed Cp :q+2) 
Tr(p:q) l (p:4) 


For since the first is to be p when v=1, and p (p+q) when c=2, 


Ci- ye 2 
P l 


p 
1 =p, or C,—A -=lo 
q l i q 5q 


C—C- 
E 


Pp. ; 
t (2+ 1 )=p (pty), or C,.—C—-2A’ T= 2log 95 


whence C,+C=0, C+4' Ê= —log q, from which the asserted result is 


easily obtained. 
This conclusion might apparently have been obtained more easily, as 
follows. Let x bea whole number, then 


p(p+q).- {p44 C—Dj=q (+1). T (242-1) 


weg EP EVH 2) 
r (p:9) 


Why not then assume that the second side, which is always intelligible 
when x is fractional, is the function which gives the first side when x 
is a whole number? With our present knowledge of the function I, 
and applying the doctrine of principal solutions to the equation 
h («+1)=—O2r+log(p+qr), I doubt if there would lie any solid ob- 
jection against such a proceeding ; but I prefer, in the first instance, the 
actual deduction of a definite integral which represents the function 
required when z is a whole number, for I think the habit of making the 
passage from whole to fractional values a purely arbitrary process is 
likely to lead the beginner to do it when he should not. 

The most striking use of the interpolation of form is in its appli- 
cation to the symbol of differentiation. I do not intend to go fully 
into this unsettled subject, but only to supply some general considera- 
tions which may be useful to the student of this work in reading the dis- 
cussions which have been written on the subject. 

Let an equation ¢(2+1,2)=D¢ (a,x) exist, where D means the 
operation of differentiation with respect to x, and let the equation be 
true for all values of n. For instance, 
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p (n, r)=a"e*, $ (n, £)=Fn.(—1)" 2, O(n, x)=cos (c+n5) 


Let n be a whole number; then ¢(1,7) = Dø (0,2), $(2,7) 
= Dø (1, x) = D’ (0, x), and so on; whence (n being integer) 
H (n, x) =D"d (0, x), or O(n, xr) is nothing but the nth diff. co. of 
@ (0, x) with respect to x. Are we then to infer that it would be proper 
to define the solution of $ (2+1,27)—D¢ (n, 2) to be for all values of 
x, the differential coefficient of ¢ (0, x); are we, for instance, to take 


= 4 
D? Fn, D f cosa=cos( 2—7 5) &c. ? 


On the answer to this question there has been some difference of 
opinion, such as we have seen might arise if different solutions of the 
same functional equation were represented by one symbol. 

Let a, (n, 2), a(n, x), &c. be solutions of d(n+1,72)=D¢(a, 2), 
and let én, &n, &c. be periodic functions satisfying é (n+ 1)=én, and 
vanishing when 7 is a whole number (such as sin 2rn), Let x (n, æ) 
be another solution, and let Zn be a similar periodic function, which 
always becomes 1 when 7 is a whole number, such as cos 2rn. If then 
we examine 


x (2, 0). Hin+ æ (n, £). ëi n+ æ (n, 2) ëN oo o e o o (X); 


we readily see that a change of n into n+ 1 is equivalent to differentia- 
tion with respect to z, or the preceding satisfies the functional equation. 
Also, if n be a whole number, the preceding is always reduced to 
x(n, 2), or D” x (0,27). Which of the infinite number of cases con- 
tained in the preceding solution is entitled to be called D” x (0, x) when 
n is fractional? are all to have that title, or some only, or none? But 
the preceding (x) may not even be the widest form of the solution, 
though fettered by the condition that $ (0, xz) is to bea given function 
x (0,7). Let (7,2), one solution, have been found, and let it be 
asked whether A,,. (7,2) cannot bea solution, where A,, , is a func- 
tion of n and xr, subject to the condition Ay ,=1; such, for instance, as 
1+oux.xn, where x(0)=0. We have then to solve 


Ånn z X (n+ l, r)=D {A,, eX (n, x) =A. zX (n, æ) + Â, zX (n+ l, £), 
the accent meaning differentiation with respect to x: whence 


x (n+ 1, x) 


Å n= (Angi, ~ An, z) X (n, x) 


an equation which in all probability has an infinite number of solutions, 
containing arbitrary functions and constants, the proper values of which 
may make A, ,=1. 

The essential properties of the symbol D are D*.D"™w=D".D"u 
=D"*"u, and D*(w+v)=D"u+D"v, and these relations should be 
required to remain true for all values of the symbol n. It may happen 
that many solutions of the form (y) fulfil these conditions: and cer- 
tainly no function can be absolutely asserted to be the general diff. 
co. of x (7,2), unless it can be shown that no other solution of (x) 
whatsoever satisfies these conditions. 2 
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Several modes, reducible to two, have been proposed ;* the first pro- 
ceeding upon the fundamental properties of £7, the second upon those of 
x”. We shall take the second of these first in order. 

Let P (n) represent D” q” for all values of x; and since D” z” =Ma" 
for all whole values of n, let us extend this to fractional values. If we 
perform the operation D”—" upon both sides (assuming for the present 
that D" "” M=0) we have D” 2"=MD"™-"2"", or M=P (m): P (m-n), 


whence 
s T (= F (m=n41) } 


The question then is, what is P (m). When m is a whole number it is 
m(m—1)...3.2.1, say =F (m+1), ora solution of 6 (m+1)=mgm. 
Let it stand for this same solution when m is fractional or negative, and 
let us choose the solution which contains no periodic function, which is 
found when mm is positive by I (m) = f > E™ v” dv, and extended to the 
case where m is negative, as in page 583. We have then the second 
expression given above. 

The first mentioned mode is as follows. Since D*e"*=27n"e™ for 
every whole value of n, let this expression be generalized and made to 
hold good when n is fractional, as the definition of D"e"*. Now when 
x is positive, we have 


foe ov" dv=z5" T (m), or (— 1)" pe on du Fim D 2", 


whenever 7 is a whole number. If this formula be generalized, we 
have 
xT (m+n). (—1)"=Im. D" 2, or D” x= SADE, ne) por: 


a formula which has been assertedt to be universal, and demonstrated 
in a manner to which, on the assumptions laid down, I am not prepared 
to offer any objection. But according to the first system D’2z™ is 
Tl (—m+1)a-"":T (—m—n+1). Now as both these expressions 
are certainly true when 7 is a whole number, the one becomes the other 
after multiplication by a factor similar to Zn (page 598); namely, 
which becomes unity when n is a whole number. Both these systems, 
then, may very pussibly be parts of a more general system; but at 
present I incline (and incline only, in deference to the well-known 
ability of the supporters of the opponent systems) to the conclusion 
that neither system has any claim to be considered as giving the form of 
D” x", though either may be a form. 

The following considerations may help to explain my meaning. In 
common numerical interpolation, we proceed without the introduction of 

* The subject lras been mentioned by Leibnitz, Euler, &c., and has heen system- 
atized by M. Liouville, in the Journal de Ecole Polytechnique for 1832, and after 
him by S. S., in the first and third numbers of the Cambridge Mathematical 
Journal: and still later by Professor Kelland, in vol. xiv. of the Transactions of the 
Royal Society of Edinburgh. Professor Peacock has proposed another and a dis- 
tinct system in his well-known report on the state of analysis (Proceedinys of the 
British Association, third meeting). To avoid perpetual reiteration of names, we 
may here state that the system of MM. Liouville, &c. takes s* as the funda- 
mental function, and Dr. Peacock takes x". 

+ By Mr. Kelland in the memoir cited. 
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any periodic function (as represented in page 543). When we know 
that the given values are those of a given function, as log z, our reason 
for this is, that we absolutely know the function to be of a uniformly 
increasing or decreasing character, without the undulations of a periodic 
function. 

But if a question were to arise, in which, from the nature of the case, 
we could only make our first approach by limiting the value of z to a 
whole number, and if the result of this first approach always gave log z, 
we should have no assurance whatever that loge was the function 
required ; it might be log 2. cos 2rz, or log x+sin 27z, or log &.cos 27x 
+-sin2rz; all of which are reduced to log whenever xis a whole 
number. Those, therefore, who would prefer either of these to the 
others, or to all the rest of the infinite number of cases which might be 
cited, must show some very cogent and dircct reason why they take the 
one which they prefer. 

Again, when we interpolate between values derived from observed 
phenomena, we exclude functions of intervening undulation, because we 
know in the first place that it must be impossible that times of observa- 
tion arbitrarily chosen should always fall precisely at the epochs of dis- 
appearance, &c. of the undulating terms. But even this must be taken 
with restriction. Suppose, for example, that a planet had been observed 
only at one place, and could only be observed when on the meridian, the 
general laws of planetary motion being unknown. It. might be satis- 
factorily deduced that the planet always was in a great circle, or in- 
sensibly near to it, at those times, but it would not at all follow that it was 
in that great circle at intervening times. How would it be known but 
that the place of the planet was connected with the earth’s diurnal 
motion by a law which allows of periodic departures from the great 
circle on one side and the other, the whole period being the interval 
between two transits, and the time of coincidence with the great circle 
being precisely that of transit.* 

I now quit the subject of interpolation of form, and proceed to modes 
of determining the value of definite integrals by approximation. Among 
these one of the most celebrated is that of Laplace, which applies when 
an integral contains a large number of factors or large exponents. 

Let V be a function of 0, and 6 a function of t, it is required to find 
the successive differential coefficients of V with respect to £. These 
might be easily expressed by means of the derivation in pages 331, &c. ; 
but by a direct proccss, denoting differentiation with respect to é by 
accentuation, and with respeet to 0 by subscript numerals, we have 


v= o'V yi oNV + O'N i y= 0V, + 30'8"V.+0''V, 
V"=6'V,4 69°09" V, + (30'°+400") V,-+6"V," 


* The question of the interpolation of differential forms is embarrassed with con- 
siderations of a nature precisely similar to the preceding ones. I am not willing 
positively to assert that there exists no reason for one system in preference to the 
other, nor even that such reason has not been shown by the assertors of one or the 
other system. I can only say for certain that I cannot see the reason in their 
writings; and I am sure that they themselves will admit that the doubt I have 
raised is one that requires solution. The reason why it should strike me more 
forcibly than them is perhaps that 1 have written on the calculus of functiuns, and 
have had my attention particularly drawn to the wide character of the solutions of 
even the most simple functional equations. 
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V" =0°V,+ 1066" V,-+ (1500? + 10070") V,+ (106"0" +500") V4 0'V" 
V"'=06V,+ 150%0"V; + (45028024 2066") V + (1503 -+ 600'0"0" 
+ 1566") V,+ (150"0" + 100"? + 660") V+ O"'V," 
V"=07V, +2160" V,+ (1050"'6"? 4+. 3500") V, + (105088421 00700" 
+3500") V,+ (105020 + 7309/6"? .4.1050'0"0" + 210"0")V, 
+ (350’6" + 2106" +700”) V.+6"'V). 


The law of this apparently complicated process (which should be per- 
formed by common differentiation, and verified as now explained) is as 
follows. Suppose we would form the coefficient of V, in V. Investi- 
gate every way in which 7 can be subdivided into three parts; which 
will be found to be L+1+5, 142+4, 14343, 24+2+3. The 
terms in the required coefficient have then 0/0'0", 6’0"e", 0'00”, and 
e’e"0", And the coefficient of each of these is the number of distinct 
ways in which seven counters differently marked can be so parcelled 
into (l, 1, and 5), (1, 2, and 4), &c., that all the parcels shall not 
he the same in any two modes. This coefficient is found as follows. 


Let m=a+b+c+....3 then the number of ways in which m counters 
can be parcelled into a Bet of a,a set of b, &c. is 
P Wi Dicd Aa eevee m— l.m 


P (L.2. ea 2...0 (1.2 Taen b 2. c) 


Ifa, b, &c. be all different, then P=1: but if there be f parcels of 
one and the same number in each, Aa of another, % of another, &c., 
then P=(1.2 ..f) (1.2...9)(1.2...h)... Thus 7 being 143-43, 
the coefficient of 6/6" is 


— TE yay or 70, as in the formula. 

Given ¢0)=Ae—#, required the expansion of 0 in powers of t, This 
equation cannot exist unless p0 be a maximum when ¢=0; and we 
shall suppose that ¢’@ is =O (and not cc) in that case. Let us more- 
over suppose that 0=0 at the maximum; whence @(0)=A, and 
¢'(0)=0. Let log¢@=V; then V— log A + 0=0, V'+ ot = 0, 
V" 4+2=0, V"=0, V“=0, &c., from which, as obtained by the pre- 
ceding process, we are to calculate the values of 6’, 0”, &c. for substitu- 
tion in 


{2 3 
OS (9) TO) tr) EO aaa trees 


parentheses denoting values when t=9. Let v, ti, a &c. be the values 
of V, Vi, Va, &c. when ¢=0, then v=log A, r,=0, since V, = 0: 90, 
and @@ vanishes with 0; that is, with £. 


V” 42=0 gives r, 62+2=0, or (0) =4(—27') 


V" 0 gives 6’ v+ 30'0"1,=0, (0=: 3 


y Va 
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and soon. Hence #0-=Ae—?” gives 


2 1 v? , , 5u3—3v,v, Ve 
= -s é — = ee ee ae eee it O E R 


where Ua, V3, Va &c. are values (for 0=0) of the second, third, fourth, 
&c. diff. co. ef log $80 with respect to 0: the conditions being that $0 is 
a function which is a maximum when ¢0= A, and that v, is not =0. 
If v=0, and generally if m diff. co. of log 60 vanish when 0=0, (and 
m must be an odd number, or there could not be then a maximum, ) we 
must use the equation 60== Ae—?"*" in the same manner. 

It would be a work of great labour to calculate as far as the sixth 
power of t by the preceding method, and an expression of the general 
term of the series would be altogether out of the question. The powerful 
method of Arbogast, however, (pages 328—335), will enable us to give 
the general term with very little trouble, and to deduce more coefficients 
than those given above. 

Having given t=,/(log A—V), where v=log A, v,=0, it is required 
to expand 0, of which V is a function, in powers of ¢. We have then, 
by Burmann’s theorem, page 305, the marks { } denoting that t, and 
therefore 6, =0, 


{Shel (ON SAS (Oat 


_fa" (0 "| 1 
say = 2 Bn t”; whence B, =} (+) “Tonm 


de" 
Write a for —v,—2, b for —v,—2.3, &c., and we have 
0:t=0:,/(log A—V)= 0: ,/(a0*+-56°+....)={a+b0+....}$-4. 


Develope (a+b0+....) = by Arbogast’s method into >.P,, 6”, which 
gives for Pm the following series of terms, m : 2 being n, 


Dis. nbd DE _ [n,n+m—2] pn 


— 7} an? n 9 grt? a? LE [m—1] zrani + (A). 


If (a+60+....)~" be differentiated m—1 times, and @ be then 
made =0, the result will be Pam X1.2....(m-—1), which, divided by 
2.3....m gives the mth part of the expression (A) for B,, the co- 
efficient of t” in the development required. We have then the following, 
the first of which is independently obtained (title, page 331) : 


MeT _ lò _ 1l1Db 155b at (5b—4ac) 
Bamet Beg oe So A ae 


l l 2D% | 3D? 4b) ___4b—6abc+2a'e 
Bisse 4 SS a a 

4 aè at až) 4a* 
B=: { 5 D% 57D 579 DL’ KERE 
s~ 5 2 at 24 at 246 a 7246 8 a 


_@{7.9.11b'—1.9,8.3ab%c-+7.6.8a*(2be+c*) —4.6.8a°f} 
2.4.6.8 a’ 
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Now write —v,:2, — v: 2.3, —v,:2.3.4, &. for a, b, c, &c., and we 
have 


Beas 2 l Ug Dv — 3v V, Ve 
Be /(-3) Baa Bea /(-F 

= — (4003 — 450, vs v, + 9v20,) 27003 
B, = - {38523 - 630v,v3v, +21 03(8v,0,+- 505) — 24v30,} / ( = z) : 216003. 


The use of this method is as follows. Let it be required to devclope 
fydxz between any given limits =p, x=v, y being a function 
with factors having exponents of considerable magnitude, such as 
y=p" q", where m and n are considerable, and p and q are functions of 
x, Let there be a value r=a which makes p”q" a maximum, and let 
pand y lie between two roots of y preceding and following the value of x 
which makes y a maximum. If, then, A be the maximum value of y, 
and if we assume y=As—?’, there are real values of ¢ for every 
value of x, from t=— œ, which gives r= the first root, to t= + oc, 
which gives r= the second root; and when t=0, we have y=A, or 
raza. Let =A, r= p, be the values for which y vanishes, so that X, 
H, y», p are in order of magnitude, à being the least. Let x=p and 
r=v give t=q, t=ß; let e=a+0 and y=G(z). Then 0 and ¢ 
vanish together, and @(a+0)—Ae—# gives 0=B,¢+B,02+.... as 
just determined. From this find d6, which is dr, and we have 


fiyde= A {B, fee—Pdt+2B, fo e—Ptdt+ 3B, fie-Pldt+....}. 
If we examine B,, Ba, &c., we shall find that if each of the set va vs, 


&c. had a large numerical multiplier z, these coefficients would severally 


have the multipliers n—}, n, nè, &c., which would make the series 
convergent enough for use if n were considerable. A further reduction 
may be made as follows. Let fe—i"dt=G,, 


i «—# 
2 


—* 
ferme dt= — = 


+" fe-f red, G,=— 


te- 1 ee _ 0 / = | 3 
Gi=— -7 +5 Gos G,= a +1), Fa We (: t3, +7 Go. 


Take limits, and substitute, which gives 
Siac 3, 3-5, a 
fe ydr=A Bits sts 5 st cee fee t 
l , , e 
tae A) 2B,+-2.3B,+ (t1) 4B, +| œ+ z”) 5B,+ ..- 


—} e-@A (2B, +8.3B+ (6°41) 4B.+( 8+8) SB ion 


If the limits be and y, two values at which y vanishes, one preceding 
and the other succeeding that at which y is a maximum, (that is, if 
pA v=p,) it follows that a and S are — œ and + œ, these being 
the only values at which {Ac—# vanishes. But f*2e—@ dt=2f3 e-t dt 
(page 294)=—,/7 ; whence (as in this case, the two last lines vanish) 
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Sinyle= Ade ( Bits B, +55 Bo+. e} ; 


For instance, let it be required to find an aes expression for 
1.2.3... oN, where n is a large number, or generally for F (n+1), 
where n is a large number, whole or fractional. In foe * 2" dx, it will 
be observed that é¢~*2” vanishes when x is 0 or œ, and that there is an 
intermediate value of z, namely z=n, at which é~’ z” is a maximum. 
We have then 


yore a", ps0, v=, azn, AE" n" 


a _ 16 1 6° 
V=log (e-* 2") = - (n+ 6) +n log (n+ 0)=n log a rie tae 
+n”, <i sin, ex—in“, f=in’, &e. 
l l l 
 B:=4 (27), B= &c. 


5 JOny Pir 540 N 
' I (nt D= (en) en 145 - taat.. Ji- 


a result which may be made to agree, as far as it goes, with page 312. 

The student is now prepared for the higher class of investigations 
connected with the theory of probabilities. The integrals which are of 
most importance in this science are F(z), already treated , fe-# dt, and 
fx" (l1—x)'dx. It will be worth while to make the calculations neces- 
sary in the latter case, m and n being considerable numbers. 

Here y=2" (1 — z)", which vanishes when r=0 or 1, and is a mazi- 
mum when t=m: (m+n), 1—z=n:(m+n): let the first be w and 
the second p. We have then 


log y= V =m log (w +0) +n log (0—0) 
=log {0 p"} -> TOG Pea ;(3- eee 
a=k(ma?+np-*), b= —} (mo — np), c=} e &c. 
k ] 
or a=—(s'+p"), b=- > (op), c= (ap), &e. ; 
where m+n=k. Hence we find by actual reduction 
= JC Baa) p -132-130 +1] 
B= P ~* "92a l—w)ey 
1E {4 13a?—137 +1} 
i ce ] =y JA a 
ae ee lal (t amA 


very nearly: which might be verified by applying the value of F (n) 
just found to the result in page 580. 

When y has high exponents, but does not arrive at a maximum 
between the limits; or rather when it is not required that either of the 
limits of integration should be near to that value of x which makes y a 
maximum, the formula in page 290 will give a convergent series, and 
even for the indefinite integral, 
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dx C du d / du ay d du | ) 
y 7 ams fydr=y yu f1- dz vast T )- da \" AÇ dz )§ freee ye 


For example, let y=2", or u=.e:n. We have then 


get wt f 


n+l TẸ = — +-. =.. l, which is easily verified. 


The preceding is taken from =U on both sides, but any limits may 
be taken in the usual way. Thus 


ase af, oe E E E E | 
2a+n (Qa+n)? (2a+n) (Qa+n)* `° 


Zo ] 2 8 56 
fimye fı we e a } 


n n wn 
j Eat n n? + 2na 
E a" dx =—— \ l- PTE Lua). 
0 n—a (n-a) (n—a) 


I now proceed to the doctrine of periodic series, one of the most 
important applications of definite integrals; the results are of a new 
and extraordinary character, on which account this part of the subject 
will be treated in detail, and by two distinct methods. 

From page 291, § 121, the following is easily proved: if @ and a’ be 
two whole numbers, and m and n two other whole numbers, positive or 
negative, 


f cos aĝ. cos a'0. dd, and | sinað sin a'ð. dð are =0 or (n-m) = 


mr me 


namely, 0 when a and a’ are unequal, 4 (n—m) r when a and a’ are 
equal. 

This property is applied to the expansion of ordinary algebraical 
quantities in series of periodic terms, a subject which will require a close 
examination of its first principles. 

If we take such a series as A, sinz+A,sin2r+A,sin3r+.... ad 
infinitum, we see that, whatever its algebraical equivalent may be, it 
must go through a succession of values from æ =0 to z= 27, which suc- 
cession is repeated from r=22 to r=47, and soon. It might seem, 
then, as if we could affirm à priori that any function which admits the 
preceding development must itself be periodic and trigonometrical: but 
we should be mistaken if we drew any such conclusion; at least we can 
only drawn such a conclusion with some extension of the term trigono- 
metrical. 

If we integrate both sides of (1+a6*)"'=1—a6é*+a° 6*—...., we 
find 

gs 7 
7; tan™? (Va. a=C+0—— a+ = a = (i e..e.;3 
the first side of which is indefinite, since tan (a given quantity) has 
an infinite number of values; the second side is also indefinite, con- 
taining an arbitrary constant. Nor do we avoid this indefiniteness by 
integrating from a given commencement, say from 6=0, which gives 
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1 _ 0° g 07 
e (Ja. 0)— tan OPO a+ oe i E 


for tan! 0 is mr, where m is any whole number positive or negative. 
For given values of 0 and a, the second side has one value only, the 
first side (but for restrictions imposed by the equation itself) has an 
infinite number. Consequently, whatever value may be taken for 
tan (,/w.6), such a value of tan™0 must be taken as will give that 
value of the first side which is equal to the second side. Let a=1, 
and let 0 be tan ¢, then one of the values of tan~' (tan t) is ¢, whence 


t—tan~' (0)=tani—1 tan®é++4tan't—.... 


Now as we begin from tan {==0, let us choose mz for the correspond- 
ing angle. We must not then carry our series of integrations (of 
lx d.tan t, tan? é.dtant, &c.) up to a limit higher than t=mn+4$r, 
nor might we have begun before t=m«x—4r, since tan? is infinite in 
both cases. But between mr+4x and mx—}4z- the equality of the two 
sides is unobjectionably deduced, and the answer to the question, what 
value of tan-'O must be taken is, mz, whenever £ lies between 
mr+}r: so that tan t+—4 tan? t+...» is, for a given value of tané, that 
one of the corresponding angles which lies between —$r and +37. 

Let us now consider the equations (pages 242, 243) 


Le 
ae i -= ] +v cos 042? cos 20+ &c. 
l— 2x cos 0+ q (A) 


xsin @ 

1 — 2x cos 0+ 2° 
Here the periodic character of one side is a counterpart to that of the 
other, and when x<1, these equations are arithmetically true in all 
cases. When x=1, we have the limiting equations 
1 sin@ 
2 1—cos 0 
The series are no longer convergent, but are of that character the simplest 


instance of which is seen in 1—1-+-1—1+.... It is easily shown by 
the methods of Chapter VII., that 


=zsin 0+ sin 20+ &c. 


1 : : 
5==1-+cos 6-+c0s 204... =sin 0+8in 26+.... 


_1 | cosn#—cos (n+1) 90 
1+cos 0+cos 20+ .... +cosn0=5 1 cok 6) 
sin @+sin 20+....+sinn0= sin 0 +sin n0—sin (n+ 1) 0 
2 (1—cos 0) 


Now we have f¢sinzdr=1—sin a, f o Cos zdr = cosa, and when 
a= cc these have been found to be 1 and 0, which makes it seem as if 
sin œ and cos œ should both be taken as =0. If we take this assump- 
tion, and make n infinite in the preceding, we find 4 and §sin0: 
(1—cos 8), being precisely what we have before found for the series 
continued ad infinitum. Many more instances occur in which 
sin cc=0, cos o=0, give results which can be otherwise obtained ; 
but I am not aware of any proof that these are to be considered as 
universally true. 
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Let cos9=1; then the first equation hecomes $=-1+1+1+4+...., 
which is certainly false. This arises from omitting to notice an 
isolated conception to the truth of the general deduction. Our first step 
was to make x=], our second to make cos 0:=1. Invert the order of 
these steps, and we have first (l—r):(1—z7)?=1+.42+2'+...., and 
oc=1+1+4+1+...., which is true. If we write 


1—z cos 0 ae TE ME l —z cos 0 
l — 2x cos 0+4 x? 2 (1—z cos 8)+ (7 — 1)’ 


we see that r=1 gives 4 in every case except that in which 1— «zv cos 6 
also =0, in which latter case the form $ is produced, and œ is the 
result. Consequently 1+ cos 6+cos 20+ ...==4 in every case, unless 
6==27m, in which case it is infinite, The second equation remains true 
when cos@=1; divide both sides by sin, and it becomes œ=l1l 
+2+3+4.... In both cases, however, there is a bar to integration ; 
no even multiple of + must lie between the limits. 
If we make r= —1, we find 


l1 sin@ 


2 iico @—sin 20 -+- sin 36— evvees 


= 1—cos 0+ cos 20—... 
the excepted case similar to the preceding is when cos 0= — 1, in which 
case the first series is infinite, and the second may be treated as before. 
There is here also a bar to integration: no odd multiple of 7 must lie 
between the limits. If we integrate the second and fourth series, deter- 
mining the constant by means of 0= r and 6=0, we have 


Oye cos20  cos30 . cos 40 
log(2sin 5 =cos 0+ 9 eee ee 


0 cos 20 _ cos30 | cos 46 
log( 2 cos 5 ) =cos 0—-—5— + 3 + r +... ; 


series which happen to be true at the limits at which we could not be 
assured of their being true from the method. And it may be noted that 
such series will generally be universally true, when the periodic form of 
the second side is accompanied by one as explicitly periodic on the first 
side. Also 


cos 380  cos50 
3 5 


l Jog cot <=cos 6 
5 og Co ac ee + 


Take the expressions (A), change xz into —a, subtract, divide both sides 
by 2z,"and then write æ for z*. We shalléthus obtain 


cos 6.(1—.)! 
1—2 cos 20.2+2° 
sin 0. (1+) 
1—2 cos 207+ 2? 
0= cos 0+ cos 30+ cos 50+4-.... O=sin 0—sin 36+sin 50—.... 


1 


i 
2sinQ 


—cos 6+cos 36.7-+cos50.2°+.... 


=sin 6+sin 30.2+81n50.22+.... 


= cos 0 — cos 30 -+ cos 56,,. =sin ð+ sin 30-+sin50+.... 


2 cos 8 
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In the first and fourth cos20 must not =1, or 0 must not be any 
multiple of 7, or any even multiple of 47: in the second and third 
cos 29 must not = — 1, or @ must not be any odd multiple of 37. If we 
integrate the first pair, we have 


T . sin30 sin 56 T cos 30 cos 50 

p eR 5 5 Psoe’ T 8 3 5 TEE 
the constant being determined from 6=47 in the first, and from 0=0 in 
the second. ‘These results are certainly true, the first from 0=0 to 
O=7, both exclusive; the second from O= — 4r to 0=+42 both 
exclusive. This we may briefly express as follows: the restrictions of 
these series are 0 (0) + and —}7 (6) dr. 

If we suppose 6 to lie between r and 2z in the first, and between $r 
and 27 in the second, we must take the value of the constant after 
integration from 0=4 r, in the first, and from 6=z in the second, 
which gives i 


to, sin30  sin50 r cos 39 | cos 50 

qo sin 0+ 3 + 5 +e 40080 3 To 5 eee 
and soon; each of these series being +i or —42, according as the 
value of 6 makes the first term positive or negative. 

All the series which we have yet had, which have their denominators 
Increasing without limit, are really convergent, and arithmetically equal 
to the quantities found for them. And the discontinuity observable in 
their values is of a curious character, which admits of complete illustra- 
tion from geometry. If we take any finite number of terms of the 


first series, and draw the curve whose equation is y=sinz+4sin 3r 
+1sin 5z+...., or OPCQF, the greater the number of terms we take, 
the more nearly will the curve coincide with the succession of discon- 
tinuous straight lines zOABCDEFG, &c., to which the whole series 
continued ad infinilum is therefore the equation; OA being įr 

We now resume the equation 1—cos6+cos20—.....=4%, or 
4=cos 0—cos 20+...., which is true for all values of 0 except 
(2m+1). Integrate, and determine the constant by 0=0, which 
gives 
sin 20 sin 30 


5 gee — r (6) r. 


~=sno— 


But if we determine the constant by 6=27, we find 40-7 for the 
preceding, with the restriction +(9) 32, and so on: whence the value 
of sinOd—1sin30+.... is Ł0— mr, the value of m being that which 
will make the preceding lie between —}r and +47. Inthe same way, 
we might prove from 4=1-++cos @+cos20-+.,.. that 
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vr 0 , sin20 — sin 30 
5 gin O+ 9 + 3 0 (0) 2x. 
It will, however, be noticed, that this is nothing but the preceding 
series with r—@ written for +, both in the equation and in its restriction. 
We shall now proceed with the results of the first series. Let Sos Sis Szy 
&c. be particular values of s,=1-"—2°"+3°-"—...., and let K, stand 
for sin 0—2" sin 20+ &c. when n is odd, and for cos 8—27" cos 25+ &c. 
when n is even. Continual integration with determination of the con- 
stants from 9=0, beginning with ss=K,, or 4=cos 0—cos20+.... 
will give the following results, with the restriction — ~ (0) r: 
2 


0 03 7 
sek, IEK, So Ke, S05 Gg I= — KB 


0 02 gs 9° 
oa gag thE Ke ggg gg teI Ks 


and soon: from which it readily follows that each of the divided powers 
of @ can be expressed in terms of K, K., &c., whence ¢0, if it can be 
expanded in a series of whole powers of 0, can also be expressed in a 
serics of the form A ,+A,cos@+....+B5B,sinO+...., which shall 
hold good for all values of 0 from —zx to +7, both exclusive. Having 
thus shown the possibility of this expansion, we shall presently arrive 
at a more convenient way of doing it. Inthe mean while, let us observe 
that we have thus fallen upon an elementary mode of determining the 
values of Sa S &c. Thus, if in K,, we make 047, we find it becomes 
Se-2?, whence we have 
1 eee ve 

yk gt ee 
a result which might be verified from pages 553 and 581. 

In the same way, by beginning with the proper value for K,, it might 
be shown to be possible to make a similar expansion for 60, which 
should be true for any value of 6 lying between (2m+1) rand (2m+3) r, 
m being any whole number positive or negative. 

We have seen that every function of x which is itself neither even nor 
odd (page 295) can be made the sum of an even and odd function. 
From the character of A,+A,cos0+.... and B,sin@-+&c.,, it is: the 
even part of the function which is developed into the former, and the odd 
part’ into ‘the latter. But we shall see that an odd function can be 
developed into cosines or an even one into sines, between given limits. 

Let there be a function $0, the development of which has the form 
B,sin@+B, sin 20+.... Multiply both sides of the latter by sin m8, 
and integrate from 0=0. This gives, from the term B,, sin mð, the 


following pair of terms : 
0 sin 206 
sl a oc a 


and from each of the other terms, a pair of the form following ; 


fees B, /sin (m—k)0 sin(Qam+ih) A\° 
from B, sin %0 comes 2 garners ray i 


ZR 
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each of these terms vanishes when 6=7. But we have had warning 
against supposing an infinite series of such terms to vanish, or sup- 
posing the equivalent algebraical expression to vanish. If we make 
6=27—a, we have sin pO= tsin pa, according as p is odd or even; 
begin from k=m +1, and we have for the whole series from and after 
the term B,, sin m6 the half of the following series : 


p = æ sin(2m+1)a /sin2a sin (2m+2) æ 
m+1 a 


—— a r OS — 


l Qm+1 FANT 2 2m+2 


neglecting the previous terms, which, being finite in number, vanish 
with œ, leaving only 3B,, (r—«a). It would not be easy to give a direct 
proof of the comminuence of this series with œ, and another method 
must be had recourse to; if we could assume that comminuence, we 
should have, observing that 45,,0 is the only term which does not 
diminish as 0 approaches to r, 


+...(B), 


5 Bn=J5 0. sin m8 dé; 


a result which may be established, though the preceding method is in- 
complete. 

Let it be required to find a function which agrees in value with $0, (a 
function which vanishes with 0,) when zis 0, m:n, 2r:n,.... up to 
(n—1)2:n. Assume for this purpose 


pO=—k, sin 0+ k: sin 20 + k; sin 30+...+++,-,sin(n—1)9....(1); 


a function which fulfils the first condition, since it vanishes with 0. Let 
©: nv, then we must have 


dyv=k,sinv+...6, PBv=A=AK sin 2y.. os; covey 
}(n—1) v=h, sin (n—1) v4+.... 


Multiply successively by sin my, sin 2my,....sin(n—1) my, which 
will give on the first side 


dy sin my +O2y.sin 2my+...+6(n—1) v.sin (n—1) my, 
and on the second a set of terms of which the one containing k, is 
k,{ sin vv sin my--sin Qvy.sin 2my + . . . +sin (n—1) vv. sin (n—1) my}. 
The coefficient may be resolved into 
} {cos (v—m) vy} +4..-+4c08{n—1 v—my}—4cos{(v-+m) r}... 
—}cos {n—1 v+m.yr}. 


cos (2—1l)x—cosnz 1 


2(1 — cos x) 2 


Now cosr-+cos2r+....+cos(n—1) r= 


If nx be a multiple of 7, as in the preceding cases, we find for an odd 
multiple, 


—cos r+] l cos a—1 
ies — or 0; and 


l 
= — ~ or =l, 
2(l—cosr) 2 


2 (l —cos 7) E 
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for an even multiple. But when #=0, the series becomes n—l. Now 
when v-+m and v—m are unequal, they are either both even or both 
odd; so that (v—m) ny and (v+m) ny are (ny= r) both even or both 
odd multiples of x: in this case, then, the preceding coefficient is either 
4(0—0) or 4{—1—(—1)}; that is, =0 in both cases. But when 
v=m, in which case v+ m is even, it becomes 4 {n—1—(—1)}, or 4n. 
We have then 


k=- {dy.sin my-+¢2y.sin 2my + . .. +Ø (n-1)v.sin (n—1) mv}; 


from which the several coefficients in (1) may be found. If we increase 
n without limit, so as to make p0 and the series of periodic terms coin- 
cide at smaller and smaller intervals, and so as finally, at the limit, to 
make 9 and the series (which then becomes an infinite series) coincide 
altogether from 0=0 (inclusive) to 9= r (exclusive), we have 


hoa? v {dv sinmy+.o.. +h6(n—1)y.sin (n—1) mr} 
T 


=f; p0 . sin mô da, 


as already suspected. , 

We might now suppose, perhaps, that we are at liberty to infer that 
the series (B) does vanish with œ, since the immediate consequence of 
such supposition is true. But still we are to remember that we have 
not proved 


(fz pO0.sin 0 dO) .sin 0+ (f3 p0 sin 20 d0).sin 20+4.... 


to be the development of 9, subject to the restriction (0,6) r, but 
merely one of its developments, of which there may be any number. 
In fact we have shown (page 563), if Om be any odd function of m which 
never becomes infinite, that O, sin 0+QO,sin 20+ ....=0, provided that 
2O,,2" be a continuous function. Consequently, the preceding deve- 
lopment B,sin@+.... is only one of the proper developments; an 
infinite number of others is included under (B,+O,) sin 6+(B,+0,) 
sin 20+ ...., and it is not possible to affirm that there may not be 
others. 

If we exclude the limit 0, in the preceding process, we find there is 
nothing in it which prevents our allowing 9 to be, not merely an odd 
function, but any function whatsoever which does not become infinite 
between 0=0 and 6=7. Thus we find from fj cos z.sin mrdr=0 or 
2m :(m*—1), according as m is odd or even, 


T 2. 4 , 6, 
Z cos t= 5 sin 20+ 7, sin tertz sin 6r-- eve. 0 (zr) x, 
and fz e” sin me dr= m (1—é* cos mr) : (+m?) gives 
m sina  2sin2z fsine 2sin2zxr \ 
=: oS eoee i =e 0-0 0-0 " 
2 a’ +] a®?+-4 t Te (eI “+4 J 


Change a into —a, and subtract, which gives 


T E7 =E" sing 2sin2r 3sin3x 
a A E E a+ 4 + 4+9 ` 


ae — r (1) x. 


2R 
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The reason of the alteration of the restriction is, that e**— ¢—™ is an 
odd function, so that the equation remains true when r=0, and both 
sides being odd functions, it is true from s= — r to r=0, because it is 
true from z=-+7 to zv=0. I leave the following to the student: 


an l 4 9 
E —E™ gti] gtd @+9 a i 


Change 2 into r—z, and we have, by this and subsequent integration, 


m Egee) singt 2smn?2e 3sin3r 
me —+t+.... O (x) 2r |! 


2 Tew —en PI] 4AA at+9 
m et (2) 4 gma (x2) 1 COs T cos 2x 


5 0 (1) 2r. 


—— 


2a ee 2? ™ +l t +4 


The constant 1 : 2a? is determined by making x=7, and using the last 
series but one, from which we find, after reduction, 


Cea (1—l1+1—. ee wale 2a: 

In a similar way might be proved 
m ete = l cost  cos2x 
Qa =e Da? a tHL ati 


Returning to the main result, let us now examine f3 ġ9.sin m8 . d9. 


—.... — Trh) 7 


: _ 0 p'o. Eaa l 
fpo .sin mé dé = = COS m9 + — sin mi—— fe 9.sin mO dé; 


which taken from 0 to r gives 
Pr .cos mr— d0 1 


Ji p0 sin mo de=- —— m — — fz "0. sin mé do 
dr.cosmr—qd0 , d’x.cosmr—G"0 hr.cosmr—G"0 , 
Se A a ad a a a TF rooe 
m m? mi 

T ao (PTP pia tG'0 | Hh r+H"0 :; 
a Ga ree D os — eooo sin @ 
pr—p0 Pr-G'0  P*r—G"0 l 
i (a T + ae... )sings 0 (0) x 
H552 B wa +? ste ae ae .)sin 30 


which is convenient in the case of rational and integral functions. But 
if 60 be an odd funetion, so are "90, dO, &c., and ¢0=0, ¢/0=—0, 
&c., whence the preceding becomes, with the restriction — w (0) r, for 
reasons above given, 


f " 
ti ea —_ pl #29 ic. pr $ T 3 : 
z P= (Gr $ t+ 0» s) sın 0 a 9 3 (E E .) s1n 20+. ee 


If we require a periodic series which shall be equal to #0 with the 
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restriction 2m (6)(2m+1) r, the shortest way is to put p0= yẹ (2mr+0), 
and to expand 4 (2mr +60) with the restriction O (0) r, as above. 

In the equation 47pO=2 { [F.pov sin mz dz.sin mO} write p'O for 40, 
and integrate, which gives 


$ rf0=C— f; p'r sin x dr.cos 0— fy o'x sin Bede T 


=C + fz pz cos x de.cos 0+ f3 pr cos2xdr.cos20+...., 
since B p0 cos m6 d= — m~ [7 p'O sin m0 dé. 


But C is not yet determined, and it would not here be easy to find the 
constant from a particular case of the series, in a satisfactory manner: 
so that we shall find it necessary to institute a new process similar to the 
one already adopted. 

Let it be required, having decided r into n equal parts, each =~, to 
determine kp» k,, Ra &c. in such manner that 


~po—k, +h, cos 0+ k cos 20+ ....+h,_, cos (2—1) 0 


is true fur 0=y, or 2”,.... up to (n—l)y. Substitute these several 
values, and multiply the equations by cos my, cos 2my...cos (n—1) my 
for all values of m from 1 to 2—1 both inclusive, &c., and add, remem- 
bering that, as may easily be proved, in the manner of page 610, 


cos vy. cos my-+....-+c0s (n—1) vy .cos (n—1) my=0, or —]1, 


according as v-+m and v—m are odd or even; but when v=m, the 
series becomes $ (n— 1—1) or 4n—1. If, then, dv.cos py+ .... + 
(n—1) v.cos (n—1) pyv=K,, we have 


K,=(n—1) k,—ke— hy — hee ee 
K,=(4n—1) kı—k;—k,—k;— 000o (K) 
K,= —k, + (4n—1) ksh... 


and so on, n equations in all. Suppose 7 to be an even number, and 
add, which gives 


K+K, + Ket ee =n (2ko kit o0e.)—hn (kot kit. -o J= 3nk,. 


For n write m :v, and y (K,+K,+....)=47h,. Proceed as before to 
increase 7 without limit, and we have [69 (1+cos6+cos 20+....) d0 
=47k,. The limits of this integral require some attention : it will be 
observed that however small v may be, we have summed values relative 
to v, 2v...(m—1) v, and never relative to O or r absolutely. We do not, 
therefore, include, but exclude, the case of 0=0 or x absolutely, or we 
integrate, as it were from gœ to r— $, where « and £ are infinitely small, 
We may then consider 1 -+ cos 0-+.... (page 606) as being =} through- 
out the whole extent of the integration, and thus 


Arky=limit of [7° }p0 da=} fzp9 d0; wh == [590 do. 


The student must take care to observe that this sort of reasoning 
would elude no difficulty if 1+cos0+.... increased without limit as @ 
diminishes: it applies because 1+cos0+.... is absolutely =} 
except when @ is absolutely ==0. 

We might from (K) verify the other coefficients already obtained. 


614 DIFFERENTIAL AND INTEGRAL CALCULUS, 


The first now gives vK,—zk,=v (k+ ktk; t....), and vK, has 
f p8 dé or tk, for its limit, whence v (k,+k,+....) diminishes without 
limit. Hence from the third, fifth, &c. equations we learn that rks, 
Ark, &c. are the limits of »K,, vK, &c., which give the integrals 
already obtained for ks, k, &c. Now adding together the second, fourth, 
&c. equations, we find, supposing n an odd number, in which case 
there are 4 (n—1) of these last equations, 


K, +K;+ .... =3n (kıt k+»... )—4 (n—1)(kit kst...) 
=$ (kit kst»... );5 


but v (K,+K,+....) has for its limit the limit of {6 (cos 0+ cos 30 
+....)d0 from a to r—8, reasoning as before: and this (page 607) is 
<0; whence v (k, +A, +...) diminishes without limit, and the remain- 
ing coefficients can be verified. We assume here that the same result 
will be attained whether we increase n without limit through odd num- 
bers only, or even numbers only. 

We thus have, with the restriction O (6) r, 


5 00= (fs Oz sin z dx) sin 9+ (s px sin 2x dx) sin 20 
+. (fpr sin 3rdz).sin30+.... 
=g0=} fi pæ dx+( f3 px cos x dx).cos 0+( f3 px cos 2x dz).cos 20+...3 


in which z is written under the symbols of definite integration (page 

568), merely to make the parts which vary with © more prominent. 

Also, if p0 be an odd function, the restriction on the first may be 

extended to — (0); and the same extension may be made in the 

second, if @@ be an even function (the value 6=0 possibly excepted). 
As examples of the second, take 


m . l cos2x cos4x cos 6x 0 (2) 

a 3 15 35 eee Xt) 

T »~. Lt a@cos# acos2r mes l] acosz  acos2z 

2 — 2a æ+ æ+4.. O” (a atl w@+4 7" 


m Ep ETT 1 acosx ACOS 2r 


xw 


2 e=—e-™" — 2a a®+ l $ +4 — 


+ 


s... —r (2) x. 


Further to verify the preceding methods, I add one which is of 
frequent use in the writings of Poisson, and which I consider much the 
best adapted of any to give a sound view of the subject, as soon as the 
new and difficult considerations which it imtroduces have become 
familiar, Let us consider the equation, derived from page 242, 


+605 7 (2-0). A+cos 2 z (w—v). A+ TET 
e. 1—A? 


1—2 cos = (r—v) A+A? 


= imm 
=== e 


_ If A=1, the preceding becomes O in every case except when 
cos { r (t—v) : /}=1, in which case it is infinite. This isolated exception, 
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which seems only the embarrassment of preceding theorems, is in fact 
the sole cause of their existence: were it not for this we should have a 
right to infer that the preceding series, multiplied by v dv, and in- 
tegrated between definite limits, would always give 0 when A=1: and so 
it does unless æ fall between the limits of integration. Let this be the 
case, and let —/ and +/ be the limits. Let A, instead of being 1, be 
1—g, where g is supposed infinitely small. Consequently, wodv is 
infinitely small as compared with dv, except only when the denominator 
is also infinitely small. Let r=v-+z; that denominator is then 


the remaining terms being of the third and higher orders. The portion 
of the integral {¢v.yudv which belongs to the infinitely small deno- 
minator (namely, when z is infinitely small) is (dx being =dv and 
1— A’=2¢) 


gl? d (r-z) s > dz 3 zdz 
a i 4 by ae ee | af? ; ae ee ye s.» o» 
f EA dz, or gè pr | appe 8 px p at 


Now as long as z is infinitely small, the second and following integrals 
will be infinitely small as compared with the first, and may therefore be 
neglected. Again, in the first integral, any portion in which z is not in- 
finitely small may be introduced, for all will be rendered infinitely small 
by the final value of g, except only the required portion. Integrate the 
first then from — œ to + œ, and we have 


dz l ae te | Bl 28 AT 
a | ops ae tan el (from œ to +0c)= (5-(-§))=" 


whence lġx is all that remains, or we have 


mr (x—v) 
~ 


The sign 2 extending from m=1 to m= œ. . 

This reasoning requires some alteration when x is either +% or —J. 
In the first case, for instance, r (¢—v) : l approaches to 0 or — 27, accord- 
ing as v approaches to +/ or —/, and in both cases the cosine ap- 
proaches to unity. We must then repeat the preceding process at both 
limits, but as we must keep within both, we have as a result, 


p= ti pv dv +7 2 l ti cos pv dv} —I (a) 0. 


0 10 2 
gl dz pn { pedr- l roln}: 
nf great D | gree A g HAD 
and the same if x=—l; consequently the preceding series is Or for 


every value of x between —/ and +1, and $(¢2+$(—1)) forrt=+/ 
or v=—l; but it is =0 if x do not lie between —/ and +4. 

The preceding reasoning will require the following remarks: 

1. Though it is expressed in the language of infinitely small quan- 
tities, yet this is only abbreviation. If we had expanded ¥v in powers 
of z and g, those terms which we throw away as being infinitely small 
. quantities of an inferior order would have diminished without limit in 
the fully expressed result, as compared with those which are kept. 
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2. If in the result (lZ: ml) tan (rz: gl), we were to choose infinitely 
small limits between which to take the result, we should not arrive at any 
determinate result whatever. But seeing from gl fdz : (2° Cr z’) 
that all that part of the integral which arises from finite values of z 
must vanish with g, we take any finite limits whatever, (not necessarily 
—c and + œ,) say —g and £, which give 


A k tan TP tan” =) which =Z} when ¢=0, 
TON gl gl 
whatever œ and 8 may be. 

The function ¢z need not be one continuous function between the 
> limits. By a discontinuous function is meant 
B C such an one as the ordinate of the curve 
ee ABCD, composed of branches of different 
$ iD curves, joining or not. If œ, 8, y, 6 be the 
abscissee of A, B, C, and D, and if y=oa, 2, 
B c Ap Y=, y=@sxr be the equations of the 
T | | - complete curves, of which AB, BC, and CD 
are parts: then @z, to be the ordinate of 
~ ABCD, must be a function which is 0,2 
from t=ae to r=f,o,2 from r= to =y, and wx from r=y to 
xz=0. To find the area of this curve, by one operation of integration, 
we must assume Y=, T, T+ de Ta T +a 0,2, and find fy dx from æ to 
B, from £ to y, and from y to 6: then, in the first result, make a,—1, 
d,=0, az=0; in the second a,=0, a,=1, a;=0; in the third a,=0, 
@,=(, €s=1. It would of course be more convenient in practice to find 
fia,adr, |} o,rdx, f}, w, 2dx, and to add the results; but for repre- 
sentation and conception of results, it would be desirable to have recog- 
nized symbols of discontinuity. These might be either made conven- 
tionally,* or obtained from the limiting forms of algebraical expressions ; 
thus I; might represent a constant which is unity whenever x lies 
between a and 6 both inclusive, and nothing in every other case. The 
ordinate of the preceding curve, (that in which value is continuous,) 
between xq and x=06, would then be J20,2r+I1) o, z+ IÈ w Ë: 
Again, y(y*) is =0 when 'y=0 if a be negative or 0, and =1 if a be 

positive. If, then, we represent 


ay te when y=0 by 00=—1+0-= or 0o*-" c= 


we have an algebraical symbol which is 1 when z lies between a and b, 
(both exclustve,) and O in all other cases. There would be no particular 
advantage in this symbol, which would certainly require conventional 
abbreviation if often used; our object here is merely to aid the student’s 
conception of a discontinuous function by showing him how he may 
accustom himself to its representation. 

If we further agree to denote by I; a constant which is unity when 
x=a, and O for all other values, then J2—I2—J? denotes a constant 
which is always O except when v lies between a and b, (both exclusiye,) 
in which case it is unity. 

In the theorem last proved, there is no occasion to suppose that dz 
is Continuous, and it is true whatever the limits may be: if x on one 


~ Peacock’s Report, p. 248. Dr, Peacock proposes xDa,_but D is in this work 
too often used in another sense, 
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side of the equation be discontinuous, so is @v on the other. And even 
if we imagine all the values of px to be unconnected by any law, save 
only that pv when v=a means the same quantity as pr when r=a, the 
theorem still remains true. If we then suppose the function œz to be 
=0 from r=—/ to z= (exclusive) to have any values from r=) to 
z= À (both inclusive,) and to be equal to 0 from x=) (exclusive) to 
x=1l, px will be given as here described by using $v, subject to the 
same conditions, in the series. Now in such case, it is evident that 


f t+ gv Pdv= f 41 bv Pdv, if P be never infinite; 


and it would actually be found by computation, if the series be con- 
vergent, that 
mr (4—v) 


1 l i oeoa 
z Jepo dot Z TE cos ———— « pv do} 


is =0 from r=—l to t=), =r from t=\ to e=A,, and =0 
from r=), to væ}: except only when z=A or A,, at which, A and A, 
being unequal without reference to sign, the values are not @A and ¢A,, 
but $A and 4¢A,, as appears from the process. But if A and A, be 
numerically equal, and have contrary signs, the value both for c=) and 
x=, is 4 (AHP). š 

Say that A=0 and A, =, we have then 


gr=z7 fige de 2 { Sicosm = (t—v). gv av} O (x)l 


(9). 
oa fi gud pa 2 Ti cosm = (c—v). ov av} —] (x) 0 
| ad L X l 
Change x into —z ın the second, then the restriction becomes 0 (x) l 


>. o B 2 
and the restrictions of both become the same, while . 


cos m 7 (x— v) becomes cos (- m 3 (x+ »)) or cos m 7 (t+v). 


Add and subtract the second equation, thus altered, to and from the 
first, and we have (extracting the constants from the sign of integra- 
tion) 


1 2 MEV MEL 
pr= F fope do+-T 2 Í fi cos ae gv dv. cos ah 


2 
l 

If l=, we have the theorems already proved, with something-more, 
as follows. When r=0, the preceding series (¢) are each =}¢0, so 
that their sum is ¢0, and their difference 0. But when v=}, each is 
equal to 4¢/, and their sum is gl and their difference 0. Hence the 
series for $x in cosines is true when r=0 and t=/; while in that for 
sinés the series becomes 0 both when r=0 and when xr=/, and con- 
sequently will not then represent øx unless p0=0 and pl=0. Thus 
we can now infer from page 614, that 

1 1 


1 
= see Ca eees = l h i ; 
zi tpt 5 which may be verified 


Sekaa Mr . MTI) , 
gr= 24 Sosin —- gv dv.sin a 
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m ete l a a a 

_—_ oo — — —_—_—— —— ——— —— ; a 

Q erage Og tori tera torro t ae 
1 a a a 


T 
= cotar = — ——— ——— — ——-.,., 
2 2a l—@ 4-a 9—æ 

Returning to the original formula, let mm : =w, whence in passing 
from term to term by alteration of m, we have ~: l= Aw. e have 
then ; 


gr=— igo dot ~ 3 { ticos w(x —v).ġv dv Aw}... .(A); 


which being true for all values of } is true at the limit when Z is infinite. 
Now fgudv in the first term may increase without limit with Z, and 
fov dv: 2l may in such case either increase without limit,t have a finite 
limit, or diminish without limit. If the latter be the case, which it cer- 
tainly will be whenever {*3gudv is finite, then, observing that w 
increases by continually diminishing gradations from 0 to oc, we have, 
by the definition of a definite integral, 


wpu= fo {sts cos w(r—v) pv dv} dw= fi ftzcos w (x—v) pv dw dv; 


a result which is usually called Fourter’s Theorem. We shall presently 
have to consider the proposed limitation further; in the mean while we 
shall see an apparent neglect of a corresponding limitation in every one 
of three methods which have been employed to verify it, or else an in- 
version of the order of integration. It is to be remembered that the 
theorem was obtained by integrating first with respect to v. 

1. Consider f f cos w(z—v).e-*’ gv dwdv. We easily find 


k te kvdv 
œ% 9 ‘aes. ~ kw ent 
focos w (x—v).e dw= a aay Gay and > a 


is to be determined. Now since & is to be diminished without limit in 
the result, we may, by reasoning similar to that of page 615, consider 
only that portion of the integral at which v is nearly =x. Let v=s—z, 
then the preceding becomes 


khz. dz k'x. zdz ane 
{FS -f Rage tte or @z tan a 


‘taking this from — œ to + œ, or from —ato +, as before explained, 
we find zz, which verifies the theorem, apparently without limitation. 
But what are we to say to this verification in those numerous cases in which 


* The student must particularly observe that the theorem in Chapter xix. does 
not necessarily apply to series deduced from discontinuous expressions, or from any 
considerations in which discontinuity is involved. 

+ The reasoning of Poisson neglects this limitation, though obvious enough, and 


Fourier makes a similar apparent error. Poisson makes f gvdv:2¢ always vanish 
when ¿ is infinite: Fourier has missed this term by writing a series P, cosg 
+P, cos27+4...., which should have been P +P, cosxz+P,cos2r+.... Both 
are certainly wrong in expression, though the remarks to which I shall presently 
come remove the limitation, and show the théorem to be universal. 
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dv dv: {k?+(v—2z)*} is infinite, taken from v=—a to v= +£? 
his question requires more answer than it can receive froin the pre- 


ceding reasoning. 
sin a (7—v (+"sina (4r—v 
sin @ (t—v) an sin @ (a ) 


L—V _» &—Dv 


2. {cos w(x —v) dw= dv dv 


is to be determined, @ being made infinite in the result. Let z=v—za™', 
which gives 


+>,° +2) 
sin s Z an? 
Z \ a Š R 


as will be afterwards shown. It is here assumed that since æ is to be 
made infinite in the result, all finite values of z produce no effect, while 
the infinite ones are compensated by the infinitely small value of sin z : z. 
But it is well known that 2~' does not diminish fast enough to compen- 
sate the increase of any function whatsoever. This verification I hold 
to be decidedly unsound, though its results are true, unless that meaning 
of sin œ should be admitted which has been already hinted at, and will 
hereafter be further discussed. 


(z=)? 


z ] a 
3. fi cos w (x—v) e dw=; Vie TE 


as will be shown. Multiply by ¢v dv, and make v=z+z. Then 
since Å is to diminish without limit, it is easily shown that the function 
to be integrated diminishes without limit, except when z is infinitely 
small; and reasoning as before, we have 


E fi K a"! h (a2) dz, or rd en d (z: Qk) 
2 \/ k. i ~y oi ° 3 
or Øz, since fe—? dt from t= — co to t= 4+ is yr. 

This seems to be subject to the same objections as before, for if dv 
increase without limit with v, when the latter increases positively or 
negatively, it may be that the conversion of (z+2z) into @z is not 
allowable. I now go on to point out what I conceive to be the manner 
in which the theorem is to be proved; and I do not regret the space 
apparently wasted upon the incautious phraseology of some of the 
analysts* to whose brilliant labours we owe these truly remarkable 
views, because the preceding considerations will serve the better to 
enable the student to see this new point of the integral calculus, nothing 
approaching to which has appeared in the preceding part of this work. 

Returning to the expression (A) (page 619), first observe that 
fA, da.a,+ fA, da.t+..+, or È (fAda.z) is identical with J (Arti 
+A. T+...) daor f (ZAx).da, provided only that £,, x. &c. are 
independent of @. Write the expression (A) in the form 


* The greatest writers on mathematical subjects have a genius which saves them 
from their own slips, and guides them to true results through inaccuracies of ex- 
pression, and sometimes through absolute error (see that of Legendre, page 595). 
But their humbler followers must not permit themselves such license, and those 
above all who write for students must correct that as an error of reasoning, 
which, in the guide they follow, was little more than an error of the pen, 
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1f {4Aw cos. 0 (1—v) + Aw cos. Aw (1—v) 
—l 


+ Aw cos, 2Aw (r-t) +....} ¢v dv=@x. 


This expression is absolutely true for —/ (x) l, whatever the values of 
l may be, and the series it contains is the limit of a set of convergent 
series made by diminishing & without limit in 


4 Aw cos. 0 (t—v) ` ek Av Aw cos. Aw (x—v) P eka 


-++ Aw cos. 2Aw (r—v). ETAL, 


Let k have any positive value, however small, and let the preceding 
be multiplied by ¢v and integrated with respect to v, from v=—l/ to 
væ +l; that is, from v=— (r: Aw) to v=+(7: Aw); and, if z lie 
between these limits, the result will be as near as we please to Øx, if k be 
taken small enough. Since the series is convergent, this might be veri- 
fied by actual arithmetical operation. Now since the individual terms 
of the preceding diminish without limit with Aw, any one or more of 
them, in fact any finite and fixed number, might be erased or altered in 
any finite ratio, without affecting the result. If, then, in the first term 
we change 4 into 1, (or if we erased the first term altogether,) the limit 
of the result, when Aw is diminished without limit, is strictly 


1 (tro 7? ; 
= J cos. w (x—v) .e~” pv dov dw=pt+ a, 
0 


where @ and k are comminuent. Diminish Å without limit, and we have 
Fourier’s theorem as given. 

Now for the first verification (page 618). If we begin by integrating 
with respect to w, we have, as before, f cos w (x —v) E dw=k: 
(k? + (a—v)*), which vanishes with k, or is =0. Consequently, com- 
pleting the process, it ‘might appear that we must have [0.@udv (from 
— co to -+c), and divided by ~r, or 0, for the result, even though 
fov dv were infinite. But here it must be observed that if an integra- 
tion with respect to v is to follow our last conclusion, we are not entitled 
to say that k:(k°+(v—z)*) always vanishes with k. Among the 
coming cases to which this conclusion is to be applied is the case of 
v=x; in this case the preceding fraction, instead of vanishing, becomes 
infinite. But this we have gained, namely, that we have a right to use 
the results of R=0 as to every value of v except v=x, or infinitely near 
tox. And we might have applied all this process to the series before 
Aw diminished without limit, or / increased without limit, as is actually 
done in page 615. Hence we have no occasion to consider more of 

tak ov dv: (k2+(r2—v)*) than is involved in those values of v which 
are infinitely near to w. The rest of the verification need not now be 
repeated, ) 

In this theorem of Fourier, as well as in the formula from which it 
was derived, Px and ¢v may be discontinuous. The same thing may be 
said of the formule in page 617, or of their particular cases in page 614. 
We shall now ask what these last formule represent for other values of x 
not included between 0 and /? If we write them thus, 
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l 2 

z ¢t=2 Bot B, cos “+B, cos Then (0, 7, T); 
l ; , Qn. 

aor M sin THA, gin Ees 0 (x) T, 


MTU 
l 
we see that while v changes from 0 to 2/, mv :} changes from 0 to 2r, or 
completes a whole revolution; and the same while v changes from 2/ to 
4l, from 4l to 6l, &c., or from —2/ to 0, from —4/ to — 2., &c. From 
the periodic character of the series, it is plain that the values of one 
interval recur in all the rest; now in half the interval, from 0 to Z, 
lpr: 2 is the value of the series; what is it in the other half, from ¿ to 

21? 

Since sin (2mx—z)=—sinz and cos (2mr—z)=cos z, it is obvious 
-that if we make either series the coordinate of a curve, and measure 
equal abscissa from the beginning of the interval 2/ forwards, and from 
the end backwards, the ordinates will be altogether equal in the series 
of cosines, and equal with different signs in the series of sines. For 


Baz fy $v cos 


~. MIV 
dv, An=Joguvsin ai dr. 


sin m — (2l — v) = —sin To, cos m- (2l—v)= cos Sv; 


so that all the terms of the cosine-series remain the same, and all the 
terms of the sine-series only change sign. If, then, OL=LL,, &c.=—/, 


and if lpr: 2 be from x=0 to z=1, the discontinuous curve ABCD, the 
cosine-series is always the ordinate of the upper figure, and the sine- 
series that of the lower. According to the last investigations, however, 
(page 617,) the points A, D, E, F, &c. in the lower figure do not belong 
to the series, but the conjugate points O, L, L,, &c. take their places. 
But if we took for ordinates successively A, sin 0, A, sin 0 + A, sin 20, 
&c. (0=nx:1), we should have a set of curves which perpetually 


~ 
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approach to the continued line ABCDLDEL,E, &c., and all the lines 
DLD, EL,E, &c. form parts of the limiting figure. ; 

Let it be required, for instance, to find the equation to a set of simple 
isosceles slopes, as dotted in the upper figure. From z=0 to r=4l, 
let y=aæx ; then from r=} to z=l, y=>—a (x —D), or a (I—2z). We 
are then to find 


$l 
Bn af” av COs do 
0 


Q 7 
== (2 cos = —1—cos m= 
which is —4ql?:m*x* when m is of the form 4k+2 and O in ever 
other case; except only when m=0, in which case it should be tai, 
Hence, multiplying by 2:/, and putting 4B, for the first term, we have 
for dr the.ordinate required, 


ya _ Sal (= Pedal toos e+. D .\ 


l 
do+ f ado) cos —— dv 


2? l 6? 


Verify this when x=0, r=4], and x=}; and also verify the differ- 
ential coefficient by page 608, showing it to be æ from r=0 to <=, 
and —g from x==4! to r=l. 

By the same process which gave Fourier’s theorem, the equations in 
page 617 may be made to give 


2 2 tO 
grat | | COS wv.cos Wr. Hv dv dw 
TJ od 0 


2 œ [<] 
=- — f f sin wv sin wx du dv dw; 
T e/ 0: 0 


the first of which is true when r=0, but not the second, unless ¢0=0. 
Both are true for all positive values of x: and if x be even, the first is 
also true for negative values, and if x be odd, the same may be said 
of the second. 

Poisson has applied the fundamental equations 


+ +! 
al ov d+ — ai co se gu dol —Il(r)l 
— -l : 


+ a+ = 
ipto Dj ov ees ‘| ee godo] 
2! —l l —l l ‘ 
in many remarkable ways, from which we select two. 

Let the function employed, which for any thing to the contrary im- 
plied in the demonstration, may contain / as well as z, be p (7+/-++ 2kl), 
k being O ora positive integer. Let v+/+2kl=z, then the limits of z 
(answering to v= —/ and v= + }) are 2kl and (2k+2) /, and we have 


l 2kl+2l 
$ (e+ b+ 2h!) = Pz dz 


2kl 


+5 = ff — 1)" cos = > $2 det ~i (2) t; 
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ee k 231 
since ae = me ea) (2k-+-1) mr + —--— 


Take k successively =0, 1, 2, &c., and add the results, which gives 
p (e+) +4 @+3/)+¢ (44+5/)+.... 


LR TiS (em mT (4-2) 
=3{ ved Bf 1) cos —;— hz dz?. 
But if c=/ or —l, the preceding expression represents 


3 (90+ $2/) +4 (92/-+94/) +..-..; or 460+4621+44/+.... 


For l write 4l, and we we 


$0494 9214... = 490+ fipzdz +2 E | fi cos 2er 


mr (2—2) 
l 


~ oz dz =} (A). 


By using ¢(2+2kl) instead of (x+l+2kl), the following may be 
deduced from the previous results of Poisson, 


mr = mr (1—2) 


prte (1+2) +... =z Sugd +7 +52 3 { f2 cos pz dz} 


which, when z= —/ or +2, becomes $¢ (—/) die : 


or—o (x +l)+9 (e@+2l)—... =e ftge dz 


+72 {feos EP gz dz 


Peara PRED EEK) 6 aah 
If in the expression for ¢0-+@1+ &c. above given, we change the sign 
of l, and add, we have 2¢0-+4/+ 9 (—!) +9 (2/) +9 (—2)+...=90, 
~-¢ (—/)+¢0-+-9l+ .. . =0, which verifies the theorem in Chapter 
xix. And if in the last result we change the sign of / and add, we 
have 


oo —h (2-1) 4262-6 (1+) +o (4+2l)—... 
+7 zf {cos “ee pz shai Px, 


or cenit tte oF 


which is another verification of the same. 
To verify one of these formule, take that for 60+¢/+....and let 
g@z=e*. Then i es cos Pi : l) Qz dz=Ľľ : (2+ 4m? r?) gives 


i 2 
l Pa z% ee ©@e . 

EE ge 3+7 + (aa HITE eat ) 
write (l1—e~")~' for the first side, and show that this agrees with the 
series deduced in page 612. 

Again, multiply the formula for 60-+@/+.... by 2, then forl write 
2l, end subtract the original equation. This gives 
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$0914 $2I—.. = 240-47 zif (cos -7 eos — ) dzae} (B). 


The second application may be made to have reference to the following 
point. We have now gone. through a number of new and strange ex- 
pressions, involving the remarkable new form of an integral which has 
only instantaneous values, a term, the meaning of which the student 
will see if he understand the preceding pages. The following must be 
made to furnish verification, or something to show that these unusual 
expressions have some affinity with others. I shall now point out, for 
this purpose, not only how to recover the theorems in pages 266 and 311, 
but to complete the conception of them, by giving values for all the 
rest of the series they contain, from and after any given term. 

In (A) make Ø (nl+2z) the subject of the equation, whence we find 
for the value of the series % (al) +6 {(n+1) U}+6{(n+2)l}+.... 
the following : 


sind 7 Soo (alts) det F EA Socos ET o (nl +2) de} 
à 


l oe “=. b 2mr (z—nl) E 
or gonty fu Gz dz + 7 2 Í ficos 7 zdz}; 


in which remember that 2mr (z—nl):l and 2mrz:l have the same 
cosine. Subtract the preceding from (A), which gives 


POTD ose +Ø (0—1) I= (G0—Gnl)+— frida de 


2 2rmz 
+Z gify cos 7 bz dz}. 
Now integrating by parts, we find 
} — '0 
fc COS Az. Pz an A — fi cos az. Qz dz, 


if ka be a multiple of 27. Carry this on, meaning 2rm :} by a, and nl 
by k, remembering that m and n are whole numbers, which gives 


i) Pe 1B oy (2e— — A(ze-1) 
pk po ġ k—ġ Di 4+? Dk — H-0 


a as esveve = az’ 


ficosaz pz dz= 


ee | 
+ fi cos az ¢@z dz. 


Substitute 1, 2, 3, &c. ad infinitum successively for m, write for a 
and k their values, and add, making S,=1-"+2°-"+3-"+.... This 
gives 


1 ] S 
$0+Gl+...+9(n—1) l=-- f3' dz dz:—5 (dnl 40) +> (¢'nl-9'0) 
S, Z S,, [2-1 
-A ("nl—=p" 0O)... tt (pe nl — f&-"0) 


ay ae. Qrmz 
+ jee 2 (em pez dz l, 
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For Sọ» S,, &c. write the values deduced in page 581, and we then 
see the theorem in page 266, § 69; that is, if in that theorem we make 
Ya= Pn, we have what the preceding becomes when /=1. And we here 
sec more, namely, that all the rest of the series, from and after any term, 
can be represented by a definite integral; and from that definite integral, 
that the error made by stopping at the term which contains Se, (inclusive) 
is not, generally speaking, so great as that term itself. For that error 
is the definite integral last mentioned: throw out cos (2rmz:/), and we 
certainly get a greater result ; for by so doing we not only increase all the 
elements of the integral, but we make them all of one sign (that is, if 
oz be of one sign, from z=0 to z=, as almost always happens). 
Hence the error in question is less than 


pr! : l s Soe pe~ TET a 
i (2 =e) So lz dz, or than pe f penl — p0}, 
which is the last term included. And even though ¢‘*? should change 
sign between the limits, yet if A, be a constant quantity numerically 
greater than any value it has between the limits, it is easily shown that 

the error is less than 
ae nl” 
purine Ste fo Ade, or than ppm ote So. A. 

Again, the above series gives the definite integral fë zdz in terms of 
L(4y0+-9l/+....+9(n—1)l+4¢nl) and diff. co. of gz, so that 
approximation may be made by it to a definite integral in a manner re- 
sembling that of page 314. 

The series (B), page 624, might in like manner be made to give the 
series in page 311, but most easily by writing for the integral its equiva- 
lent form 


i mre Inr2\ i | œ mrz / l z\ 
cos ———cos zdz= | cos— ( dz—— ġ— !dz. 
J iN th l ) 0 | / 


I here finish the account of the manner in which periodic integrals 
are made to connect the mathematics of continuous and discontinuous 
quantity ; but itis still necessary to make a few remarks upon the very 
new species of results at which we have arrived. 

The impression which ordinary algebra leaves upon the mind of the 
student is that he has been studying the science of continuous quantity, 
represented by expressions which always vary according to regular laws. 
And he learns to imagine that every equation which is true for all values 
of a variable within certain limits must be true for all other values. The 
first exception to this rule occurs in the passage from the arithmetical 
to the algebraical view of series, in which we see that a series, as 
1+2°+2°+...., may be the representative of the arithmetical value of 
a function, (l—«)~', when < lies between —1 and +1, and infinite in 
every other case. We soon learn, however, that the series still retains 
all the algebraical properties of the expression to which, when finite, it 
is an arithmetical equivalent; so that the use of the series for the finite 
function is allowable. A series of the form a+b2+ca2+.... seems, 
if I may use the expression, to escape discontinuity by having recourse 
to divergency (pages 230—234) : and evenin series of other forms, those 
which can become divergent, or as near divergency as we please, never 

2S 
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are discontinuously connected with different functions; that is, never 
represent one function for a value of x between one pair of limits, and 
another for values between another pair. And by a series as near 
divergency as we please, I mean one which cannot diverge, but of 
which any given number of terms may diverge, such as the development 
of €. But if we take a series which never diverges, nor appears to 
diverge, we almost universally find (as in page 230) that discontinuity 
is the result.* Sometimes, however, discontinuity is more apparent 
than real, and of this character is all that arises from the introduction 
of (— 1)”. Thus an odd number of terms of 1—r+a8—....+2"1 is 
(1+2"):(1-+2), and an even number is (l1—2"):(1+z2z): both are 
represented by (1 —(— 1)" z"):(1+ 2). There is here no real discon- 
tinuity: if we suppose 7 to vary continuously, and write the preceding 
expression with the numerator 1—cos 27.2", we find a perfectly con- 
tinuous change ; for instance, from 1—.2* to 1+ x5, when n changes from 
4 to 5. 

In the theorems we have just left, however, we see the most complete 
discontinuity, not obtained by any new or arbitrary process, but fairly 
derived from the limits of continuous expressions. Some notion of the 
manner in which this arises is given in page 615, but as it is most 
essential that the student should fully see the meaning of such expres- 
sions as we kave obtained, I now enter more at length into that matter. 

Through any given number of points (page 231) a purely algebraical 
curve can be drawn; from which it is possible to draw a curve which 
shall (page 621) from r=0 to x=}, resemble as nearly as we please 
the discontinuous line ABCD. The reason why it is more convenient 
to take a series of sines or cosines appears in page 610, in which it is 
shown that the actual determination of the equation of a line passing 
through the contiguous points is easy when compared with the cor- 
responding purely algebraical process. And if by a finite number of 
terms in the ordinate, we can make a curve as nearly coinciding with 
ABCD as we please, it follows that by increasing the number of terms 
without limit the infinite series thus attained actually represents the 
ordinate of ABCD. This series is one of sines or of cosines, at pleasure, 
and having noted that hitherto series which are always convergent seem 
to be those which are discontinuous, it may be interesting to showt that 
all the series of sines and cosines to which we have come must be con- 
vergent. Their coefficients are all of the form fjcosragrdx and 
f ssinrg oz dx, and these must diminish as r increases. For if these 
integrals were so taken that the negative elements should be made positive 
and all added together, still each would be less than fy ¢zrdz, since 
cos rz and sin rz never exceed, and are generally less than, umty. But 
in the actual integration, there are successive positive and negative por- 
tions, the balance of which is the integral required : moreover, the larger 
r is, that is, the more rapidly rx goes through a revolution, the more 
nearly equal is each portion, numerically speaking, to those which are 
contiguous. Hence the integral is in each case of the form A,—A,+... 
+A,, in which A,+ A+ »» » . +A, cannot exceed f3 px dz, and A,, As, 
&c. all diminish, approaching to equality, as n increases. Hence 


* The preceding sentences contain matter of observation, not of demonstration. 
t This is a mere sketch of a proof, and requires some enlargement, but matters 
of more importauce prevent me from giving the requisite space. 
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A, +A,+ &c. and A,+A,+.... are finite quantities, always remaining 
finite, and ultimately equal, or A,A—A,+.... diminishes without limit. 
With regard to the signs of these integrals, it is obvious that when r is 
even, rx goes through a complete number of revolutions from r=0 to 
x=; and when r is odd, through a complete number of revolutions 
and half a revolution besides. There is no reason to assume, then, that 
f cos rz.ġx dx and f cos (r+1) x.pxdx must have the same signs 
when r is great; but by the law of continuity fcosrz.¢rdzx and 
f cos (r +2) x.x dx are obtained in the same manner, and must at last 
ave the same signs. Consequently the only series we need examine 
are of the forms A, cos r+ A,cos 2r-+... and A, cos r—A, cos 2r+..., 
and the same series with sines, it being supposed that the coefficients A,, 
As, &c. begin to diminish without limit, sooner or later. Take any case 
of these kinds, and suppose x any quantity commensurable with r, say 
mr:n, and owing to the recurrence of the values of sin rz and cos rz, 
it will be found that each series can be subdivided into two other series, 
each consisting of alternately positive and negative diminishing terms. 
If we now take the curve whose ordinate is (1—p*) {1 —2p cos (1—v) 
+p*}—' to the abscissa v, 2 being a fixed quantity and p<, we shall 
find it to consist of a series of similar undulations on the positive side of 
the axis of v, the least ordinates, answering to v=x t (2m+1) r, being 
each = (1 —p):(1+> p), and the greatest ordinates, answering to 
v=x t2mr, being each =(1-+-p):(1—p), as in the figure, in which 
OX=z2. If 1—p be exceedingly small, 
the ordinate is everywhere small except 
when cos (x—v) is very nearly =1, in 
which case the denominator is also very 
small, and much smaller than the nume- 
rator. If we find the area of this curve 
from v=r— r to v=x-+ r, or indeed from 
v=a2—k to v=2r-+h, provided k be sen- 
sibly less than 27, we see that (1—p being very small) no portion of the 
abscissa contributes sensibly to the area, except for values of v very near 
to x. Let 1 -p diminish without limit, and the curve becomes more and more 
near to the axis of v in every part except where v=x nearly, so that the 
limit of the curve is the axis of v and the positive parts of a set of straight 
lines perpendicular to it, at distances c£2mzr from the axis of y, m being 
any whole number, 0 included. The whole area seems to vanish, but it 
is not so in the formula, for on examining, as in page 615, the value of 
fydz, it is found that the diminution in breadth of the parts adjacent to 
v=x+2mr is compensated by the increase of the ordinates, so that 2r 
square units are left as the limit of each portion, one portion being from 
v=z+2mr—r to v=r+2mr+vr. If a new curve be formed by 
multiplying every ordinate of the preceding by qv, the nature of the final 
limit will not be altered as long as qv is finite, and the limit of each portion 
_of the area above described will be 2r x square units. Hence the theorem 
in page 615, and also the reason why extension of the limits gives sums 
in page 623. When we suppose x to vary, we pass in thought from one 
such system of undulations to another, and there is no reason why x 
should vary continuously, or why ¢z should be a continuous function. 
We are thus able to lay down the formula for any ordinate varying con- 
tinuously or discontinuously, within the limits s—r and r+7. By 
using s (v—x):l, we are able to introduce the limits r—é and x+l. 
282 
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Finally, by increasing 2 without limit, we arrive at Fourier’s theorem, 
an expression for any ordinate varying continuously or discontinuously, 
in any manner whatever, from z=— œ to =+ œ. I now show how 
that theorem furnishes a complete and natural expression of discon- 
tinuity of any kind. 


We have g2=2 "fo dw { f*3cos w (v—z) $v dv}, 


where $v may undergo any number of changes of law, and $x would be 
found by actual calculation todo the same. Let us suppose 6v=0 from 
v==—c to v=a; dv=wWy, a continuous function, from v=a to v=b ; 
and dyv=90 fromv=btov=c. Obviously, then, that part of the first inte- 
gration which is made from — œ to a gives nothing, and the same of that 
from b to œ ; whence a and 6b may be substituted for — œ and + œ, and 
we see in {> dw {ficos w (v—2).v dv} a function which is yv from 
v=a to v=b, and 0 everywhere else. But at v—a@ and v=), it only 
gives 4wa and 3wb, Thus,if yv=l1, we find that 


a 1 f ) 
= f wl OOo 
N 1 (“sin (6—z)w ayl r sin (a—a) W gy 
TJ 4 wW To w 


is 0 from v=— & to r=a, 4 when r=a, 1 from x=a to x=), 4 when 
x=b, and 0 from x=6 to r= : a prolixity of expression which might 
be more briefly, and sometimes usefully, represented by — œ (0) a (4) 
a(1)5($)6(0)o0. And if we would express that the function is 1 at, 
as well as between, the limits æ and b, we might write it thus, — œ (0) 
{a(1)b} (0)œ ; or perhaps — œ (0) (a, 1l,b) (0)œ might be prefer- 
able: the value of the function being in all cases in the middle of a 
parenthesis, and limits being written outside or inside the parenthesis 
according as they are included or excluded in the description. 

The preceding expression may be actually verified, either absolutely 
by analysis or approximately by computation, for both the integrals are 
finite and convergent. We shall presently arrive at the result fọ sin kw 
dw:w=-+4n, or —47, according as Æ is positive or negative. Now, 
a being the less of the two quantities, k is positive or negative in 
both the preceding integrals, according as x is <a or >b: these 
integrals, then, destroy one another. But if r>a<J, the first is $7 
and the second —3z, so that we have +} {4r+3r} or ]. And when 
=a, the second vanishes, and the first is + '.470r 4; when r=6, the 
first vanishes, and the second is —*~'(—4r), or also 4, whence the 
result is verified.* 

Observing that in z~ f; dw { f2cosw(v—x) .dv dv} we can always 
construct the expression when $2, a, and b are given, we may denote it 


* It will thus appear that the verification (2) in page 619 shows the force of 
the theorem exceedingly wel]. It was first seen by the late M. Deflers, professor of 
the Bourbon College: and Poisson has shown his opinion of this verification by 
citing it whenever he proves Fourier’s theorem, which he does in four or five 
different places. But the defect alluded to in page 619 cannot be denied, and I 
have no doubt that sin z:z should be said to make the function integrated vanish, 
not merely because (œ )~ vanishes, but because sin (œ ) is of the same dimension 
as e->, 
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by F} zr, and $x Fil is an equivalent of this. If, then, we wish to ex- 
press a function which is $x from a to b, Yx from b to c, yx from c to 
e, &c., &c., we have it in Fi ġr+Fi yr+liya+...., with this excep- 
tion only, that =a gives 2$a, t=) gives $($b+Wb), =c gives 
4 (yc+xc), and so on. 

To take another example: suppose it required to:find a function of x 
which is =z from «t=O to r=1, and =0 everywhere else. First we 
have 


cos w (v— x) 


v. 
f cos w (v—z) cdy=— sin w (v— z) + 7 


3 


1 Tio l 
from which a | dw { cos w (v—z) vdv l 
0 0 
l { = wW (1—z) 4 £08 w (1 — x) — cos wr 
0 


T 10 w? “pdw; 


e—a 
— 


cos (1 — x) w— cos rw cos (1 — x) w—cos rw 

and f co ee OM peel dw= PEERS ea at es 
w 
l — x) sin (l — z) w—rzr sin zw 

and the first term vanishes at both w=0 and w=c. Hence if P, 
denote r—'fsin kwdw:w, we find for the function in the second line 
(which Fourier's theorem shows to be that required, and which we are 
now verifying) 


Pi-s— (1—1) P,_,+2P,, or z (P,+P,_,). 


If x<0, P,=—}4, and P,_,==4, or the preceding vanishes; if 
x=0, it also vanishes; if 7>0<1, P,=P,_,=4, or it becomes =z; if 
z> l, Pi--=— 4, P.=4, or it vanishes again ; when z==1, P,=4,P,_,—0, 
or it becomes 4c or 4. The geometrical explanation of this is as 
follows: if we take the curve whose equation is, for any point (x, y), 


l 2 Q A. 4 


© L 
=+ f e dw if COS W (v—a).vdo}, 
TJ o. 0 


k being a small and positive quantity, we should find it to have a form 
resembling 1 2OCB34: the smaller k becomes, the more nearly does 
OCB coincide with OB, and B3 with BA, while the undulations preceding 
and following diminish without limit in every ordinate. Finally, when 
k=0, the limit of the curve is the dark line 10BA4, but when 
x=0A =], the formula does not become indeterminate, but gives only 
4A B, whereas every point on AB is in the limit of the curve. This is 
by no means the only instance where, when one side of an equation takes 


an indefinite value, the other gives the mean of all the values denoted by 
the first. 
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I now proceed to another branch of the subject, namely, the transform- 
ation of integrals which arises from giving impossible values to con- 
stants contained in them. It is a matter of some difficulty to say how far 
this practice may be carried, it being most certain that there is an exten- 
sive Class of cases in which it is allowable, and as extensive a class in 
which either the transformation, or neglect of some essential modifica- 
tion incident to the manner of doing it, leads to positive error. It is 
also certain that the line which separates the first and second class has 
not been distinctly drawn. The best plan will be to examine some cases 
of the transformation, both in their results and in the verification of 
those results, taking those instances which are valuable in themselves as 
the subjects of examination. 

Let us take fọ E7 cosbaa*'dx and fọ E% sin bx x"“'dz, where a 
and 2 are both positive, and b is a real quantity: these integrals 
must then be finite. Now {56 a- dr=p Fn gives as follows; 


let 'g=,/(a°+6*), O=tan™ (b: a), 
then fo CPN a de= {a th A (—1)}". Fn 
=r {cos n0 Ẹ sin n9 Y (—1)} Fn; 

whence, adding and subtracting the two equations here written, and 
dividing by 2 and 2,/(—1), we find 
I'n.cos {n tan (5: a)} 

[We  ” 
I'n.sin {n tan™ (b:a)} 

{v(e 

These results can be obtained without the introduction of ./(—1), by 

a process similar to that in page 576, and can each be verified in two 


distinct ways by differentiation. Let the first of these be C,, and the 
second S,, which gives 


fo E7 cos bz a" "da= 


fo e7 sin ba a" "dr= 


dC, dC,, dS, n dS, A 
db = Satis a T = Cris he Cris da = — Sao 


We might verify either of these, but the following will be better. For 
a and b write rcos@ and rsin 90, and taking r positive, then cos @ must 
be positive, since r cos 0=a. We have then 


cos... cos 
cer sin (7 sin 6.x).2"""dr=r"In sin (79) 


“=r sin 6C,,,—r cos 08,4, 


do 
T 1 
{sin 0 cos (n+ 1) 0—cos 6 sin (n+1) 0? oer 


=-—nI'nr “sin n0, the same as from the second side of the equation. 
In a similar way, dC,:dr, dS,:d0, and dS,:dr might be verified. 
Consequently, if the two sides of the preceding equation differ at all, it 
must be by a function of n and constants not depending on r and 0: 
but this cannot be, for in such a case C, and S, would not be reduced to 
fea" dx and 0, or r-"Fn and 0, by making 0=0; to these they 
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are reduced as the equation stands, but would not be if a function of n 
were added to the second side. 

What value of @ is to be taken, of the infinite number which satisfy 
rcos@=a,rsn6=6? It must beof the form 2kr+6,, 6, lying between 
—47r and +42, for otherwise cos@ would not he positive. When n is 
integer, it matters nothing what value of k is taken, the sccond side not 
being altered by any change of k from integer to integer; when nis 
fractional, the case is different. But the integrals must be reduced to 
r” Fn and 0 by sin 6=0, whether n be whole or fractional, but in the 
latter case 7-"F'ncos (2knx+7n9,), which becomes r~” Fn cos 2knz, is 
not so reduced unless kn be a whole number, in which case 2knr may 
be suppressed. Consequently, 0, is the value required, or 0 must lie 
between — 4r and +4. 

The following are remarkably particular cases, and deductions from 
them: b is supposed positive. 


Jo cos bx. adeb Fn cos hn, fosin bz.2*'dx=b-"Tnsin ine 


n+l 
{> cos ba”. 2" dx a br” F (= 1 cos eS : r) 
m J l J 


m 2m 


fam e m n 7 ger A T. N T\ m n+l N 
Jo sin ba". z dx =b EA a PO am T) 


Write Fn sin $nz in the form F (n+ 1) {sin ġnr:n}, and let n diminish 
without limit. 


u 


in b 
J, = ma, [SE dem ber (pages 572 and 626), 
0 0 


Let n=1, which gives fjcosbr.dr=0, fosinbrdr=b7', results 
already noticed. 

If all the preceding process be carefully examined, it will be seen that 
there is nothing in the change of possible into impossible quantities 
which either makes the subject of integration become infinite between 
the limits, or prevents us from expanding the possible form fe~* e .z"dr 
into an infinite series, then making 6 become b,/(—1), and concluding 
that the result is identical with the impossible form. But if the change 
should make the subject of integration infinite between the limits, it is 
by no means to be inferred that the results of the change are true. 
Again, if the change should turn a convergent series into a divergent 
one, in the subject of integration, it is not to be inferred that the results 
will agree after integration ; for it has happenedt that ‘discontinuity is 
introduced by the integration of divergent series, and there are no means 
of knowing when this happens, and when it does not: 


Thus figrdr=(ft — fi) prde= f; {o (x+a)—¢ (x +b)} dz. 
Write kx for x in the last, which does not affect its limits, and we have 


Sida da=kfe {b (kr+a)—d$ (kr+b) } dz. 


* It is obvious that a change of sign in b changes the sign of the result. 

t One of Poisson’s objections to divergent series (Journ. Ec. Polytech. Cah. 19, 
p. 484) turns upon this point. It seems to me that the objection here is not to the 
divergent series, as such, but to inferences drawn from its integration. 
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‘ Let k=,/(—1), and first let þr=s", we have 
fo (ete etv) da=(e*—2') { focos dr +y (—1) fisin dr} 


=,/(—1)(e"—e"), and this multiplied by y(—1) gives #—e, the 
obvious result of fox dx from z=a to =b. So if we take 


’ dx p a ] l l 
T g =H Df. EEEN CAN (6+ 2 /(—1))°) ons 
we should find a'—b7' as the result of both sides. But let us now 
apply k=./(—1) to the theorem [> prdr=k f, $ (kz) dx, where $z is, 
say (1 +322). We have then te (1+2°)"'dr=J/(— 1) fo (1—a*)“"da, 
an equation which we cannot either affirm or deny, since the subject of 
integration in the second side becomes infinite between the limits. 

I now proceed to give some account of the methed of considering 
such integrals proposed by M. Cauchy. Let (1~2°)"=V, then 
fo * Vdz=} log (2Q—k)—4 logk, a calculable result, however small k 
may be: and Jin Vdr=3 log l—2 log (2+/), also a calculable result. 
Hence f Vdr from 0 to œ, with the exception of the part from 1 — k to 
1+lis Slog (/:k) —4 log {(2+/):(2—4)}, of which the latter term 
diminishes without limit with Æ and 2; but the former entirely depends 
on the ratio in which / and k vanish. If we now take the part from 
1—k to 1+., we find it to be 4log (—k:1)+4log{ (2+2) : (2—h)}, 
which, if 7 and k are diminished so that &:l has the limit a, has log 
(—a) for its limit. If æ=1, this becomes 4 log(—1), or 4 (2n+1) 7 
/(—1); and if we multiply by ,/(—1), which gives —(2-+-4) r, one 
of the values so obtained (for n= — 1) certainly is f ẹ (1+.2°)“ dr, or $r. 
But, at the same time, we cannot form a distinct idea of f ite Vda by 
summation, as in page 100, because V becomes infinite when r=1. 

If ¢x become infinite when r=a, and if (x—a) Oz be then finite 
and =A, the value of f3t; px dz, or 


att dx woth dy { l 
We bx (x—a) eee must approach to a| ea. or A log F i) 


as k and J diminish without limit: that is, assuming the ordinary rule 
of integration, in spite of the infinite intermediate value of (t—a)—. 
In the same way, if Y (x—a).p(xr—a) be finite and =A when r=a, 
wa being the dimetient function (page 324), which satisfies this con- 
dition, Af(yr)~"dr is the limit towards which fgxdx approaches, 
under the same extension. Many results may thus be obtained, and 
many incontestably true, but all labouring under the same difficulty, 
namely, the want of definition for f t þprdr, when dr becomes infinite 
between the limits. It will certainly not do to define it as ọp,b— ġa, 
where ¢’.r=@7, for such a definition would give the same result, no 
matter how many times x becomes infinite between a and b, which, in 
the developed theory to which we have alluded, is not* always the 
case: and the summative definition of page 100 is unintelligible. 

There are, however, some results obtained with reference to this 
subject by M. Cauchy, which, though not quite complete in their 


* M. Cauchy has shown, as in the results we shall presently obtain, that every 
place in which the subject of integration becomes infinite gives a term to the 
result, generally speaking. 
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fundamental explanation, ought not to be omitted. A function of the 
form Ø (a+0) — (a—8@) is continuous, and vanishes with 0, when ġa 
is finite: but if da= oc, there may be an evident discontinuity. Thus 
log (a+ 6)—log (a—@) vanishes with 6, except when a=0, in which 
case it is Jog(—1) for all values of 6. If, then, we have ftr a~ dz, 
which represents the area of an hyperbola from z= -m to r=n, we 
find log n—log (—m), which can represent no area. But if we remove 
the portion fts ~ dr, 0 being infinitely small, we also remove that dis- 
continuity which, though essential to the function, has no geometrical 
interpretation. We thus get log n—log (—m) —log (—1), or lug (n : m), 
which is algebraically intelligible. Thus, if n=m, we have 0 for the 
area, which is visibly true, since its positive and negative portions are then 
absolutely equal. But if, instead of removing the portion from —@ to 
+9, we had removed f{*¥,a~'dx, pand y being any given finite quan- 
tities, we should have had log (vn:ym), which we may make any- 
thing we please. It seems, then, that if we wish to accommodate 
our notions of før dx, when pra between the limits, to those which 
we derive from applications, we must consider {x dr as divested of the 
part fits øx dr, where faa. And if (x—a) dz be finite and =A, 
when =a, we find, as before, Alog (—1) for the effect of discon- 
tinuity which is to be removed. When this result of discontinuity has 
been removed, M. Cauchy calls the remainder the principal value of 
the integral. Now, if the limits of the integral be z, and 2,, and if from 
fiigrdz, we remove the portion f3t$ġx da, there remains {35° or dz 
+ f2..¢rdx. If the portion removed, namely, [2t} dz dz, diminish 
without limit with 0, then the limit of the remaining part is [2 pzdr. 
But if the part removed have the limit L, then /2@xdx—L, and not 
fix dz, is the value of the portion of area of the curve y=¢z. 

Leaving for a moment the case in which the subject of integration 
becomes infinite, take the identical equation 


dz dz dz d dz d Fo dz’ 
‘2 — — =— | fz — J = — — 
fe dx i i drdy dr (y T) dy G Ta) 
and integrate both sides with respect to r and y, namely, from z, to x, 


and from y, to y. Let z=y(a,y), and let wand y, denote results 
of differentiation with respect to x and y. 


J: SA7 (7, Yı) y'(r, Yi) — fY (2, Yo) yl (zx, Yo) } dx 
= vò ify (Ti, y) Ye, (a, yy—fy (To y) W, (% y)} dy. 


This equation* is absolutely identical, whether the function be pos- 
sible or impossible, for any degree of approximation may be made to it, 
as in page 289, and the first side represents the limit of a process which 
consists Jn summing rows and adding the results, each one in the row 
thus becoming a column, while the second consists in summing the same 
columns, and adding the results, each number in a column thus 
becorning one of the first rows. Thus, if Y (2,y)—2+y,/(—1), we 
have (k=,/(—1)) | 5 ao” a 


SBAS +m hf Caty k)} dc=kfR {Ff (rityk)-f(aotyk)} dy (1). 


* This should be called Cauchy’s theorem, on account of the results which that 
eminent mathematician has deduced from it, 
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For instance, let fr=e~™, or f (2+ yk) =e" *™ (cos 2ary —k sin 2ary) 
cay? (<1 {cos 2axy, — k sin 2ary,} e—*”* dx 
—erys fz! {cos Zary,—k sin 2ary,} °” dx 
=ke—ar f» {cos 2ax y —k sin ary} e” dx 
—ke—ar; f% {cos 2ax,y—k sin 2azy} E” dy. 


Let zı =+; the first term of the second side vanishes and the 
equation of possible and impossible parts gives 


ery? fiee cos Qary, dxr—eays fe cos 2ary, dz 
= — gar f oh e sin 2ax,y dy 
cay? (4° e? sin Qary, de —eay3 (t?e-™ sin ary, dx 
= geaz} f1 e” cos Zax y dy. 
Let x, ™=0, y=05; we have then (page 619, verification 3) 
fo %7 cos 2axy, da==e—y} foe de= r.a e—ayi 
Soe” sin Qary, dx==e—ay} fY e dy. 


Many other such tranformations may be made, and with the utmost 
certainty, as long as fx does not become infinite between the limits. 
But let us now suppose that f (x+yk) becomes infinite once only between 
the limits, namely, when z=a, y=b. Avoid the point by integrating 
from r=2, to z=a—9, and from r=a+6 to r=2,, also from y=y, to 
y=y, in both cases. We have then 


Sixt {f(etyD—f@+yk)} dz 
=k fa if (a—O+yk)—f (a+ yk)} dy 
Sio {fC +y kh) -—f@+yol)} dz 
=k fh {ftyk -S (a+0+yk)} dy 


If we add these together, and then diminish 0 without limit, the first 
side presents no singularity, since neither f(2-+y,k) nor f (x+y. k) 
becomes infinite from r=2, to x=x,; so that the limit is the complete 
integral from x, to 7,: but on the second side we see 


kJ ift yk) -frt yk)} dy 
—k f} {f{(a+0+yk)—f (a—0+yk)} dy. 
The first term being what we should get in an ordinary case, and the 


second an integral which would vanish with 6, if f (x+y vr 1) did not 
become infinite, but which may have a finite value when 0=0, as in the 
instance given (page 633). Again, since all parts of the integral just 
named must vanish (when 0=0) for any limits which do not include ele- 
ments adjacent to y=b, we may, without altering the value of the limit, 
take y from — œ to +o ifb lie between y, and yı; but if y,=5, we 
must only allow those adjacent elements to enter in which y>4, after 
which we may go on to y=, so that y, and œ may be the limits, 


(2). 
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Similarly, if b=y,, we must take —@ and y, for the limits.* Con- 
sequently, the correction for discontinuity described in page 633 is the 
subtraction of 


kf {f (a+0+yk)—f (a—6+ yk)} dy, with limits as just shown. 


Let (e—a—bk) fe=yz be finite and =A when z=a-+bk, then 
since only values infinitely near to z=a+bk affect the preceding 
integral, we may write instead of it, first, 


Y(atOtyk) y (a—0+yk) 
SITO DE AGEN 


Now fyz.xxzdr, between limits infinitely near to p, cannot, if Yp be 
finite, differ from yp fyxdzx; hence we may in the preceding write A 
for Y (a+0+yk), and for y(a—O+yk), and the result is, making 
y—b=z, 


kA lo+z2k —O+2zk)’ onan 6? 4-22 

When this is taken from —o to +o, it gives 27kA; but when from 
—« to 0, or from 0 to x, it gives tkA. And if there be any number 
of such roots of { f (x-+yk)}— between the limits, and if A be determined 
for each, the correction for discontinuity is the sum of the individual 
corrections, so that we have (k=,/(—1)) 


Satf@tyb—f (ety, k)} de 
=k J2 { f(r yk)—f (a+ yk)} dy—2rk TA 


in which, however, $A is to be written for A in every term in which b 
iS Yo OF Y =a and y=b being values for which f (x+ yk) is infinite. 
It might also be shown that $A is to be written for A if z,=a or x, =a. 

Now A is the value of (x—p) fx when r=p and fp=œ: let fx be 
dr: yx, and let yYp=0, dp being finite. The value of (r—p) fz is then 
(Chapter X.) that of dr: y'r, when r=p. 

Let r= a, nr=}, ¥=0, y=, and let f(rt+yk) be a 
function which vanishes when r==— oc or +œ independently of y, and 
when y=œ independently of x We have then f(r+y,k) =0, 
tf (a +yk)=0, f (2, +yk)=0, and the equation (3) becomes 


fie fx de=2rk TA (4); 


in which all the roots of fr=œ must be taken which give positive 
coefficients of k (O included) since the limits of y are 0 and æ, but for 
every real root (6=0) $A must be written for A, since 0 is one of the 
limits of y. 

Example 1. fr=ġx:(1 4+2), ¢r=c having no finite roots. Here 
the only admissible value of b is 1, the root of 1 +a? being k: the cor- 
responding value of A is 6k: 2k, and we have 


prdr 
eet WD (5). 


( dz dz \ Í 20 dz 


(3); 


* This is a new application of what may be called instantaneous integration, on 
which I do not thiuk it necessary to dwell after what has been sail in pages 
615 and 627. . 
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Let dre", a being positive,  (v+yk)=(cosar+h sin ar) E”, 
which vanishes when r=œ or —œ, and when y=o (N. B. =° 
would not admit of the preceding demonstration being applied). Also 
p(k) =£", and we have 


°” cosaxdr > sinardr 
f 1427 +l Df awe 
of which the first term is twice the same integral from 0 to œ, and 
the second vanishes, which gives the same result as in page 577 for 
focosax dx: (1+2°). 

But it must be noticed that if in (5) each of the portions of the 
integral, from — œ to 0, and from 0 to œ, be infinite and of different 
signs, there may be, as in preceding instances, an effect of discontinuity, 
for the removal of which no provision has been made. Let ¢z=2", 
whence, if m<2, gx: (1-+2*) satisfies all the conditions. We have 
then 


+> "dr m - 0 dr ” 2x" dx 
—— mD =» 3 —— _ = auna m EENE ©. 
TES a f ZE (-1) lpr’? 


whence f 
e 


o ltz? 1+(—1)” (-1)°F4(-12 


2 cos {I (2k+1) mr} 


where k may be any odd number. But since this integral cannot become 
infinite until m=1, we must have 2k4+1=1 or v:2cos(łmr) is the 
value of the integral from O to œ, which agrees* with page 575. If 
m=1, we have 


°” xdz = 0 zdr of 1? ade Na fax 
ie jie  " Jala ee 


The two first are correct ; the third is a singular value, and should be 
=0. It can only be obtained by remembering that log,/(1+a*) is 
the indefinite integral, and using the negative sign of the square root 
when g is negative. : 

Example 2. Let fr=gġx:(1—zx?), where (1) and ġ(—1) are 
both finite, and r= œ has no finite root. Here fx becomes infinite 
for r=+1 and r= —1l, and in these cases dx:(—2r) becomes 


* The very great care which this method required may be illustrated by the fact, 
that its discoverer, M. Cauchy, in a most elaborate memoir, (Mém. Sav. Etrangers, 
vol, i.), hardly ventured it upon an instance which could not be verified by other 
means. This very wise precaution, in presenting so new and difficult a methed, 
was misunderstood, I suspect, by the members of the Institute who reported upon 
it: they notice the fact of the examples presented being previously known, and 
seem tu infer something against the power of the method. M. Lacroix has quoted 
their report, and I think it possible that many may have been deterred from the 
study of this method by the impression produced by the remarks alluded to. The 
student must take it, not as a method which he can yet use, but as one which he must 
learn to use, and in which he is very liable to error. I am not aware that it has yet, 
appeared in any English work: the demonstration in the text is drawn from 
Cauchy’s Resumé des Leçons sur le Calcul Infinitésimal, Paris, 1823, 
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—36(1) and $¢(-—1), and, both roots being real, we have rk ZA or 
rk {p (—1)—¢ (1)} for the integral. Hence 


te drdr — 
(a e Laa ECI C T IT 
Let @r=.2™; reasoning as before, we have 


{ fe OF ou) E Sout ON tae 


1+(—1)” 2 
Let 2*=2", which, n being positive, does not change the limits, we 
have then 
" gimetin-l dy aide «w  d+I 
f = —Ž tan Imr, f =- cot a! T. 
0 


o l-z" n Ll—2" n n 


Let it be remembered that by the symbol f}, when the function 
integrated becomes infinite between the limits, say at z=c, we mean 
nothing but the limit of f<-°+ f?, when @ diminishes without limit. 
But whether this is always the meaning of the symbol when it is at- 
tained in the usual way is another question.* 

Example 3. Let fr=gx: (1-2), where 6rz=0 has no finite root. 
The roots of 2"+1=0 are cosm@+,/(—1) sin m6, where 0= x : 2n, 
for all odd values of m from m= l to m=2n—1; the value of A cor- 
responding to each positive coefficient of ,/(—1) is of the form 
pr: 2nx""', or —xpr:2n, where r=cosmO+,/(—1).sinmd. We 


have then 
t> Ordv 
oe l+a™ 


-> JZIi 27°- { (cos m0 + Isin m6) $ (cos m0 TNE sin m0) }; 


the summation being understood of odd values of m. Let gr=s¥VO" ; 
we have 


(cos mQ +- /— sin m0) ga cos me V(-1)—asin me 
= Tain ™ {cos (m0 +a cos m6) + f= Lan (m9 +a cos m6)}. 


If we pair the values of m thus, 1 and 2n—1, 3 and 2n—3, &c., we 
shall find, if n be odd, a middle term n, giving $r for m9, and s~° for 
xx; but if n be even, there is no middle term. And if the last be 
P,.+Q,4/(—1), it will be found that P,.+ Pen-m=0, Qo + Qsa-m=2Q,, 
whence, summing, and multiplying by —,/(—1):7, and proceeding as 
in Example 1, page 636, we have t 


“cosardr _ r T eer nodd,m= 1,3, 
S e wana oo vk, = SN m 0 : 
f l4” iw +7 2ie SIn (m0+acosm )} Bee n— 23, 


l ii neven, m= l 
or = -Z3 { e—asiam? sin (m0+a cosmo) } 3,5. Oe 


- 


* We have seen that substitution of 44 and yê for 4 in the two integrals would 
give a different result. Why is it that all the results of the method agree with 
those already known when u=», and not in any other case? To this question no 
answer has been given, as far as I have seen. i 

t These results agree with those of Poisson, (Journ. Ec. Polytech., cah. xvi., 
p. 229, &c.), allowing for the misprinting of — for -+ before = in his first formula. 
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Now return to the formula (3), and let the whole process be per- 
formed on the supposition that k=—,/(—1). If, then, we take the 
function f(«—y/(—1)) so as to vanish when y= + ©, and construct 
£B, the sum of the corrections for discontinuity for all roots of the form 
a—b,/(-1), where bis 0 or positive, we have, supposing f(2+y,/(-1)) 
to vanish when r== 00 or —o, the equation 


S23 fe da=—2ak ZB. .......(5). 
Adding (4) and (5) together, 
sts fe du= kz (A—B)..... (6). 


Now observe that £B and ZA both contain the same terms for every 
real root, consequently the real roots vanish altogether as to their effects, 
and we have the following theorem. If fz be a function which vanishes 
when x is -+œ or — œ, independently of y, and when* yis +œ or 
— œ , independently of x, and if for every pair of imaginary roots of 
fr=o, p=atb(—1), q=a—b,/(—1), be constructed the values A 
and B of (t—p) fx and (x—q) fz, when z=p and q respectively, the 
integral (+2 fa dx is =x /(—1) > (A— B). 

Exampte. Let fr=sinaz:sinbz(1+2°). The imaginary roots in 
question are r= +h, and 


sin ax (E -4+ E7) +-cos ax (E779 — E): k l 
sin br (e+e) +cos br (E™— E): k14 (a+yh)* 


f(@t+yh)= 


This vanishes for y= +œ, when a< or =b, and also (as we shall 
presently see) when z=-+0. Hence we easily deduce, z= tk being 
the imaginary roots of 1+2’=0, 


“42 sinar dr __ (= ak 1 sn(—ak) 1 Ņ\_ EE. 
| _. sinbz 1+a*  \sin bk 2k sin (—bk) "2k ) TEPLE’ 
a being < or =b. The same from 0 to co has evidently half the 
value. 

Generally, let us have fr=ġ¢zx : (1+ x°), with the same conditions, 


(+° dads x — — 
ores =5{¢W—1)+¢(—V-1}. 


We have hitherto supposed that (c—p) fx is finite when x=p and 
fp=o, but let us now suppose that (c—p)"fa=Wz is finite, and 
also its diff. co. Returning to the expression kf% {f(a + 0+yk) 
—f (a—6+yk)} dy, substitute yx: (2—a—bk)” for fx, whence 


A ("| y (attyk) Y(a—O+yk) | ae 
J m {OF G—O) ky {0+0 EPS S 
For y write z +b, changing the limits into y,— b and y,—d, and expand 


y (a+bk+zk+0) in powers of zk +90, writing p for a+ bk, and n, and 
m for y—6 and y,—6. This gives 


* M. Cauchy deduces that the function need only vanish for y+, but as it 
happens that in all his examples the functions do vanish for y—=—o as well, I 
suppose that this condition is inadvertently omitted, at some step of the demonstra- 
tion, which is a very long one (Mém. Sav. Etran., vol. i. p, 686—717). 
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mfa / kdz kdz N, /_ kdz kdz ) ) 
f m PL GRA OY k0") t P Choy hoy) tS 
The first term of which, when integrated, has yp multiplied by 


(1—m)™ { (m1 R46)" — (m B+. 9)™— (m k—0) "+ (m k—0)'"}; 


while the succeeding terms have 2—m, 3—m, &c. for L—m. Now 
when p—m is not =0, the preceding certainly diminishes without limit 
with 6, however great the values of n, or n, may be. If, therefure, m be 
a positive whole number, the coeflicient of y'"— p becomes indeter- 
minate. The value of A, treated as in page 635, will be the limit of 


kyr) p Yı—b f dz dz es Yor) (a+bk) 
2.3...(m—1) J pa tRETO ke-0) TTSS.. (m1 
subject to the same liability to be halved when y, or y, =b. 

It might seem at first as if the preceding, applied to a fractional value 
of m, would always give 0 as the value of A. But when fV”dz is to he 
taken between limits which give different signs to V, m being fractional, 
there arises a difficulty as to which values of the mth powers of the posi- 
tive and negative quantities correspond to each other. Thus (—1)!** 
and (+1)''" have each n values, but there can be none but a conven- 
tional test as to which value of (—1)'*” is to be used with, say, the value 
l of (1)"*". If aand b be the limits, and if the change of sign take place 
at c=c, and if, moreover, J cand f ? be finite, we can choose our own 
values of the powers, and calculating each integral separately, we can 
put the two results together. But when those separate integrals are 
infinite, I know of no attempt to ascertain the meaning of the complete 
integral. : 

The results of the preceding theorems, and of many others, have been 
methodized by M. Cauchy into what he calls the Calcul des Résidus, 
or residual calculus. The notation he uses requires a symbol for which 
a new type must be cut, a necessity which, not liking the symbol itself, 
I prefer to avoid. Let fx= œ when e=p, and let (r—p)” fx be then 
finite. The residual of fx with respect to p means the coefficient of 
h-* (when there is such a term) in the development of f (p+h), which 
can generally be expanded in negative powers of x if fp= œ. It is 
easily shown that this residual is what has been called A, when m is 
unity or any whole number. Let R} fx represent this residual for the 
root p, and Rifx the sum of all the residuals belonging to all roots 
between p and q: also let Rey fx represent the sum of all residuals 
belonging to roots of the form @+8./(—1), when g lies between p 
and q, and £ between v and w. 


1. The fundamental theorems of this method are, then, k being 
¥(—1) as before, 


SBAS (æ+ k) -f @+y,h)} de 
=k fa {f (artyk) f (styk) } dy —2rkRs fr, 


which is universally true if r be written for 2r in every term in which 
T, or x, is the possible part of the root, and y, or y, the coefficient of the 
impossible part. Also 


2. Iff (+ e+yk)=0, f (£+ chk)=0, (ts fr dr=2rkRtsS fe. 
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sf f(£ c+yk)=0, f (rt ck) =0, 
fE fe de=rk {Rt2% fr- Rt3 a fr}. 


4. Let f (x+ œk) =0, 2=0, Y=0, z=, then 
Abe (x+y, k) dx= fo fx dr—k f3 f (yk) dy—2nrkRo" fa. 
5, Let f(x+ ck)=0, x:=0, y =0, y= ©; then 
fafa dx=2rk ay ft—k fe {f(aityk) —f (yk) } dy. 
6. Let f(+ œ +yk)=0, y= — ©, r= + ©, y,=0; then 
ftef@tyn Ha fx de—2rkRtZ 4} fr. 


7. Let fC +yk)=9, f (x+ æ k)=0, 4=0, = C, Y=, Y=; 
then $ 
fo fe dea=h fof (ky) dy +2ckRoo° fz. 


8. Let f(—oc +yk)=0, f (r+ chk) =0, n=—e, 27.=0, Y=, 
y=, 
fon fe de= —kff (ky) dy —27kR°2, ofr. 


I shall conclude the subject of Cauchy’s formulæ (on which a great 
deal more might be said) by an example. 

ExamPLE l. {+2 &%*(a+ck)~", m being a whole number, and a 
and 6 being positive. The only root which makes fr=c is r=ak, 
which occurs m times. Now (x — ak)” fx is (—k)™ e™, which, differ- 
entiated m—1 times, and divided by I'm, gives (—1)"™h°"" bn- ef, 
or ki™—' 6" e=, which, multiplied by 2kr, and ak being substituted 
for x, gives by the second theorem above (which applies here) 


8+ 0 eN) dx 2gb”! gad 

J Jerr ~ Pm) ' 
This theorem may be verified by differentiation with respect to a, 
and it holds good when m is fractional and positive ; but it is not true 


when @ is O or negative. The student may deduce the following for 
himself, using either the second or third theorem 


to TEX 
fnew HD 
~~» (a+axk)"(b— xk)" Fm. I'n 

If the second theorem he used, v=ak is the only root of fx = œ 
which applies; but if the third be used, r=ak and x= —bk both apply: 
a and b being positive quantities. 

Before proceeding further, I shall finish what remarks are necessary 
on the singular symbols sin œ and cos œ. The continental mathema- 
ticians with one voice pronounce these symbols to be indeterminate in 
value, which is strictly true as far as à priori considerations are con- 
cerned; for a periodic function of x cannot be said to be in one part of 
its period rather than another when z is infinite. If, however, we assume 
zx to stand for x terms of 1—1-++-1—...., we might equally conclude 
that px is indeterminate when «v is infinite, no reason existing to prefer 
O to l or 1 to 0: nevertheless, there exists no doubt that this series 
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represents halfa unit. And in many different ways (some of which are 
shown in page 571) sin co and cos œ appear in formule which can 
only be made true by supposing them both to vanish. It must also be 
observed that every instance in which the case can be clearly tried by 
anything resembling an à priori method confirms the conclusion that 
indeterminateness of value is to be removed by taking the mean of all 
the results between which the doubt arises. Two remarkable classes of 
instances are as follows :— 

l. Take, for example, a + br + cx? + az’+ bri+cx5+...., or 
(a+ bz+cx*):(1 — x°). This, if a+b+c=0, becomes 0:0 when 
x=1, and its value is — 4 (b + 2c), or atb+c—1(b+42c), or 
4 (3a+2b+ c), the mean of a, a+b, and a+b+c. Now when «=l1, 
the successive summation of terms of the series gives a, a +b, a+b+c, 
a,a+b,a+tb+c, &c. 

2. In applying Fourier’s theorem (page 629) to discontinuous func- 
tions, we find that at the point where the discontinuity takes place, and 
a function which generally can have but one value might be expected 
to have two, it takes neither, and gives only the mean between them. 

If we ask for the mean of all possible values of sin x or cos x, we 
find 0 in both cases, since every positive value is counterbalanced by a 
numerically equal negative value. This affords an additional confirma- 
tion of the general principle. But it would not be safe to apply this to 
tan x or sec x, &c., or to any function in which œ is one of the values. 

Unquestionably the clearest way of considering such indeterminate 
results is to make them the limits of others which are determinate up fo 
the limits, whatever they may be at the limits. Thus 1—1+1—... =$ 
is the limit of 1—xr+a2?—....=(1+2)~, a result which is arithme- 
tically intelligible whenever x is (no matter how little) less than unity. 

It must not, however, he dissembled that this difficulty still remains, 
namely, that we can have no positive proof that every result of in- 
determinate form will give the same value whatever may be the function 
from which it is deduced asa limit. Thus, though we can show from 


Ay Aly X 


Ap a, C+ A, T — wee = Taha ~ +2) 


5 


that 4 must be the limit of a=br-+-cxz*’—...., whatever law a, b, 
c, &c. may follow, provided they approach to equality when x approaches 
to unity, it is not demonstrable that in all cases sin œ , considered as the 
limit of, say f 5 Px.cos x.dx. (the limit of px being unity,) is =0. 
Difficulties of this sort must occur as the ideas on which analysis is 
founded are widened, and there are so many on which we now look as 
completely removed, that the occurrence of new ones is matter of hope 
and not of discouragement. In the mean while it is of some importance 
that the student should, at the proper time, be made aware of their exist- 
ence. 

Those of the continental writers who reject divergent series seem to 
have no objection to retain those cases which separate divergency from ` 
convergency, such as 1—14+1—.... They sometimes express them- 
selves as being willing to consider this series as being 1—z+2°—..., 
in which z is infinitely little less than unity, But this principle, taken 
alone, would seem to me to be very unsafe. For instance, z is the limit 
of «~*,x, when e diminishes without limit. However small c may be, 

2T 
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this function vanishes when æ is infinite; it must be said to do the 
same, then, when cis infinitely small. Whence zx itself cannot be treated 
as &*.2, c being infinitely small: and were it not for what we know of 
l1—r+z°—...., when z is greater than unity, I am inclined to assert 
that we should gain nothing by the fictitious representation of 1+ 1—1 
+-.... above alluded to. 

I now proceed to another class of questions depending on the funda- 
mental integrals in page 605. It will be observed that the use of these 
has been avoided in pages 610, &c., as likely to lead to the use of the 
unestablished proposition that a divergent* series vanishes when all its 
terms vanish. If, however, we have a series of the form A,-+A, cos z 
+....-, where A,+A,+.... is itself a convergent series, we may then 
be sure that multiplication by cos mx and integration from, say 0 to r, 
makes the whole series vanish, with the single exception of the term 
A,, fcos?mx dx. Now take the two equations (Å being ./(—1)) 


h2 cos 2v 


3 {9 (+h) +o (e+e) j =prt o'z hcosvtgo"z—T— +. + 


h? sin 2v 


l ; 
oy {p (a+he")—o (2+he") b= ?'thsinv+h"x B TETE 


which may be easily deduced, as in page 244. Let av and v be any 
functions which from x=0 to xæ r are the same as A, +A; cos v+ As 
cos2v+.... and B,smv+B,sin2v+.... Multiply the first equa- 
tion by av= A,+..., and the second by v= B, sinv+..., and integrate 
with respect to v from v=0 to v=. Every term then (page 605) 
vanishes, except those which are retained in the following results, 
which are only to be relied on when the series are convergent. 


1 if {o (a+ he") +9 (14+hE—™)} av dv 


2 
=2A pr +A, ght Aage ot eee, 
l r 
—- ( {o (x+he")—o (x +he™)} Bv dv 
tk J 0 
=B pz h+ Bp" +o 


From which may easily be deduced (pages 242-3), making $ (x+ he*™) 
=V.,, and a lying between —1 and +1, 


1 (= (V+ Vi.) —acos v) dv _ 
p | b 1—2acosv+a? an EA oe (1) 
a ("O —Y—) sin vdy = (r+ha)—ox (2). 


tk.) o 1—2a cosv +a’ 


Make a=0 in the first, which gives s~ f (V, +V.) do=2ġzx, subtract 
the half of this from the first equation itself, which gives 


* Poisson (Jo. Ec. Pol., tom. xii. p. 484) has made the errors which may arise 
from such use of divergency an argument against all divergent series. There were 
two specific reasons why his particular use of divergent series should have there led 
to error: the first noted in the text above, the second that previously mentioned in 
page 631 of this work. 
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(" (V,+V..)do _ 2nb (otha) 


»>l—2acosvta® = |—? 


inae O). 


Let ġr=x°, and make r=0 in the result, 
© coscov.dv — we 
o L—2a cos væ l-a” 

This equation is only true when c is a positive whole number, for it is 
only in that case that (x+he™*)° can be expressed in integer powers of 
e* when r==0. 

Let dr=e™, then V,+V_,me*t*°""2 cos (chsinv) and V,—V_, 
es*tehoose 2p sin (chsinv). Make x==0, h=1, which affects neither 


the convergency of the series nor the generality of the result, and we 
have, from (3) and (2), 


1—a? ("" °°" cos(csinv)dv _. 
es — m g? 
T o i-—2acosv+a’? 


2a (= eo" sin (c sin v) sin v dv 
l — 2a cos v+ a? 


=—e“%—], 


TA o 


Now (l—a*) : (1 —2a cosv+a*)=1-+2acosv+2a® cos 2v+.... and 
asin v; (l—2acos v+a*)=a sin v+ a’ sin 2v+-....: expand both equa- 
tions in powers of a, and equate the corresponding terms, which gives (n 
being integer) 


2 a : 
A nr cos (c sin v) cos nv dv 


C 


2 : , ; 
=- for sin (c sın v) sin nv dozi L 
except only when n=0, in which case the first integral =2, and the 
second =0. These may be easily verified by differentiation with 
respect to c. 

The following result is obvious, f t7 (cos nz+4/(—1) sin nz) dr=0, 
where n is any integer, positive or negative: but when n=0, we ob- 
viously have 2r for the integral. Making k= /(—1) as before, we 
have then (2r) f+ "7 dx is 0O when n is any integer, and 1 when n 
is nothing. The following theorems are then obviously true, whenever 
the series which must be employed in producing them are convergent. 


l fp(ate)dr=ga, = fire (04). dre oO 
a oP TPO aes l EA 
1 (tola+e").dz 


1 (+ ġ(a+e™).dx q 
Q7 J eg  1—he* 


2r J. lhe 
and all these theorems may be altered in form by turning ftz¢rdz 


into f>{dz+h(—z)}dr. Again, if Pr=A,+A,r+...., and if 
Wr=Bo+B,2+...., we have 


=o (a+A), =a ; 


Ji . 
= ftip ys*dxe=A,B,+A,B,+A,B,+.... 
T2 
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1 
=r fi {de yepe Get} da 


_1 (H¢e.de _ (oe 
A +A, 5 se’ "Oe l-e A,—A,+...= _1l+e" 
lL [ "ds". dz 

A,—Ajiit eeee OF - +e" ` > 


Let xr=A +A, z+ ...., and develope we-* y (= fe) e-*=V. 
We have then 


V=A, yE EHA ye fe + Ay wie SEERE: 


whence, remembering that fye—*.e"* dx from —r to + r, and divided 
by 27, gives the value of x" 2:2.3....2 when r=0, and that —n 
written for n would give 0, we find 


l d 
Ta +*Vdr=A, (Yr fe) + Bal {w'r (Fa) 


A; / a? Š A, (@ ' 4 
+2 (Slvr ) Toa Ta t'a (fa) jess 


parentheses denoting that z is made =0 after differentiation. Let ox 
be a function which has one root =O, and write x: oz for fx. It then 
appears, from Burmann’s theorem, page 305, that if A, =1, Az=4, A =4, 
&c., the preceding series is nothing but the value of ywar—Yy0 for that 
value of x which gives @x=1, or solves the equation z=fx. But Xr 
being now z+42°+.... is —log (1 — z), whence we find that, œ being 
some one of the roots of cfr, the following equation is true, 


dx 


l = 
Ya—yO= os tr {we log (1 —e** fe-™*)} e dz, 
Let r—fz=¢2, whence 1 —e* fee pe, whence we find that 


= = trye log (= pe™). e dr=ya—yo. 

The theorem* noted in page 328 may be now proved in an extended 
form, and without the objection there advanced. It is clear that the 
mode of developing log (e*" ge-**) assumed in the theorem is as follows. 
The function gz entered in the form «—fz and 1— x~ fx was to have 
the logarithm developed into —z fr — $ 1 (fr)*—...., without 
any process which can introduce the series which made the difficulty in 
page 327. This being done, the function to be integrated amounts to 
writing €& for x in —y'xlog (px: x).z, which being done, and the 
integration and division made, all the terms arising from powers of z 


* The first case of this theorem (namely, where Yar=2) was given by Parseval, 
(Sav, Etr., vol. i. p. 570,) in 1805, and the definite integral just given was found by 
Poisson, (Jo. Ec. Pol., vol. xii. p. 497.) Mr. Murphy found the whole theorem, 
independently, (Camb. Phil. Trans., vol. iv. p. 125,) and has used it to an extent 
which was not contemplated either by Parseval or Poisson, the latter of whom, it 


may be noticed, though he deduced the integral, either did not see, or set no value 
no, the deduction. 
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must vanish, leaving only the coefficient of <°, or the coefficient of a— in 
the development of —y'z log (gz: x). 


If we make V,= ye y (e fe-**) .e—*, we find in the same manner 


l A d*™— 

gS V d= (FS {Wafa} ) 

A q*-! 
ia, = {win (fay) See gS (Va). 


None of these theorems are altered by changing k into —k, and if this 
alteration change V into W, we easily find that {** Vdz= f3 (V +W) dz, 
a result in which & will not appear. And thus we may in many 
different ways find definite integrals which shall express given series. 
Choose forms for yx and fx, and let the series in (V) then become 
A Q+ A,O,+4$A,Q,;+...., in which Q, Q, &c. are known. We 
then find a definite integral for B,+B,+...., by making A,=B,Q7'; 
A=B: Q7', &c., provided we can find a finite form for A T+A; 7? 
+...., or y2—Ap, when A,, Ay, &c. are thus assioned, 

Let fr=1+2, ~rc=z, we then find 


l 
g So ix (te) y AHE) da A, 2At 3At... 


For many curious applications of the theorem deduced from (V), the 
advanced student is referred to Mr. Murphy’s paper already cited. 
Much more might be said on the subject of integrals of the preceding 
form, but the object of this work is fulfilled, so far as they are con- 
cerned, when attention has been called to their leading properties. 

The student can hardly fail to have noticed the manner in which 
fév.e-* dv preponderates in importance over other forms, and par- 
ticularly when the limits are 0 and œ. In any case the result must be 
a function of x which diminishes without limit as z increases without 
limit; and such functions can frequently (not always, witness ze~) be 
expanded in negative powers of x. Let x be such a function, namely. 
of the form Ar'+Br*+....: required gv, so that [> pu e-"du= or. 
Take the equation fẹ yE" du=@y:(z—y), supposing z>y and 
v the only variable. 

If then we write this as follows, 


2 ‘ A B ] y 
vy als —|-— an eee S = 0 0o o 
Jo by E.E dv Ç Pat (G++ 
Gi r—A: 
Dr y mea 


y yp eeeey 

together with a series of positive powers of y. If then we expand 
y. in positive and negative powers of y, and if we assume* the 
identity of the two sides of the equation, we see that if øv be the 
coefficient of y"' in ye”, we have fpv.e-"dv=z as required. 
Thus, if for r we take 2, n being integer, we find y~"e¥ has 
v"':(2.3....n2—1) for the coefficient of y—', whence f o ve dy 
=2,3....(n—1) 2”, as is well known. 


* This assumption is by no means a satisfactory one; see page 327, 
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If dv can be developed into A, + A v +A v+.. .., we have 


= z p _ Ay A, DA. _ 0 p'o 0 
Sogo. dus tat patee te tateei 
and, by parts, 
0 "Q ("oO 2 pet a : 
aa ee a +f © ec dv......(1): 


provided ’ve~*’, pve” ™, &c. vanish when v= œ. We have thus means 
of representing in a finite form many infinite series of the most divergent 
character. For example, let v= (l1 +v)™', which gives 


Pdv 1 1 2 2.3 2.3.4 
o ltv eo a g® ot xs tien 
The operation by which we pass from fe dv to fv e“"dv, between 


the same limits, can be represented as follows. Let ¢v-=A,+A,v 
+...., which gives 


fove™ dv=A, fem dv+ À, fen vdu-+.... 


d 
=Å, fes du—A, EP f dv+t....3 
whence, D standing for differentiation with respect to z, A,—A,D 


+A,D?—...., or 6(—D) is the operation performed on fe~*’ dv, so 
that 


—2v — 20 p 1 —ZU 
fove dv=¢ (—D). fe dv=ġ log Fa) dv. 

Now ¢log(1+A) can be developed in powers of A by Maclaurin’s 
theorem, or as follows. Since r=: p0 is the representation of 
Maclaurin’s theorem in the calculus of operations, we have, putting 
log (1 +x) for z, 5 


plog (1+2)=(1 +2)?” 60=40+4+D90.2+D (D--1) 40 Č 4....; 


which, performing the operations, gives 
plog (1+2)=¢0+90.2+(¢"0—9'0) Z 
+(¢"0—36"0-+24/0) Z+ is 
And, similarly, writing —log (1+x) for r, we have 
$ log iz) =ġ0— 4'0. z+ ("0 +¢'0) a 
—(G"0+396"0 + 29'0) Z+ e 


Substituting A for x, and taking fe~* dv from 0 to œ, 


n ' l 
fa pu e*” ip Gon ` PEBER AT SENA 
£ T 2 3 
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__ 90 m po p"o+ p'o BO +3p"0+20'0 E 
~x xale+l) (x (e@t+1)(e4+2) © re (e+ 1)(e42)(243) 0°" (2). 


This series must be the preceding series (1) in a different form, and 
from it we therefore learn that if A,,,, represent the sum of the products 
of every selection of m numbers out of 1, 2, 3,....7, 

l l Ai, n è As, n+l 
op tt i 
ri [aatn]  [atntl] [nrn] 

I now proceed to some modes of calculating definite integrals by 
series. Integrals of the form f%,cos (2"-+-a2""'+...,) dx (sometimes 


called Fresnel’s integrals) are useful in optical researches. If we call 
this f cos $x.dz, and if we take two near limits, a and a+h, we have* 


fat" cos pr.dr = focoso (a+x).dr= ficos {¢a+¢’a.xr} dz, nearly, 


since x is always small. This gives 


By os 
fi cos ga a {sin (¢a+9'a.h) —sin pa}, nearly. 


Thus, by proceeding from O to h, h to 2h, &c., we might approxi- 
mate to f5" cos éx.dzx, provided ¢'x vanishes nowhere between r=0 and 
x=nh. But a better approximation would be obtained by writing 


l 
fc** cos gx dx in the form ftii cos ¢ (a PURI z) dx, 
\ ad 


which gives, proceeding as above, aud making a+4h=up, 


fit cos pa de {sin (4 + lp 5) —sin (ou —9'p 5)} 
2 cos pp. sin (4 ¢ip.h) 
pp 

This method, though of an enticing appearance, is not very safe, and 
ìs not in reality correct to more than terms of the second order, as the 
following, which is preferable, will show. Take $(a+3h+.27), or 
(p+r) =þu+p'u.1+...., and integrate from z= —$h to r=+Hh, 
which gives 


5 


he l 
F 3.3.4.5x 16 


f pedr=pp.ht p'u —— +9" 


F 2.3x4 ven 


for dx write cos Pz, and we have 
i hs 
fa cos px ddr = cos Hp. h — (cos hy (p'u)? + sin pu. Op) r4 F...’ 
If we now expand sin (4 ġ'p. h) in the preceding result, we shall find 
in it the term depending on cosu and on cosGu.(¢’p)*, but that 
depending on sindyu.d"u will be missing. Two terms of this latter 
series, therefore, will be more correct than the method which preceded it. 
If the limits be 0 and œ, a convergent series may be obtained as 


* See the Cambridge Mathematical Journal, vol. ii. p. 81. 
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follows, whenever oe is a rational and integral function of xv. Let 
þpr=ax" 4+ br" '+ ...., we have then 
cos $r=cos ax" {1 —} (DIt...) He.) 
EE a T) dle l; 
eC +... 5} 


which, arranged in powers of x, shows that the result contains two series, 
arising from terms of the form A fcosaz*.2™ dx, and A fsin az". a" dz. 
Now, from the result in page 631, we have 


—sin ax" $ (bz ee ee hoe 


fe cosaz" edema n © eos PEL g, r (242), 


ir: l =, l i 
f sin ax’. x? dr =-a ” Aa „r25 ; 
n 2n 


\n 
For instance, let þr=az”+br, apply these formule, and we have 
(a-3=h) 3 fo cos az? cos bz dr=h cost r. Tẹ 

h b? cos }7.F 1 h5 bt cos 4r. T $ 
2 2.3.4 
3 fo sin az sin bx dx=h* bsint r. T 3 
ht b singr.r 4 — h6b’ sin r.F2 

2.3 2.3.4.5 


By subtraction, using the properties of the function F, we have 


1 kL 41 hs b° 
3 2.3°3 3 2.8.4.5.6 T" 


fi cos(aa’+b1)dr => rs 3° z 5 {t+ 


Ay? T ee: hs b Ma 2 h? b7 j 4 
3°3°°6 "3 2.3.4'332.3...6.7°° 


This series might be more briefly : and symmetrically deduced, as fol- 
lows. Let it be required to find f>e—o2"—42"dz. We easily throw 
this into the form 

b? q b? xr" z 
fie-eamdi— bat So tb den 


and T -mh r(t 1N 
m” 


ad m n 7, © e—a wm'm 
Now fo ETa" a de= fe a x 'dr= a 


PE 
whence, a ™ being h, the required integral becomes 


lj ni Ab 2nd AM a a Snt | 
aes Tee oe Wed he me as ee 


For a and b write a,/(—1) and b,/(—1), which gives 


pnt pri i 


h+ bea m b (—1) ety 
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m+1 — — 
=o y feos? am) E L a e E o} 
2m 2m 


2 


0 being an odd multiple of 7, to be determined. Let A be as before, 
and we have, equating the possible and impossible parts of the integral, 
and dividing the latter by —,/(—1), 


l ] 0 l 
fo cos (az” + bx") dr= — Ír — cos — A—T dan 
m \ m 2m m 


n—m+1 hh | Qnt1 | 2(n—m)-+1 here 


Om m E 1.2 
l ; tg l 
fesin (ax” + bx") dr = — ir — sin — A-T dins 
i m m 2m m 


T —... 
j + 2m 1.2 


n—m+1l _ h"t!b Qn+-1 . 2(n—m)+1 _ h**'b? 
n ————————— —— sin ————— 0 — ARE 
2m l m l 


The value of 6 is found to be r, by making b=0, and comparing the 
result with the formula already obtained for fcosar™. dx. If m=3, 
n= 1, we find 


2 
fj cos (a+ bz) dos cos — irin r2 hb 


eae st 
HP na 3 te. 
fcsin (az?+ bx) dr=; sin = [Pa-h+rs = 
eiget foals rerit} 


The series last subtracted, written at greater length to show its law, is 
1 (b 1h'b° 1.2 Wb? 1.2.3h"%5" \ 
3 U2 "9.9.4.0 993....8 2.80012" j 


The last forms are more symmetrical, but the preceding ones are fitter 
for calculation. 

The series at which we arrive in the valuation of definite integrals are 
frequently of the kind considered in page 226, which have terms alter- 
nately positive and negative, and diminishing for a while, after which they 
increase. This very remarkable class of series has the property which is 
shown* in the page cited whenever Maclaurin’s or Taylor’s theorem can 
be applied, namely, that the successive approximations derived from the 
use of the converging terms are as good approximations as if the terms 
continued to diminish ad infinitum, notwithstanding the subsequent 


* Dr. Peacock refers to a proof by Erchinger, cited in Schrader’s Commentatio, &c., 
as relating only to some large classes of series, the chief of which is the well-known 
development of Zx, in terms of diff. co. of gx. Such a proof is furnished by the 
formula in page 624, as there given. I presume from this reference that Dr. Pea- 
cock would imply that he has never met with a general proof, which is sufficient 
apology for my not making any search after one. 
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divergency. This property is proved in page 226 to belong to every 
development of a function of x which is made by Maclaurin’s theorem, 
as long as the diff. co. of that function retain the sign which they have 
when c=0, but I am not aware that a perfectly general proof has been 
given. It will require some examination to point out the cases in which 
this theorem is certainly true, and those in which, till proof is given, it 
may be imagined to be sometimes false. 

Let ¢z be a function which is positive from r=ato x= œ, and 
diminishing from r=a to r=a+k. Let wz be the algebraical expres- 
sion from which ¢?r—@ (e+1)+4(2+2)—.... is developed, and 
which must therefore satisfy Yr +ẹ (£x+1)=ġxr. We have then 


ya=ġpa—ġ (a+1) +6 (a+2)—$ (a+3)+ .... 
Now, according to the theorem va<g¢a>¢a—¢ (a+1), &c. But 
pa+y(a+l)=ġa, ya—y (a+2)=ġa—ġ (a+ 1), &c., 


which requires that Ya, Y (a+1), Y (a+ 2), &c. should be positive. The 
rest of the theorem, however, may be made to follow as soon as it is 
proved that wa is necessarily less than ġa. 

I see no prospect of a general proof of this theorem, and I think the 
following consideration, while it establishes it in ordinary cases, may 
throw a doubt upon others, As long as ġx is positive, wr+y (x+ 1) 
must be positive : if, then, @z be always positive, which is the case 
supposed in the series, yx can never continue negative through a whole 
unit of variation of x, since in that case ~r+y (2+1) would have nega- 
tive values. Hence, if yr ever become 0 or œ, and change sign, 
becoming negative, there must be such another circumstance for a value 
of x, not differing by a unit from the former value. Consequently the 
theorem may be positively asserted whenever wer is a function such that 
yr+y(x+1) is always positive, yz having no pairs of vanishing or 
infinite values corresponding to values of x which differ by less than a 
unit. 

Take as an instance the series x” — ne ™ +n (n+1) 2-"—.,.. 
We may easily show that this series is e*fe~"2-"dz, from z to oc, so 
that 


“edx In (+1) F (n+2) 


I'n.é f 


Joe Sr gt te 


Let ['n.a-"=@n, and the preceding becomes 6n—@(n+1)+.... 
The right-hand side has no finite roots at all, whence the theorem is cer- 
tainly true of the preceding series, and if z be considerable, a few terms 
will give a good approximation to the value of the integral. Thus we 
have the remarkable relation 


Ee 7 dx 2 dr 
e] — or J NEFS ]—n-+n(n+1)—n (n+1)(n+2)+... 
which, when n=1, has been found = -596347362324, lying, as might 
have been expected, between 1 and 1—1. 

Divergent series of this hypergeometrical character (such has been 


the term given by Euler) may generally be immediately reduced to 
definite integrals. Thus 
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Pes — "edz 
1—1.241.2.3.4—....=ffs dr—fpe*adr+.. =j; TEZ” 
the value of which is °621449624236; and 

Saz z rdx 
1—1.2.3+1.2.3.4.5—.. “Sune (a—a°+.. ef o Ipe ; 


the value of which is *343279002556. It is singular that the values of 
these series, such as are derived from the equivalent definite integrals, 
may be obtained from the divergent series themselves by continued ap- 
plications of Hutton’s method, page 557. ai 


[m,n]—[m,n+k]+[m,n+2k]—.... =S e {arma Hnn} 


_ 1 alee 
Tm J, Lx’ 


n—m and k being whole numbers. 
I shall give one more instance of the way of reducing factorial series to 
definite integrals. Let the series be 


_a(atb) | (at0)(a+2)) | (a+2b)(0430) a 
a(a+f) 7 (a+ B) (a. (a+ 28) 28) (æa +28) la t28) +38) A 


Let a: b=m, a: R =p, and 
aaa dT gaDt e 3) 
=} —————— x a N 


plut) ~“ (u+1) (u +2) 


Multiply both sides by xt’, and differentiate twice, observing, that in 
the reverse integration, we begin from +=0, 


qd? (ur) b? 
dx? 
ARD by a and integrate twice from 70, 


d? Ce =5 cag" gr 
3 gm — m-+1 + m2 at 


OO eg anh ype th ee ge 
=a Pode (fa Ja e) 


To return to the theorem which gave rise to what piegas : a proof 
of it may be given, including every series AA—A,+A,—...., in which 
A» 2A,, 2.3 A, &c. are the values of $1, ¢'1, 1, "l, &c., pi being a 
function which does not change sign, nor any of its diff. co., Rom t=0 to 
z=l. This follows from Bernoulli’s theorem, (page 16S), since 


o"l P pe- 1] L 


ae (n) . 
Ok eer a ae uae "33... on 2.3....2° 


aim (m+1) a" + (m+1)(m+2) a2"4...4. 


figrde=gl—S Pa 


from which, $1, ¢’l, &c. being positive, and the other suppositions just 
mentioned being made, it appears that the error arising from stopping 
at any term is of the sign of the first rejected term, which is, in other 
words, precisely the theorem to be proved. Again, from the theorem 
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foe” pu dv=G0+9/0+ .... +40 + foe hp" ty dy 


we may easily see, that if dv, Ø'v, &c. be alternately positive and nega- 
tive when v= 0, and retain their. signs from v==0 to v= œ, the same 
theorem is true of 60+9¢0+.... But the preceding requires that 
ov .e— should vanish when v= cc, for all values of n. 

This theorem, being true in cases so extensive as those of page 226 
and 624, and those obtained in the present chapter, might be suspected 
to be universal, and is, in fact, treated as such by some writers. I 
believe it would be impossible to find an instance among those series to 
which it has been applied, in which it is not true; but it must be re- 
membered that most, if not all, of these are cases in which wa, a function 
which never vanishes for any positive value of x, is developed into 
gx— (x+1)+...., and in such cases the theorem can be proved. 

It may not here be out of place to give what is perhaps the most 
direct and satisfactory mode of assigning the remnant of the series in 
Taylor’s theorem. We obviously have 


p (a+h)=pa+ fip (a+h) dh; 
for h write h—t, and let ¢ be the variable ; 
fip (@th) dh= — fig! (a+h—t).di= fi P (a+h—t) dt. 
Successive integrations by parts then give 
p (ath)=hat+Pa.h+ fip" (at+h—t).tdt 
2 ] 
=dat+Pa.h+¢"a Z +5 Soe" (a+h—t).t*dt ; 
and so on: whence the value of all the terms after 
h" l 
(n) —— —— je A PK A 1) a n 
ee train Sgan I C+- rds, 


If C and c be the greatest and least values of @“+x between x=a 
and t=a-+h, the last differential must lie between “+” C., 2" dt and 
gp“ a.t dt, whence the integral must lie between ¢** C., hH ; (n+ 1) 
and P°*c.h"*!: (n+1), or must be Pt” (a + Oh) AO: (n + 1), 
where 6 is less than unity. But if we throw the integral into the form 
ht) f pe) (a+ht).t" dt, and pursue the same reasoning, taking 0 
and l as the greatest and least values of £, it is found that all the terms 
after 


‘a —_A\" hnl 
paz ; — are equal to ¢™® (a+ 6h) S me a 


2.3.2.0 


where 0 is also less than unity. 

I now proceed to consider some more cases in which definite integrals 
are expressed by series. And first let us take fPe~’v"de, which, z 
being positive, is always finite. This is easily expanded into the series 
gett ‘ oer gts i nts 

+— ———___ +... 
n+l n+2 2(n+3) 2.3(n+4+4) 
in which C is to be determined. If n be >— 1, we may make z= 0, 
and the first side becomes T (n+1), or C=P (n+ 1). And the series 


fz e v" dv= C— 
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on the second side, x"t': (n+1)—2"** : (n+ 2)+ &c., which it must be 
observed is always convergent, does not increase without limit as z 
increases, but approaches the limit T (n+1); for the first side must 
=0 when r=œ. All this might be proved by calculation* in any 
particular case, the restriction being —1 (n)œ , and x being anything 
whatever, positive or negative. But let us now suppose n= —1, in 
which case r must be >0. We have then 


Pe" dv a? x x 
f. > Us lg ett ie hn gi 6a at o 


in which C cannot be determined by the same mode. A very simple 
process, however, will do what is required. When n>—1, we have, 
by the preceding series, 


l PtH] tt? 


fre Uo Ent Da a n+] n+? 


eeee 


When n=—1, the third term is log x, the fourth term is x, &c., so 
that it only remains to find the limit of the two first terms. Now 
(Chapter IX.) 
e[Pz—1 2 r(l+z)—1 


œ 


T'z—2z7", or 


~ 


is IYl, or —y, (page 580,) when z=0. Hence we have,t in the last 
series, C=—y. Now, let n be a negative fraction, and <—1, say 
n= —m—k, m being a whole number, and k a positive fraction less than 
unity. Integrating by parts, we have 


or l 


n+l SATI 


fi v” dv = — fre" dy 


Se) a PER. | 

„port Um hol) a" E mtk- 1 n4hk-2). kr 
— l D» TY ok s 
“nied ee 


the last integral of which falls under the first of the preceding series. 
And if n be a negative whole number, and <—1, take m, so that k= Lz 
in which case the integral here obtained will fall under the second of the 
preceding series. And if in this second series just mentioned, we use ar 
instead of z, we find 


dv _ beani a? qè pEr 
A p EER R gs ae 


* The common series for cosx and sin x would (if the study of analysis were 
made to end a little oftener in computation) have habituated the student to 
series of this class, which are always convergent and calculable, and which do not 
lose that character by the increase of x. In my “ Elements of Trigonometry’ 
(page 99), these series are actually verified when z= 10. 

t These integrals have been fully considered by two excellent Italian analysts, 
Mascheroni and Bidone. The methods by which they have contrived tu do without 
the use of the function I (which was not so well known then as now) are, though 
prolix, very ingenious and successful, 
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” e dv T” dy 
Also f — =| cee 
ax Vv Tz v 


which introduces no way of making the function integrated infinite, and 
does not destroy the convergency of the series : for a write aj (—1), 
equate possible and impossible parts on both sides, and we have, since 
log ax becomes log ax + log ,/(—1), 


cos av dv __ pea oe h 
J. aa y— iog ar 9.3.43 eove 
“sin av. dv __log J(—) a’ x8 a x5 
ee —ar+ — m meee ae 
are = @ J (— SÍ) 2.3? 2.3.4.58 


Now log a(—1 )=(L+4) r/(—1), l being any integer; but from 
page 631 “it appears that we must make J=0 0, or write $r for 


log /(—1): AERA 


aa ede, (" e*@™ dv ae 2? dy 
pe etm Jmn v . m V 


"erdo =" œm? am 
vtm =E {—y — log am + am -2 Ee 


For m write successively —m,/(—1) and +m,/(—1), which gives for 
the two integrals 


puea —y—log am—log { —,/(—1)}—am J(—1) 


am am’, (—1) N 
aC Ree irs age Sen so 


gma y (=) (-v—og am —log 4 (—1)+am J(-1) 
PE AA am J(—1) ) 


For log J(— 1) write $r,/(— 1), and for log(— /(—1)) write 
—4n,/(—1), values which will be justified by subsequent verification : 

add and divide by 2; subtract and divide by 2m,/(—1). We then 
have* 


© —av dv s 
ee =z sin ma—(y-+log am) cos ma 
0 
m*a’ "> a(ma—" 
+ cos ma 3 7. a. Sat sin m a 2. >it tees) 
ve? dv T f 
mpo =m 08 mae — (y+log am) sin ma 
cosma / Oom A `o sinma /m? a mt a‘ MA 
2.3 =) m N\A TOR 


Differentiate the second of these with respect to a, and it will give the 


* These results agree with those of Bidone, obtained by another method. 
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first with its sign changed, as it should do: the details of this verifica- 
tion will be found instructive. 

For a write successively —a,/(—1) and +a,/(—1), subtract and 
add, dividing by 2,/(—1) and 2. We then have 


{2 av.vdve rm ` l "a gma 
o mè 2 2f(—1)" f(-1) 
l ore Mie Sei 

To =) a ae r y(—1)=35€ 
Í “cosav.dv m e™-pe-™ 1 amem 


o mH 2m 2 m 2.2 /(—1) 


results which are easily deduced from those in page 577. We also 
have 


T 
T VED eS 


(“sinav.dv oe +e-™ / m? a? A 
Jo mt — 2m (matyt. ) 
gi? gma m? a? mi aqt emet__ ma 
am \ tate] Om 


“cosav.vdy e" —:™ maaa aè 
o m+ye 2 gg toe 


ma —ma [m? a mt at ma — ma 
E e a o Tr 
2 (= "2.3.4 j 2 

Let m=a=:], and remember that, by common expansion, 


fodo: (+o), foc dv: (1+1), and foe vdv:(l1+0?), 


are severally FI—Tr2+F3—...., TL—-F3+F5—...., and T2—T4 
+F6—....; so that we have 


(y+log ma) 


(y+log ma). 


#2 1 
ee ee eer eee ee ee ee 
S DEEE ES ( ytl- tog 33a ) 
1—1.2+1.2.3.4— =cos1 (3 Ek 
s e (J e ; 0 o == 2 Fz g e) 


ee Ne e. \ 
-+sin ] Y z tze t) 


, T l 
1—1.2.34+-1.2.3.4.5— .. .=sıin l G-l4y5-- i 


] 1 
— cos l Y~ 9: ar 3 


the values* of which have been given in pages 650, 651. These series 
may also be expressed as follows : 


"e dv f “sin vdv Í “cos vdv 
ctto” J, 1ltv’? J, Lto? 
* There is a misprint (sin for cos) in two places in Bidone, which might lead to 


a supposition that it was an error in reduction, affecting the subsequent computed 
results. On examination, however, I find that the results are correct, 
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the two latter of which may he shown to coincide with their series by 
expansion of (1+ ¥)~", and by page 631. Again, if v—1 be written for 
v in the two last, and the limits changed accordingly, and if cos (v—1) 
be written cosv.cos 1+sin v sin 1, &c., the second side of the preceding 
equations may be obtained by taking f{cosvdv:v and fysinvdv:v 
from the series in page 654. And all the preceding trigonometrical 
integrals, as well as the case in which m=a=1 might have been short- 
ened by the same process: but the preceding is valuable as an instance 
of the legitimate passage from possible to impossible quantities. 

Various other ways of reducing definite integrals to series might be 
proposed, but in the preceding will be found enough to give an idea of 
the most important of them. I have now given a sketch of the principal 
methods of definite integration, meaning by a method anything which 
applies to a numerous class of instances. There remain yet two 
particular branches of the subject to be considered; first, the cases in 
which, owing to the impossibility of expressing a general integral, its 
values are arranged in tables; secondly, the large number of miscel- 
laneous definite integrals which have been found, each as it could be 
done, and out of which it may be advisable to make a small selection. 

The tabulated integrals with which it is most necessary that the 
mathematician should be familiar, may be divided intu those which are 
generally useful, and those which have been computed for some particu- 
lar purpose. Of the latter, it will merely be necessary to say that the 
student who reads this chapter will have no difficulty in mastering any 
method hitherto proposed in works on mechanics, optics, &c. for the 
formation of a table of any definite integral. Of the former, that is, of 
integrals tabulated for general use, the most important and the most 
accessible are 


1. Elliptic integrals, tabulated by Legendre. 

2. fre—! dt, tabulated by Kramp. 

3. Ia, or foe’ vdr, tabulated by Legendre. 

4. Logarithmic transcendents, tabulated by Spence. 


[pa 
5. J a. tabulated by Soldner. 
o log x ; 


1. The subject of elliptic integrals, if entered into to the extent neces- 
sary to explain methods of determining their values, would occupy more 
space than we have to give. In accordance, then, with the plan pur- 
sued throughout this chapter, which is to enter on the discussion of no 
integrals except those of which the actual numerical values are calcu- 
lated by algebraical formule, or are given in tables, I propose only to 
state in few words the nature of these functions, with references to 
sources of information. Important as elliptic integrals are in certain 
classes of problems, and numerous as have been the properties of them 
which have been investigated, it cannot yet be said that either these 
problems or methods lie so close to the grand route on which a student’s 
elementary course should be marked out, as to require a detailed treatise 
on them to be inserted here. 

An integral is called elliptic when it has, or can be made to have, the 
form f{Pdz:Q,/R, where P and Q are rational and integral functions of 
x, and R is a rational and integral function of the fourth degree, or of 
the form a+ br-+cz?+ez*+ fx‘, And it is shown that the actual calcu- 
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lation of all such iutegrals is attainable as soon as tables of the following 
integrals are constructed, 


i dé =! Fora | də ` 
m f 0o, | ——— . —; 
Ji J/(1 — c? sin?0)? fiva i i | o La sin?0 ,/(1—-c*sin’é) 


in which c is less than unity, and a does not exceed $7. These are 
called elliptic functions of the first, second, and third specics: extensive 
tables of the first two kinds have been given by Legendre, with methods 
of approximating to the values of functions of the third kind.* 


a Le 3: Nes 
2. The values of fze-" dt, or 5 (logs) dx from xr=0 to 


æ=g—a@ may be calculated from pages 590-1, and the following is an 
abridgment of Kramp’st table. But it must be noticed that the most 
important use of this function is best satisfied by tabulating 


2 foe-—tdt 
ao f? a ae 
Tn) fge—P dé, or 1 fre de’ 
of which any value may easily be obtained from the following, the value 
of a being in the first column, and that of f7¢— dé in the second: 


"00 | -8862 1 -90 | -1800 1 1:80 | +0097 
"05 | +8363 f °95 | -1587 } 1°85 | +0079 
*10 | °7866 į 1°00 | °1394 § 1°90 | -0064 
"15 | °7373 | 1°05 | -1219 1°95 | *0052 
"20 | 6889 j 1°10 | °1062 į 2°00 | *0041 
"25 | °6413 } 1°15 | -u921 į} 2°05 | +0033 
*30 | °5950 | 1°20 | 0795 į 2°10 | -0026 
°35 | °5500 | 1°25 | '0683 į 2°15 | *0021 
"40 | 5066 f 1°30 | °05S5 4 2°20 | °0017 
, °45 | *4648 f 1°35 | °0498 į 2°25 | +0013 

"50 | °4249 | 1°40 | °0423 j 2°30 | +0010 


DNNNWNMWNNN bv bo 
ba 
© 


"95 | 3870 § 1°45 | °0357 "35 | -0008S 
°60 | °3511 § 1°50 | +0300 '0006 
"65 | 3172 § 1°55 | 0251 °45 | 0005 
*Ħ70 | 26855 | 1°60 | +0210 "390 | -0004 
°715 | °2560 § 1°65 | "0174 "59 | °0003 
"$0 | °2286 $ 1°70 | °0144 "60 | °0002 


"85 | *2032 | 1°75 | °0118 


* The newest and most accessible sources of information on elliptic functions are 
as follows. Legendre, Traité des Fonctions Elliptiques, 2 vols., Atv., 1825 and 1826, 
with three supplements, (1828,) in which the subsequent discoveries of Abel and 
Jacobi are added. Abel’s papers were originally scattered through Crelle’s journal, 
but are now collected in the edition of his works, 2 vols., 4to., Christiania, 1839. 
Jacobi’s work is Fundamenta nova Theorie Functionum Ellipticarum, Woniysber;z, 
1829. In English there is an account of Legendre’s earlier method, in Leytourn’s 
Repository, vols. ii. and iii.; the subject is also treated in Mr. Hymer's Integral 
Caleulus, and Mr. Moseley’s article on Elliptic Functions and Definite Integrals in 
the Encyclopedia Metropolitana. 

t Analyse des Refractions Astronomiques, Strasburg, 1799; reprinted in the 
Encyclopedia Metropolitana, in the article Theory of Probabilities. In the latter 
article is found the second table alluded to in the text, as also in the treatise on 
Probabilities and Life Contingencies in the Cabinet Cyclopedia, and in the article 
on the same subject in the edition now publishing of the Encyclopedia Britannica. 


2U 
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3. On the function Tx or {> e~’v*-' dz enough has been said, and a 
table has been given (pages 577—591.) I only add here a few words 
on the faculties of numbers, as the German analysts call them, all the 
properties of which are really included in those of Pz. 

The use of the term powers of x, to signify xx, rxz, &c., suggested 
to Kramp the application of the kindred term faculties of r, to denote 
x (x +a), c(2+a) (4+2a), &c., x being called the base of the faculty, 
a its difference, and the number of factors its exponent. Others have 
called these functions factorials* of x. Besides the notation exemplified 
in page 254, the following has also been used: 


(z, +a)=1, (z, +a)'=2, (1, +a °=2 (t+a), &c. 
(z, +a)"=2 (x+a)(zr+2a)... .(x+n—1 a). 


Many properties of algebraical functions nave been expressed in, 
and even suggested by, these notations; and the extension of the 
system to faculties or factorials with fractional or negative exponents 
has been made in several different ways, ending in the same results. 
These may all be obtained by generalizing the equation 


= = IP od N N [æ E | 
(=, +0)", or a (34a)... (140i a=. =(241)...(Z 4 i) 


\ 
£ 2 
=or(Z+n):r (=); 
a a 
a result which admits of interpretation when 2 is fractional or negative. 


In all cases the notation 
r (i+) 
a 
ric). 


a"'° or (x, +a)” may be translated by a" —— 


G) 


4. The logarithmic transcendents of Spence are included under the 
formula 


Thus Cn=1'!"") or (1, +1). 


Fn an 
L’ (ltr)= tr- t- —qt-- vars 


the first of which, or L(1+72), is obviously log (1 +x), and L° (1 +x) 
=(1-++2)—. We have then 


* dv * dv 
' — Fu — os i 5 9 
L a+a= | Ipo Ie (1+7) f 5 L'(1+v) 
z dv 
L? (1+7) ={ = Le (1+), &c. 
0 
Into the theory of these functions the authort has entered at great 


* This term was suggested by Arbogast, and Kramp himself subsequently 
adopted it. 

+ William Spence, (born 1777, died 1815,) of Greenock, was, at the time when 
he first studied, one of the very few men in Britain who acquired a knowledge of 


ON DEFINITE INTEGRALS. 659 


length, and has deduced values of L? (1+7) and L?(1+2) for integer 
values of x, from z=0 to r=99. He has also investigated the pro- 
perties of 


* (a ere 
C" (r)a 3 +e aa t+ &e 


Mr. Spence has given two formule, by which r—2-" 2° +3 w—&c., 
or the function from which it is developed, can be calculated when diver- 
gent, by means of the case in which it is convergent. These formule 
are as follows: let s,=1—2-"+3-"—,..., and, according as n is even 
or odd, we have 


I. (n even) a +5. : > +i +2- ss y 
II. (n odd) Gr a i .) (9-5 +e. ; e 
24 log £+ Sns ery coe tSe ser I Ls 


By a different method, which is simply making use of the remnant of 
Taylor’s theorem as given in page 652, I have verified these formule, 
and found others analogous to them, as follows. Let S,—=1+4+2°-"+37" 
+ ...., and according as n is even or odd, we have 


III. (neven) Ce +4 7: Heoi +24 s+ 
a(S. 84 SOB as ET. 48 GE) — E 
IV. (n odd) Gr a .) (+ tE t. )= 
2S, log z + Sns Cog +. „e. +S eee} —e 


By the same method the following are also found, Q, and q, represent- 
ing 14+3°"+5"+.... and1—3"+5""—.... 
When 7 is even (using Q,, Q,_,, &c., and qn_i, Qn_s, KC.) 


the works of the continental mathematicians. His essay on the various orders of 
logarithmic trariscendents would have made his name better known if its subject 
had been of more general interest to mathematicians. It is an original work, full 
of methods which any inquirer who is occupied in the investigation of the 
numerical values of integrals would do well to consult for hints. The first edition 
was published in 1809; the second (edited by Sir J. Herschel, with numerous 
additions from Mr. Spence’s papers) was printed in 1820, but, owing to the impres- 
sion being almost entirely forwarded to the publishers in Scotland, ( Messrs. 
Oliver and Boyd, Edinburgh,) and other circumstances, it was never known in 
England as a work on sale till the year 1840, and was always spoken of as a book 


of the greatest scarceness. 
202 
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x’ \e x? l (log zy } 
Ga a er j= qi’ — 
$ (=+ g + 3 } BY Qt tO nnd 
° -3 n=l 
VI. («+ 28 )-(2—3 n +. J = {q,-sloge+.tq gee 


3 2.3..n-1 
When n is odd, (using Qn- Q,-3, &c., and qas Qa- &C.), 


7 m3 n—2 
VII. (045+ 7 (++ , )=2{ 0, sloge+. QS | 


2.3.n—-2 
e 1 (log z)" } 
7 eee miin = Jee. 
Vill. (2 ATOE za t t) 2 Qa ° +4; 9.3...n—-2 


In VI. the suceessive is of terms having qn, qa—s 

5. The integral fi dz:log x, or —fe-t dt:t, from t=-—loga to 
t=, or fe'dt:t, from t=— œ to t=loga, has been tabulated by 
Soldner in the first of the preceding forms, and is the key to so large a 
class of definite integrals, that it will be worth while to discuss it, and to 
add the table. In the first place, observe that when a>1, the subject 
integrated becomes infinite between the limits of integration (at r=1) ; 
in which case the principal value (as M. Cauchy calls it, page 633) is to 
be taken, or the limit of {}-’+ f7,., when @ is diminished without limit. 
Soldner uses the symbol li. a (from the initial letters of logarithm-integral) ` 
to stand for (¢dx:logx; a notation which I propose to follow. 

From the second form, and page 653, we have 


ewe eed (log a)? (loga) 
; =y+log log a—log a+—— — oe eee 
e/ log.a a . 


which applies when @>1. By expansion we have (aœ>1) 


3—9 —? 2? — A2 
NAN ER OER 


EE 


ET ` 0 2 
TG 9? 
— = 9 — cance 
f ana y tlog 0 + z 
Add these together, and diminish 0 without limit, which gives 
~ —t ] 2 ] 3 
li. a=- | : i EEE log a+ log ayeo. Cog a) TET 
— log a t 2 2.3 


Observe, that if in the last we were to change æ into a`’, the last 
series would differ from li.a~' by log (—1), the correction for dis- 
continuity described in page 633. Again, as in page 262, let 


{log (l-+2)}"==274+V\4+Ver+V32°+.... 
toga | <2 eae aay) eve E i 
om d -= | log (1+1) 0g a — Yı \&-- )+ nre ; (a< ). 


But (page 593) the value of y shows that li. a—log (l—a) approaches 
without limit to y as @ approaches to unity, and the same of 
li. (l —a)—log a, when a diminishes without limit. Hence we have 


y=V.-4$Ve+2 V. fee 
li. (l-—a)=y+tloga—V,a+4$ V.a°—.... 
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2 12 324 4720 5160 

: dr 

ation ES) Jis. KU 
The first integral is found by making a=?90 in the last series, and 


the second from the original development, which gives log a—log 8 
+V,(a—0)+4 V: (a’—6°)+....: the addition of which gives for the 


limit 


— ] —— 
y+ loga 5 


Again, li.(1+a)= =lim. of { f= 


, a l] æ l æ 1 19a* 
li. aD i ] — se — ee ee o a 
CO) See ty Ma aa a 0 


The coefficients, as given hy Soldner, which can be partly verified 
from page 262, are as follows, (a*) meaning coefficient of a’. 


— 5 aè I. 8 @)= 
863 275 
6 T yam, ae i 
()=s59880 O7 iogar 
(a°) = 00116956705, (a°) = ' 00087695044 
(a") = "00067858493, (a")= ' 00053855062 
(a'*) = * 00043801461. 


From Taylor’s theorem, 


d (log a)™' T a (log a) T 


li. (a+x)=li. a+ —— + 


io og & da 2 , da’ 2.3 


A particular case of Burmann’s theorem is also applied by Soldner, 
which may be useful in other cases; namely, a method of expanding 
F (a+xr) in powers of I —fa=s. if we assume F (a+r) 
=A, +A, s+} A+... we easily deduce 


F'a 7; l dA, EM l cdlAs 
A Fa, MSG a, Pk Aa =F da. &c. 


Let Fr=li. r, fr=log x, we have then 
a ‘ _ (oga-—1)a _ {Clog a)?—2 loga+2} a. 
log a’ Lig— (log a)? ? a "(log a)? 


A, = 4 (log a)" { (log a)"—n (log a)" + n (n— 1) (log a)" — 
t+n(n—1)....1}. 


Let log(a+z2)—loga=y, and let the last factor of A,, all but its 
first term, be +(2—1)B,. We have then 


1— 


A OS. a _ {loga- Ba} ay? , {Clog a)*+ 2B,} ay 
li. (a+ r)=li. AET © "8 (og ay" 2.3 (log a)? PY faces 


y? y? 
T 
e l F am 
or slnce y+ +25 ee S og (a+7)—loga __ l=, 
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ay? B 2Bay 3B,y° 
2 (log a)? | ? Bloga ` 3.4 (log a)? b 


where B,=1, B,=B,—loga, B,=2B,+ (log a)°, B,=3B, — (log a)’, 
and so on. This series is very convergent when a is considerable com- 
pared with z. 


li. (a+x) =li. a+—— $ 


= a 


and convert 


e e l 
Lastly, take the equation li, —= = 
a log a 
the integral into a continued fraction, as in page 591. This gives 


1 (loga) (log a) 2 (log a) 2 (log ay" 


One or other of these methods will apply in every case, and by 
them the following table was constructed, for values of a less than 


unity. 


a. lia.(—). a  h.a.(—). li.a.(—). 
"00 | -0000000 į °34 | °1925352 "7210254 
"01 | ‘0018297 į °35 | °2019321 "7534596 
°02 | °0042052 | °36 | °2115883 "7809469 
°03 ; °0069137 | °37 | 2215106 °8095577 
"04 | °0098954 f '38 | ‘2317064 § °8393700 
"05 | °0131194 § °39 | °2421833 | °8704701 
"06 | °0165667 | °40 | °2529494 | "9029543 
"07 | 0202248 § *41 | 2640133 | "9369300 
“OS | : 0240852 § °42 | "2753841 | "9725181 
°09 | -0281416 | 43 | °2870714 | 1 ' 0098548 
°10 | -0323898 f °44 | °2990852 | 1 -0490943 
"11 | °0365267 | °45 | °3114326 į 1°0904128 
"12 | -0414502 į °46 | °3241357 | 1-°1340120 
"13 | 0462592 | °47 | *3371959 | 1° 1801246 
°14 | °0512530 | °48 | °3506294 1°2290215 
"15 | °0564316 | °49 | °3644496 | 1°2810197 
°16 | °0617955 | °50 | °3786711 | 1'3364941 
°17 | °0673155 | °51 | °3933088 } 1°3958924 
°18 | °0730829 § °52 | °4083791 | 1°4597547 
°19 | -0790093 § °53 | °4238992 | 1°5287419 
°20 | °0851265 § °54 | °4398875 1° 6036733 
°21 | -0914368 į °55 | °4563637 | 1 6855829 
‘22 | *0979426 f °56 | °4733487 | 1 7758007 
°23 | 1046467 J °57 | 4908650 | 1°8760780 
°24 | °1115521 § °58 | °5089366 | 1'9887871 
"25 | °1186621 § °59 | °5275895 | 2°1172535 
°26 | °1259803 | °60 | 5468515 2° 2663481 
"27 | °1335104 f °61 | °5667522 | 2° 4436226 
"28 | -1412566 f °62 | °5873242 | 2°6617277 
-29 | °1492232 į -63 | -6086021 2° 944380] 
"30 | °1574149 į 64 | °6306240 | 3°3448241 
°31 | °1658356 f °65 | *6534306 4°0329587 
°32 | °1744935 § -66 | °6770666 | infinite. 
°33 | °1833911 § -67 | °7015805 


ON DEFINITE INTEGRALS. 
When a> 1, li. a continues negative until li. 1°4513692346, which is 


=0, after which it continues positive. 


li. ° 1 = — 0 ° 0323897896 
li. 10= 6'1655995048 


Also 
li. e~ 


he = 


= — 0 ° 2193839344 


1 8951178164 


The following is the table for values of a greater than unity :— 


a. l.a (ẸF). a. 


infinite. 

1°6757728 
0°9337783 
0°4801779 
0°14499]1 


pmi pd peed teed peed 
A Uym & 


l 


NOOI 


° 1250650 
"3531475 
"5537438 
1326370 
'8953266 
°0451658 
°6672946 
* 1635889 
°9675853 
' 6345880 
* 2222224 
°7570508 
° 2537182 
° 7212387 
°1655995 
"5919851 
0005447 
"3965480 
* 7808256 
°1548249 
"5197165 


OO IQ OR OO DD DD e e pe j p 


0O ONN Aa AONTA A UNN m=O 


l.a (+). 


* 8764646 
' 2258743 
"5686258 
"9053000 
"562353 
"200316 
‘821734 
°428628 
°022632 
°605092 
"177131 
°739697 
* 293602 
839544 
"173366 
-468696 
"131245 
"965412 
° 174669 
"361813 
' 529138 
°678554 
"929887 
° 126139 
° 275096 
° 382807 
"454085 


a. 


160 
180 
200 
220 
240 
260 
280 
300 
320 
360 
400 
440 
480 
520 
560 
600 
640 
720 
800 
880 
960 
1040 
1120 
1200 
1220 


li. 


a(+). 


"492841 
°502303 
°485178 
” 380020 
° 192168 
°932872 
"610933 
° 233401] 
-806034 
"333612 
"820157 
"683375 
"417888 
040677 
"565102 
"00191 
"35993 
"64651 
' 86784 
"13526 
"19668 
"07861 
°80200 
* 38376 
°83783 
206- 
217° 


17582 
40761 
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When the number is very nearly equal to 1, the table may be aban- 
doned in favour of the expressions for li. (l —a) and li. (1+<a@), in which 
Also the 
formula for li. (a+ x) must be used instead of interpolation, if values of 
li.a for large intermediate values of @ are required. The following 
integrals (and many others of more complicated forms) may be obtained 
by means of li. x, in which it is to be understood that the integration 
is indefinite, requiring to be taken between limits, or a constant to be 


a will then be very small, and the series very convergent. 


added, as may be. 
x" dx 


=]i. brt shat 


L 


E€ dr Tet dz 
pe CIS => li. Gai, — =le | = 


a log x 


= i E Eai 
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fee dx=li. £, fear’ dra li, eat, J O pi li. "t7 
: b atr 
7 
(exe =li. log x, fli. fedr=zii. fe— ae dx. 
J tloglogz log fx 

I now come to those isolated instances which cannot be made to come 
under any of the preceding methods: of these there is a considerable 
number existing in various works, out of which a selection must be 
made, and it is a matter of no little difficulty to settle what parts of the 
voluminous writings on definite integrals are most likely to be useful to 
the student. 

Having applied the remarkable property of cosines and sines in page 
291, it may be interesting to point out some other functions* which 
have an analogous property, and which are of great importance in some 
questions of physical astronomy. Let u=z+4x (1—u?), which gives 
by Lagrange’s theorem (page 170) 


l l d L 1 æ x® 
— amb — z? —— ar — 2 2 — ot bY ae ee *)3 _. eeere 
te hath ny et a ee gi tg gate ne age 
du. ld : 1 & ag @ al ets 
doo sg as TNT GAC ot gl) sae 


] 1 
But u= a i (14+ 2zr+.27)!, (14 2era) Let the last 
series be P,+P,x+Par?+.... ; then P, is of the nth degree with 
respect to z, and if k<n, we have for 2°T (n +1) fP,z"dz, or 
fD" (1 — 2°)" 2*dz, the following terms, 


2* D’ (1 = 2°)" - ke" D" (1 — 27)" 4... ELK] D" (1-2?)’, 


every term of which vanishes when z= —1l or z= +1: so that 
f2iP,2*dz=0, if k be any integer less than n, Hence, if m and n be 
unequal, we must have fti P, Pm dz=0, for if n be the greater, then 
P,, being rational and lower than P, in dimension, we see that f P,P, dz 
may be made to take the form 2{A, fP, 2‘ dz}, k never being so great 
asn. And each term of the last vanishes, whence the theorem is 
evident. But if m=n, we have one term of the form A, JP, z" dz, 
which integrated by parts as before leaves one term only, + A, F (n+ 1) 
D~ (1—2*)": 2" F (n+1), according as n is even or odd. Now (page 
580) 

fa" dz=2 fi 0—2) de= flat (1 —a)" de = BE OEY 


Pats) 
=F (n+1): (n+$)(m—43)(n—8).. 2. ££. 4. 


Now A, is the coefficient of z* in P,, or in 2 D" (1—z’)*: F (n+ 1); 
we have then 


A = +2. 2n (2n—1)....-(n+1):T (n+1), (+, even; —, nodd). 


* These are certain functions, by aid of which Mr. Murphy (in his elements of 
electricity) has put Laplace's coefficients (page 540) in a very clear point of view 
as to those primary properties on which their utility chiefly depends. 
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Hence +A, is positive, and 


/; 2" 2n...-(n+1)xn....1 
ti Pa dx=— D” (1 - 2°)" =— a eae 
j 2” Osa) (n+4)(n—3)....$.4 P(nt+1) 
= 2.27".2n....2.1 a2 
~ (Qn4+1)....3.1. (n41) 7 Qn4l 


If, then, (1+ 22r-+2*)+ be expanded into P,+P,2+..., the function 
P, has the property that f+; P, P,,¢x is =O or 2:(2n+1), according 
as n and m are unequal or equal. Also 
D” (1 —2*)” 3 
L2" ) l o £ (1—2z?)". 


SPF (n+l) 2".1.2...n de 


Let pr= fe yv dv, the limits being anything whatever independent 
of x: if, then, we change z into 2 +a, and subtract, we have 


Adz or 6 (x +a) —Pr= fe (7—1) Yu de, 
with the same limits; and, in the same manner, 
A’ or= pers (e — 1)" Wu dv (limits as before), 
© —zv l 9 —£v (.—av n n I 
Yv=1, foe OET foe (e~-"—1)*dv=A = 


As another example, integrate both sides of fg e™ dv=x, from 
2=a to r=b, which gives 


2 ETI? m P b S. ETI w gT r+ b 
f. rr dv =log w and fo E dv=log PE, 
—av gov b 
— oO —zv f.—hv 1)" £ — A’ x + S 
Ar=h, fee” (e ) dv log E, 


a result which shows that an integral of a complicated form may be so 
dependent upon a more simple one as to be calculated without 
difficulty. 


Again, fj (™— 1)v™ dv=log x —log (x+h)=—A log z. 


Integrate both sides with respect to x, and then take the difference of 
both sides, which gives (observing that the second operation destroys the 
constant of the first) 


foam (e"— 1)? v dv= A’ (z log r— x) =A? (a log 2). 
Repeat the progress, which gives 
y2 2 
foe (e-"— 1)? v dv= — A G log 1—2 = —4 A’ (x° log r), 


and so on, which gives 


A" (2"— log 2) T 2) r 

L = a Ue: 
T(n) o \ log z 

From page 575 we may deduce 


(—1)" fi 7 (™— 1)" v" dr= 
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œ x dr T 1 ql) + w 
f l+e =, =/ Sie Nay): 


The transformation is made as follows: 


= 1 A l 0 ] N 1 
fi or de=figede+ frordr= fide de+ fio F) t 
=J. [ote] baz 
co E ai dx eo {2 ato dr xy dx ) 
{= 1l ter ~ sin ar = f lce” x Pore dx 


=a ° 27! (1+ccos 0.2) dz c™ cos ab 
= z (e +e) 5 or S E cui 
SIn ar l +2c cos 6.x 4+ ce 2° sin ar 


if k=,/(—1). Make c=1; a corresponding subtraction gives 


x dx T, adr m sinad 
a 1+2 cos 0.242” ie 1+4+2 cos 6. rH sinar sinb’ 


sv 4A); 


the second being obtained by changing æ into 2" in the first. The 
transformation already noted gives 


: a+r pee wel sin a0 
o L+2cos0.2+ z? T= inar sin’ 
SA the two last n 2 sin 0 d0, and integrate from 0=0, 
belas +r) _ res o ato AERA 


; B 142cos0.242° =) 5 \ 1 +2c08 0. z+) x 


= 
~ asinar ive reveled): 


In (A) write 1+logr.a+.... for x°, and let sinab :sinar 
=A,+A,a+.... Equate corresponding powers of a on both sides, 


and we have 
(log x)" dx as 
i 1+2 cos 6.24+2° =— (ntl). A, 


whence this integral vanishes whenever n is odd. 
In page 593, last equation but two, from the value of A (1+2), or 
log Tr (1+2), find A(1+2)+A (1+y)—A (1+2+y), which gives 


7h (1—v*)(1 —v’) dv á E (1 +2).F(1+y) 
3 Jo log v > Tr(l+r+y) ` 
Write y+ z for y, and subtract the first, which gives 
f w» (1—0)(1—0) do e EOtaty). Td+z+y) 
: l—v logv 5 r(L+y)r(1+r+z+y) 


Subtract this from the preceding, with y changed into z, and we have 
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MA- dv 
l—v log v 


0 
ri+zrd+yra +2) T0+2+y+2) | 
C(l+a+y)C(l+y+z)PU+z+2) ’ 

and thus we might proceed until there are any number of factors in the 

numerator of the subject of integration. Many integrals may be 


deduced from this form. 
An equation in page 243 gives, with (—1, a, +1), 


=log 


°” azdzr sin T _ (* sinz.rdz i asin 2r.adx 
J omtr 1—2acosrt+a® J, mpe J, mpr f 
EN T —m —2m , eg l 
(page 655) = 5 (e+e a+....)= ana 


Change x into 2r, m into 2m, and then make a equal to +1 and —1 
successively. 


“geeta.dr x ”xtangsedr _ T 
o mp e’ o mH — "4l 


Change a into —a, and add ; in the result write a for a’, 


adr sn gr T g” l 


mê pat 1—2a cos 2r+a? 2 "—a l+Fa 


pee eae xdr _ Te" 
Fae osing mpa &@—] 


‘In the first equation write nz for x, and nm for m, multiply by 
2adn, and integrate with respect to n from n=0, 


+ (ma 


* dn 
= Ta == 
oE” A a’ 


scien dx T prit: 
which gives | mra 8 (1 —2a cos nx + a*)=—~ log (1— ae ). 


| wee log (1—2a cos nz-+ a*) —2 log a-a) | ze 


Differentiate this with respect to a, make n=1, and show that the 
result is the same as we should have got by beginning with the equation 
in page 242. For n write 2n, make a successively equal to — l and 
+1, and subtract, which gives 


J: logsinnz.dx mw, l—-«*™ f= cos ng dx 
ia a 8 


; m+ r? om log 9 ; m+ a? 
_ T 1l+<e™ k log tan nr. dx Pe em 
San 2. = ti myr? 22m OS pemn lL 


The preceding two pages contain certain excursions (by Legendre) 
into the field of definite integrals, not made with any fixed object, and 
guided by the facilities which arise from being able to find some one 
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fundamental integral. Whenever we are able to find [wr.dax.dz, for 
all values of a, it is generally easy to find a function fr, which, ex- 
panded in the form A,¢(a,2)+A,9¢(a,7)+...., will give for 
fwax.fx.dz a series whose invelopment is known. But this method 
must always be of twofold application; for since fyar.dzr.dzx follows 
from fyr.parxr.dr, a similar process can be instituted with functions 
which can be expanded in the form A,¥ (a,7)+ A, Y (a,v)+.... 
For instance, we have 


+) ° © 
sinnz.cdr _ r — (““cosnz.dx ot ne 
o mr 2 Jo ME 2m ? 


whence if gx can be expanded in sines or cosines of x, for (m?+a*)— dr 
can be expanded in a series, the finite form of which may be known. 
Let us now take functions which can be expanded in terms of the form 
A (m*+ 2°), 

As a preparatory step, it is required to expand sin az: sin br, a being 
<b. Now we have (page 586) 


sin wax a l—aa? 4—aq? rt 9—Q? xz? 
sin rbr b ` 1—8 x? 4—8? 2? “9— fh? x” 


If we were to take n of the fractions in the product, not counting the 
first, to be resolved into sums of fractions, asin pages 270, &c., we should 
first observe that numerator and denominator have the same dimension ; 
whence, lowering the dimension of the numerator, we have a” : b® for 
the separated quotient. But (a<b) this diminishes without limit as n 
increases without limit: it remains then only to find the fractions. Pro- 
ceeding as in, the chapter cited, we have to find the value of (k+62r) 
sin wax: sin rbr, when bx= Fk, k being a whole number. By Chapter 
IX., these values are both 


si e x whence — sin aoe : et : } 
[5m >4—- e—a = or aO y a m 1 
b wcos rk b xcoswk \k-~-bk nap eae? 
. 2k sin (rak : b) : : ‘red 
r T (Pts) s one term required. 
Make k successively 1, 2, 3, &c., which gives (7a: b=6) 
sin raz 2 J sind 2sin20 3sin 39 ) 
sinrbzr m l-b 4—62 ‘9s? gt Uf 
cosrar 2 cos 0 = 4cos20 9cos 38 | 
sin tbc rbr l-b 4—6% 2? 9-b 2 
9 l b x? cos0 b?aq?cos?20 l 
EA —cos 20 + &c. 4+ ee sees 
re cos 0 — cos 20 + &c.+ 1x 1 + 
see! 2bxr Í cos 0 cos 20 cos 30 l, 
bx T 1b 4b gba CS? 


the second formula being obtained by differentiating the first with 
respect to a. 
i cos rax  l—4e ax? 9—4a° 2? 25—4a 2* 


A al -a An O N E ee Os Ng 
Br Cossba 1—42 0 ae Gk On LAN 
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Repeat the same process: k being an odd number, the value of 
(k +2bx) cos rax: cos rbr, when br= F Sh, is found tu be 2 cos (rak : 2b) 
-r sin (42k), whence 


2 cos (440) {_— i l | x 4k cos k0 
m sin (Ark) k—2br)? so sin bkr (R?— 46" 2”) 


k+2Qbr 


is one of the terms required. Make k=], 3, 5, &c. successively, and 


costar 4 cos 40 3 cos 20 5 cos $0 

cosrbe ar ea oaa oaa °°] 
sin rax 2 j| sing@ 9 sin 30 25 sin £0 

cosrbr mbe 1—4 9—4b 2 °25—4B x } 


n , 8b.x l sin 40 ) 
= ap {sin pint. J ap 


w 
the first term of which =0 (page 607). Write ay (—1):r and 
b,/(—1): x for a and b, (which does not alter 6) aud we have the follow- 
ing results, (two of which have already appearcd, pages 611 and 612,) 0 
being ra: b. 


eF — nsin 18 gor — —™ ~  sin$n0 
eg LP pe Ot ay ab al 
eFte F | = cosn0 e*7 A n cos $n@ 
ee be eat | pe N A paa 


Where È implies a series of alternately positive and negative terms, the 
series on the left being summed for all integer values of n, and those on 
the right for all odd values of n. Now make b=-2, whence 6=a: 
multiply the first and fourth hy cos cx, the second and third by sin c.r, 
and integrate with respect to x from 0 to òà, remembering that 


foe) ° 

” cos cx. dx a o a a sincr.adce mrm _% 

-a oe ee oe ee 
Jo Mager Qn] S o n +gx 2g 


In this case 0=a, and we have (a<r) 


-RL k 
carat ol 


œ oF — £ ar 
{ cos cx dx =sin a.e*— sin 2a.e-" + sin 34 e-*—.. .. 
—eé m e 
e “sina sin @ 
ace 243) = —————— L = m. 
(pag ) le ™ -t42 cosa &+e°+2cosa 


i woke Tan l e—e“ 
= sd a aaa 
E” 2 £+" +2 cosa 


a 0 
2 ar —ar $c — te : 
ge" —¢ (° — 7*1) sin $a 
f -sin cx dr = ~ 2 
0 
[e] 


And similarly | 


rZ 


ert E eHe +2 cosa 
(e+e) cos ha 
e+te°+2cosa_ 


cos cx dr= 


| E7 4+ pma 
RE -gF 
Jepe FE 


I have left the completion of the processes as an exercise for the 
student: the following formule will be needed, 
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; = sinl (4@—2*) 
sin ð. z—sin 30.2°+...= 142 cos 20.02” 
cos 6 (r+ 2°) 
PUT Meme 3 Jar DOD. Capp mS Sa 
cos 0. r—cos 80.0" + 1+2 cos 20.2°+2* 


Let 4+7 = 2c (2), «*—e-*=28 (x); from the preceding -may be 
deduced, the limits of all the integrals being 0 and œ, and «<r, 


{ sincrdr _ i s ($c) (= crdx 1 1 
s (wr) =2 ar (4c)’ c(rz) 2 c(4e)’ 
f cos cr.rdr ey l {= cr.rdx _ l 8 (4c) 


s (mx) "FA (e. $e)? c (rz) TA (c.4c)” 


s (az) c c (ax) 1 l 
f s (rz) ao 3 tan ga, f c (rz) de= 2 coska 


Many formulæ may be deduced from these by differentiation or integra- 
tion. The functions denoted by c (x) and s (x), called the hyperbolic sine 
and cosine (page 120), have properties closely analogous to those of the 
common trigonometrical sines and cosines. 

In the investigations immediately preceding, it has appeared abso- 
lutely essential that a should be less than b: if a were even =b, a 
quotient term (unity) would appear to be added to the fractions into 
which sin raz :sin rbz, &c. are decomposed. If, then, we were to make 
a=, we might expect the preceding integrals not to be true, and this 
can readily be verified as to some of them, though some happen to be 
true even in this case, owing to their being derived from the pre- 
ceding by differentiation. To deduce a result in the case of a=r, first 
let c=a2—w, which gives 


er) z + eg 07u) z pe g7"? Cer" + et) 
Et — gt eor T Ee? ý 


Multiply both sides by sin cx dr, and integrate from 0 to œ, which 
gives 


: ma PETE T 
2 e+e +2cos(r—w) etu? —l o 


Diminish w without limit, and we have 


“sinez.dz _ l &+1 1 

e=—] 4 ¢—l £X 

To find tan rax and cot raw by the preceding method, make a=b; 
but we need not increase the series for sinar:cos bz and cos az: sin br 
by unity, the quotient term which the method in page 668 would give, 


since these series are derived by differentiation, which makes that con- 
stant term vanish. We have then (r=1, 0=r) 


tanza=— |. i : +- l +. cia 
=e Ta 9— 4a" * a5 4a" 


cot ra= aos 28 feet : : i 
is I~ a a toL gt cece fo 
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Abel has made an application of the formula (c) which deserves 
notice. His preliminary assumption is that every function of x can be 
expressed in the form {e~” fv dv, the limits being independent of z. 
This proposition, however, can only be said to be generally true on the 
supposition that fv may be a divergent series; and every such case will 
need inquiry as to the consequences of employing the series in integra- 
tion. If we assume gr= fo e™™ fo dv, this, if fv can be expanded in 
positive powers of v, is only possible when gx can be expanded in 
negative powers of x, for we have from the preceding 


ox=f(0).27'+f" (0) .27+f" (0). 7 +....; 


so that if pr=A, 2 +A s °t... ., we have fo=A, +A v+} Av 
+44 4A, v” +.... Such cases are generally those in which ¢zr dimi- 
nishes without limit when æ increases without limit; and these are 
the cases to which the following method will most often be applied. If 
we take any other limits, say —1 and 1, and if x can only be deve- 
loped in whole powers of 2, development of « ™ shows that we must 


have 
ftiv" fo dv=(—1)" 9™ (0). 


Assume for v a series of the form A,R,+A,R,+...., where R,=1, 
R,=D (1—v*), &c. and R,= D" (1—v*)", as in page 664. Since, then, 
tiv" Rapm dv =0, we have 


A, fti R, du=¢ (0), A, ftiR, vdv+ A, fti Ri vdo=—ġ (0), &e.; 


from which A,, A,, &c. can be found. But the results of this method 
will give for the most part divergent series, whieh cannot be safely 


integrated. 
Assume pr= fe fo dv, between fad limits, but of what value is 
of no consequence. We have then 


f —Zv d 

p (at+)-+o (2+2) +.. =f” fo (Ht...) ——. 

F l | es | ? sin vt. dé 
Equation (c) gives aaa a a +2 ; -nL 

+ e77 a 
$EtD+P E+) +...= | aes Peake z Sen fo do 
sin vt. ™ fv dv dt 
42) rae 


=j; gede—hor+2 | am (f siu vt = fo dv y}. 


p (z+ty—1)= f e7™ ge FHV—! fy dv gives 


re we y ltt) —e (e—t J—1) 
jJ smvte ae aaa ae 


ro SE ae +t 1)-9@ -o(xr-t =1) 
p(etl)+...=fipeds—hor-2 | Pers N= Ne ae fy | da id ; 
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Let the last factor be Y (2, t); we have then 


b(1)+.- ae oe 9 Ox dx+4 (px—G0) 
afi — {Y @ O—¥ (0, Of 


P idt 


ġr=(l+r)™` and r= œ give | CET =ġy—ł. 


Let pr=log (1+ zx), and deduce 


{oo a Sep TEE ad log (TAEL. glog Uia) 
a (Nate) E 2 4 
aT 
Se 
“tan“'t.dé 1 log (2r) 
pefea 


This theorem, though deduced from the supposition oa fe fe dv, 
may be proved independently of any such assumption. We ARUSI 7 
have by expansion and page 581 


= as dt T (2n) 1 l l= Boni inf 
J Sah ee lg +3 Tage test oe (EG 
gee ae 
Br i=4n | ety" 
0 


Substitute the values derived from this in page 266, in the value of 
Sx, making y,=$x, remembering that 1:6, 1: 30, &c. are B,, Bs, &c. 


Lor= fz px dr—} (Px — GV) 


"at p'az. t? i 1 

ey T 23 Hoe AU EET e 

the last factor being $(#+2J/-1)—¢(1—t,J/—l)—-{¢éCtJ/—-l) 
—(—t J/—1)}, all divided by 2,/—1. Subtract %0 from both sides, 
and add œz, which turns 2427 into ġl1+....-+ġr, and makes the 
preceding correspond precisely with what was proved before. The 
following case arises from ¢x=sin ax or px=cos av, x disappearing of 


itself, 
E ie 1 1 a ” tdt l 
f PAE dt=— co 2 cot D whence f 2L] =z 


the last is already known: a= 7r furnishes another verification. 
In the value of 6(7+1)+.... first found, add x to both sides, 
and for Px write P27, putting $a for x: the result is 


path (at2)+....=fy.h (22) dr +4 ġa 
-2f dt (a+2t,/—1) —¢ (a—2t 4—1) 


+2 


——— ee r+ a a 


hard © dt ¢(att¥—-l)—¢(a-ty—1) 
=} froede+}oa— | E e 
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Multiply by 2, and subtract the value of da+(a+1)+....; 


pa—o (4+1)+6(442)—......= 
Ge odt END- ETENE -1) 


tda—2) a a as ; 
B P T 
: © dt $(at+tJ/—1)—-¢ (@—t—1) 
Sideds+3ga—2[ sr. E Jela 


For gx write p (—x), and having determined ọ (—a)+¢(—a—1) 
+...., write —a for a. The theorem in page 561 is then easily 
verified. Moreover, whenever $(a+t,/—1)—¢ (a—t./—1) is posi- 
tive from ¢=0 to t= @, the theorem in page 650 easily follows, since 
gpa—P (a+1)+. . being then algebraically less than 4} ġa, is less than 
ga (if da be positive). 

In the preceding theorems, the original supposition pr= fe fo dv 
has been rendered unnecessary by a demonstration which is independent 
of it. Resume this supposition, (which Abel takes as always possible,) 
and take the known equations (from t=0 to t= œ) 


"cosart.dt r _ (Csinavt.tdi «© _  [sinart.di x 7 
—_—-—F¢ om -— =E ar - =- (l-e s; 
1+ 2 1+? 2 t(1 +) 2 
l l t ae 
the last from ——-—- =—- ——W—: it being remembered that a must 


(1+8) ¢ 14# 
be positive. Write #-+-at,/—1 and x—at,/—1 for x, which easily 
gives 
—sy © p (1—at J — 1) teo(etat/—l) 
fe -_ (avt) „fo dv=-—— ie A 


© dt na E cos avt dey pe 
Now [teu moa aot gyde} sii]. ise f° v dv 


=e feet "fo dv; 


which last is ġrmọ(x+a): proceeding thus, we get the following 
theorems. 


Let E (2, o) = Pita J— EP ene), 


O (x tiia J— Z 


E dt ” tdt 
fE (7, al). =56(r+a), Ks O (a, at) irp? (r-+a) 


f10 (eat). =p, SEOC at) A =? {ob Eta) er). 


= 
the fourth formula being obtained from the second and third. Different 
forms may be obtained by making at=xtanġ, and substituting. 
We shall presently cite an example, but we may, by means of the 
2X 
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preceding, refute the notion that every function of x can be expressed 
by fe” fu dv, between limits independent of z. 

et pr=z, then E (x, at)=2, and if x can be expressed in the form 
f= fu dv, we have 


°” dt T a 
of ipe”? (x+a), which is false unless a=0; 


consequently it is not true that x= f«’fv dv can be satisfied by any 
form of fv which allows of integration. 

Remember that in the application of the preceding formule, 
gr= fe fu dv must not only be true numerically, but essentially true 
in form, so that e+at,/—1 and a—at,/—1 may be substituted for z. 
For instance, if we were to take 


f e” dy Cr Edi del 


ag C = > l+?e" sin ag 


and apply the first theorem, it would give 
fe e” (6° +1) dt T 


o E“ — 2 cos 24.6% 41 Ipe 4sinz sin (x +a) 


But this is not allowable; for the definite integral with which we 
commence is only true in a numerical and limited sense, from r=0 to 
r=, both inclusive ; nor can it be permitted to substitute x+ at y —1 
for x. Moreover, the result is false, it being easily shown that the 
left side remains finite when x approaches r—a, whereas the right side 
increases without limit. 

The following theorem, however, will be afterwards shown, and may 
be verified when x tat,/—1 is substituted for zv, 


JET ZE dv=log (1+.2)—log z. 


Let then ġx be log (1 +x) —log r, and apply the theorem, which gives 


pa CTN dt x, /1+a+a 
0 5 


— eper J14e 2 BU epa 


© anf z e tdt gre 1 +-t+a 
fetan (Grr) l+ 2 log r+a 


š t dt x l+a 
ne) ne eae 
fs tan ( = z) = log ° 


4 


x2 


Again, fize duel (te e tht dv= r.e": 


apply the theorems to ġxz=¿™'*, and the results may be easily shown 
to be false; and the same in every case in which the limits of integra- 
tion which give gv have different signs. Here, as in page 607, we 
must not use a result which is subsequently to enter into the subject of 
an integration, unless that result be true throughout the limits of inte- 
gration. Now, in obtaining the first of Abel’s theorems, of which we 
are now speaking, we have to use the integral fọ cos avt dt: (1+t), 
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which enters into a subsequent integration with respect to v: as long as 
v is positive, this is $ re—”’ (a being positive), but when v is negative, it 
. is $ re™. It is easy, however, to extend Abcl’s theorem to this case in 
the following manner. 

Let ¢r=fe-*’ fu dv, the limits being —« and +f, negative and 
positive, and let this theorem be universally true. We have then 


il al mp 
[ Es cos avt fv dv) 


“cos avt ct ) 
=u v0 B —2LU 
= (fedor fede) | ise" Joj: 
Now in the first integral v is negative, and in the second positive ; 


proceed accordingly with the included integral, and, on the same reason- 
ing as before, we Pi by this and similar processes, 


fo E (2, at) — 


aE foe fo dot freer fodo 


tdt 
1+? 


fo O (2, t) ones => JE ge faim fee fo dv. 


Apply this to fo=e~ —" ov =y r.i”, E (a, 2at) = Jr. et?" cos azt, 
O (x, 2at) =r. PEET f axt. N remembering that c=—c, 
B=+ œ, and 


erry ii 


we have the following equations, 


ies O (2, at) => js. ee) "fv du——> fE eeto e fy dv 


RE.) paar Saal (1+2a)2 
cos axrt.dt a 7 T ot : 
fl wf: Ecce: — (eee re: dotz g4 J e dy 
TE 5 —— 4z+a 
1+ 35 
0 
. —9 2 
po (7. sinarttdi _ r S a fieza e 02] 5 oa Spado 
a re IFE e aa iad CV In¢aé ( 
0 Gud 


RO k e 
inat.dt r x2 Z 
ya | T sfe Pde fp do=r fE dv. 
0 and 


The third, differentiated with respect to x, may be verified by page 
634; the two first may be thus written, after reduction, with an obvious 
abbreviation, 


© —@2¢2 t.dt ve hau ar (i? q r 
[=s cos art. df UE a a a 


amen ee 
>? ” sin art.tdt ee ee ee 

[ont Ae fem fist e fiu d 
0 


the second of which may be verified by differentiating the first with 
respect to x. If x=0, the first may be reduced to 


2 nee f 
a a e dv. 
1+/2 v 


All these integrals can then be calculated by Kramp’s table (page 657). 
2X2 
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If we throw the last result into the form 


remade E ag) os 
J, Sar a/p Si! "dv, 


we may see that differentiations with respect to a and b will enable us 
to apply the table to the determination of fj °° Pdt, where P is any 
function which has a rational and integral function of ¢ for its numera- 
tor, and an integer power of b+-¢° for its denominator. 

Two integrals, each of which is infinite, may have a finite difference. 
Thus, if in those of page 630, we make n diminish without limit, the 
first increases without limit, while the second becomes 


fe eee ato a dx= tan a 
“a oo a) 
Now let tan (6: a)==8, tan (6': a’) =A’, and we have 


f cos np cos nf’ 


fa (e- cos br—e~* cos b'a) 2" da=Tn } ——- —— 


Expand the second factor in powers of n, which gives for the whole 
product 


Dn. {$log (a?+0")— } log (a+b) +An+Bnit+....}; 


and ra.n or T(n+1)=1, when n=0. Consequently we have 


> T cos bx —e—*" cos b'x l a? 4b"? 
— —-- dr=— log ——; 
0 T 2 a -+b 
10 —ar —a'r I zO , , 
Ee a cos br—cos b'x b 
| —_—— dz=log —, f — — dr =log —. 
The following integral can be found in finite terms : 
O æ? 2 +—2 Dp? m~m eae 
yas f e ee dra) ee ee. 
x 


by. changing v into a:z2, But the latter multiplied by —2 is dy : da, 
whence 
dy P -2u 
dat =o y= Co =i yr., 
the constant being determined by making a=0. 
The following is a remarkable instance of discontinuity. Expand 
and add log (l—as*¥~") and log (1—ae~*V), which readily gives 


2 3 
log (1—2a cos r+ e) = —2 (a cos r+ Cos 20+ cos 3z- .s... h 


a series which is convergent from a= —1 to a= +1. Integrate with 
respect to x, from z=0 to r= r, and we then have 


fslog (1—2acosa-+a*).dx=0 (@ < or =1). 
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But this process cannot be depended on whena>1 or <—1: let such 
be the case, then the preceding is true if for a we write a~', which gives 
Jrom the preceding 


fi log (a?—2a cos x-+1) co 2r log a (€> or =1); 


so that the first of these equations really involves the second. Make 
one step in integration by parts, and we have 


{eee — log (1+4), 0 or Z Jog (1+ =) 


1—2acosx+a? 


according as a°’< or >1. Also 


£ T l E T 
? log sin x. dr=— log =, 2 — dr=— log 2. 
fi og sin v. dx z 85 {i 2 Ss og 2 


Let a+a'=2 2b; f oS ee ee | +6,)=2elog(14+—); 
2 


>» b—cos T 


where £, is the lesser, and £; the greater, of the values of a in a°—2ba 
+1=0. The two results agree, since 6,8,=1. When the roots are 
impossible, or b<1, still b—„(b»—1) must be taken for £, and 
b+,/(b?—1) for 8.: that is to say, such an assumption is only a part of 
that law of continuity of form which is always to exist in the transition 
from possible to impossible quantities. If b be impossible, then the 
values of æ may also be reduced to the form mtn,/—1; butit is not 
easy to settle @ priori which form is to be used. 

This chapter contains, in the parts immediately preceding, a few, and 
but a few, of the very large number of isolated definite integrals which 
have been given, the number of which is daily increasing. Of them all 
it may be said, that though the results are in general of little import- 
ance, the methods of obtaining them are highly instructive, and the 
cautions which they afford are absolutely necessary. I have omitted for 
the most part all results which can be obtained, ]. from ordinary in- 
tegration; 2. from differentiation ; 3. from transformation. 

To exemplify the two last, let us take the following integrals, 


sin v. gdz Ni S 
———— =r log {1+b-,/(b°-1 s ET% cos bx dr = —— € “, 
f b—cos x g{l+b- JO}; foe 2/a | 
Differentiate the first n times with — to b, and we have 


* sinz.xdx oll 2 
f (b— cos x)" T ee (n+1) = “log {1 Fo —y/ (b 1)}. 


Again, change òb into 1:5, and we have, by the same process, 


(b+1— VATI 


(" sing.sdr ZT hog 
J, I—bcosx te "A j 
"*sinz.cos"2.adr _ a D8 d" 1 {pti} 
$ (1 —b cos r)” STFI) db"" b 5 b f 
in the result of which b may again be changed into l1:b. Now differ- 


entiate the second integral n times with respect to @, or 2n or 2n-4-1 
times with respect to b, which gives 
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pee cos br.a"dx =(—1)" yr 5 (am E a) 


d?” A _ bey 
foe” cosbz.a"dx =(—1)" vn G E s) 


2 ab™ 
(pent La 
B sin bx ee dz=( — ] )” ve aan G E =) : 


in all of which, integration is made to depend upon differentiation. We 
also learn incidentally, that a~? <~’*** is a function which gives the 
same results, whether it be differentiated 2n times with respect to b, or 
n times with respect toa. Let the student apply a similar process to 
differentiations of fọ% sin bx dx and fọ e™ cosbrdzr, and compare 
the results with those of page 630. 

As to transformations, let us take the integrals which are frequently 
called Euler’s integrals, or Eulerian integrals. 


Tn. In 


fc gv a azn, : a (1—x)"— dr = FOTO 


n—l 


1 
For x write —log s, and [n= Í (1 L dz. 
0 


A reader of Legendre would hardly know the first form of I'n, or of 
Poisson the second: and it is the same with many other integrals in 
different forms; insomuch that there is hardly any point attention to 
which will save so much time and trouble, as the formation of quick 
and ready habits of transformation. 

In the second integral change z into a*, k being positive, and for m 
and n, write m:k and n:k, which gives 


min 
` Ear 4 k i k n 
| a"'(l—a')* = dr=———_——_--,, denoted by Cs ies 
0 a) \m / 
Rh R} 


a notation altogether opposed to analogy. Let m:k==m', n:k=n’, &c. 
(=>) (r+m\ — ml Ý F(n tm). TY 
\m/ \ 1 ) “ET (m+n) RE (n'mt) 
a Ew Tl’ _ Fam! Fv’ +0) _f nN (ntl) 
TRE (EL) ER (tem tl) Vl J Xm f; 


This form is the one under which the integral was first presented by 
Euler, and the property just proved contains, as remarked by Legendre, 
nearly all the theory of these transcendents. The ease, however, with 
which they can be reduced, and if need be, calculated, by means of Fr, 
renders this separate theory almost superfluous. 

I shall conclude this chapter with some extensions of the preceding 
theory to certain multiple integrals. 

Let there be n different variables, z,, 2,....2,, it is required to find 


far Te ooo ot, da, Aage o .dry, 


where the limits of each integration are to be so taken that every 
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positive value of every variable is to be included between them which 
will make 2,+2,.+.... equal to or less than unity. Let us, for in- 
stance, take five variables, v, w, 2, y, z, and find the integral 


fort uf- x% y? z dy dw de dy dz. 


In the first place, and beginning by integration with respect to z, 
itis obvious that z must take every value from 0 to l—v—w—z-y, 
in which y must take every value from 0 to 1—v—w—z, in which x 
must take every value from 0 to l—v—w, w every value from 0 to 
1—v, and v every value from 0 to 1. Now we have 


Sea" (a—r)" dr=a"t"" F (m+1).F (n$1):T (mtn). 
Te 


: I—v—w—1—y j~] -s me )9) = Dee P $ ee m 
Apply this, and f} z! de= (l1—v —w—2—-y) P41) E, 
r3.0(e+l) Te 
lL—-v—w—r ,,o—1 am — 7) — 7) — ret à al a ae 
fo U Bayamon RTE TN, Os CET 


ry.r(e+ò+1) To.Fe o 
E (e+òt+y+l) T (e+òt1) — 
FB.F (e+ò+y+1) Ty.Fo.Te _ 
F (epd+y+h+1) Fe+òty+l) 
Toa.P(eto+ty+A+1)  FB.ry.Tò.Fe 
F(et3+y+b+a+1) FP (e+d+y+84+) 

Fæ. FB.ry.ròre 
I (e+B+y+òte+1)' 
and the same process may readily be generalized. For v write 


(v: P)’, for w write (w:Q)!, &c., and for œ write a:p, for $ write 
$ :q, &c., and we have 


fie 2" Ddr =(l—v—w) +7 


fiw C dz =(1 — v) #34748 


fio Bdr= 


iv! sY- yp 2! dy dw de dy dz = 


Can ee rs 
P- Q’R’S? Ts Sit tae peed 


rst Sa ey A ae ee ee R > 
oe es r(+ rs We oa +<+1) 
P q T S 


all elements being included in the integration in which 


(e) +(q) +(e) +S)+@) 


does not exceed unity. 


For instance, the quarter of a circle is f dx dy, where 2°+-y? is not 
>a’®; it is then 


a.a VATS a’ a ie _ 
2.9 Trea’? FT (TS) =T > therefore I'($)=,/7. 


T a dv..dz= 


Required the value of the total element of the first preceding integral in 
which the sum of the variables lies between c andc+dc. It will 
be sufficient to take three variables, x, y, and z, and to suppose that 
the integral in question is 
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fayz dx dy dz, subject to r+y+z, not >c, ` 


which must first be found. For az, y, z write cr, cy, cz, and the pre- 
ceding becomes 


cotety f g= ye) z dz dy dz, where c+ y+2 is not >l; 


and the integral is a constant already determined, call it C. Con- 
sequently the integral, z+y+z not exceeding c, is Cc*t*t’, and 
x+y+z not exceeding c+dc, it is Cc*t**7 + (a-+6-+4 y) Cettt™— de; 
whence the latter term is that element of the integral which answers to 
the aggregate of values of z, y, and z, which satisfy the condition of 
x+y-+z lying between c and c+ dce. 

Next,* it is required to find f ayz"! f(a@+y-+2) dr dy dz, 
on the supposition that z+y-+z never exceeds /, All the elements of 
this integral answering to values of v lying between c and c+ dc are 
aggregated in (a+6-+y) Cc*t*t?— fede. Consequently the integral 
required is 

(x+8+y)FaTB Fy 


| (fl jotety—l AY fi attri 
(atb+y)Cfic fedc, or PGtsiyt) fic fe de, 


al, 3-1 »—1 a s) g z=. ft etet Fo de, 
or fy z f(x-+y+z) dx dyd Pui fede 


and by a change similar to that already made, we find 


faye Ne) (a) + ($J) dr dy dz 


P AY 
| A ee A 
@ 8 peo 
a I SS a 
Nett) 


Pp q ~ Nr 
if ($) + (2) + (=) never exceed /, 


By this process can be immediately solved many problems connected 
with the eighth part of any solid whose equation is az"-+ by"+cz"=1, 
among which are spheres, spheroids, and ellipsoids : including par- 
ticularly the determination of their solid contents and centres of gravity. 
And, similarly, of all curves whose equation is az"-+ by"=1, including 
circles and ellipses. Something of the same sort may be done, but 
not so easily, when the limits are © aud œ. Take, for instance, 
fo fop (x+y) y’drdy. Assume x=r cos?0, y=rsin®@; the pro- 
cess in page 395 gives f fpr. (7 cos? 0) (r sin? 0)’ 2r sin 0 cos 0 dr dd, 
from r=0 to r=, and trom 0=0 to €=47; or 


2for rts! dr. fsin™t! 0 cos™t! 6 dd, 


* This theorem is due to M. Liouville; all ‘that precedes has been used by 
Laplace and others in problems of probability, but only in the case of whole 
exponents: M. Lejeune Dirichlet appears to have first drawn attention to the 
general form of the theorem. There is a paper containing another demonstration, 
by Mr. D. F. Gregory, in the Cambridge Mathematical Journal, vol. ii, p. 215. 
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——— — — - ® A Ir e 
l («+34+2) fodror Aa 


the second integration being actually performed by making sin 0=v, 
and changing the functions and the limits accordingly. Tor x and y 
write ax” and by”, for œ and 6 write («+1):m—1 and (2+1):n—]1, 


and we have 
S ph (ax™ + bx") x yf dx dy 
ett ptr Pat atl roe 


or 


a mh m m Ns eer 
eee ——— f ee i os dr’; 
! l 
mn r (= TH EEN 
m 1 


the limits being O and œ for every variable. It would muke no differ- 
ence if we wrote at”+ bz"+c and Ø (r+c). If we now ask for 
fo (e+tyt+z) y? 2” dx dy dz, first let x be constant: we have then 


Cr (6+1)l (yv+l1) 
B y ss Ne ee 
JP (etytez) yz” dy dz= NETEN 


Multiply by a*d2, and integrate the second side by the same 
formula, which gives for the integral required 


Etat DEED TATED f; br. petatrte of 
I (a+8+y7+3) 
Proceeding in this way, the general theorem is, that 

P (XA Le...) LILET. e e A, Ay. woe 

Fæ. TP.. 
TIT (a++ nem 
Oand œ being the limits of every variable. A transformation may be 
made by writing a, qf, &c. for x,, &c. This theorem, however, is 
nothing more than the last, since 7 may have any value: and in the 
proof just finished, the upper limit of » may be any whatever. But 
those of 0 must be 0 and qm; Or y°r or tan’ O must take every pos- 
sible value. To make r=r cos? 8, y=r sin*@, and to assign O and é for 


the limits of r, and 0 and $r for tise of 0, is in fact to make x and y 
take all possible values in which x+y does not exceed J. 


3+I+1 dr. 


aor TetPRH.. »—l dr; 


CHAPTER AAT. 


ON DIFFERENTIAL EQUATIONS,* AND EQUATIONS OF 
DIFFERENCES. 


HiırTHErRTO I have only considered the general theory of this subject, 
with a few applications to actual solution. The present chapter is 


* It would have been a more difficult task to have selected the matter for this 
chapter from the mass which has been written on the subject, had I not derived 
much assistance on this point from three very excellent French works which have 
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intended to exhibit those isolated modes of solution which may one day 
form part of a general theory. It will be most convenient to divide this 
chapter into articles, after the manner of Chapter XIII. By y’, y”... 
y™, &c. are meant the first, second, . . . nth, &c. diff. co. of y with respect 
to z as usual. 


(1.) The equation y¥=d¢z is integrated as follows. Let C,, C, 
C,....C,_, be the values which y, y,'y",....y%™ are to have when 
e=0. Then 

Ce" C, 2? 


y= fz dx}* p2-+ = ~——_— + e... t- + t+C,, 


where ( fdz)” is the symbol of n successive integrations with respect to 
x. This successive integration may be reduced to single integrations by 
the following theorem, which, with its inverse, I leave to the student. 
Let I,= ( fdz)" pr, P,= fx" pr da, 


n—l 


r (n+1).10,4,222" Pen Pin æ”? P=. o oe tnP,i EP, 


Pa" T—na T+ (n—1) a Tg. En (M— 1) oe oh Ingi 


(2.) If we take the equation apr+¢y. y =0, we have the complete 
integral in afprdx+ fy dy=C, provided that fx dz can be found. 
But if this integral should be an unknown transcendental, we are not to 
conclude that the equation cannot be integrated, for it may happen that 
a relation between y and q, independent of the transcendental, can be 
obtained from an equation involving this transcendental. Let wer and 
y~'x be inverse functions of v, in such manner that wy-'z=a, and 
ywe=ar. Let Ox be another function of x, and let us consider 
payr, or the performance of two inverse operations separated by the 
performance of an intermediate operation 6. It by no means follows 
that yYOy%—'x contains er directly: for instance, when y and @ are con- 
vertible, or YOx—=O6yr, we have YOWwr=—Owy"z=O2. Now let 
yar= fox dz, whence the preceding equation gives 


aye-+yy=C, or y=4™ (C— aya) 


a a +2=0 gives y=log—' (C—alog x) =E a" 


lately made their appearance, and which I have thus been able to follow, to a con- 
siderable extent, in the choice of topics. They are 

1. Cournot, Traité élémentaire de la Théorie des Fonctions et du Calcul In- 
finitésimal. Paris, Hachette, 1841. (2 vols. 8vo.) 

2. Duhamel, Cours d'Analyse de l'Ecole Polytechnique. Paris, Bachelier. 
(vol. i. 1841, vol. ii. 1840.) 

3. Navier, (suivi de notes par Liouville,) Résumé des Lecons d’Analyse donneés 
à P Ecole Polytechnique. Paris, Carilian-Geury, 1840. (2 vols. 8vo.) 

Each and all of these works I can most cordially recommend to teachers and 
students. There is also another work to which I may yet have to acknowledge my 
obligations, but hitherto only the first volume has appeared, and too late for me to 
_ avail myself of its contents. 

Moigno, Leçons de Calcul Différentiel et de Calcul Intégral rédigées d'après les 


ieee et les ouvrages publiés ou inédits de M. A. L. Cauchy. Paris, Bachelier, 
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- adx da , , , 
Pe 2 4—10 gives y=sin (C—a@sin™ r); 


VO) JA—y’) 


or, when a=1, y=sinC.,/(1—2*) —cos C. x. 


In fact, the last result depends upon sin (asin x) and cos (a sin~‘z), 
which are simple algebraical functions whenever a is a whole number. 
Thus sin (2 sin™' z)=2 sin (sin~'2x) cos (sin™ r)=21,f(1—x’*). When 
the transcendental introduced by integration, and its properties, are 
well known, the reduction of the integral to its simplest form is easy 
enough. And there are some Cases in which the same determination 
can be obtained where the transcendental is unknown, of which the fol- 


lowing are historically remarkable : 


dð dp 
$$ —— +t m = 0. 
J. -e siut 6) ~~ /(1—e* sin? p) 

Assume Te /(1—e’ sin? 0), whence a +./(1 -esin g) 
d9 
dt? 
d*8 dp _ 


aa E sin (0+¢).cos (0— p) 


: d? 
= — e sin 6 cos 0, a — e sin É cos 9, 


— ——_ = =e (sin? 0—sin? p) = — e sin (6+ ¢).sin (0—9¢) 
o do do 

= -0 = — = — e’ si Sie ree rs 

(P+0=6,¢ ò), qe e“ sin o COS 0, de “de 

si 322 coats oo Lin ad 

j dl? dt dé ° dt 


or J(—e’ sin’ 0) F /(1 -e sin? ¢)=C sin (0—¢), 


=Csin 6; 


or : JA- e sin? 6) +,/(1 —e’ sin? )=-5 sin (0+4). 
dx dy 


Let — = 
pr py 


0, hea (a+ brte tert fat) 


dx dy = _ pi _ 
Assume Tia da Wo tty tys, t—y =o. 


d: 
Proceeding as before, 2 “= =b-+-Qcxr-+ 3e + 4fz*, &e. 


Tr=b4 cot fe (0° +0) +3 f (0° +300") 
do do 


ETAP {b+co+ łe (3+3) +4 f (et a6") } 
1 / do do dd\ _ 
Cae a a) rte 


Multiply by 2do, and integrate, which gives aE 


or bay py=(x—yW {Cte (+y) tfatry)'}- 


=C+ec+fo’, 


= — e sin ø sin ò 


684 DIFFERENTIAL AND INTEGRAL CALCULUS, 


In both these cases the evaded transcendental is ¢, an elliptic function, 
(page 656). 


(3.) Let x=f (y'), then dy=y'dx gives y=7/f (y')— ff (y') .dy': 
if this can be integrated, y must be eliminated between the values of x 
and y, and the primitive equation is obtained. 


(4.) Let y=f(y’), then (2' being dr: dy) we have 


veaf(S)-SP (=) dz', and v=f(=). 


between which x is to be eliminated. 


(5.) Let yard (y')+% (y), of which the equations in pages 196 
and 365 are particular cases. Differentiation gives 


y'=o (y) + {2p (y) ty (y)} y” (write z for y’), 

e 4 . / o’zdz (Tay! FÈ pz dz 
dr — pz = a fo, pee Per ( ees i ed aps, 
dz z—ġoz 2-2 J z—ġz 


D o) 


from page 195. Eliminate z between this and y=2 ¢z+¥z. 


(6.) The equation y =Ø (x, y’) can be made to depend on one ofa 
linear form, and elimination. For y' write z, and differentiate with 
respect to x, which gives 


oes dz _ do _ de 
cae te dx” = dx’ Q= =} 


This equation is of the first order, and of the first degree with respect to 
dz:dx. If it can be integrated (say it gives z=% (r,c)) we have then 
y=p{r,y(r,c)}. Thus y=rt+y” gives z=1+2z2/, or c=C+22 
+2 log (z—1), whence 
r=C+2/((y—x) +2 log /(y—2)—1) 
is the primitive equation. 
[$z dan dio 

eon +C=yz+C, 


whence z=¥"'(y—ar—b)+C is the primitive equation, or 
y=ar+b+yx(«—C). 


Again, y=ar+b+ġy' gives z=a + o'z. z, t= 


(7.) The equation (ax+by+c)+ (Ax+By+C)y' can be reduced to 
the homogeneous form by making z=v-+a, y=w+ £, and taking æ and 
(3, so that aa+b8+c=0, Ac+B8+C=0, in which case we have 


(av+bw)+(Av+ Bw) o 0, integrable by page 194. 


There are two cases of exception, 1. When a or /3 are infinite, or when 


A:B=a:b. 2. When they take the form A in which case, besidcs the 


preceding, we have C: A=c:a. In the first case ax+ by=z gives 


A .\( 1 dz a\_.. 
ste+(2e40)(> FE aa 
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from which the form dx==Zdz can be obtained. In the second, the 
equation can be reduced to (aa+by+c)(a+ Ay')=0, and if the first 
factor may be rejected (which, however, depends on the problem), we 
have a+ Az’/=0 for the equation. 


(8.) y'+Py=Qy", P and Q being functions of v, is reduced by 
simple division by y", and making y-"t'=z, to the form —(n—1)~ z’ 
+ Pz=Q (page 195). The exception when n=l} is obvious enough. 


(9.) The factor which will make an equation integrable per se (page 
196) would, we might suppose, be the principal instrument in the 
integration of equations: but it is rendered almost practically useless by 
the difficulty of finding it. It can always be determined when the 
equation is integrated (that is, when it is no longer wanted). Reduce 
the equation to the form y’— x (x, y)=0, and let y=ġ¢ (z,c) be the 
primitive, or c=¢® (x,y). We have then 


d® d 


i tle 0, and x (7, y)= 


dọ f dd 
dx dy’ 


so that y/—y(z,y) multiplied by db:dy becomes d.@:dx, and is 
integrable. And if fD be any function of ® (x, y), the factor 


7 
Jo > makes the equation integrable. 
If the form of the equation be P+Qy'=0, the factor is g T : 


(10.) When the factor is a function of x only, or of y only, it can be 
found. ‘Take the equation which determines the factor M (page 199), 
and since any solution is a sufficient factor, let there, if possible, be 
one in which M is not a function of y, so that dM:dy=0. The 


equation then becomes 
l dM 1 /dP dQ fi (S-F dx 
== == =. oem 1 — Q\dy dz 
Mdr Q E de f Se i 7 


provided the second side be a function of x only. 


(11.) If an equation of the nth order be reduced to the form 
yd (yO ,....y,t)=0, or y +Y =0, and if y Cee ee 
—C be one of its immediately preceding equations of the (2—1)th 
order, the factor may be shown in the same manner to be fy (dy : dy“). 
And if ¥,=C,, W= C, &c. be the n equations of the (n—1)th degree 
from either of which the given equation will follow, it may be shown 
that 

dys dif, 


fi Gy) dye +f, (Y) get «c.o is an integrating factor ; 


fis fa &c. being any functions whatever. 


(12.) In the case of y"=@2z, in which 1 (or any constant c) is a 
factor, x is also a factor, and xy"=zrġzs gives yt—y= f a ox da, which 
is one of the corresponding equations of the first degree, The other is 
y'= f px dz, 
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(13.) When Pdr-+Qdy=0, where P and Q are homogeneous func- 
tions, the divisor Pr+Qy gives the factor which makes the equation 
become integrable; for 


a 
dy Pxr+Qy 
d Q _./,dQ dP | 
Peay +P Tt 9G, 7-0): 


=(Pr+ Qy) (Q T y—P = y—PQ) 


and if P and Q be homogeneous functions of the mth degree, we have 
(pages 64, 194) 


dP dP _ dQ dQ _ : 
Wet qe aiT dye 

/ dP dQ\ _ dQ dP\ : 
(a rma zw (P de dey 


(14.) The functional equation ør+ġy=¢ġ (x+y) has a solution 
which is well known to be the only one, pr=cr, and the proof * is given 
in Euler's celebrated proof of the binomial theorem. But a more 
simple proof is derived from. differentiation. Consider y as constant, 
and the preceding gives p'r=¢ġ' (x+y); whence, y being arbitrary, 
p'x must be always the same, or pxr=cx+c, Apply this to the 
equation, and we find c,=0. From this equation it may be immediately 
. found that pr x ¢y=9@ (x+y) has no other solution than ¢r=c’, that 
pr+oy= (xy) has no other solution than gz=clogz, and that 
ox X py =¢ (xy) has no other solution than pr= z". 

It is important to observe that the limited character of the preceding 
solutions is entirely due to 2 and y having no dependence on each 
other : take any instance of such dependence, and the case is much altered. 
For instance, let y=z, or 2pxr=¢ (2x). This is solved by dr=cz, as 
before, and also by Pxr=2zyp (2r log x: log 2), where pæ is any really 
periodic function of sin r, cos x, &c. 


(15.) Any differential equation may be reduced to a set of simulta- 
neous diff. equ. of the first order. Thus, if in y”"+Py"+Qy'+Ry 
+S=0, we make y’=v, y’=w, we have the three simultaneous 
equations 


v'+Pw'+Qy'+Ry+S=0, v=w, w=y'. 


Conversely, any simultaneous equations may be reduced to single diff. 
equ. between two variables. For example, let x, y, z be functions of £, 
and let three equations contain diff. co. up to a”, y", and 2%, To 
obtain an equation between v and é, differentiate each equation 6-+-7 
times, giving 39-+3 equations involving 16, 19, and 20 diff. co. of the 


* In brief, that proof is as follows. The equation immediately gives 9 (mr) 
=mor, m being any integere Let n be another integer, and let mx=nz, which 


m m ; f ; 
gives mox=ngz, OF $ — r= Gx, 80 that the preceding holds when m is fractional. 


But from the equation, ¢z+90=¢2, or ¢0=0, and ¢z-+¢ (-—2)=¢0=0, whence 
—¢r=G(—4r), ¢(—mr)=—G(mx)=—mga, or the equation holds when m is 
negative. Hence ¢(mx)=mpx is universal, and r=1 gives ¢m=m@l, so that m in 
gm can only enter as a simple factor; and the same of v in gr. l : 
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several variables. Between these 42 equations climinate y, Yrs... 
Z, 2'e... 19414+2041, or 41 quantities: the result is a diff. equ. of 
the 16th order between ¢ and £ To gencralize this, let there be the 
variables z,, t,...+7, and ¢, and n equations going up respectively 
to the &,th, Ath,....k,th diff. co. of the several variables. Differentiate 
each equation k.+-4,+.... +, times, which will give 


n (ket kat o o. Hkn) +n equations in all, 


These equations contain x, and (4, +k,+....+h,) diff. co.; v, and 
(Qkhathst....+h,) diff. co.; x3 and (ka+2k3+....) diff. co.; and 
soon, Exclusive of x, and diff. co. there are then (4,+4.4-..¢.+h, 
being x) 


1+ (k— kh, + ke) +14 (reki +45) + 28 8c +1+—k,+2,), 


or n—l +4 (n—1) (k—k,) +e—A, or n(k—k,)-+-n—1 quantities; with 
n (k—k,) +n equations, as before shown. The equations exceeding the 
quantities by one, all may be eliminated, leaving an equation of the «th 
order between v, and ¢. 

For instance, let there be two equations of the form Pxr’+Qy’+Re 
+Sy+T=0, between 2, y, and ¢. Differentiate each once, giving two 
new equations of the form 


Ac" + By" + Ca!+ Dy'+Er+Fy+G=0; 


between the four equations eliminate y, y’, and y”; there remains an 
equation of the second degree between v and t. 

This is the general theory of the reduction of such equations: but it 
would hardly be safe to say that the elimination is always practicable 
without any of the circumstances which sometimes require additional 
consideration in algebraical elimination. 


(16.) The only case in which there is anything like a method of 
integrating simultaneous equations without elimination is when they are 
linear. Suppose, for example, that rand y are functions of £ to be deter- 
mined from (z means dz: dt, &c.) 


P, 2’ +Q, y’ +R, r+ S.iy+T,=0, Pa! + Q: y' +R, +S: y +T:=0, 


where P,, Q,, P,, &c. are functions of ¢ only: this is the most general 
linear form. Reduce these by elimination to 


2 = A, r+BiytC,, y'= A, e+ B,y+Cs. 


Let 6 be a function of ¢ to be determined; add the second multiplied 
by 0 to the first, and assume z=2+-6y, which gives 


z!—y6'= (A, A, 6) (2z— Oy) + (B, + B, 6) y+-C, 4+ C29. 
Take 6 so as to make the coefficient of y vanish, which requires 
O's A, 6?>4(A, = B») 0— B,, 


and gives 7 =(A,+A, 0) 2+C,+C, 6. 
If the first can be integrated, the second, by substitution of 0, is made 
linear, and z can be found. Also, since the integral of the first equation 
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must contain a square root,* two distinct forms can be given to 0, and 
two forms of z, or r-+6y found. Hence vand y can be found in terms 
of t. 

When A,, B,, A, and B, are constants, it is sufficient that @ should be 
a constant, and a root of A,6?+(A,—B;)9—B,=0. Let p and v be 
the roots of this equation, then 


x+ pym Ait at fC, + Cy p) a7 Arras de 
wry eitae! ((C,+C, v) et: dt, | 
When p and v are equal, the values of x and y obtained from these 
take the form = 5 and the real values may be found by Chapter X. 


But in the particular case preceding, a more simple artifice will 
suffice. The two original equations give 


‘a! + 6y'=(A,+0A,) 1+ (B, +6B,) y +C, +003. 


Let 0 be so taken that B,+6B,—0(A,+6A,), then r+0y=z gives 
s'=(A,+6A,) z+C,+6C,, and the solution is as before. 


(17.) The same process may be applied to the case of three or more 
variables. Thus, let the equations be (2 meaning dr:dt, &c. as 
before) 


=A, c+BiytC,2z+8, y’=Asr+é&e., =A, r+ &c.; 


A,, As, &c. being functions of ¢ only. Multiply the second by 9, the 
third by 9, and add, making w=2r-+ Oy +z, which gives 


u'— (A, -- 0A,+ PAs) ux E,+0b,+ EK, 
if we assume 6 =(A,+0A,+¢A,) 9—(B,+0B.+¢B,) 
'=(A,+ OAs + GAs) $ — (Ci +8C:+ ¢C,). 


Thus the question is reduced to integrating a pair of simultaneous 
equations between 0, @, and ¢: if this can be done, substitution makes 
the first of the three equations a common linear equation between u and 
t. If all the cvefficients be constant except E, E» and E,, it is 
sufficient that 0 and @ should be the roots of the pair of equations got 
by writing O for 6 and ¢@. If A,+0A,.+¢A,=a, we may reduce 
these to l 
(2— B,) 0—B,¢=B,, (a—C,) d—C,0=C, ; 


and the values of @ and 0 hence obtained, substituted in A,+A,0 
+A;$=a, give an equation of the third degree to determine a; from 
which 6 and @ may be found by the two last. Each root of the 
equation of the third degree gives one form of w —au=E,+6E,+ PE, ; 
and three final primitives are thus determined. 


(18.) Let a’=A,2+B,y+G, and y”= A, r+ B: ¥+C,, where Aj, Ay, 
B,, Ba, are constant, and C, and C, functions of ¢ only. Multiplication 


* As appears by instances, except when A,=0. But in the latter case 
y’=Byy+C, can be integrated separately, and the value of y substituted in the 
other equation. 
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of the second by 9, addition, and assumption of B,+ B:0=9 (A,+ A, 9), 
z= 4+ 0y give 
2"=(A,+A, 6) z=+C,+C, 9, 


which can be integrated, as in page 155. 


(19.) If the equations be linear and with constant coefficients, the 
solution always depends upon that of common algebraical equations. 
For instance, 


wad! +by"+crtey=0, y"+fr'+ ey +hy=0. 
Assume z=&", y=ße“, which gives 
a@taa'+bBaite+eB=0, fi+fa+gaB+hp=0, 


Eliminate 6, and we have an equation of the fifth degree to determine «. 
Let the five values of œ and 8 be a, a, &c., Bi Bos &c. The complete 
integral is then got by adding all the particular integrals multiplied 
by constants, and this gives the equations 


t= C, ect ef- C, E"? + C; est + C, grat + C, gost 
y= C, B, gn + C, By et 4, Bs Et C, B, erst + C, Ê, erst 


(20.) If any of the roots be equal, a wider form must be taken; but 
the following (which might also be applied in page 211) is the best 
mode of obtaining it. Let œ, and a, be unequal (as yet), and put the 
two first terms of x into the form 


et (Cit C 2"), or et! (Cr+ Cot Cz (æ= a) t+ 


C, (ae— a)? E 
Sutera.) 
Now let as—«, diminish without limit, by approach of a, to a,3 and 
as this process goes on, let C, increase, so that C, (a,—a,) may always be 
K,; while at the same time C, alters so that C,+ C is always K,. Then 
C, (xa— a)? or K; (@2—«a,) diminishes without limit, and still more the 
succeeding terms, so that £* (K,+ Kst) is the final substitute for the two 
first terms when a, becomes =q,. Similarly, £, e** (K,+K, t) must be 
put for the first two terms of y. 


(21.) Generally, let r=C,ġ (a,2)+C,9 (a2 t)+.... be one of the 
solutions of a set of equations where q, a, &c. are the roots of an 
algebraical equation. If any of these roots become equal, some of the 
solutions merge into one only. Suppose, for example, four roots equal, 
required the general form of the solution, so that the number of con- 
stants shall remain the same as in the case of unequal roots. Let 
a= qi t Oz ax=a,+9, æ =at, whence the solutions belonging to 
these four roots may collectively be brought to the form 


(C,+C,.4+ C+ C,) $ (a, t) F (C: 0+ C; 0, +- C, 0.) q’ (a, t) t 
+ (C0 Cs 0E +C, 08) Ø” (a t) = 


! t? 
+ (C24 + Cs 4 C, &%) D” (a, t) pater 
2Y 
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As 6, 95, 8, diminish, let C,, Ca, Cs, C, be always determined so as to 
make the four first coefficients be K,, Ks, 2K;, 2.3 K}. Suppose also, 
which is allowable, that the above conditions are fulfilled in such way 
that C: 63, Cs 63, C, 0{-shall have finite limits, or, say, shall be always 
finite quantities Lə, L,, La. This does but require that 6, Os, 0, shall 
diminish without limit in such a way that 


L Le ang P 
Bases nd Ha +g 


shall always be finite and m to 2K, and K,; thie as there are three 
quantities diminishing, with only two conditions, is always possible. 
Hence it follows that C,034+C;03;4+C, 6, &c. diminish without limit, 
being L: 6,+ L; 0s + L, 0, &c., and the final solution, belonging to the 
four equal roots, is 


K, oy (a, t) +K, p (a, t). é+K; o" (æ t) 4 K, ql"! (æ t) t$, 


and so on for any number of roots, 


(22.) Take the equation Ny'+ Py’ +Qy + R=0, and for y substitute 
V:(W+z). Multiply by (W +2)’, and we have 


— NV2!+ R+ (NV'+QV+2RW): 
+N (WV'—- VW) + PV?-+QVW+RW?=0, 


which has several integrable cases. First, when R =0, this equation is 
integrable whatever V and W may be; but in this case the original 
equation is easily reduced, for if y=", it becomes —Nz + P+Qz=0, 

and is linear. Hence the equation before us can be integrated (and 
thence the original one) whenever V and W can be found so as to give 


N (WV'—VW’)+ PV*+QWV+RW?=0....(V,W), - 


which, however, supposes (let the student show it) that a particular 
solution of the original equation can be found, but expresses this con- 
dition in a useful form. Let V: W be a particular value of y, ascer- 
tained by trial or other means, and =Y, whence the preceding condition 
is satisfied. Determine V from 


SA 

NV'+QV +2RY™V=0, or V=& ‘ 

We have left then — NVz'+Rz7=0, or z=—1: IE-a cts 
VY 

and y= TIY: is the complete solution. 


(23.) Thus, if P+Q+R should happen to be =0, in which case it 
is Clear that y=1 is a particular solution, we have (making N= 1 for 
simplicity) a complete integration in 


y= { f Re+ dz Jr+-C }: : f [Rese dt dx -4 C — gt oy, 


(24.) Again, let V and W be determined by QV-++-RW=0, which 
ia (V,W) to ~~ —VW’')+PV?=0. From these two we 
ave : 
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WV_P WwW__Q /QN P, 
(T=¥ yon RE? Me ee 


which equation is therefore necessary to the success of this artifice: 
and, this condition subsisting, QV-+RW=0 alone, satisfies (V,W). 
Now assume NV’-+QV+2RW=), giving NV’—QV=0, or 
Q 3 Q ‘Rdz 
Veli’ : vesa Y and z= -1 d Nv t c}, 


as before. The complete integral is y=V : {W +2}. 


/ 
(25.) Assume PV+QW=0, which shows that (+) = = is the 


necessary condition. And 
P 
NV'+QV+2RW = 0 gives log v= f (2r 5-9) dr, W= — g’ 
/ 


and, z being found as before, this case is integrable. 


' RR j 
(26.) Assume PV?-+-RW’=0, which gives 2 Q ms — — to satisfy 


N P R 
(V,W). Here NV’+QV+2RW=0 gives 
l — P 
log Ve | 5 (Q+2V/—PR) dx, w=, /(- zy 


and, z being found as before, this case is also integrable. All these 
cases really depend on the same principle. 


(2%.) From the preceding it may be shown that the complete integral 
of Ny'+-Py?+Qy+R=0 must be of the form 


We 

y = pr +-— _; 

a E eTe f 
c being an arbitrary constant, and dz, &c. not containing any arbitrary 
constant. 


(28.) Also by determining V from —NV=R, and W from NV’ 
+QV+2RW=0, the equation may always be reduced to the form 
y+y°+S=0. 


(29.) If in § (22.) we make N=—NV, _P=R, Q=NV'+QV 
+2RW, 
` R=N (WV'—VW)4+PV?4+ QVW+RW?; 


we have N, z! +P, 2?+Q, 2z+R,=0, and if we make z= V, : (W.+2,), 
we get another equation of the same form, and so on. Hence we reduce 
y to the continued fraction 


ASV ON, Vo o. 
TEWL Wak Wee 


which may, in certain cases, exhibit its law with sufficient distinctness, 


when only a few of the first terms are found, Suppose, for instance, 
2x2 
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we want a continued fraction for (1+4-7)~”. We find that y=c (l-+-2)~ 
gives (l+2)y¥-+my=0. Let V, Vi, &c. be Ar', Br’, &c., and let 
WW 28h. tis evident from the form of the fraction that 
we must havea=0, A=c; assume y=c:(1+2), or V=e, W=1, 
which gives (N=1+2, P=0, Q=m, R=0) 


—(1+2) cz!+mc =-+mc=0, or —(1+2) 2! +mz+-m=—0. 


If z were Bz’, —(1 +2) 2!+-mz+m would be —BGr*'+(m—BB8) 
+m, which vanishes with « when G=], B=m. Now when z is 
small, z= B2* nearly, as is evident from the fraction, so that it is only by 
this supposition, namely, making Bx’? approximate to a solution, that 
we can get a continued fraction of which all the terms after Br®: (1+...) 
become comparatively insignificant as z is diminished. Assume then 
z=mr:(1+2,), or form the new equation with 


N=—(l+z), P=0, Q=m, R=m, V=mzr, W=1; 
which gives 
(1L+4 2) mrz tmzi t+ {m+ (L—2x) m} z —(l1 4r) m4+m’?2+m=—0, 
or (l42) zzi tit (mr—rz4 1) 2,4 mr—2r=0. 


If z,=Cz’, it will be found that similar reasoning gives y=l, 
C=—}(m—1), and proceeding in this way it will be found that the 
successive values of V are, after c and mz, 


_(m—l)e (m+1) zx _(m—2) 2 (m+2) r (m—3)a 


7 ies 6 3 6 ? 10 °’ 10 ? 
EE E ER l mz $ (n—1)rg(m+l)« x g (m—2)x iak 
PAS E ae SS es a ee S Cl 


Find log (1+) by taking the limit of (1+.2)"—1 divided i. m 


(m=0) 
ee ee ae AS er tee et 
log(1+2)= je 1 11 Is 1 ien 


Find £7 by taking the limit of (1+2: m)” (m=) 


ae L+: x de 4x de por Iot r? 
Gi — 1+ l— 14+ 1— 14 l—. 


(30.) Every diff. equ. is, or amounts to, an expression of some one 
diff. co. in terms of those which precede it, and of the variables. Hence 
by differentiation, every diff. co. can be expressed in terms of a given 
number of them. If, then, for any one value of x, the value of y and of 
a sufficient number of diff. co. be given, Taylor's theorem may be applied 
to the development of y in terms of x. For example, let y’=zy’+y, 
from which we find 


y"! =xy" + Qy!=(2-+2°) y! + ty 

y= (242°) y" 4 32y' + y= (514) y'+ (342°) y; 
and so on. Or thus, let y=A,y+B,y, which gives (y” being 
ay +y) 
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yD = (A æ +A tB.) y+ (A, +BY) 
a A, T + A’, + By; B= A, +B 
Az, B=1, A;s=274+2, B=r, A= 45r 
BwHrt+3, A,=11492°4+8, B, =3°4'T; 


and soon. Let it be known that y =y, and y/=7/,, when r==z,: we 
have then, by Taylor’s theorem, making x= x, in the preceding expres- 


sions, 
(2-2)? 
2 


Y=y +y’, (1-1) + (A: yn + Boy), 


pa 3 
+(A; Ya tB Yo) = Ta) +..., 
a result which may generally be advantageously used for obtaining actual 
values of y, when x differs little from z,. This method is so easy in its 
principle, however laborious the details of instances may be, that no 
further examples will be necessary. 

It seems, however, as if there were three arbitrary constants, To, Yos 
and y’; for it is certain that the preceding value of y solves the equation 
for any and every value of either of these three quantities, as may easily 
be verified, by making z—a = X, and applying the preceding expression 
to the equation y”=(X-+4z,)y'+y. It will be found that all the 
coefficients of powers of X vanish, if in all cases we have A,,.=—(n+1) 
A,+7A,4, and B,,2=(7+1)B,+2B,,4:, which will be found to be 
true of the preceding values of A, and B,. But only two of these con- 
stants are introduced by integration ; the third arises from an arbitrary 
supposition. If the complete value of y, containing its proper number 
of constants, be @z, it is always possible to give another by develop- 
ing x in powers of r—z, T being taken at pleasure. 


(31.) The form y’=Py+Q is completely integrable; the next form, 
y'=Py?+Qy+R, will never be completely integrated until a mode is 
devised of expressing y by adefinite integral, as is shown by the only 
case which has yet been integrated. This equation can be reduced to 
the form y'=y°-+S, as in § (28. ), or as follows. 

Write vy for y, and make v’=Qv, or v=e”™, which reduces the 
equation to 


vy’ =P y +R, or y/=Pe®*.y®4 Re, 


Next, determine z in terms of & from dE=Pe®”. dz, say r= Wé, and 
substitute, which gives 


E e~d: with wé substituted for zl. 


CA au: 
(B- De 


Thus, Woa? ¥+BLsc gives Hey 


(32.) The simple case y’=y*+az™ goes by the name of Riccati’s 
eguation It is obviously integrable when m=0, and also when 
ms=—2; for in that case the substitution of 1:2 for x reduces it to 
—xy=y +ax*, an homogeneous equation. Assume y=ca*+.2°u, 
which turns the oe into 


a? ucr aa", if cz ml, a=—1, B= —2; 


= 
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or, putting 2” for x, —w’=u?+ar-), so that the equation is inte- 
grable when m=—4. For u write 1: wu, which reduces this to u/==1 
fart) u’, and for æ write 2*, which produces oat u=] 
+-ar—t*2, in which make —¢g+1= —(m-+4) a; this gives a new 
equation of the form l 


which, by a repetition of the process, is integrable if m, =— 4. 
Similarly, if m = —(m,+ 4) : (m,+3), the equation is made integrable 
by another such transformation if m,=—4, and so on. The law of 
regression is pointed out in m==—(3m,+4):m,+1), and if we begin 
with —4, and proceed backwards, we find the series 


8 12 16 Ak . 


— 4, Tg ms. Sep we o's OE. ae 


k being any whole number. In any such case then, the equation is 
integrable. 

Again, if in y =y% +a", we write l:y for y, we have —y'=] 
+ar”y’, and 2* for x gives =g rt) y= 1tar™y’, in which 
—~a+ l= ma, or @=1:(14+m) restores the original form, with 
—m:(1-+m) instead of m. It is enough then that 


m Ak 4k 


=a — De 


ln Gk ORT 


The final result then is, that Riccati’s equation is certainly integrable 
whenever m is negative, with a numerator divisible by 4, and a denomi- 
nator one more or one less than half the numerator. No other integrable 
cases have been found, except the' extreme limit, (already mentioned, ) 
when k is infinite, or m=~2. The transformations of the preceding 
method are numerous and troublesome, and we shall presently see an 
easier mode of proceeding. 


(33.) As to equations of higher orders than the first, we need hardly 
consider any except those of the second. Very little indeed has been 
done in the way of general solution even when the equation is only of 
the second order. 

If the equation be linear, or of the form y™-+P, yo, 
+P,y=0, and ifn particular solutions Vis V.....V, can be found, so 
that y=V,, y=V,, &c. severally satisfy the equation, then y=C, V, 
+C.V.+.... is the complete solution. That it is a solution is 
evident by trial; and it contains z distinct arbitrary constants. And if 
the equation were y'+.,...4+P,y=X, the application of the principle 
explained in page 155 would give a complete solution, by considering 
C,, Ca &c. as functions of x, to be determined by the equation itself, 
and previous assumptions similar to those in the page cited. These 
assumptions are 2C/V=0, SC’/W=0, IC/'V"=.... EC V"=0, 
whence y=ZCV gives y’=ZCV’, y"=SCV"...., and y= TCV 
+2C'V@"), whence the equation is satisfied by 2C'V°-=X, since 
the terms containing C,, Ca &c. all make y+....+P,y=0. We 
have then to determine C’, &c. from : | 


ON DIFFERENTIAL EQUATIONS. 695 
2C V=0, ZCV'=0, EC'V"=0,....5CV"=X, 
by common algebra: and integration gives the values of C,, C,, &c. 


(34.) Apply the preceding to a" y”—3z" y" + 62"? y/! —6r"*y=X. 
If X=0, the complete solution is y=C,2+C, t?-++C, x3, whence we 
have 


C r+ DA r+ Ch = ; C'i =X r-n 
C; =$ 2C’. x +3C', Ta C= =~ Xa" 
2C +60 x = X1", C= EXq7O 


‘Xdzr ‘Xdzx Xdr 
y=} | 7! -2 | T +e [3S 


(35.) The equation (a+ br) y™® + A, (a+ br) YS ese 
+A, (a+ br)" y=0 has n particular solutions, and thence a general 
solution, found by assuming y= (a+ bx)”, which gives 


m (m—1)...(m—n+1)+A,m(m—1).. -(m—n+2)+...+A,=0, 


an equation of n dimensions : let its roots be m,, 2m... 
plete solution is then 


y=C, (a+ br)™-+C: (G+bx)"+ . o.. +C, (a+br)™, 


subject to modifications already explained, (pages 211 and 689,) the 
solution for a pair of equal roots being (C,+C,log z) (a+ bx)", &c. If 
a+bx be made =£", this equation can be reduced to the common linear 
equation with constant coefficients. 


«+M, The com- 


(36.) In theory it is permitted to suppose the solution of any alge- 
braical equation; but in practice the inability to do it in finite terms 
frequently makes a great difference. Suppose one differential coefficient 
given in terms of another, for instance y*=¢ (y"). If y” =z, we have 
2"= (z), and if this can be integrated in the form Z=War, we have 
y=( fdz) yr. But suppose that (as is indeed generally the case) we 
can only obtain the form z=y%z, inconvertible in finite terms. We 
must then take 


y= fy" az= fy" ply”. dy"! = xy; y'= fy" dir= fxy" wy "i dy"! 
=0y"; y= fy'dz= Joy" yy”. dy" = wy", 
and y"’.must then be eliminated between e=yy"’, and y= wy". 


(37.) D(a, y',y")=0 is reduced to the first order by y =z, which 
gives $ (x, z,z')=0, or z=ya,y=fyrdzr. But if x=yz be the form, 
we must find y or fy/dz, or fzy'z dz; or xz, and eliminate z between 
the two equations. And Ø (y, y', y”)==0 may be integrated in a similar 
manner by changing the independent variable, writing 1:2’ for y’, and 
—x':x* for y’: which brings the equation to the form y (y, 2', 2")=0, 
Or thus : making y'=xz, we have i : 


L 


\ 
dz i a dz 
—— 7 2,2— |=0: 
y dy ; and P\Y ` T) ; 


from which equation of. the first, order z is to be found in terms of .y, 
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and z= fz-‘dy. Or if y be found in terms of z, say y=¥z, then 
x= fz-"y'z dz, and z must be eliminated. 


(38.) Let the complete integral of $ (z,y, y’,....y™)==0 be known, 
and let it be y=% (T, a,6,c,....), a function of x and of n arbitrary 
constants. The equation $=0, being identically true when ẹ is substi- 
tuted for x, gives 


d.p _ dp dy do dy dp dy™ 

da, OS ay dat dy das? dy da 

dy, . do dọ du dp du 

or ga being Ms ay tay det Tao ae! 


or u=dW: da is a solution of this last linear equation, in which the 
coefficients of u, w’, &c. are functions of z, a, b, &c. By the same pro- 
cess it will be found that u= dW : db is a solution of the same, and so on. 
Hence the complete solution of the last equation is 

dy dy 


uA a, +B 7 T .... A, B, &c. being new constants. 


For example, the equation ryy”+yy’—zy?=0 has y=az’ for its 
complete solution. The new diff. equ. then is 


(ay +y) ut(y—2ry’) u+ryu"=0; 
or, dividing by 2°", 5? u+(1—2b) zu’ +° u"”=0, 
Ya Ya log 2.2", whence u=(A+Blogz) xz’ is the complete 
solution of the last, which shows that the equation deduced from § (35.) 
would have a pair of equal roots; as will be found to be the case. 


(39.) The equation ¢ (x, y, y“t?,....y%*+™) can be reduced to the 
nth degree, as is shown by making y®=z; when z is found, y is 
found by direct integration. But if v can only be found in terms of z, 
a process similar to that in § (36.) must be followed. 


(40.) The equation Py”-+Qy”=R is integrable, if P,Q, and R be 
functions of y. Divide by P, which leaves the form 7//+Qy°=R, 
multiply both sides by e%, and it will be found that the first side is 
the diff. co. with respect to x of y’e°". We have then 


— (gI24 —Reiy Ady Sf cindy °F \ op eNd 79 
dx eee ee we dz a f ia “da 
dy’ ofp (dy ` 
INdy_ SF = dy = 
(e)an = | Torey 
By changing the independent variable, it will be found that y+ Py’ 


+ Qy*=0 is integrable when P and Q are functions of x. To.solve 
this directly, multiply by e/°“, which call W, and we then have 

d [dy dyt _ dU | be 

ie ZW )+QW Fa or U M 3 


1:U being Wy’. Hence U=,/(2fQW-*dz), and 
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ci dx a i es dz 
Y= } WJOTQW= az) T) JOJA dey 
(41.) In the same way can be integrated y” + Py” + Qy”=0, when 
P and Q are functions of y, and y" + Py'+Qy"=0, when P and Q are 
functions of z. The results are most easily obtained, that of the first 
from the second, that of the second from y’=z, which gives z'+Pz 
+Q2"=0. This last gives 


(W2) +QW2"=0, or 


(Wz Q 
(W2z)" i 0, 


which is easily integrated. This case belongs to the general form 
o (x, y', y’)=0, which is reduced, as in § (37.) preceding. 


(42.) The complete integration of y+ Py’+Qy+R=0, P, Q, and 
R being functions of zx, requires only any particular solution of 
y”+Py'+Qy=0, other than y=0. Let y=Y be such a particular 
solution, and assume y=Yv for the general solution. The equation 
then becomes 


Yo" + 2Y'0' HY v+ P (Yo'+ Y'v) + QYv+ R=0, 
or Yo! ++ (2Y'+ PY) v'+R =0; 
since Y"” + PY’+QY=0, by hypothesis. This, with respect to v’, is a 
linear equation of the first order, which gives 


yare (BSG) aa 


~S Pdz 


gr SRY? e dz, 
RYel?” dr 
y= Yu= -y ({ Se} dz. ; 


Reduce this, when R=0, to the form in § (33.). The negative sign may 
then be omitted, or replaced by any constant. Why? 


_ (43.) If R=0, we find for the complete solution of 
> dr 
yf! + Py’ + Qy=0, y= cyf Yeger 


(44.) If in § (42.) we suppress the condition that Y is to be a 
particular value of y, we have 


Yo! + (2Y'’+ PY) vo’ +(¥"+ PY’+ QY) v+ R=0; 
and Y =e~¥?* gives the form Yu’—1Y (P?4 2P’—4Q) v+R=0. 


(45.) If Y be a particular value of y in y’+Qy=0, the complete 
values of y in the following equations are as written, 


E dz, i RYdx 
y +Qy=0, y=0Y | Șk' y"+Qy+R=0, =y | yr dr. 
(46.) The equation y”+Py’+Qy=0 is reduced by ye” to 
v' +v’ + Pv+Q=0. The solution of this last, § (27.), is of the form 
v=o+y:(y+C). I leave it to the student to reduce the value of y, 
as derived from v, to the form CY-+-C,Y, which it is known to have. 
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(47.) When an equation can be made homogeneous on any particular 
supposition as to the dimensions of the diff. co., substitutions invented 
accordingly will frequently reduce the order of the equation. For 
example, y? y? +a y°=2z*y"” is homogeneous if y, y’, y” be of the 
dimension of æ, z', 2°. Assume ys=2°u, y'!==2v, which gives u? v? pv? 
=y". But 2ru+2°u'=<cv, or 2udz+rdu=vdz ; and uvt = rv +0, 
or (u? v*-++-v3—v) dr=ardv. Hence 

dx dv du 


£ WÉ- v—2Qu’ 

an equation of the first order between u and v. The reduced equation 
may be as difficult as the original one, but there is always an advantage 
in knowing how to form an equation of a lower degree: and it may 
generally be taken, that if the reduced equation cannot be integrated by 
our present means, neither can the original one; or vice versa, that if the 
original equation can be integrated, methods can certainly be found for 
succeeding with the reduced equation. 

To generalise this process, let Ø (x, y,y’, y")=U0 be homogeneous 
when y, 7’, y” are of the dimensions n,n—1l,n—2. Assume y =2"u, 
y'=2""v, y’=2""*w, which gives an equation of the form w (u, v, w) 
==0, by hypothesis. Again, 


nau + ru =w, or dr: t=du: (v—nu) 
(n—1) v4 rw =w, or dr: xx= dv: (w —n—1 v); 
du dv 


or —— = ——— 
v—nu w—(n—l)v 


, and Y (u,v, w)=0; 


substitute for w its value, and we have the reduced equation required. ` 


(48.) When the equation is homogeneous with respect toy, y’, y", 
&c., the reduction of one unit of the order is always practicable, by 
assuming y=e"", Thus yy” y'= (x? y? +y”)? gives 

gS vds y? (VV) = 4f vdz (2? v`)? or yY? Ci + 0’) EA (2? T 2 
(49.) An equation may sometimes be reduced to an integrable form 


by a change of the independent variable. Letit be y”+Py'+Qy+R=0, 
and assume =f. We have then 


POLLEN S E A cy 
STA E y ~ \d& d& dë dé) a 
dr dy [pa daN dy... di da? 

ae de +P Ge ae) ET Sages T gam? 
To destroy the second term, we must integrate 

dat d's 
dë dé 
But if we have P==0, and want to restore a second term in which the 
coefficient is the function II of &, we must integrate 


d’ d ERT 
—- = = which gives a= fe“"* dé. 


ag $ 


P =0, which gives = fe” dz. 
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(50.) The solutions of some equations, otherwise unattainable, have 
been expressed by definite integrals, but a gencral method of passing 
from any equation to such a solution has not yet been ascertained. ‘The 
following are examples. 

Let y= fe (1—v*)" dv; we have then, differentiating with respect 
to x, and integrating by parts with respect to v, 


=a fe (1—v*)" vdv 


at ai gorv —— Nnt gaY 5 2ya+l | 
= we (1—v*) ta Se (1—v*)"*! do. 


kat the limits of integration be —1 and +1, the separate term ‘then 
vanishes at these limits, if n+ 1 be positive, and we have 


dy +1 gree aye \ ht aw +1 -arv —_—- 992 
os =n site (1—v*)" dv Ina “ie (L—v’)" vdv 
dr  f dy 
Snt?" I~ mp2 dx” 
d'y 2n+2 y pe gar 2\ n 
or JA : —@y=0 gives y= (1—v*)" dv. 


A little examination will show that this integral undergoes no altera- 
tion when the sign of a is changed, and also that n must be >—1, or 
2n-+2 positive. The preceding value of y may of course be multiplied 
by an arbitrary constant, but it is not yet complete. The following 
artifice will find another solution, and avoid the (in this case) com 
plicated form of § (43.) Assume y=w*z, which gives 


yoke yl yt kt sty! Bok k 
eee yY ya y ez az 
” MA2 7! ð Ok+AQn4t2 2 o kk 4 2n+2)k 


Assume k°—k-+ (2n+2) k=0, or k= —2n—1, which reduces the pre- 
ceding to 


at 
Loa — ——a’=0, and z= fti e (l — v) dv 
2. Pe 2 


satisfies this if 2 be negative. But since 242 is to be positive, n 
must lie between O and —1, or 2n+2 between 2 and 0. Let 2n+2 
=m; it then ¢ appears that, under the restriction 0 (m) 2, the complete 
solution of y-+-m27' y'—a’y=0 is 

y=2C, Ja E™ (1—0) tdv + C a Nd e (1—4) dv; 


which this is not altered by changing @ into —a. Do this, add and 
divide by 2, and write a@,/—1 for a, which gives for the complete solution 
of y+ may +a’y=0 


y=C, fti cos axrv.(1—v*)**"* dv+-Ce: al E ! cos azv (1 —v*)—?" dv. 


When m=0, the whole process fails, since the separated term in the 
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first integration does not vanish; but still the second solution is then of 
the form C,sin ax, which is a solution of y’+a°y=0. When m=2, 
the process of the second solution fails, and that of the first gives a solu- 
tion: but this case is best treated by observing that y”+207'y' 
=(xy)":x, whence the equation becomes (zy)"-+-a* cy=0, and its 
solution is zy=C, cos ar + C; sin az. 

When m==1, the two solutions are no longer distinct, and we must 
proceed as in §(21.) Let m=1—S; the second solution without the 
constant arises from integrating with respect to v, cosarv,(1—v)* 
multiplied by 


2 
z? (1—v*)®, or 1S log . 2° a=) flog. (1—v*) + ss... 5 


and for the first ‘solution, in place of the preceding we must put 
(1—0 or 1—48 log (1—v*)+..-- Hence the two together give a 
solution arising from integrating cos avr.(1—v*)~* multiplied by 


C,4+C,+46C, log 27+ 45 (C,—C,) log (1—v") +... 


As è diminishes, let C,+C, have the limit K,, and let òC, approxi- 
mate to K,. Then 6(C,—C,) has the limit K,—limit of 6 (K,—C,), or 
2K,, since òK, has 0 for its limit. 

And it is easily shown that the remaining terms diminish without 
limit, whence K, + K, log z+ K, log (1. — v?) is the limit of the preceding, 
or the complete solution of y+2~'y'+a°y=0 is 


y=K, fti cos azv (1—v°)~? du+K, fti cos arv (1 -v*)* log (x 1-v*) dv. 


When m does not lie between 0 and 2, only one solution can be obtained 
by this method, namely, that one in which the exponent of 1—v? is 
greater than — 1. 


(51.) Many equations can be reduced to one of the preceding forms: 
thus y==2"2z turns y"+ay=n (n—1) 2-*y into 2"+4 Qnz™ 2'+ az=0. 
Again, Riccati’s equation, § (32.), can be made to depend upon 
y"=ax"y. Change the independent variable, and make z=2". We 


d? —l 
have, then, § (49.), — Bap gmt- y =0, 


EAEE a E ae NE 
Pm +2’ di? m42 & dé (m+2)27— f 
Again, let y”==ae™.y. Assume Ee”, or r=2logé:b. This gives 
dy 1l dy 4a _ 


de tE d TPIT 
The student may try the following. Ifv be a function of t, and y of 

r, and if, moreover, y=x (v,t), z=¥(v,@), then the equation 
y” +Py' + Qy=0 gives Rv” + Sv + Tv + Uv’ + V=0, where 

R= Xo Yi — Vo Xo SX wv Po Pow Xt PX Pot QAKYs 

T= Koo a Woy Xe T 2 (Xut Wo— Wo Xv) +P Yy (2Xv Vit: Wy)+38Qy¥5 Wi 

U=xu ho Wer Xv + 2 (Xvi Wi— Wy Xe) + Py, (2, Wt Xv W) t3IQXY Y 

V =yxu Yi — Yu Xı +Px: Wit AXP. 


Let 
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This method cannot reduce the equation y” + &c.=0 to the first degree, 
unless a solution be already known. Why? 


(52.) One or other of the solutions in § (50.) is integrable whenever 
m is an even number, positive or negative, since fs s“ dy dv can always 
be obtained when ¢ is a rational and integral function. But the follow- 
ing application* of the method of generating functions (page 337) will 
show us how to obtain the complete integral. Take the equation 
y" +mr™'y +a*y=0, and let y be the generating function of a, to the 
variable x—c; that is, let y have the form .. . +a, (£ — c)" Hanpi (2—0) 
+....: call this Sæ, (x—c)". Then y’ is the generating function of 
(n+ 1) ani or is S (n41) Gay, (1— c)", and mz~y’ is that of m (n42) 
an+» While y” is that of (n+2)(n+1) @,42; and since every term of 
y"+-mz-"y+a*y must vanish, we have 


{(n+2)(n+1) +m (n+ 2)} an: +a a,=0. 
Assume (n+m—1)a,=(n+2) b.s and therefore (n + m+1) ae 
= (n+ 4) b+ which give by substitution 
(2+ 4)(2-+-m—1) ba44+ 75,4550, or (2+-2)(n+m-3) bapta b,=0 ; 


whence z in 2”4 (m—4) a7'2'4a’z=0 is the generating function of 
ba, Now 


n+2 i ; m—3 
da E T | 


bn42= bapa t 3 (n+4) bata 


"nml "H 
But since bne is generated by z: 2°, and (n+ 4) bay, by 2/: 3°, we find 
that if we can integrate z" +(m-4) r ! 2z/-+-a*z=0, we can also 
integrate z’-+ mar z'-+-a"z=0; and that we find y ftom z by the 
equation 
Z .m—3 2! 
yaar F 
Now we have integrated when m=O and when m=2, in finite 
trigonometrical terms; hence we can integrate, also in finite terms, 
when m=4, 8, 12, &c., or 6,10, 14, &c.: that is, when m is any 
even number. 
The preceding reduction applies whatever may be the value of m, so 
that all cases are integrable as soon as the integration is practicable for 
all values of m between —2 and +2. 


(53.) Considering the nature of the preceding reasoning, it may be 
desirable to give a verification of the result. This may be done as follows, 
stating only results. Starting with the last equation, differentiate both 
sides twice, but as fast as z” makes its appearance, substitute the 
value derived from z”+ (m—4) 2" 2'+a’z=0. This gives 


z ] 
y ==(m—1) ~; +r moomi ) (mm 2} = A 


* See a paper by Mr. R. L. Ellis, in the Cambridge Mathematical Journal, 
vol. ii. pp. 169 and 193. 


702 DIFFERENTIAL AND INTEGRAL CALCULUS, 
m eae} é 


roe 


y"=—{a t —m (m—1)} — —{(2m—3) oe = 


whence it readily follows that y/”-+-mz— ad 


(54.) The preceding gives no clue to the case in which m is a nega- 
tive even number, but another transformation may be made which 
applies both to positive and negative even numbers. For a° write a, 
or let the equation be y! ema y’--ay=0, and let m=2p, p being 
integer and positive. We have then, on the same suppositions as before, 


(2+ 2)(n-+2p+-1) Grist 4.a, =0. 


Assume @,=2b,:(n+1)(n+3)....(u+2p—1), which readily gives 
(n+1)(n+ 2) b,4,-+-ab,=0, or what we should have got at first if p had 
been =0. Hence Sd, 2" is to be Csin(,/a.2+C,), the complete 
integral of y’’-++-ay=0. Now, to take an instance of the mode of obtain- 
ing Sa, 2" from Sd, 2", observe that, if p=3, 
b, s 

(n+ 1)(n+3)(n+5) 5) 
or x5 (x fa d£)? b, x" dx; 


a, 2", Or is x" f adz f, edx fb, 2” ii 


signifying that the operations of multiplying by dz, integrating, and 
then multiplying by xv, are to be repeated three times in that order; the 
whole ending with division by 2°. Applying this to every term, we have 
for the complete solution of y”+-2p2 y’+4+-ay=0, 


y= Cx” (rf, dx)? sin (Ja. C,). 
The form of this may be usefully changed as follows. Since . 


fo (Ja.z) d (Ja.2)=,/a fó (Na. z) dr’; 
y=Ca {a.x f, d (fa.x)}? sin (Ja.a-C,); 


the power of a introduced being immaterial, on account of the arbitrary 
character of C. Nowin f, pla. x). d(Ja. x), it is indifferent whether 
we suppose a or x to vary; let us then suppose a to vary, and æ to be 
constant; we must then integrate from a=0. To show the sort of 
result we ‘get, let us take p=3; ; at full length then we have 


Cr“ Ja. os Ja. pi (Ja.z) j a (Va. x) sin (Ja.2+C,) 


€ ya (Sada aED ye say =C (fda P AAE tdi 


since C may be any function of a. And thus we have generally 


sin (,/a.2+C,) 
ae ame 


$i 


[| 


AN 
U 


y" +2pa™ y'+ ay gives y=C (fda)? 
Hence we might suppose by analogy that 


a 
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7 dN’ sin(,/a.t+€,) 
" Lf cams ( ' eee 
y — 2px y + ay gives y=C ( =) P ; 


and this may easily be confirmed. Starting with this equation, we come 
by the process, as before, to 


` (n+ 2)(n—2p+1) Gris+aa,=0. 
Assume @,= (n —1)(n—3)....(2—2p+1) b, which gives 
(12 +2)(2+1) bnet aba =0 


as the first would have been, had p been =0. Now we see that a, x" 
is made from 6, 2" by the following operation, 


-d 1 d 1" 
pane gee | — R =C? | —-.-]}.s1 x ds 
a, Ox (+ =) (b, x"), or y=Cx (+ 3 sin (,Ja.2+C,) 


the operation being successive division by x and differentiation. This 
can be reduced to the form 


_ a la 
y= (I Jad, sin (/a.r2-+C,) ; 


and if we now make ,/a the variable of differentiation, x being constant, 
we find that*- 
P (J 
y'—2par*y/+-ay=0 gives y=C( £) OE EED, 


It must, however, be carefully remembered, that the validity of the 
last operation, as in the corresponding integration, depends solely upon 
the function with which we start being a function of the product ya. x. 


(55.) We may now see how it arises that Riccati’s equation can 
only be integrated in finite terms in certain particular cases. By 
§ (46), y'+y?=az™ depends upon y/=ax"y, and by §(51.), this 


-depends upon an equation of the preceding form, in which 2p=m: 


(m+2). Hence m must have the form 4p:(1—2p), which will be 
found to agree with § (32.). 


(56.) Another method, proposed by Poisson, is as follows. Let 
y= foe—v"—a" o™ dv, a and n being positive, 
d? Š d A dv 
a n (n—1) ax"? fg E70" ar" om" Ttaf g=" = aari” om 


d 


n 


, | [e= /es= ar" iN 
Now the second integral is | —~d , or, by parts 
yp! nar” ? ? 
2a i Em Ut =ar" v—" fe-m—aa" v-"dy reo fe—v™—ar" v” dv 
nas” oo ax" nas" 4 v" 


The first term vanishes at both limits, and substitution gives simply 

* The preceding articles, (52.) aud (54.), are taken, with some alteration of form, 
from the very ingenious paper already cited, which contains several generalizations 
of the process highly worthy of the attention of mathematicians. 
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y'=n" ax" y. Let the preceding be f; Vdv; then Cf? Vdv is a solu- 
tion of y"=n° azy. If n=2, the preceding is integrable, and all its 
solutions are contained in y=Ce*V"*4.C, eV", Hence, for some 
values of C and C,, we have 


fp Ere arv- dv = Ceas. C, e72Va.r 


But since the first side must diminish without limit as x increases, we 
have (on the principle explained in page 576) C=0, and since r=0 
gives 4,/~ for the first side, we have 


(ee) $ => jt = a. 
fi e= v — uz? v d= E ave 


Change v into fa.v, fp e—a- a? vm do=; a = Ti , 

By successive differentiations with respect to a, it is easy to obtain 
from these results the value of {>} ¢—2*—2*v-* y? dy, p being a positive 
or negative integer, and hence, by aggregation of results, can be obtained 
Jic- exv- dy'dv, where Ov is a rational and integral function of 
v* and vo. For our present purpose, however, let »*=2*in the first 
integral, so that we have 


rar) a —_ a—2 l 
E—UR—AINY r dv= £ a“ aln? gn dz. 


This, then, is integrable whenever 2n™ — l=2p, p being a positive 
or negative integer: that is, when 7 is of the form 2:(1+2p), or n—2 
(the exponent of the equation) is of the form —4p:(1+2p); which 
agrees with preceding results. 


(57.) The solution of y"=n?az"-*y above obtained has only one 
arbitrary constant, consequently the solution of z’+2' = naz" 
derived from it has none, and recourse must be had to the method of 
§(43.). To show how this arises, suppose that y" + Py'+Qy=0 is 
completely solved in y=CV+C,W, then ye" gives 2/+-2°4 Pz 
+Q=0. But we have 

y _ CV’+C,W! 


y  CV+G,W? 


and the only arbitrary constant in z is C:C,; but this is still one 
arbitrary constant, and therefore the equation of the first order is 
completely solved. But if y=CV only had been gained, the value of z 
would have been simply V’: V, without any constant at all. 


(58.) To form a proper notion of our state with respect to the 
solution of differential equations, I repeat the supposition of page 103. 
Let us suppose we had not been in possession of the operation inverse 
to involution; so that all problems, the solution of which is reducible 
to, say z=,/a, would have presented the difficulty which those who 
know better would call a want of adequate means of expression, The 
first thing noted would be that such problems are soluble when a= 0, 
1, 4, 9, &c.; in fact, when a=nxn. Other cases would have their 
solutions obtained, by some in approximate fractions, by some in series, 
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by some in continued fractions,* and so on. Finally, the acquisition of 
a distinct idea of, and notation for, the square root of a, would reduce 
all those problems to one class which had been practically divided into 
several. 

Thus it has stood hitherto with the equation of Riccati, y +y'=ar", 
or with y =ar" y, from which it springs. Count Riccati first pointed 
out (Leipsic Acts, 1732, according to Dr. Peacock) that there were 
integrable cases: why those which remained were not integrable did not 
appear. The various modes in which the remaining cases were after- 
wards integrated, by means of series, definite integrals, &c., were gene- 
rally themselves only partially applicable. At last, the general equa- 
tion y+mzx'y'4+ay=0, had its complete solution expressed by 
y=CD" {sin(/a.z+C,):,/a}, in which D denotes differentiation 
with respect to a; a result} which is unintelligible whem m is anything 
but an even number, positive or negative. Any other supposition 
throws us upon the difficulties of fractional diff. co. (pages 598—600). 
But at the same time we see that the difficulty arises from our not 
having well understood means of expression in which to convey the 
solution. 

It is a remarkable point in the history of this science, that most of 
the results which ordinary notations can express were obtained at an 
early period. Any stoppage has almost always, sooner or later, been 
found to arise, not from the defect of methods, but from the non- 
existence of the proper mode of expression. If we take any general 
form, and proceed to its differential equation, we shall always see that the 
equation so obtained is one of those which admits of solution. For 
example, y=C@(r+C,) gives y':y=¢' (x+C,):6(2+C,), whence 
T+C, must be a function of y:y. Say 2+C,=y (y': y); then we 


have 
y' ) yyy" ‘he to A (+ ) 
l= (2 —,—, reducible to == x | = |, 
YAS y y "\y 


an integrable diff. equ.; provided that the solution of all algebraical 
equations, or the inversion of all functions, be assumed. The following 
forms may be readily obtained : 


I 2 / 
y= Co (C, x) gives - =x (=) 


* It may interest the historical reader to know that the continued fraction 
was used in the extraction of the square root long before the time of Lord 
Brounker, to whom the invention of this mode of expression is generally attributed. 
It was lately claimed by M. Libri for Pietro Antonio Cataldi, whose work on the 
square root (1613) is cited in support of the assertion. On examination of this work 
I find that there is no doubt of the fact, and the following sentence will be sufficient 
to show it. The author is speaking of 4/18 (page 70):—“ Notisi, che nõ si potendo 
cOmodam ete nella stampa formare i rotti, e rotti di rotti come andariano, cioè così 


d.& 2 come ci siamo sforzati di fare in questo, nol, da qui inãzi gli 
— 9 
8. & 2 formaremo tutti à qsta similitudine 4. & = & 8 & 5? facendo 


g 
Sa : vn punto all ’8 denominatore di ciascvn rotto, à significare, che 
© il seguente rotto è rotto d’efso denominatore.” 
+ This result is stated to have been first given in the form of a question proposed 
for solution by Mr. Gaskin, in the Cambridge Examination Papers for 1839. 


2 Z 
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y=o (z+ C)+C, gives y” =y (y') 
y= (Cr) +C, reoi y" =x y (yx) 
y=C Pz)", or C.C? e. yyy" + yy’ xe 


y=ġ (2 +Cr+C)  .... y'— Xt y" = Dy. 
In all these cases, the solution may be obtained from the equation, if oz 
be an ordinary function. 


(59.) The mode of deriving the singular solution of a differential 
equation from the primitive (page 190) may sometimes be insufficient, 
as when y=¢@(2,c) is first introduced in the form &(2,y)==c. The 
method may be thus extended, it being remembered that the object is 
nothing more than to make c such a function of x and y as will not alter ` 
the form of y. Let the primitive equation be ¢(2,y,c)=0, and 
_assume c to be a function of x and y. We have then, using the notation 
of page 388, 


b.tdyy +4. (c, +c, y')=0, or y= _ tó. Cz 


a o ly” 


and in order that y’ may not be affected by changing c from a constant 
into a variable, we must so choose the form of c that 


p- Pet Pe Ce a D: (2, Y, ® (2, y)) _ P= (2, Y, c) +P, (2, Y, €). c; 
P, Pythely dy (2, y, (2, y)) ~ dy (2, Y, c) + Pe (25 Y; c). Cj. 


where ¢ (x, y,c)=0 is supposed to give c= Ẹ (z, y), and the substitution 
is made on the first side, in obedience to the well-known mode of form- 
ing y' for the ordinary diff. equ. Observe also, that the first side of the 
equation is the same thing as ®,(7,y):®,(7,y). Here then is a 
partial diff. equ., from which we might suspect that the form of c 
required contains an arbitrary function. But it is not so, as follows. 
The complete solution of the preceding partial diff. equ. is ¢ (2, y, c) 
= fo (x,y), as may easily be verified; f being an arbitrary function. 
Combine this with ¢ (x,y, c)=0, and we only g cet f® (2, y)=0, which, 
f being arbitrary, merely amounts to ® (x, y= = const., the original 
equation. Any other solutions of the proposed question can then only 
be obtained by other and particular considerations. First let it be pos- 
sible to assign c so that $,(2,y,c)=0; it then appears that the two 
forms become identical if c=® (x,y), or Ọ (2, y,c)=0; 3 50 that c must 
be derived from $,=-0, for substitution in @=0: this is the common 
mode, explained in the page above cited. But there may be others, and 
the whole point will require the following elucidation. 


(60.) An equation of two variables, such as x —a= (y —b) y’, is said 
to be solved when a relation between æ and y is found, which satisfies 
it, and completely solved, when that relation introduces an arbitrary 
constant. Thus r—a=y—b is a solution, but not complete: (z— a)? 
=(y—b)?+C is the complete solution. Nevertheless, z=a, y=) 
satisfies the equation, and should therefore be calied a solution, ‘but not 
a solution for which recourse must be had to the differential calculus: it 
would equally be a solutionif y' stood for something else, and not for the 
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diff. co. of y. Let the former be called differential solutions, and the 
latter extra-differential. A relation between 2 and y may even be extra- 
differential, as in (x —y)(x+yy)=0, which is satisfied by y=z, but 
without reference to the meaning of y’. 

An equation of three variables may also have its differential and extra- 
differential solutions: thus (x—a) z,+(y—b) z, =x—a is satisfied by 
z=, and this is a differential solution, as it is only a solution when z, 
and z, are diff. co. of z. Again, za, y=6 is an extra-differential solu- 
tion, and z=a, z=2 is a mixed solution, the meaning of z, being 
required, and not that of z,. Now it appears that the main question of 
the last article is reduced to the solution (of what sort matters nothing) 
of a partial diff. equ.; and also that all the differential solutions lead to - 
the constant value of c; all other forms of c must therefore be derived 
from the extra-differential solutions. One of these is obviously seen; it 
is the pair of relations 6=0, ¢,=0: it remains to inquire if there be 
any others. The equation A=(B+Cm):(B,+Cn) cannot be true 
independently of m and n, unless either C=0, or B and B, be infinite 
in the ratio of A:1 and C: B, be nothing. Applying this to the partial | 
diff. equ., we find, then, that all its extra-differential solutions are con- 
tained in the determination of c from the condition 


P=, Gy=K, $0; or from ¢,=0. 
ka Py 

Thus, if the original equation be c= (z, y), giving p=c—®, we find 
þġ.=1l, and cannot be made =0: but ¢,:%,—=—1:49,, and ®, and @, 
must be both infinite for any singular solution of the differential 
equation ; which agrees with page 191. 

The equation @(z,y,c)=0 implies that y is a function of 2 and c, 
such that dy:dc=—®@,:¢,, so that both the preceding cases come 
under dy: dc=0; and every different form under which y=¥% (z,c) 
can be converted into $ (x, y, c)=0, gives the singular solution of the 
diff. equ. in its own way; some by ¢,=0, some by ġ,= œ. 


(61.) The manner in which Clairaut’s form is often solved (page 
196) may be extended. The equation y=y'z+/y’, being differentiated, 
gives (r+ f’y’) y"=0, and y”=0 leads to the ordinary, and r+/'y’=0 
to the singular, solution. Now let ¢ (2, y,c)=0, and let ¢,+9,.y'=0, 
derived from differentiation, give c=F (x,y, y). Consequently the 
diff. equ. is ¢ (x, y, F)=0, which gives 


bot by-y' + oe (FL4+F,.y'+Fy.y”) =0, or Op (F-+ Fy. y +F, y")=0, 


which is satisfied either by F,+F,.y'+Fy.y//=0, or ¢;=0. If the 
first can be generally solved, it leads to the form y=f(z,C,, C2), and 
the diff. equ. derived from =O may be satisfied by f, or rather only 
leads to a relation between C, and C,, which reduces these two con- 
stants to one. But ¢p=0, combined with ¢(z,y, F)=0, gives the 
singular solution of this same diff. equ. in the usual manner. 


(62.) Given a solution of a diff. equ. yʻ=x (2, y), not containing an 
arbitrary constant, it is required to ascertain whether it is a particular 
case of the general solution, or a singular solution. In the first place, 
if y=oz be this solution, try whether this last pupposuen gnoe Xs 
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and x, infinite: if mot, it is certainly not the singular solution (page 
193), and must therefore be a case of the ordinary solution: if it does, 
it must be, in the geometrical sense, the singular solution. But we 
must bear in mind that a solution which is in every property singular, 
for instance, which belongs to a curve touching all the curves denoted 
by the diff. equ., may also be itself only one case of the ordinary solu- 
tion, and therefore, in the distinctive sense, not singular.* 


(63.) The theory of the ‘singular solutions of equations of higher 
orders than the first has no very striking results, either in geometry or 
analysis; the following will be a sufficient specimen of it. Let V=0 be 
an equation between T, Y, c, and c; and let V,+V,y=V’. A diff. 
equ. of the second order is produced by eliminating c and c, between 
V=0, V'=0, and V’,+V’,y’ or V’=0. Now suppose that c and c, 
are functions of x and y; it is required to determine them so that the 
diff. equ. of V=0, both of the first and second order, may remain the 
same as before. Let c’=c,+c,y’, ci=(c:),+(c,),y’. Differentiation 
gives V,+ V,y’/+ V.c’'+V,,c',=0; assume V_.c’+V,,c,=0, and we 
have the same equation as before for forming diff. equ. of the first order. 
The last equation then remains V’/=0; differentiate again, and we have 
Vo tV yy tV ce +V a c =; assume V’, d+ V'a c/,=0, and we have 
again V”=0, as before, to be joined to the former two for obtaining the 
diff. equ. of the second order. The two assumptions give V, V'a- Va V’: 
=0: with this, and V=0 and V'=0. eliminate c and c,. The result is 
an equation between 2, y, and y', which is a first integral of the diff. 
eqa. of the second order, but cannot be deduced from either of its 
ordinary first integrals by giving any particular value to the constants. 
If we integrate this singular integral of the first order generally, we 
have an equation between zx, y, and one constant, which is a singular 
primitive, but cannot be deduced from the complete primitive. A com- 
plete example of this will be desirable. Fet us have 


(1) y=c +e cen, (2) y'= — e, (3) y" =e tc 
(1,2) y= (l+ 7) y 2c, eie, y=—(1+ ce") y' +2 +08 &* 
(l, 2. 3) 4y=y" + 4y" —y". 


Here are, the primitive equation, its two diff. equ. of the first order, 
and one of the second. Assuming c and c, to be functions of x and y, 
we must, to preserve the same resulting equation, have 


(e7+0,) c'4+(e7+0)c,=0, a a a N 


* A proof is frequently given which professes to show that when y=% makes 
Xy infinite and y finite, that is, when y(2,a-+A) has a fractional power of h in its 
development with an exponent less than unity, the solution y= cannot be deduced 
from the general solution by giving any particular value to its constant. At the 
same time another proof is given that the curve which touches every curve that is a 
solution of a diff. equ. is itself the singular solution. These propositions palpably 
contradict each other: for example, a given parabola moves with its vertex on a 
fixed parabola of the same focal length, and so that the axis of the moving parabola 
is normal to the fixed parabola. The fixed is, therefore, by the second proposition, 
the singular solution of the diff. equ. of all the moving parabolas, and by the first 
proposition it is not itself one of the moving parabolas: but it is evident that the 
fixed parabola zs one of the moving parabolas. The defect is in the first proposition, 
which applies the expansion of x (x, w-++h) in a very dubious manner. 
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which give ce*-++-c, =*= —2, and from this, and (1) and (2), we find 
(4) y"+4y+4=0 giving (5) y=—a2*?+Kr—1—1K?; 


(4) gives y"=—2, y"=—4y—4, which satisfy (1, 2,3); and (5) also 
satisfies (1,2,3). But (4) is not a particular case of either of the 
equations (1,2), nor (5) of (1). Hence (4) is a singular solution of 
(1, 2,3) of the first order, and (5) a singular primitive of the same. 
But note that the singular solution of (4), or y= — 1, does not satisfy 
(1, 2,3). Also observe, that if we had deduced a singular solution from 
either of the equations (1,2), by making c, or c variable, we should in 
either case have found the equation (4) again. 

The geometrical meaning of the preceding is as follows. The equation 
(1) belongs to an infinito-infinite number of curves, since any one value 
of c admits of an infinite number of curves, belonging to the different 
values of c, Any relation whatever between c and c, amounts toa 
selection of a class of curves, every one of which is touched by another 
curve. Thus take c,=@c, find the singular solution of y=ce*+@ce~* 
-+coc, and we know that the curve thus found touches every one of the 
curves (1) which has its c, equal to the function @ of its c. But the 
curve (5) is, for every value of K, still more closely connected with a 
class chosen out of (1); it not only touches every one of them, but has 
the same curvature with each of them at the point of contact. Take 
any given value of z and y, and from (l) and from ce*+¢,e-7=—2 
determine c and c, and from (5) determine K: then the curve (1), or 
its particular case thus determined, touches the particular case of (5) 
just determined, at the given point (x,y), and the two have the same 
radius of curvature at the point of contact. Moreover, for any one value 
of K, eliminate z and y between (1), ce*+c,e¢"=—2, and (5), the 
result will be a relation between c, c,, and K, which expresses how to 
choose those curves which are all touched by that case of-(5) which 
belongs to the value of K chosen. 


(64.) It is worth noting, that if yY=¢(y""",....y, x) be a diff. 
equ. of the nth order, its singular solution, if any, of the degree imme- 
diately preceding, makes the partial diff. co. dy™:dy"- become 
infinite. Thus, in the example above, we have 


dy” y 
= tea’ 
dy A ("+ 4y +4) 


which is made infinite by y”4+4y+4=0. 


4 


y= —2t Jy? +4y+4), 


(65.) The equation Xdr+Ydy+Zdz=0 does not of necessity arise 
from a relation of the form ¢(z,y,z)=0; if it be the unaltered con- 
sequence of such a supposition, we must have X,—Y,, Y,=Z,, 
Z,—X,. In this case the integration is an extension of that in 
page 197; suppose z a constant, or dz—0, integrate Xdr+ Ydy on this 
supposition, as in the page cited, and let P be the integral, or rather 
P+C, where P is, or may be, a function of z, y, and z, but C is a 
function of z only. Differentiate this last on the supposition that all 
three vary, then P,dx+P,dy+P.,dz+C,dz must be identical with 
Xdr+Ydy+Zdz. But P was so found that P,dz+P, dy should be 
Xdr+ Ydy, whence (P,+C,) dz=Zdz, or, C being a function of z only, 
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Z — P, must be the same, and C= f (Z—P,) dz. It will most frequently 
happen, unless a complicated instance be contrived for the purpose, or 
some peculiar artifice employed in integration, that we have P,=Z, or 
C is merely a constant. For example, let (y + z) dz +(z+2) dy 
+ (x+y) dz=0, which fulfils the conditions. Make z a constant, or 
dz=0, and P=ry+yz+2r+ C isthe integral, derived from integrating 
(y+z)dx+(z+2) dy. But P,=2+y, or P,=Z; whence C is a 

constant. Now try another mode: make z a constant, and we have 
dy dz { 

dz+(z+.2) dy, or -— 
(y+z) dz+(z+2) dy ie Vaan 
P,=(t+y4+2z), Z-P,=—2z, C=—2*-+ const. 
(r+2)(y+z2)+ C=ry+yz-+ 22+ const., as before. 


(66.) Suppose that a factor M has disappeared from Xdx-+ &c. after 
differentiation. Then MX dx + &c. is a complete differential, or 
(MX),=(MY),., (MY),=(MZ),, (MZ),=(MX),. Develope these 
equations, and we have 

M (X,—Y,)=YM,—XM,, M(Y,—Z,)=ZM,—YM,, 
M (Z,—X,)=XM,—ZM,, 
giving Z (X,—Y,)+X (Y,—Z,)+ Y (Z,—X,)=0. 
Unless this ‘condition be fulfilled, no factor can make Xdr-+&c. 
integrable. If it be fulfilled, make z constant, or dz=0, integrate 
Xdzr+Ydy=0 as an equation between two variables, make the result- 


ing arbitrary constant a function of z, and proceed as before. The 
following instance will show the method. 


Let ry dz+yz dz+z2dy+cyz (dr+dy+dz)—0; 
the equation of condition (divided by ryz) becomes 
(142) (2—y) +. +y) @—2)+ (142) (y—2)=0, 
which is true. 
dz=0 gives (y + ry) dr+(2+2y) dy=0, or log (zy) +-7+y=Z, 


where Z is a function of z. Now consider z as variable, and for 
yzdx+zx dy+ xyz (dz + dy) write its value xyzdZ, which gives 
ry dz4+ xyz dz+ tyz dZ=0, or 


(1+2z) dz+zedZ=0, or Z=const.—log z—z; 
whence log (xyz) ++-2+y+2z=const., or cyze*t’t? = const. 


=0, or (y+z)(a+z)+C=P=0 


which is the primitive equation required. 


(67.) Next, let Xdr + Ydy+Zdz=0 be neither integrable of itself, 
nor by the addition of a factor. Returning to our geometrical illustra- 
tration, it appears then that this is not the equation of any surface what- 
soever: that is, there is no surface on which any point (z, y, z) being 
assumed, and given infinitely small increments dz and dy, dz is always 
expressed by —(Xdr + Ydy): Z. But on any one surface it may be 
possible to draw a curve through any point, such that at every point of 
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that curve, transition from (z,y,2) toa point infinitely near it on the 
curve may satisfy the condition. To try this, let U=0 be the equation 
of a surface, giving Pdr-+Qdy+Rdz=0. Let M be an undetermined 
factor, multiply the first equation by it, and add the result to the second. 
We have then 


(P+MX) dr+(Q+MY) dy+(R+MZ) dz=0......(M), 


which is integrable, with or without a factor, by the staal aace; if 
M be determined from the partial diff. equ. 


(R+MZ) (+. P4+MX—— S OF MY )+ &c.=0. 
| dy dx 


Assuming then the possibility of integrating all partial diff. equ. of 
the first order, we can find M so that (M) shall be integrable: let it give 
V=0, then V=0 and U=0 together give Xdr+&c.=0, or the curve 
which is the intersection of the surfaces U=0 and V=0 satisfies the 
required condition. And since V=0 contains an arbitrary function, an 
infinite number of curves may be made to pass through any given point 
of U=0, on each of which any point being supposed to move, its velo- 
cities in the directions of 2, y, and z always satisfy Xdz: dé+ Ydy: dt 
+Zdz:di=0. Or any surface may in an infinite number of ways be 
supposed to be the locus of a family of curves, a motion on any one of 
which will give this relation always, but motion from any one curve 
across the rest, never. 

Another way of viewing the subject is this: assume y=@z, and sub- 
stitute, which gives (X+Y g’x) dr+ Zdz=0, px being written for y in 
X, Y, and Z. Let the last give z=% (z,c), then the curve which is 
the intersection of the cylinders yor, z=% (a, c) satisfies the equation. 
Then an infinite number of curves can be drawn which satisfy the 
relation; but the preceding is more satisfactory, as showing that every 
surface may admit of having such curves drawn upon it. 


(68.) Equations of a higher order between dr, dy, and dz are not 
usually integrable per se; “the following example, however, will be 
instructive. In dz*=dz*+dy? we see an equation which can have its 
most general solution given in few words, as follows. This equation 
denotes no general relation between xz, y and z; but, if y=@z, z is the 
arc of the curve whose equation is y=r. Let us proceed to such an 
integration as that of the last article, without any reference to this pro- 
perty. One solution can be readily seen: let 9 be any constant, and if 


x sin 6+ y cos 0= A, then s=2 cos 0—y sin A+B. 
Now let A and B be functions of 6, but such that ‘x cos 0 —y sin 0=4A', 
—z sin ĝ0—y cos 0+ B'=0. The equation dz?=dr?+dy° will still 


remain true, and we shall have B'=A. But rcos9—ysind=B"” 
and xsin 0 +y cos 0 = B' give 


x= B' sin 0+ B” cos9, y=B'cos0—B”sin ð, z=B”+B. 


Take B any function whatever of 0, and if the first and second equations 
give the coordinates of a curve, the third gives the arc, measured from 
some point to be determined: or rather, since vand y involve only diff. 
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co. of B, it would no ways alter the question to add a constant to B, and 
to determine that constant so that z should vanish for a given value of z. 

The solutions r=az +b, y=,/(1—a*).z+c, treated in the same man- 
ner, will lead to the well-known determination of the arc by means of 
the involute (page 364). The student may also try to understand the 
following: the first solution above, when ô is constant, amounts to sum- 
ming the elements of a tangent of the curve; when 0 is variable, it 
amounts to summing the elements of the tangent supposed -to roll over 
the curve, each element being taken into the sum as soon as it coincides 
for one instant with an element of the curve. 


(69.) In the preceding, integration is reduced to the solution of a 
functional diff. equ., thus. Let y=fz be the equation of a curve, and 
f./(dz*+ dy?) is found, as soon as $0 is found so as to satisfy 
p'O .cos 0 — "0 .sin 0 = f (Ø'0.sin 0 + $’8.cos9). The following is 
another instance of the same kind, which I leave to the student: show 
that fyr.dr=p'pr.pr—ppr, if px can be found so as to satisfy 
pr.p'x.d"pxr = yr. In both these cases, the converse is, generally 
speaking, the easier, namely, to satisfy the functional equation, or to 
depress it, by the integration: a circumstance which points out the 
utility of noticing such relations, since it will generally happen that a 
mode of making the easier of two processes depend on the more difficult, 
is also a mode of making the more difficult depend on the more easy. 


(70.) The general process of page 203 has been extended (by Jacobi) 
as follows. Let there be any number of variables, say three, u, v, w, 
each of which is a function of any number of independent variables, say 
two, x and y, and let there be three equations, as follows, u, meaning 
du: dr, &c., 


Xu,+Yuy=U, Xv:+Yv, =V, Xw, +4 Yw, =W......(1), 


where X, Y, U, V, W may each be a function of all the five variables. 
Grant that the simultaneous equations (4, or 34+ 2—1 in number) 


gu T dor UO aed 2 
U>vow-x7y" (2) 
ean be integrated, and let P= const., Q=const., R=const., S=const. 
be the primitive system, where P, Q, R, S may each be a function of 
the five variables. Then the system (1) is satisfied by the values of u, v, 
w in terms of x and y, deduced from 


w (P,Q, R,S)=0, «(P,Q,R,S)=0, 0 (P,Q,R,S)=0..... . (3). 


where ©, x, p are any functions whatsoever. Differentiate each of (3) 
with respect to x, and we have 


D+ Dy Urt OV tOn W:=0, Kz,+&c.=0, prt&c.=0. . o o.. (4), 
also T, de +0, dY +D, du + w, dr 4o, dw=0, 
or Xo.: +t Yw, + U0,+Vo0,+Wo,,=0...... (5), 


by (2) : and similar equations from « and p. Let Ay, Às, As be such 
quantities as will satisfy 


ON DIFFERENTIAL EQUATIONS. 713 
tee AO ct rect Eo 
Multiply equations (6) by v,, W., and (7) by u, and add; which 

gives, by (4), 
— (Ay Dp Ag Ka F Às 0) = Au, 
and — (M Dy + Àe Ky + Às p) = Au, by a similar process. 


Now multiply the equations (5) by À, Às, As, and add, making usc of 
the equations (6) and (7), and those just found, and we have 


—AXu,—AYu,+AU=0, or Xu, + Yu,=U, 
whence the first of (1) is satisfied: and similar processes may be 
applied to the second and third. 


(71.) The preceding theorem shows on what the integration of the 
general equation u—@(x,y,u;,u,) depends. Let u,=p, u,=q, and 
we have 


P—P.= by Pet Pa qz q — $, =b, Pp, +9, Qy 
or p—?:=%, Pst Py Py q—-Py=> qe t+ P, qyse oe. (1), 


since py=q,. First, let us integrate these equations independently of 
the condition p, =q. We are then first to integrate 


let P=const., Q=const., R=const. be the integrals of this system: 
then © (P, Q, R)=0, «(P,Q,R)=0 are the integrals of the equations 
(1), independently of py=q,. Now, considering w and « as functions 
of p,q, 2, Y, form the four equations of which the first is w,+ By Pz 
+ ©, q-=0, by ordinary differentiation. Add the fifth equation p,=y,, 
and eliminate the four quantities Pe, Py qz» qy, from the five; the 
result is 

dw dk dk dw dw de dk dw_ (2) 

dx dp dx dp Edy dq dydq “~~” 
Then any forms c=0, w=0, being taken which satisfy this equation, 
and p and q being obtained in terms of y, and substituted in the first 
value of u, the solution of the given equation is found. One mode of 
satisfying this equation is x=fw, f being any function: but this suppo- 
sition is equivalent to reducing @=0, x=0 to one equation only. 


(72.) Another general mode is as follows. However p and g may be 
expressed, the equation d.p:dy=d.q:dz remains true, every mode in 
which p and g contain v and y being taken into the account. Let the 
partial diff. equ. be reduced to the form q= ọ (p, x,y, u), and p being 
supposed a function of x, y, u, form the preceding relation. We have 
then 

dp | dp 


_, op, dp 
dy Fa aoe get beg PT Pst Pu Ps 
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dp _ g IP 2p 
or (1—9: P) 7 —® z Wy cae psa t 
the shorter notation expressing explicit differentiations from g=4. 
Here p is a function of u, 7, y, and the solution requires first the pre- 
vious solution of the simultaneous equations 
dp _ du _ dz 


= 


-+P p  b—Gy p Dp 


If these can be integrated, we have, say M,=c,, Me=cy, M= c3, and 
fM., Ms, Ms)=0 for the solution of (1). Take any one solution in- 
volving an arbitrary constant, and having expressed p by means of it, it 
will frequently happen that z can be expressed, either by integrating 
q=9, or dz=pdx+qdy. Another arbitrary constant will thus enter, 
and a primary solution § (76.) is obtained, from which the general solu- 
tion must be got in the way presently pointed out. Of course those 
solutions should be taken in which p is expressed in terms of z and y 
only, or if u enter, it should destroy u in ¢ after substitution; or if 
not, u should enter only as a common factor in p and q. 


= dy. 


(73.) Thus, let g=p" XYU, X, Y, and U being severally functions of 
x, of y,andof u. The differential equations then are 


dp _ du _ dx = 
PX'YU+p XYU' p"XYU—mp"XYU np XYU S 
X 1 pU 
From the first and second dp+—— xX du+ a a du=0. 
From the second and third 
_n—l pX I pU, a. 
du=—— pdz, or dp+ x dr+ 1 T du=0; 
l l LA 
whence log pt> log X+- log U =log a, or px" U™—i=4 


E E i 
q=p" xyz=(ax` u) XYUHa2" YU 
i 1 
du=U=1 (ax F irp a" Ydy) 
l 1 
fU='du=afxX™ dr+a"fYdy+b. 


Here is a primary solution. Make b= ġa, and the general solution is 
determined by differentiation with respect to a and elimination. 


(74.) The singular solutions of partial diff. equ. have not been in- 
vestigated in any manner which deserves the name of a general theory. 
The general solution, when it contains an arbitrary function, is itself 
the singular solution of one which contains an arbitrary constant. Let 
Xu,+ Yu,=U, and let the equations dx: X=dy : Y=du: U be satisfied 
by M=c, M,=c,, M and M, being functions of <, y, u, and c and c, 
being constants. Each of these equations satisfies the given equation: 
for this given equation is in fact the same as XF,+YF,+UF,=0, 
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where F=0 is an equation involving z, y, and u. This follows from 
U,=—F,: Fy vy= -F,:F. But M=c gives M,dr+M,dy+M, dz 
=0, or, by the equations dx : X=dy: Y=du: U, we have XM,+ YM, 
+UM,=0, whence M=c satisfies Xv,+Yu,=U. Now the two 
solutions M =c, M,=c, answer to, and are involved in, AM + A, M,=A,, 
BM +B, M.=B,, where A, B, &c. are functions of any number of 
arbitrary constants: for these merely imply, and are implied in, M=c, 
M,=c, Hence AM+A,M,=A4,g satisfies the partial diff. equ. Now 
let its constants, instead of being constants, become functions of £, Y, u, 
such that for every such function a, we have A, M+(A,).M,=(Az),; 
so that no differential relations of the first order are disturbed. There 
will be as many of such equations as of functions which were constants ; 
and from them, a and all the rest may be deduced to be functions of M 
and M,. Let the values of these functions be substituted in AM +A, M, 
=A, and we have ¢(M,M,)=0, in which there is no restriction 
upon ¢, because A, &c. may be any functions. Here is the common 
general solution, which is therefore nothing but a singular solution of 
the most general form which satisfies dr: X= dy : Y =du: U. 


(75.) Let a particular integral of any partial diff. equ. be found 
which'contains two arbitrary constants, say f (<, Y, U,c,c,) =0. Letc, bea 
function of c, then, if f,+/;, c’,=0, c may be supposed to be a function 
of x, Y, and u, provided c be obtained in terms of x, y, and u from the 
preceding equation: which introduces an arbitrary function, since c, may 
be any function of c. This illustrates the last article: but a singular 
solution may be often found, by making f,—0, fe, =0, finding the definite 
values of c and c, which satisfy these, and substituting. When such a 
solution can be found the geometrical explanation is as follows. The 
equation f=0 belongs to an infinito-infinite number of surfaces, cor- 
responding to different values of c, and c. Every law of relation which 
connects c and c, points out one peculiar family of these surfaces, which 
family has a connecting surface: the solution which contains the arbi- 
trary function belongs to all these connecting surfaces. But these last 
surfaces may themselves have a connecting surface, which is related in 
the same manner to all: the solution without either arbitrary function or 
constant belongs to the last. 

For instance, u=cr+c,yta/(1+c*+c}) is the equation of every 
possible plane which has æ for the perpendicular dropped on it from the 
origin. From such planes an infinite number of developable surfaces 
may be formed; let c,=¢c, and the equation of such a surface will be 
found by eliminating c between the preceding and 


c+¢'c.y+a {1+c?+($c)*}-* (c+ $c. $c) =0. 


All these developable surfaces have their tangent planes also touching 
the sphere whose radius is a. Eliminate c and c, between the first 
equation and the two following, 


rt+a(l+e?+ci)?.c=0, yta(l+c+c})*¢,=0; 
and we have +y? +u’=a, the equation of the sphere. 
(16.) It thus appears that we may distinguish the solutions of partial 


diff. equ. of the first order into three kinds. 1. One which contains two 
arbitrary constants more than were in the equation. 2. One which con- 
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tains an arbitrary function. 3. One which contains neither constant 
nor function. Lagrange termed these severally the complete, general, 
and singular solutions. To the third term there can be no objection, 
but the distinction of complete and general is not easily made. Thecom- 
plete solution may be a very limited case of the general solution, as in 
u=cxr-+c, y, which is the (so called) complete solution of u=zu,+ yu,. 
The general solution is wu=z@(y: 2x), one form of which is cr+c,y 
+ey?:r+c,y*:2°+.... ad inf. It will much offend our ideas of 
language to say that this last is completed by making c,=0, c;=0, &c. 
It would be better to call the first solution primary,* the second general, 
and the third singular. 

Let ¢ (2, y, u, a,b) =0 be the primary equation, then the partial diff. 
equ. is obtained by eliminating a and b between $=0, $,+-¢,u,=0, 
dy +, Uy=0; or by considering a and b in the first, as functions of x, 
Y, u, obtained from the second and third. Suppose that this substitution 
made gives Y (q, Y, u, p,q) =0, where p=u, and q=u,. Then ¥=0 
is an equation identical in meaning with ¢=0, when a and b are cun- 
sidered as above. If, then, from y=O we find v in terms of z, y, p,q, 
and substitute it in p=0, we have (as in page 192) an equation abso- 
lutely identical, independently of all relations: and every diff. co. of so 
altered is identically =O. Differentiate then separately with respect to 
p and q; the first operation gives 


Pu Upt Pa (Au Up + Ap) + Ps (bu Up bp) =0 : 


the implied suppositions are that @ contains p through u, a, and 6, 
while u, deduced from %=0O, contains p, and a and b contain p both 
directly and through u. Now from y%=0, the proposed diff. equ., from 
which w is obtained for substitution in the preceding, we have Y, + Yu up 
=0; substitute for u, in the preceding, go through a similar process 
relatively to q, and we have 


Wp — Pa a,+ Pp by Y eae Pa a+ P ba 


Wu QutPaautprbu Yu Put Palut hy by 


Now the singular solution is derived from ¢,=0, ¢,=9, and ¢=0 
necessarily contains v, so that ¢, is not =0: consequently, unless a, or 
b, are made infinite at the same time that 9, or 9, vanishes, a singular 
solution will give %,:%,=0 and %,:%,=—0. Singular solutions then 
may be sought among those relations which satisfy %,=—0, Y, =0, Yu 
being finite; or among those which make y, infinite, Y, and y, being 
finite. But it does not follow that these modes will give all the singular 
solutions; for a, and b, may possibly become infinite when 9, and p, 
vanish. 


(77.) For example, take the surface on which the normal intercepted 
between the tangent plane and that of zy is always of the same length 
k: the equation of which, x, y, u being the coordinates of any point, is 
found to be w (1+p*+q°)—k=0. The singular solutions may be 
contained in 2u° p=0, 2u°q=0; now w=0 does not satisfy the equa- 


* Even against this word lies the objection that there is an infinite number of 
primary solutions: thus y"—! u=czx"+c, 2"—y is, for all values of n, a primary solu- 
tion of the proposed equat'°n. 
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tion, but p=0 and g=0, implying u=const., do satisfy the equation, if 
that constant be +k: and z*—?=0 is the singular solution. It is 
evident enough that the two planes thus obtained are the envelopes of 
all surfaces of the kind required. For the primary solution it is obvious 
that a sphere, with its centre on the plane of zy and a radius k, will 
answer, or (r—a)*+(y—b)?+u?=h*. Assume then b=¢a, and 
eliminate a between the preceding and (r—a)+(y—g¢a) y'a=0, and 
we have the general solution. The primary solution is thus a sphere of 
given radius, the general solution a tube (page 402) made by the motion 
of that sphere with its centre on a given curve in the plane of zy, and 
the singular solution the pair of planes parallel to zy within which 
all such tubes are contained. (This tube is called surface-canal by the 
French writers.) 


(78.) In the same way it may be shown that u=pr+qy+f (p,q) 
has for its primary the plane v=ar+by+f (a,b) ; for its general solu- 
tion the result of eliminating a between this and r+q@a.y+fitfi¢'a 
=0, which gives a developable surface, and for its singular solution 
the result of eliminating a and b between the original and v+f,=0, 


y+f,=—0. 


(79.) I now take some detached artifices which have been given for 
the integration of various partial diff. equ. of the first order. 

F (p, )=9, or gq=¢p, the general equation of developable surfaces. 
. Here du=pdzr+ Gp dy, 


u=pao+d¢p.y—f(z+¢p.y) dp, whence r+Ø'p.y=say ¥'p, 
or ` u=piet+hp.y—yp, «z+'p.y—w'p=0. 


Eliminate p, and we have the general solution. This case is, under 
another form, a repetition of that in the last article. 


(80.) z=f (p,q). It may be discovered from §(71.), that z= 
ġ (y+cxr) must contain a solution of this equation: or, for some form of 
$, we have $ (y+cr)=f{cd' (y+er), p' (ytcr)}. For y+czr write z, 
and for ý (y-+-cr) write y, which gives y=/' (cy’, y’), a common diff. equ. 
from which can be found, say y=% (2,c,). Hencez=y (y+cr,¢,)is a 
primary solution of z=f (p,q), from which the general solution can 
be found. For instance, let z=pq, then y=cy’? is the diff. equ., which 


gives 
L(x x l /y+ cx 2 
IS (= +a) , or sonia ie 3 +a) , 

Let c =ġc and e= LEE $e) (r+ 29’c): 


eliminate c, and the general solution is found. Or, eliminate c from 


ae ee Yb coe 
24 z Te fer m sae a Je p'c=0. 


(81.) d(p,z)=¥(q,y). Let P(p,7) =a, %(q,y)=a, whence 
p=®: (z, a), q=¥, (y, a), 


718 DIFFERENTIAL AND INTEGRAL CALCULUS. 
z= { {¢, (x,a) dr+ Yi (y, a) dy\=¢, (x,a) HY (y, a)+b, 


a primary solution. Assume b= ya, and eliminate (for the general 
solution) a from 
de , MWe 


d 
== @, (2, a) t+ Ye (y, a)+ x4, =a so pe +x'a. 


a da 


(82.) If p (x,y) be differentiated twice completely, it gives ¢,,dz* 
+29,,drdy+,, dy’, say rdz?+2sdxdy+tdy*: and the conditions 
under which such an expression is completely integrable are T,= S, 
sy=t,. But it is seldom that a factor can make such an expression 
integrable. Let Rdz*+ 2S dr dy -+Tdy* be integrable, if possible, after 
multiplication by M ; we have then 


(MR),=(MS),, or SM,—RM,=M (R,—S,) 
(MS),=(MT),, or TM, —SM,= M (S,—T,). 


From these find M,:M and M,:M, say A and B. Then, if Ay=B,, 
M is possible, and log M is found by integrating Adr+Bdy. Hence 
it appears, 1. That when the expression is integrable already there is no 
factor under which it will remain integrable, except when S*=RT, in 
which case there is an infinite number. 2. When the expression is not 
integrable, there may be one factor, but generally only one, and most 
frequently none; except when 


S:T::R:8::R,—S,:8,—T,, 


in which case there is an infinite number. For example, y*dz* 
+2 (ry+1) dz dy+x* dy® is not integrable: to determine the factor, 
if any, we have 


(zy+1)M.-y’M,=My A=M,:M=y 
eM,—(ry+tl)Mj,=—Mr B=M,:M=2 


and Adx-+Bdy is integrable, and gives ry, whence M=e”: multiply 
and integrate, and we have e” itself for the primitive function. 


(83.) If we take a partial diff. equ. of the first order, containing two 
arbitrary constants, we may from it form one of the second order. Thus, 
if (x,y, U, P, q, 4,6)=0, we may determine a and b from $,+4,r 
+9,5=0, ¢,+4,5+9,t=0, in terms of T, Y, U, P, q, T, S, and t. 
These values substituted in p=0 give an equation of the second order. 
Again, assuming b= ya, we get precisely the same equation of the second 
order if u and b be functions of 2, y, u, p, q, provided that a be deter- 
mined from $,+9,.6,=0, or a+. x'a=0. Hence we can get a 
solution of the first order having an arbitrary function, since yx is 
arbitrary; and if, therefore, we can integrate this equation of the first 
order, which integration will introduce another arbitrary function, we 
have the complete solution of the given equation, with its two arbitrary 
functions. But we must first extend the conclusions of page 64 to the 
extent of showing that two arbitrary functions cannot always be elimi- 
nated in the formation of the equation, 

Let A and B be given functions of z, y, and u, and f (<, y, u, PA, YB) 
=0, an equation in which fis a given form, and ¢ and ẹ any functions 
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whatever. Differentiate with respect to z, y, az, TY, and YY, which 
gives altogether six equations, involving PA, yB, %'A, %'B, PA, y"B, 
with z, Y, u, P, q, T, S, t, and the known functions of them A,, A,, Bz, 
&c. Now six quantities cannot generally be eliminated from six 
equations: therefore the equation f=0 is not always the solution of an 
equation of the second order. It certainly very often happens that the 
process which eliminates five also eliminates the sixth. Therefore, 
although the preceding part of the process shows that every equation 
which has a primary of the first order containing two arbitrary constants 
has two arbitrary functions; yet the converse is not true. If a represent 
the number of arbitrary functions, and r the number of complete orders of 
differentiation performed, the excess of the number of equations over that 
of the functions given and introduced by differentiation is 4 (r+ 1)(r+ 2) 
—a(r+l1). This can never be unity (which is required that one 
equation may be a necessary consequence of elimination) except when 
a=1, r=l. If a=5, then 4(r+1)(r+2) first exceeds 5 (r+1) 
when r=9, and the difference is 5. Consequently, an equation of five 
arbitrary functions has five distinct equations of the ninth degree, in all 
cases in which there is not some peculiarity in the elimination: and 
this is the first set in which all traces of the arbitrary functions vanish. 


(84.) Itis not certain that every partial equation of the second order 
even has a solution. The most general case in which anything like a 
method has been proposed is as follows. Let Rr+Ss-+-Tt=V, where 
R, &c. may be functions of x, Y, z, p,q: this is the most general equa- 
tion of the second order and linear form. The principle of solution is 
that explained in page 203, and may be stated as follows. There are 
already three ordinary diff. equ. existing between the quantities z, y, u, 
P> qs T, S, t, namely 


du=pdr+qdy, dp=rdzr+sdy, dq=sdr+tdy, 


which are universal, or true when v is any function whatsoever of z and 
y. To make use of them then is not introducing any new condition 
into the question ; for that u should be a function of x and y is already 
an implied condition. Consequently, the given equation is neither 
more nor less than 


= Wii 
ne Saser o ey. 
ax dy 


or Rdpdy+T dq dr—V dy dr=s (R dy’—S dz dy+T dr’). 


If we call this last o=sq, we see that the equation includes among 
its conditions that if ø vanishes œ must vanish, and vice versd. This 
is not all the meaning of the equation, but a part of it, and, so it 
happens, enough for our purpose. Proceeding in the same manner 
with r and £, we find, making 


T (dp dr— dq dy) — S dp dy+Vdy'’=o R dy? — Sdr dy +Tdr' =g 
R dp dy +T dq dr—V dz dy =o du—p dr—q dy =v 
R (dq dy — dp dr) —S dq dr +V d=? 


that the given equation is equivalent to either of the following, p=ra, 
o=sa,r=ta. Whence, u must be such a function of v and y as will 


` 
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make all the four, p, o, 7, æ, vanish when any one of them vanishes. But 
the equations 


Ro+Sce+Tr=Ve, adp=pdr+ody, adqg= odxr+rdy, 


which may easily be verified, show that the four equations p=0, o=0, 
7=0, a=0, are all satisfied when any two are satisfied. Hence we 
satisfy the original equation, though by far from a complete solution, 
when we find any primitive of the following system, containing, 1. Any 
pair out of p=0, o=0,7=0, a=0. 2. The equation v=0. Here are 
three equations between five variables <, y, u, p, q; let A=a be one of 
the primitive equations, of which there may be three, two variables 
being independent. We have then 


A,dx+A,dy+A,du+A, dp +A, dq=0. 


Let x=0 give dy=pdz, and then o=0 gives Ru dp+Tdq—Vp dz 
=—0, from which substitute for dq, and for du from v=0. The result 
contains only dz and dp, and, every necessary condition having been 
used, this must be true independently of dz and dp, which might be 
made the two independent variables. Equating each coefficient to 
nothing, we have 


V R 
AtA p+ Au (PGP) + Ag pee 0s A-A =a). 


Let B=b be another primitive, which will give similar equations. 
Then, as in page 203, the condition, not that the diff. equ. a=0, o=0, 
should be satisfied, but that one should be satisfied whenever the other 
is, may be expressed by B=@A, among the cases of which we are 
therefore to look for solutions of Rr+Ss+Té=V. And on examination, 
as in the page cited, we shall find that every form of ¢ satisfies it, as 
follows. Take the equation B,dr+B,dy+&c.=@A (A,dx+&c.), 
and for A, and A,, B, and B, write their values from (o,a) and the 
corresponding equation for B. The first side becomes , 


V 
—B, pdc—B, (p+qp) dr— B, a de 


+B, dy+B, (pdx +qdy) +B, ot dp + B, dq, 
B 
or (B, +B.) (dy — pdz) +77 (Ry dp +Tdq—Vp dz), 


which is ¢’AX a similar function of A, so that 


R N _ By+qBu— Q'A (A,+ qA..) 
=- T (B, —@/A.A,) 


gives Ru dp+ Tdq— Vp dr=w (dy— pdz), 


which verifies the assertion above made relative to B=¢ġA. For dp 
and dq write rdx+ sdy and sdr+tdy, and dx and dy being independent, 


we have 
Rer +Ts—Vp+wp=0, Rus+Tt—w=0; 


or Ryr+(Ry2?+T) s+T pt — Vp, or p (Rr+Ss+Tt—V)=0, 
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since Ru®—Su+tT=0. Hence the equation is satished by B=oA. 
Tt may be observed that u has two values, cither of which may be 
chosen; or it may happen that it may be convenient to use both. 

For example, let R, S, and T be constants, and V a function of x and 
y; whence p is a constant, and dy— pdx gives y= pæ +a, which substi- 
tute in V, Then Rudp+Tdq—Vydr=0 gives Rup+Tq—pf Vd 
=b. After integration of Vdr, put back y—wr for a, and the first 
integral of the given equation is 


Rup +Tq—pf Vdr=¢ (y—p2), 


with either value of p. If we proceed to integrate this equation by page 
203, we must first integrate the system 


Ru dy —Tdx=0, or dy—p, dr=0, 
(p being the other value of u, and up, being T: R) and 
Rudu= pf Vdx d+ (y—pr) .dz. 


The first gives y — p =a; substitute for y in the second, then since 
fo (a+, 2—px).dz, ¢ being arbitrary, is simply ¢ (a+p,2—p2), 
which has the same appellation if divided by uR, we have for the 
integral of the second equation, putting back y—p, x for b after integra- 
tivon, 


l 
u= z SfdrfVdr+ġ (y—ux)+b. 


Where the meaning of fdxf Vdr has much more than the“notation ex- 
presses, nor does the operation’ occur often enough to require a distinct 
notation. We begin with V=¥% (x, y), which we change into ¥ (z, pr+a), 
and integrate, giving, say ¥,(z,@), which we re-convert into y,(2, y- pax). 
Then we change this into y, (x,a +p x—pzr), and integrate, giving, 
say Ye (x,a), which we then re-convert into Y, (z£, y--~, 2). From the 
equation y—p, =a, and the last, we now have 


u= ~ fdrf Vda + (y—pr) + (y — p 2), 


h and ¥% being any functions whatever. Let us choose, for instance, 
r+6s+5t=r+y. We have then p?—6u+5=0, or 5 and 1 are the 
values of u. Proceed with V=x+y in the way pointed out, and we 
have 


_f@+a+5z) dr=3.*+a2, for which put 322+ (4—57) x, or ry —22°, 


Integrate z (a+) — 21°, which gives }ax*°—12°, for which put 
$ (y—2) 22—42', or dyz*— 325. The solution is 


u=hyst—$2°49 (y—b2) +4 (y—a). 


Verification. Taking the first two terms alone, r=y—5z, s=z, 
t=0, r+6s+5t=x+y. Now ¢(y— pz) gives r+ 6s+ 5¢ 
=(p*— 6p +5) H" (y—pr), which vanishes when p=1 or p=5. The 
equation would certainly be as well satisfied if to the preceding we 
added Ax-+By+ C, whence it might seem as if we had not the complete 
solution. But observe, that Ar+By+C may be made to become 


3A 
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E (y—5r)+F (y—2)+C, if E+ F=B, 5E+F=—A; so that the 


preceding addition only amounts to an alteration of @ and %7 
When the roots u and p, are equal, first assume p,=p-+a, then show 
by the method of § (21.), that the complete solution is 


l f ‘ 
u=; JdfVde+ap (y—pr) +4 (y—pz), 


which requires the assumption (obviously allowable) that an arbitrary 
constant of any value may be a multiplier of either function. 


(85.) Looking at the preceding method, and generalizing by analogy 
from ordinary diff. equ., we might seem to have all but a demonstrative 
right to infer that every partial diff. equ. of the second order has two of 
the first order, each containing one arbitrary function: which two arise 
from one primitive containing two arbitrary functions. All this is very 
often true, no doubt; but there is not a single point of it which cannot 
be refuted, if asserted universally, or at least shown to be hitherto in- 
capable of general proof, and very unlikely in certain cases. First, in 
the equation o=sa, we have begun by presuming the existence of a 
solution which allows «æ to vanish, when of course ø vanishes. The 
solution we thus obtain may be the most general of its kind: that is, of 
those which allow æ and o to vanish ; but how do we ascertain that there 
are no solutions in which this is impossible? or how do we know that 
there are not some in which, when gœ vanishes, s necessarily becomes 
infinite, and sæ remains finite ? 

But do not these objections equally apply to the solutions of equations 
of the first order in page 203? Undoubtedly they do, and the proof of 
the perfect generality of such solutions is therefore not complete till page 
204. It may be thus further illustrated, with our knowledge of primary 
solutions. 3 

Let f (z, y,u,A)=0 be the solution of a partial diff. equ., f and A 
being given functions, the latter of z, y, u; and @ the arbitrary 
function introduced by the common method, which we may therefore 
write cwA-+c,yA. We have then one primary solution, with two in- 
dependent constants. If there be any other general solution, we can 
obtain it in an infinite number of modes by making c and c, functions of 
z, y, and u; and we have a right to one relation between c andc,. Let 
it be c=wc: and solve f=0 with respect to PA, giving, saycwA+c, xA 
=F (z,y,u). If then we determine c from ~pA+¢'c.yA=0, giving 
for c and c, functions of A only, all differential relations of the first 
order remain as they were when c and c, were constants; and the partial 
diff. equ., from which f=0 arose, is satisfied: but cwA+c,xA is still 
only an arbitrary function of A. 

The process of page 204 might be extended to the proof in § (84.), 
and we might be compelled to admit, that when two arbitrary functions 
appear, the most general solution is gained. But whether every diff. 
equ. of the second order has two arbitrary functions; and whether every 
such equation has a solution; as also whether, if it have a solution, 
there are diff. equ. of the first order belonging to it,—are all unsettled 
questions. To take a well known instance illustrative of these doubts, 
Jet r=q be the equation, or R=1, S=0, T=0, V=q. We have then 
o=—qdy*, c =(dp-qdx) dy, r=dqdy-(dp- qdr) dz, a= dy?,which vanish 
simultaneously if dy=0, dx=0, or if dy=0, dp—qdx=0. The first 
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would give the solution y=@z, which does not contain u, and must be 
rejected: the second cannot spring (with du=pdx+qdy) from any 
relations between z, y, , p, and q, all variable: and g=c can only give 
the solution z=4cz*+cy+c,z. But the following solutions can easily 
be verified, or (the two latter) obtained by indeterminate coefficients, 


u= C, Er TEM Yp Cp eet +my4.C, eM THM I4 .,, 


2 
u=ġr4+ q" xr.y +" zx z +g“ pee 


Se ana 
=ġ EAE ate” 
u= y+ yy. py. 9 tys 3 3.3.4 PREES ta 


In all three, two z-differentiations give the same result as one 
y-differentiation : which is all that the equation requires. The third 
seems to involve two arbitrary functions, and really does so with respect 
to y; but yet these two only amount to one with respect to «v, as in the 
second solution. For if dy=a,+ayt...., and Yy =bo+ biy 
+....3 if, after substitution, a+6,2+a,2°+),2°+.... be called 
x, the third is converted into the second. We shall see the complete 
integration of this equation presently. 


(86.) The most important equation of the second degree, beyond all 
question, is 
du „du ° dtu os dèu mre 
dx?" dy” Y ge da” a? 


changing the variables* for convenience, since, in mechanical pro- 
blems, one of them is usually the time (t). If an elastic fluid be con- 
tained in a tube of very small section, and if a be the velocity with 
which sound travels in that fluid, then, the preceding equation being 
solved, du: dx will represent the velocity of the particles at the distance 
x from an arbitrary origin in the tube, at the end of the time ¢, and 
du:dt will be always proportional to the compressing force. This 
equation ‘thas been already integrated; we have R=1, 8,0, T= —a’, 
V=0, p2-—a?=0, p= ta, and 


u= (t+ at)+ 4% (z—at), 


where œ and ẹ are arbitrary functions, deducible from the state of the 
tube at any one moment. 

An independent integration may, however, be desirable, and we may 
obtain it as follows. Supposing the equation to be r=t, p=, q=u,, 
the equation gives p,=q,, and the property of all functions is p,q, 
We have then p,+q,=p:+ Ys, and pı — q= —(p:—9;)- Hence p+q 
is a function which satisfies (p-+q),=(p+q)z, and we must have 
pP+q=f (t+); and p—q satisfies (p—q).——(p— q),, or we must 
have p—q=f(z#—t). The functions being arbitrary, we have at once 


p= (1+) +4 (7-2), q= (a2+t)—} (2-1) 
u=ġ, (@+I)+Yy,(2@-)N+oy, w=d (1+) +Y @—t)+ x2; 
* The two different meanings of ¢ must be distinguished: both are so sanctioned 


by custom that the clashing of the two cannot always be avoided. 
3A2 
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equations which can only agree when wy and yz are constants, and 
therefore may be considered as included in the arbitrary functions. Or 
we might integrate by page 203 either p+q—=f(#+t) or p-q= f (æ-t), 
and we should produce the same results. Change ¢ into'at on both 
sides, and we obtain uv,—a? u,, and its solution. 


(87.) a r+2Qzryst+y?t=0 gives u=zxġ (y: x) +% (y:2) 
q’r—2pqs+p*t=0 gives u=h (xyuty) 
r—t=2p:a gives u=¢ (y +2) +4 (y—z)—2 {ØP (y+z)—y/ (y—zx)}. 


For Rr+Ss+Tt=0, when R, S, and T are functions of p and q, see 
page 473. Apply § (84.) to this, and a=0 gives p a function of p 
and q; whence V=0 shows that c=0 can be reduced to an equation 
which can be integrated under the form f(p,q)=c. Also this and 
dy= pdz give du=vdz, where 'u and v can be made functions of p and 
conly. Elimination of p gives an equation between dz, dy, du, and c, 
which may sometimes be integrable. From the preceding we gain this, 
that some class of developable surfaces must be a solution of the given 
equation. 

Rr=V and Tt=V, when the coefficients are functions of 2, y, and p 
only, and of x, y, and g only, are only ordinary diff. equ.: for y must be 
constant throughout the first, and z throughout the second. Thus, 
take p for a variable in the first, and we have the form 


| d 
p (2, Y,p) = (1:4, p), or p=x (a, y, By), u= fx- dz+ aY, 
p and a being arbitrary functions. 


(88.) Let 9 (r, s,¢)=0 be the equation, not containing 2, y, u, p, or 
q. Let x and ybe each considered as a function of both s and é, and 
dp=rdx-+sdy and dy=sdr--tdy then give 


p=rz+sy—f(tdr+yds) q=set+ ty— {(xds+ydt)....(p, q), 


and tdr+yds and ads-+-ydé must be complete differentials. Assume 
then 


ras +ydt=dv, or =o, y=. el): 


The original equation gives ¢,dr + ġ,ds + dt=0; from which 
xdr--yds becomes (and which must be a complete differential) 


$; 3 $, X d pe \ = d K 
u a ap I T (22) T g Q$, y) 


But from ¢=0, r is a function of s and ¢, giving 7,=—49,:¢,, 
T= —¢,:9,, whence in the last equation two terms disappear, and we 


have j 
$, dr _ Ø, dr dy d*v dv KA 
ġ. ds ¢, dt dt? ong dt? oT pt’ is’? 
a linear equation, similar to those already considered. If v can be found 
from it in terms of s and ¢, we have < and y from (v), and thence p and 
q from (p,q), after which we find u from u=pr+qy— f (rdp+ydq). 
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dèv dv $ dv 
4 — a ` 
For example, rt—s=0 gives é—— 7 FELI Tid; +— e =i 9 that 


v= to (s:t) +Y% (s:t), from § (87.) Hence 
ORTOEENOENORO] 
p=4(+)- f(zdr+yds)= — f= ry VATS 
OEE OYO 


u=pr+9y+ f$ (+) w'(= aes 


and we see that this merely amounts to supposing p any function of q,* 
adding to pr+qy any other function of q; with the condition that, if 
u= yt-+qy+Q, we must have zdp+ydq+dQ=0. The latter agrees 
with § (79.). 

This particular example, however, is thus most easily integrated. 
The equation, for dp and dg, combined with rt—s’=0, give 


dp=rdz-+sdy=— (sdx + tdy) =— dq, 


whence p=fq necessarily (page 199). Afterwards, as in § (79.). 


d"u 


d"u 
(89.) Let ay dx L ha dx’ di dy 


+ ne o +a, =o Gy). 

Without going into the full investigation, the process may be described 
as follows. First, when ¢ (x, y)=0, let su, peg, &c. be the roots of the 
equation @p"+a,p""+..-.+a,=0. If all these roots be unequal, 
the solution is w= y, i, ‘t) + Yo (Y+ peT) + +++, Wis Po, Ke. being 
arbitrary functions. But for every set of equal roots write Yı (y +u 2) 
trys (yt p r) tH Ws (y+ua)t...., With as many terms as there 
are equal roots. Next, when ¢ (x, y) ia not =0, treat it successively 
with all the roots in the manner pointed out for two roots in § (84.), 
y+pxr=c being the equation from which y is obtained. Divide the 
result by a@,, and annex it to Y, + Y+... ., or whatever the preceding 
part of the method gives. Suppose, for instance, that n=3, and that 
pe +6y2+ 1144+6=0 is the equation, the roots being —1, — 2, and 
—3. [I write down without explanation all the substitutions, integra- 
tions, restitutions, &c. &c., p (x, y) being =zry. 


O 6 a ae D S aP 

a REED a a Eat Sgr rong 
ef es og <a oat fe. Ua ed oa 
et OF Te? “ag?” a wa me igo” ages 8 


* To solve frfr.dx=F (ffxdr). Differentiate both sides, which gives z= 
EF! (/ fe dx), say /fxdr=xx; whence fr=/r, and is therefore found. 
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tp it ee. Ba Lake | se 2 yx F 
Grto) 57g wta w ot Y—39 a4 — 40° 24 ~ 20 
du d'u d'u du 
whence df ama dedyt y T 
n yxt q? 
gives u= Tat (y — x) + Ye (y—22)+ Y: (4—31), 
the complete solution. i 


(90.) If the linear equation with constant coefficients have also diff. 
co. of lower order than the nth, assume u=". An equation is then 
found between u and v, which, being solved, gives, say v= py. We 
have then a very general solution in u= ZC +°, where there may be 
any number of terms (even an infinite series) and two distinct arbitrary 
constants in every term. For instance, let ar+bs+ct+ep+fqteu 
=0. The supposition u= £+” gives ap?+ buy +cr*peu+fv+g=0, 
from which, if v=ġp, we have a solution of the form 


uO, rtrd 4G, ga the 1 OG, TAEI a ls 


C,, &c., pn &c. being any constants whatsoever. An infinite number 
of arbitrary constants is a circumstance of identical meaning with an 
arbitrary function, for ¢(z+y), for instance, ¢ being arbitrary, and 
Co (xt+y)°+C, (x+y)*+...., Co Ci, &c. being arbitrary, are con- 
vertible; as are also O(t+y) and Co%(rtt+y)+C.y¥%,(¢t+y)+.-..., 
Wo, Ww, being forms of a given law. It may happen that two infinite 
trains of arbitrary constants, as in the last result, are equivalent to two 
arbitrary functions: but this is by no means always the case. We must 
now consider the question of the arbitrary functions which enter into 
results, as to the means of determining them. 


(91.) It will be advisable to dwell on one particular instance, and 
view it in more than one light, since it is not practice in the operations, 
so much as a clear view of the office of the arbitrary functions, which is 
required. Let the equation be r=a’t, of which, beyond all question, the 
complete solution is u=¢ (y-+azx)+¥ (y—arz), and the solutions of the 
first order are p+aq=—2aqd (y+ar), p—aqg=—2ay’ (y—ar). If2,y, 
u be coordinates, we have here the equation of a doubly infinite class of 
surfaces, of which the third ordinate u is the sum of the ordinates of two 
cylinders, whose generating lines are parallel to the plane of zy, and 
make angles with the axis of z, of which the tangents are æ and —a. 
Let there be a curve of which the equations are r=av, y= fv, u=yv:: 
the surface will pass through this curve if the forms of > and y& be pro- 
perly assumed. In order that it may do so, the equation w 
= (v+ aav) +4 (Gv—aav) must be identically true. This can be 
done in an infinite number of ways: let wv be the inverse function to 
Bv + aav, so that Bwv + aawv =v. We have then ywv = ġv 
+y (Bmv—a«wv), and whatever Yy may be, ¢ can be found accordingly. 
Let there be a second curve, r=a,v, y=/,v, u=y, v, and let 8, T, v 
+a, w, v=v. We have then another equation like the preceding, and 
subtraction gives 
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Y (B.D v—aa, w, v) -4 (Bav—acov) =y, 5, v— yo; 


in which ¥ is the only unknown function: say the above is Y0, v— yOv 
= kv. 

We have here a functional equation, like that in page 228, and though 
our present means of expression hardly cnable us to lay the merest 
rudiments of what will one day be the calculus of functions,* yet as 
much as this is known, that many such equations can he solved, and that 
there is an infinite number of solutions in most cases. To try an instance, 
let us ask whether such a surface can contain two straight lines, both 
passing through the origin. Let œ, œ, &c. be not functional symbols, 
but simple coefficients: this converts the curves into straight lines, as 
required. We have then o=(6+ac), w,=(6,+az,)—', and the 
functional equation is 
B,— aa, \ B—aa `^ Y, Yı Y ) 
eh e i v4 =. r 

\B,+aa, j \B+aae / \Bb,+aa, Btaz« 

B—aa Bitam, ( Yı y_\ Aitans, 
2 B aes 


B+ax Biau 3 + 


Let 


tae, B+ax) B,— ua, 
For v write v (6,+aa,):8,—aa,: and yv—y (kv) = le. 


This equation has one solution evident: let ywe=cv+C and 
c=l:(1—k). Hence wv is of the first degree, and also gv, whence the 
equation u=@ (y +ax)+ %4 (y—ar) is that of a plane. But C need 
not be a constant; it may be any function of v which remains unaltered 
under a change of v into kv, whence we have 


ly 27 log v 
tee (hee) 


© 


which 6 may be any function whatever, provided that 6 (cos x) does not 
contain z except under a periodic trigonometrical function. There 
exists, then, an infinite number, or a whole class, of surfaces, which 
satisfy the required condition. 


(92.) It was at one time a question much discussed, whether the 
arbitrary functions which enter into a solution may be discontinuous: 
and D’Alembert maintained the negative against Euler, Daniel Ber- 
noulli, and, finally, Lagrange. The latter is now universally considered 
to have settled the question in the affirmative.t That discontinuous 
curves can be drawn upon a continuous surface is obvious : consequently, 
it is certainly possible that continuous surfaces may sometimes be drawn 
through discontinuous curves. Hence it might be a question what sort of 
discontinuity is allowable in av, Bv, &c., so that p and y, as deduced from 
them, may be continuous. This discussion would probably be wholly 


* In my article “ Calculus of Functions,” in the Encyclopedia Metropolitana, 
references will be found to the principal sources of information on this subject, con- 
sidered apart. Most mathematical works in the higher branches have-more or less 
to do with the first principles there laid down. 

t The considerations connected with periodic series employed by Lagrange were 
replied to by D’Alembert, who thought he had shown his opponent’z operations to 
involve an absurdity, by proving them to contain the tacit assertion, sin œ=0; see 
pages (606, 641). 
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above the present state of mathematics, and that of which we have just 
spoken was a different one: namely, whether it is allowable to suppose 
Ø and 4 themselves to be discontinuous. The necessity of meeting this 
difficulty arose from the physical questions which were considered. The 
equation u,~—a* u,, was found to be that of a vibrating chord, and of a 
thin column of air in a state of oscillation. Now suppose that a stretched 
elastic string were constrained into an arc of great radius towards the 
middle, remaining straight towards both extremities. The figure would 
then be discontinuous ; but if the constraining apparatus were instanta- 
neously removed, the string would certainly begin to vibrate and yield its 
tone. No question also that during the whole motion the law of accele- 
ration would be determined by wy=a*u,,, at every point except where 
the effects of the first discontinuity are found for the time being. 
D’Alembert, having remarked that the force of acceleration depends on 
the curvature, asks what force shall be considered as applied at a point 
of discontinuity, that measured by the curvature on one side or by that 
on the other. The proper answer would have been either, or both, or 
neither, or any other: for the general state of the string would not be 
affected if any infinitely small portion of it were supposed to have any 
finite extraneous forces applied. D’Alembert’s question amounted to 
carrying the notion (convenient when properly understood) of material 
points too far: whatever mathematical convenience there may be in 
this phraseology, in physics, force requires mass as much as it does 
time: and a pressure might as well be supposed to act for no time at 
all, as to be communicated by means of no mass. If a mechanical 
problem, solved, were altered, say by allowing a very small mass to 
have m times its proper gravity, the solution would require less and 
less alteration, as the mass affected was supposed less and less: and 
if the mass were only one of the infinitely small elements of the 
differential calculus, it would require no alteration at all. The same 
writer required that the solution should be expressed by one equ- 
ation, “une seule et même équation.” The answer of Lagrange in- 
volved some of the considerations of pages 605—630, and actually 
showed how to proceed by one equation. From the pages cited, it 
appears that any curve, however discontinuous, may have one and the 
same equation throughout: subject at most to a disturbance of results 
at the points of discontinuity, which, for the reasons above mentioned, 
does not affect its application to physical questions. 

Had the considerations with which Lagrange closed the discussion 
taken that hold on the mathematical world which they did not do till the 
time of Fourier, it would have been matter of wonder if the conclusion 
had not been carried further, so as to affect equally the constants of an 
ordinary diff. equ. and the functions of a partial one. Let us take the 
equation y”=0, of which the complete solution is y=az+6. Let these 
constants be discontinuous, so that the equation may represent the 
slopes figured (dotted) in page 621, of which the equation is given by a 
periodic series in page 622. If y” be taken from the series, it will be 
found to be, by page 607, =0 at every point except the junction of the 
right lines, at which it will be infinite.* In like manner, throwing out 


* If d?y:dx* be taken as the limit of A®y: Az®, from the figure, it will give 0 if 
we start from the junction either way, and œ if one of the necessary elements be 
taken on each side of the junction. 
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only the epochs of discontinuity, any other ordinary diff. equ. may 
have discontinuous constants. In the same manner any primary solu- 
tion of a partial diff. equ. may have its constants discontinuous, which 
will produce functions of a similar character in the general solution. 


(93.) Let us now consider ,,=a? u,, as the equation which gives the 
law* of small oscillations in an infinitely thin tube of air. Here v, repre- 
sents the velocity of any particle, and w,:a* is the compression, or the 
difference between the density of the particle and that of ordinary 
air. The functions ¢ and & are determined as soon as the state of the 
tube at any one moment is known, say when ¢=Q. At this epoch, let 
ax be the velocity of the particle distant by x from an arbitrary origin 
taken in the tube, and Bz its compression. Consequently, when ¢=0, 
we have u,—azr, u,=-a° Bx, or, since w= (rt+at)+W (x—al), we 
have d'r 4+- y'r=ax, p'x—y'r=apr, whence o'x and wr are found. 
First, the tube being supposed of indefinite length, let the initial state of 
the system be, that it is all at rest and uncompressed, except only in the 
interval from «=c to z=e-+h, in which the velocity and compression 
follow such laws that pr=ġ@x and wr=Wx. We have then, using the 
notation of page 616, r=; Or, Yr=lit" Wr, where I¢t* means a 
constant which is 1 whenever the subject of the function lies between c 
and c+-h, and 0 in all other cases. Calling v the velocity of a particle, 
aud s the compression, we have then 


v= [t o (rta) tI P (r-at), ass=; p' (r+at)- t Y' (xz-at). 


At the end of the time £, then, the state of the tube will be this; all 
those particles in which 7+aé lies between c and c+A will be affected 
with velocities represented by ©’ (x+ at), and compressions represented 
by a~' ®' (z+ at): while those in which r—at lies between c and c+h, 
have the velocities and compressions W’ (r—at) and —a™" Y’ (x—at). 
All the other particles are at rest. The first and last points of the 
former disturbance are at r=c—at and z=c+h—at; of the latter at 
x—=c+at andr=c+h+at: whence it appears that the two disturbances 
travel uniformly along the tube in different directions with equal and 
opposite velocities, —a and æ. When ¢=0, the same parts of the tube 
are acted on by both disturbauces: until cth-at becomes equal to 
c+at, or until t=A : 2a, there are still points affected by both terms of 
the velocities and compressions ; after 4:2a@ of time has elapsed, the 
effects of the two functions are clear of each other, and while one dis- 
turbance is making its way in one direction, and the other in the other, 
the intermediate spaces are reduced to rest, until they feel the effect of 
another and a new derangement of a portion of the system. It thus 
appears, that only what we may call simple disturbances, in which the 
velocities and compressions are derived from ®(r+at) alone, or 
¥ (x—at) alone, are capable of being propagated in either direction 
without alteration. 

Let us now suppose that a disturbance commencing at the origin 
(c=0), and extending over a length %, is of the sort which can be com- 
municated onwards in the positive direction (u=¥). At the distance 
d (>h), let there be a fixed obstacle or closed end in the tube. Con- 
sequently x=} always gives v=0 for every value of t. By the equation 


* The demonstration may be found in any work on analytical mechanics, 
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v=, Y (c—at), vis 0 until /—at=h, but from thence to 1—at=0, 
there would be a succession of different velocities if it were not for the 
obstacle. The moment this begins to take effect, we have no longer any 
reason to suppose that the disturbed parts of the tube are affected by Y 
only; but we must take the complete solution v=! (x+at)+¥' (x—at). 
We have then ©’ (/+at)+¥ (/—at)=0 for all values of ¢ greater 
than (/—h):a; consequently, after this epoch, we have ® (/+at) 
=Y (/—at), by integration with respect to ¢ Write (é—J):a for t, 
and t= Y (2l— t), or 


u=¥ (2l—r+at)+¥(c—at), v=- Y (2—2+at)4+W' (x—at); 


in which, by the initial condition, ¥z has value only when z lies 
between 0 and A. The obstacle, then, introduces a disturbance which 
travels in the contrary direction to that of the one first given, and gives 
velocities to the several particles contrary to those of the first. If 
2i—(§+at)—r—at, or t-+F=—2l, the particles distant by ë and x from 
the origin will be similarly disturbed in everything but direction. 
Hence it is easily shown, that the effect of the obstacle is simply to turn 
back every disturbance which reaches it, and to make it travel in the 
contrary direction; the effect being exactly the same as if a second 
disturbance similar to the first had begun to progress in the opposite 
direction from a point distant by / from the obstacle on the other side.* 


(94.) Finally, with regard to discontinuity itself, it may be observed, 
that there is no difference between a continuous and discontinuous curve, 
except one which may be made as small as we please. As in page 610 
we may find a curve which shall with any degree of accuracy represent 
a succession of arcs of any different curves. Hence, were there any- 
thing solid in the refusal to admit curves (or functions) incapable of 
being represented by one and the same equation, it might be answered 
that even discontinuous curves may be so represented within any degree 
of approximation, and in finite terms: so that, in fact, yx and ye 
(discontinuous) may be made to stand on precisely the same footing as 
objects of algebraical calculation. 


(95.) If we make =y—azr, n=y+az, which simply amounts to 
changing the coordinates in the plane of zy, with the same origin and 
the same axis of v, we have u,=u,é,+U, 7,—@QUn—dGu,; proceeding 
thus, 


Uss =A? (Uyn—QUyy Ugg), Uyy =Unn F Wyn + Ug; 
whence Uss = A Uyy FIVES Uzy—=0, or u=} + Yn. 


On the planes of w,& and uw, construct two curves, u =¢ġ%, u=Yn: 
then, if é and 7 be taken at pleasure, and if P and Q be the points of 
those curves, a plane drawn through P, Q, and the origin, has pé + Yn for 
u, where ë and ņ are the coordinates used in finding P and Q. If ø 
and w% be discontinuous, the mode of performing this construction is as 
easy as before, and the discontinuous surface thus produced is readily 
shown to be a solution of the equation. 


* The elementary notions of the transference of waves contained in the article 
Acoustics in the Penny Cyclopedia, may be of use to those students who are new 
to this subject. 
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(96.) An equation being proposed which involves any number of 
diff. co., the solution may be generally expressed in powers of z, or in 
powers of y: but in the former case the arbitrary functions can be most 
conveniently determined by knowing values of 1, Uzu», &c. when z=0, 
in the latter by values of u, u, Up, &c. when y=0. Suppose, for 
instance, u-+-uv,—w,,: assume w=A+Br+3Cr°+}h4E2°+...., and 
the equation obviously requires that A, B, &c. should be functions of y, 
and that A,,—=A+B, B,,=B-+C, C,,=C+E, &c. Hence, from A 
only, all the rest can be determined, and we have w=A+(A,,—A) z 
+3 (Ayyy—2Agy+ A) 2?+.-..... The value of A is that of u when 
z=0, and this solution has only one arbitrary function of y. Now 
assume u= A+ By+4C7*°+...., A, B, &c. being functions of x. We 
have then A+-A,=C, B + B,=E, &c., so that u= A+By+4§ (A+A,) y* 
+424(B+B,)y°+.... Here A and B are arbitrary, and are deter- 
mined by the values of u and u, when y=0. There are then two 
arbitrary functions of z. Nor is the second solution more general than 
the first; for either may be reduced to the other, as in the example of 
§(85.). It appears then that the number of arbitrary functions depends 
upon the manner in which they are to be determined. In an ordinary diff. 
equ. $(2,y,y',----)=0, the constants can only be determined by 
giving values, expressed or implied, to y and its diff. co., for some specific 
value of x; and we learn that the number of constants depends on the 
degree of the equation. The general theory of partial diff. equ. would 
seem to point out that there must be as many arbitrary functions as 
there are units in the highest degree of the equation: but it must be 
remembered that that general theory does not succeed in integrating any 
equations except those in which either one variable is not used at all in 
differentiation, as in §(87.), or in which there is the same order of 
differentiation with respect to both variables. The preceding instances 
lead us to conclude that when arbitrary functions are to be determined 
by values of u and diff. co. with respect to any one variable, their num- 
ber will be determined by the order of the equation with respect to that 
variable, It would also appear that the arbitrary functions in such an 
equation must either enter with their derived functions ad infinitum, or 
under the symbol of definite integration; certainly not in an ordinary 
algebraical form. Take the equation u,,—%-+-u,, and, if possible, let 
u=f(z,y,¥U) be the solution, f and U being determined finite alge- 
braical forms, and W arbitrary. The first side must contain yU, and 
the second cannot; it is therefore absurd to suppose that u=f can make 
u,,and u+u, identical. But this absurdity disappears if wU, w'U, 
&c. enter f ad infinitum, or if YU appear under the sign of definite 
integration, in which it may happen that w+w, can be reduced to 
identity with u, by integration by parts, which may introduce y”U 
into w+ u,. 


(97.) I now proceed to point out the manner in which Laplace, 
Fourier, Poissop, Cauchy, &c. have exhibited the solution of some partial 
diff. equ. by means of definite integrals. First take the equation U= au, 
u being a function of t and z. Assume v=A+Br443C2*+...., from 
which we readily find, as in § (96.), B= afdt.A, C = æ ( f dt)*A, 

=a? ( fdt)? A, &c. Let A=yt+c, and let y, t, Yat, &c. be the suc- 
cessive integrals without any constants added. We have then 
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Let 6r=c+a.ar+...., and we have 


a’ t 


zte 


2 2 
u=Ẹpt+ pat. art yat n + .. o +Pr +o. attor 


no constants being added in either integrations: in fact, supplying the 
constants in either set of integrations would only alter the arbitrary 
function with which the other set commences. For a similar reason we 
may make each integration begin where we please. But from §(1.) we 
have 


J: (n+1)(fode)"'P'z=a" fs h'v dv- na” fz vov dv+... 
= fé(x—v)"$'vdv, and similarly for yt. Substitute, and we have 


/ t—v)? a? r? t—y)* a? zë 
u= fry 14+ (¢—») awe a = rE...) 


+f Pv (l+(e—v) at+....); 
the second series merely interchanging v and é. But (page 292) 


1.3.5...(2n—l1) r 
br ainan Ff ane en) ES le AE” 
JF sin”6 do 2.4.6... Qn P 


Lg 
Foran wines 
+= sin? Q@.z 2*sin‘*@.2’ 


z3 


2 32 — +... dé 


+ _2 $r + —_—_ 
U S 2 2.3.4 


l+z+5 + 


2 =: fr (Gi ms T g- Stat 2) do 


ru= fi fF (etsineVG—v)as y gesin oV (—v) ax) Y'o dv do 
+f fr (etsine Vian) at 4 gesino V=) at h'v dv do. 


Similarly, for u, = — au, we have 
5 u= fi fE cos (2 sin 0 N (t—v) ax) 'v dv dO 
+ fs JE cos(2 sin (z—v) at) p'v dv dê. 
If we had begun, as Poisson* does, by expanding in powers of f—h 


* Théorie de la Chaleur, pages 150,151. In the first page, three lines from the 
bottom, supply a in two of the values of 6; andin page 151, at and after the second 


value of y, for sin?a read sin a ñ 
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and z—k, we should’ have had in the final result f a and fj, with 
a(x—k) and a(t—A) in place of ar and at. If a=0, the preceding is 
obviously of the form u=pr+ yt, 


(98.) Next assume u,=a(u,,+u,,). Assume u= Cet tt" which 


satisfies the equation if y=a@(a?+"). We have then for a general 
solution 


u= Cet tant Py taR C. 6% Fae} t gbi y-+-ap? ee ease 


the constants being any whatever. Hence we have a right to assume 
as a solution u= f fo (a, B) et te™ eter da dB, with any limits, and 
any function Ø; for every element of this integral satisfies the equation 
independently. But we have 


SRP” dye Stee OP dyme? fte dy= Jn ec: 
for c® write at. œ? and at.@*, using different variables, and we have 
u= f fola B).€**. 2°. ( JE JERE- HN tavi eyate0 do day) da dp 
=i Slo f f P (a, B) ECTOND a cyt wyat s -va dy day dy dh. 
Make the integrations first with respect to œ and #, and it is obvious 


that the indeterminate character of @ gives simply y (t+2v,/at, 
y+ 2w at), whence we have as a solution 


ux frostsy {r+20,/.at, y+2wy at} dv dw. 


The same method would obviously apply, whatever might be the 
number of variables on the second side of the given equation. The solu- 
tion is also complete, for the equation is only of the first order with 


respect to £, and % must here be determined by making t=0, and 
assigning u. 


(99.) We now consider the other form of solution, of u,au 
derived from the series as in § (85.). 
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The first part of w is therefore (c-+-v,/—1 being called 27") 

k i Fal md (ZEN m+ (=) à y= , 
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Baa x E 
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it ae tae | a eN- dv 
hats it- » —_________ 
aay J al +E (c+v,J/—1)3 


since the second series is obtained by differentiating the first with 
respect to x, multiplying by a, and then changing @’t into wt. And 
gt and wt are the values of u and u, when z=0. And c must be some 
quantity >0, it does not matter what. 


(100.) When the complete integral requires two arbitrary functions, 
the preceding method will generally give them. Let u,,+u,y+u,,2=0, 
and assume u=Ce****%, We find, then, œ + 6?+y=0; or if 
a=-r\J—1, B=p./—1, we have y=,/(d*+p°), in all of which the 
square roots may have any signs. Hence the following is a solution: 


u = { (er* V—14 gaz yer) gy V—1 4. (649 Vl emay ve!) es Pyv—1} evAt+2).s 


multiplied by any constant; and the same if — (2+ p°) be used. 
Hence, as in the last article, we have for u ; 


SICS A, p). cos Az. cos py Ey œ+: dr du 
+f fy (A, u). cos Ax. cos uy. ETNO? +E- dA du: 


any limits being taken at either integration; for every element of either 
integral satisfies the equations. Any transformation that we may make 
cannot prevent the whole integral from satisfying the equation, though 
it may not yield separate elements which also satisfy it. Thus, let 
rsinO?=A, rcosA\=p, and proceed by page 395, which gives for u, 
œ (r sin 0, r cos 0) being really of the same effect as ¢ (r, 0), 


f fÉ (r, 0) cos (rsin 0.x) .cos (r cos 0. y) £" rdr dO 
+ ff Cr, 8) cos (r sin 8. x) cos (r cos 0.y) e~* rdr dO; 


any limits being taken for r and 6, and not necessarily the same in both 
terms. 


(101.) Let v=a (u,,—mz—u). Assume u=Pe”*, P being a 
function of x only. We have then Pa=P"”—mz-*P. Letn(n-1)=m, 
giving two values for n, except only when 4m= —1. We have then 
§ (51.), P=z"Q, where Q”’ + 2nz—' Q'—a Q=0, the complete integral 
of which is by § (50.). i 


Q=C, fti evo (1—0) du Cart ft eye (1—0 do, 


Let p and q be the two values of n, then using p for n in the last, 
—2p+ l= —p +q, since p+q=1. Make v=cosw, then, remember- 
ing that the arbitrary constants may have any sign, we have 


P=C, a2? fz Eyt sin?’ 'w dw+C, a fy eye sin" duw. 


For e” write nèf tpe" t™ev-+ dy, and Pe” can then be expressed. 
Let C, =ġa dæ, C= Ya da, then, since any number of such terms may 
be in the solution, we have 


pr u= f fy PFS ete co wtravova da sin? da, dw dv+a' f, &c.; 


the second term being a similar function of qand ẹ. Integrate first 
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with respect to œ, which merely introduces an arbitrary function of 
z cos w+ 2av,/t, so that we have 


ua’ fs (+2 (x cos w+ 2av /t).sin?-'w.e” dw dv+a' fi, &e. 


This solution can generally only be depended upon when p and q 
are positive, or 2p—l and 2g—1 each >—1, for reasons shown in 
§(50.). If, however, p and q have the form A +p,/—1, it will appear 
on substitution that A must be positive. The form sin*“V—'w is but a 
transformation of cos (ulogsin w) +,/—1. sin (ulog sin w), which is 
never infinite. l 

When 4m=—1, and p and gq are each equal to $, proceed as in 
§ (50.): make g=4+5, reason in the manner cited, and it will be 
found that the result is 


ux x. fz ftsb.e dw dv+Jrfj fisy.e™ log (x sin’ w) dw do, 
in which the subjects of ¢ and ẹ are omitted for abbreviation. 


(102.) The introduction of the arbitrary function in §(98.) and §(101.) 
depends upon the following assertion: any function whatever of x can 
be represented by Ac**+ Be**+...., if the constants may be any what- 
soever, even infinitely small or great. In converting this series into 
f v.e" dv, and making the result represent any function of x, we should 
be in fact making the mistake alluded to in pages 671 and 673, if we 
were not to remember that Ae might be here written for [v.e dv. 
If we would have the preceding give us x”, for instance, we only give the 
limit of (e“7—1)™: p”, when p=0. Knowing that whatever is true up 
to the limit is true at the limit, we may therefore write 2”, because we 
may write («“"—1)":™ for any value* of u, however small. Also in 
regard to the results of the preceding articles generally, the student is 
referred to the higher class of works on physics for the manner in which 
they are used. What is now evident is, that whereas no general case 
(that is, with any given values of the arbitrary functions) was actually 
attainable before these transformations, any such case is now calculable 
from the definite integrals: and that which is prolix is substituted for 
that which was unattainable. 


(103.) Whenever one of the variables x or y is missing from’ the 
coefficients, and the equation is homogeneous with respect to u, u,, and 
u, the equation may be reduced to depend on a common diff. equ. 
For example, let u2-+ Puj=Qu’, P and Q being functions ofz. Assume 


` uz ze”, z being a function of x, which gives z'*-+ Pæ s*=Qz2*, or 
y= Cef(Q-Pa®)tdr y= Ce/(Q—Pa’)tdr+ay, 


This is a primary solution, since there are the constants C and g; 
whence the general solution can be found, as in §(75.). As another 
example, take wi uy = u’. A primary solution is found in «u= 
Ce” ’-z+inoy. make C=”, and find 6 from —sin 6.r2-+cos6.y+49'0 


* Abel, whom I have mentioned as having made this incautious assertion rela- 
tive to /'ọv.:*7 dv, generally uses it only when ZAs:*7 would have done as well, and 
therefore avoids error. This is to be particularly noticed in regard to his view of 
the calculus of operations, alluded to in the Penny Cyclopedia, article Operation. 
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<0. Substitution gives the general solution. Thus ¢’6=ccos 0—c, sin 0, 
will be found to lead to (log u)?=(c,+2)?+(c+y)*, which may easily 
be verified, and may itself be taken asa new primary solution. When 
the equation is linear, this method will lead to a definite integral. 


(104.) An equation of differences can hardly be properly understood 
without some notion of a functional equation. If f(x, pax, Bx, pyx, 
&c.) =0, in which f, æ, $, &c. are symbols of known functions, and œ 
of one to be determined, we have before us a functional equation, from 
which it is demanded to determine @z so as to satisfy this equation. One 
of the simplest of functional equations is «fr—ar, where a is known. 
One solution is $6x=2z; but there are others: for if 6r=y, every solu- 
tion of ay=ax solves the equation. Let a 'z denote any solution of 
ay=2x; then of all the values of a~'azx, one is v, and the others are 
different functions of x; but in every case ea'r=2, by hypothesis. 
Let a' always denote the inverse of a, which gives a axr=z; let 
a_x denote any other inverse of x: let the first be called a convertible, 
the second an inconvertible, inverse. It is found from the nature 
of the solution of an equation, that for every solution which æy= x can 
have, ay has one peculiar form, with which one of the inverses is con- 
vertible, and all the rest inconvertible: so that every inverse is con- 
vertible with some form of the function. For example, if y°+2ay=z, 
or y=—atJ(r+a’), where y signifies extraction without change 
of sign, we find two forms of y*+2ay, namely, (y-++a)?—a’ and 
(—y—a)’—a’. Let y?+ 2ay=cay, and to the first form —a+./(r+a") 
is æa `'x, giving œar = g; while —a—,/(r-+a*) is a 2, giving 
a_,ax—=—2a—y. But to the second form —a—,/(r+a*) is az, 
and —a+,/(«+a*) is@_,xz. And it may be shown,* that whenever 
ay=x has only a finite number of solutions, every form of æ_, æv is a 
repeating + function; that is, if a,ar— r, and if x, B (Bz), 
BiB (Bx)}, &c., or Br, Px, (x, &c. be formed, we must, for some 
value of n, have G’x=2, B"t'r= br, &c. 

Let f(x, Or, Yı ax, Y.a°x,....)=0, where a is known, and Y, Ya 
&c. are arbitrary. Find Sx from aBr=ax, and, if there be enough, 
form one more of the following equations than there are arbitrary 


functions, 
Sa, Or, Yr ax, .oer,....)=0, 
S (Br, PBT, Y, aSx,....)=0, f(x, PPT,» .. .)=0, &e.: 


then, remembering that afr=ar, ap r= azr, d Bxr=ae*2, &c., eliminate 
the n arbitrary functions Y, er, Y,a%r, &c. from the n+1 equations. 
The result is an equation of the form F (z, r, Bx, dP'x,....)=0: 
aud if the question be now inverted, and this last equation proposed as 
a functional equation to be solved, we see that, if "x be the highest 
function of £ in it, its solution depends upon n arbitrary functions 
YW, ar, Yaar, &c., where œ may be any solution, and ought to be the 
most general solution of 82x: from which x is to be found. I do 
not say that f=0 is the most general solution of F=0; but it is the 
most general which we can find. 


* Encyclopedia Metropolitana, Calculus of Functions, § 32—36. 

+ I use the word repeating, and not periodic, because I consider that the latter 
term is wanting to express the difference of character between algebraic and 
trigonometrical quantities. 


(a 
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The only mode of solving &8r=ér which has yet been given, when 
Bx is not repeating, depends upon the expression of "r as a function of 
n and x. Let Bry (n,z). This function y is not altered by a 
simultaneous change of n into n—1, and z into Sr: if, then, n=Bz be 
the solution of const.=x (n, x), the function Br is a solution of 
BSz=Bzr—1. Consequently, cos2r Bz is one solution of §6r=éz, 
and 6 cos 2r Bw is a very general solution, where @ is any function which 
does not contain inverse trigonometrical operations. 

But when fr isa repeating function of the nth order, any symmetri- 
cal function of z, 62, 6°r,....8" ‘xis a solution of (Gr=éxr. But so 
much is not necessary: for any symmetrical function of the set 
x (T, Bx, ...-B""'r), x (Bx, BT, o e£), x (Pt, ET... Px), &e. will 
do; and the last is not necessarily symmetrical with respect to x, Bx, 
&c. Thus ab? c+ bc? a*®-+-ca?b® is not symmetrical with respect to a, 
b, c. 

The equation F=0 may sometimes (theoretically, always) be reduced 
to an equation of differences ; that is, to one between* u,, Au,, A Uz, &c., 
or between Uz Usps Uz} &C. Let u,,,—=Au, be capable of solution, 
and let du,—v,. In F=0 write u, for x, which gives F (Us Vz Vet, 
&c.)=0, another equation of differences. If the last can be solved, and 
if it, give v,—V,, we have @(u,)=V,, where u, is q known function : 
from this $x can be found. In this subject the inversion of every 
function is assumed. 

The arbitrary functions which enter into F (Uss Vs) Vi4iy2 ++ +) =O must 
be solutions of ë (r-+1)=2éz, of which every expressible solution is con- 
tained in @cos2rz. If a solution can be found which contains any 
number of arbitrary constants, each constant may be altered into any 
function (except an inverse trigonometrical one) of cos2rz: for, in 
satisfying the equation, the asserted solution undergoes no change except 
what arises from changing z into r+1: consequently, cos 272, and all 
functions of it, remain unchanged. To show how material this con- 
sideration is, let it be proposed to find the equation of all curves which 
have equal diameters (or lines drawn through a given pole). Referring 
the curve to polar coordinates, we have, say r=w, for its equation, and 
Ust Us} =a expresses the fundamental condition of the curve. Let 
u,=f (9: x), and let v.=fd, then 0:7 being z, we have v,+0,4,—=@, an 
equation of which v,=4a+Ccosrx is one solution, and v, =a 
++cos rz Y cos 2mx the complete solution. This gives r=4a+cos@. 
Y cos 29, which satisfies the condition. Had we not changed C into 
Y cos 2xz, we should have obtained only one of the infinite number of 
curves which are answers to the question. 


(105.) We shall now consider the formation of an equation of differ- 
ences in a manner corresponding to that of an ordinary diff. equ. Let 
y=axr-+ $a, where a is, for the present, a constant. We have then 
Ay=aAz, and elimination of a gives y= (Ay: Ax). a+ (Ay: Ar), an 
equation of differences of which one complete solution is seen in 
y=ax +ga, if a be any periodic function of cos(2rr: Ar). Butifa 
be any other function of x, we have Ay=aAzr-+zAa+ Ax, Aa+Aga, 
and assuming (r-+Ar) Aa+ Aga=0, we have the same equation of 


* In all questions connected with equations of differences, u* stands for a function 
of x, v? for another function of x, and sv on, 


3B 
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differences as before. If, then, a be determined from the last equation, 
say =W% (x, b), b being a new constant, we have for a new solution of 
the equation of differences the following, y=w (7,b).x+¥ (a, b). 
This seems to answer to the singular solution of a diff. equ., though 
there are some remarkable points of distinction, as the following example 
will show. 

Let y=az-+a’, to which the equation of differences is y= (Ay: Ar) a 
+(4y:Az)*. Assuming @ to be a function of x, we find that Ay=adr 
remains true only when zrAa + Azr.Aa + 2aAa+ (Aa)*=0; reject 
Aa=0, which gives the ordinary solution, and we have r+ 2a+ Aa 
+ Ar=0, of which the first of the following equations is a solution, the 
second being the resulting value of y: 


a E eas _ 2 Ao ais — JX): Ate 
a=b (=a Y= O) ; 
This last equation is as complete a solution of y==(Ay:Ar).x 
+(4y : Ar)? as y=ar-+a? itself, but it involves Ar necessarily, and 
gives impossible values except when w: Ar is a whole number. It would 
not be right to call the second a singular solution, because if the second 
solution were taken as the principal solution, the first would become tts 
singular solution, as follows. Assume b to be a function of z, and Ay 
in the last remains of the same form as before when 


(2 (—1) 4 Aya (-— ve, Ab(—1)*'4*=0; 


the first factor of which vanishes if b=—(42+c)(—1)"*™, if such a 
root of —1 be taken in the value of b as is the reciprocal of that used 
in the value of y. Substituting for b, we have 


y={—h2+ce—j Ar P}, 


which becomes ar+a?, where a is written for —c + ł Az. 

If Az be made infinitely small, the equation of differences becomes the 
diff. equ. y=y x+y"; the first solution remains as before, and the 
second* becomes y=—ł4 z, the singular solution. For (— 1)*'* 
=cos (rx: Ar)+,/—1 sin (rz: Ax), which vanishes when the angles 
become infinite. 

The following method of Poisson puts the preceding question in its 
proper point of view. The fundamental equation y=azr-+a’ gives two 
values of a, say u and v, which become, say u, and v,, when z becomes 
z+Azr. The equation of differences is then obtained by eliminating a 
between (a—w)(a—v)=0 and (a—u,)(a—v,)=0. Now as either 
factor in each equation may be made to vanish, we have four results, 
U=U,, VEV, UEV u—v. And we have 


u=—kr+tJ/Grty), v=—ka—/(h +y). 


Now the first pair of equations, amounting to Au=0, Av=0, give 


* M. Charles, (Mém. Acad. Sci., 1788,) who first noticed the second solution of 
an equation of differences, has attempted to show that there is another solution of 
a common diff. equ. of which the singular solution is a particular case. But his 
method contains the sine, &c, of an infinite angle, which he takes to be finite. 
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v=a, ua, which amount to the original equation y=ar-+a*: and 
either of them, cleared of radicals, would give the original equation of 
differences. The remaining pair give, X being ./(4 2°+y), 


AX+2X+4ar=0, AX+2X—}Ar=0; take the first, 
Jit @t+Azr)+y thy} HNG ety) +4 Ar=0. 


Clear this of radicals, and it will be found to lead to the original 
equation of differences, while it can be solved in the form AX+2X 
+4Ar=0, and gives X=b(—1)*'*—} Az, from which the second 
solution is found. The equation AX+-2X—}Ar=0 gives X=— ` 
b (—1)7*4*-+2 Ax, which also gives the second solution. The truth is, 
that complete algebraical elimination of @ between (a—u) (a—v)=0 
and (a—u,) (4a—v,)=0 gives (u,—w) (u,—v) (v,—u) (v,—v)=9; or, 
if X become X,, when x becomes r+ Az, 


(—4 Ar+X,—X) ( -4 Ar +X,+X) (—}Ar—X,—X) 
(—}4 Av —X,+X)=0; i 
or ts (Ax)*— (Xi +X’) -$ (A1) + (Xi — X?) = 0, 
or (Ay)? +x Ay Az—y (Ax)? —— 


by simple substitution: so that the equation of either of the four 
factors to zero amounts to the last equation. This casts some new 
light on the singular solution of a diff. equ., or rather on how it happens 
that the two distinct solutions, with arhitrary constants, of an equation 
of differences, do not give two such solutions to the corresponding diff. 
equ. which arises on the supposition of the increments being infinitely 
small, In this case, the equation of the product of the four factors to 
zero, gives US 


(—} dx+dX) (—$dr+2X 4 dX) (—§ dr—2X —dX) 
(—} dz—dX)=0. 


Now the first or fourth factor being equated to nothing gives a simple 
diff. equ., and both come to the same, when cleared of radical quantities. 
But —4dr+2X+dX=0 and —} dx—2X—dX=0 is each incon- 
gruous with itself, amounting to the equation of an infinitely small quan- 
tity with a finite quantity, unless X=0 and —}drtdX=0 are 
co-existent. Now X=0 gives y=—}ł «4°, and the second equation may 
be reduced to y=y/x-+y", which X=0 will be found to satisfy. From 
this sort of process an independent proof might easily be given, that 
where an equation is reduced to the form a=¢ (x,y), the singular solu- 
tion of its diff. equ. is among the solutions of da:dr= œ. 


(106.) An equation of differences may be written either in the form 
(2, Us, Au,, A? Uz, &c.) = 0, or Y(T, Us Urti Urto &c.) = 0. The 
second may be reduced to the first by writing u,+Au,, u,+2Au,+ Mu,, 
&c., for Us41, Uso &C. The first form best preserves the analogy with 
ordinary diff. equ.; the second is more generally used, and perhaps 
more convenient. The only case which admits of complete solution 
from among the general forms is Au,4+K,u,=LL,, or its equivalent, 
Us4,—P,U,—=Q,: but this complete solution cannot be obtained with- 
out supposing that we can always solve the equation Au, = ee being 

9 ~ 
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a given function ; just as in the integration of ordinary diff. equ. every 
equation is considered as solved when it is reduced to the form dy=or dz. 
As before, we denote by ÈR, the function whose difference is R,. 

In solving equations of differences, we are generally obliged to have 
recourse to the insufficient forms of functions which are intelligible 
only when x is integer; such as we have already reduced to more 
general forms in pages 593—597. For example, in the case of 
U,+,—P,u,=Q,, let x be integer, and divide both sides by Po. Pise.. 
P.. We have then 


es ee 2 
Pee Pak sm bg bcc P, P... P? 


or USP EP era Praa ap) 


Q , A " Qu 
= eeo =l C —— A e. 00 0 —_— =~ a ea (9 
i | Tp TRP tp pe 


where C is any function of x which does not change when «œ is changed 
into e+-1; that is, any really periodic function of cos2rz. This solu- 
tion, which may be easily verified, becomes unintelligible when x is 
fractional, and will remain so until we can find the general solutions of 
v, = P, v, and w,4,—W,=Q,: V4 in such forms that no number of 
terms, nor number of factors, shall be a function of z. In that case we 
shall have u, =V, Ws U.4,—P, Us = Vry Wsp tr} Wr =Q As we now 
stand, P, P,.... P, and C+Q,:P,+.... are the same sort of antici- 
pations of v, and W, which 1.2.3....(—1) is of Tx, until we become 
acquainted with the generalities of that function, or whichaxaxa.... 
(x factors) is of a*, until we arrive at the full notion of an exponential 
function. 
For example, let u,4,—a@u,=2, the solution of which is 


aaler i? =}. PRAE PELA 
u, =i Ct = tpt oot r- =C,a a pa Ta? 


where C, is a function of the same sort as C. In this instance the sum- 
mation can actually be performed, as also in every case of U,,,—a@U, 
=P., where P, is a rational and integral function of x. Ifa particular 
solution w, can be found by easier means, then w,+ Ca” is the general 
solution. 


(107.) Three modes may be suggested of saving some of the details 
of the last mentioned case. Suppose, for instance, the equation is 
Us — QU, — 24 27%+- l. 


First, assume u,=pz’-+qz°+rzr-+s, p, q, &c. being functions of a. 
Substitution gives 


v (1—a)=1, 3pt+q(1—a)=2, 3p+2q+7(l—a)=0, 
p+qtr+s(1l—a)=1; 


from which we get for the general solution 
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x _Qatl)2 (Ta—l)r w+ la—2 
l-a@ (l—«a)? (1 —a)? (1—a)‘ ` 


Secondly; the solution of u,,,—au.=A, being a* 2 (A, a~©*”), and 
one case of Èv, beings A'U, or V,:+Up2et-.-. ad inf., we may 
throw the preceding solution into the form A,_,+A,-.¢+A,_3.@" 
-++...+, which, moreover, obviously satisfies the condition. Apply the 
calculus of operation, and this becomes the operation (1+4)™ 
+(1+A)*.a+...., or(1+A4—a)™", or (l—a)'— (1—a) "7? A4... 
performed on A,, which gives for the complete solution 

wes vA AA, A? A, A A, 
eee cae daa Gana S 
which takes a finite form when A, is a rational and integral function. 

Thirdly ; proceeding by the formula in p. 311, § 174, we obtain for 
the complete solution (A’,, A”,, &c., being diff. co. with respect to x) 


l l b A ' E. Sg 
-= z+ —— oe A ‘4 =, TEET 
eres ee (i—ae ETA 2 (l—a)* 2,3" f 


where b= 1 +4, 6,=1+ 4a+ æ, bb=l+lla+ll ata, 
b. =1 +26 a+66a°+26a*+at, b=1+4+57a+ 302 a° +302a°+5Tat-+a. 


If a be negative in the above example, say a= —c, the only circum- 
stance which requires consideration is the change of Ca” into C ( — c0)"; 
or C (—1)*.c’. Here C (—1)* implies a function which changes sign 
only and not value, when x becomes x+ l, and its plainest real form is 
cos rz.f (cos 27x), where f'(cos x) is truly periodie. 


u, = Ca*+ 


(108.) If we take w,,,—av,=2", we find for the solution 


ciated Bee Pe oy 
ERRO a toe tat tEr a] 


which is intelligible only when z is integer, unless it be thrown into the 
form of a definite integral, (the only finite form known for it,) in which 
case it becomes generally intelligible. If a>1, the following is the 
form : 


œ zei] 
m=Ca ta f E v* dv. 
a v—l 


Having, in Chapter XX., fully considered the method of transforming 
finite series into definite integrals, and of making the definite integrals 
so found apply to cases in which the finite series become incon- 
ceivable, from the letter which expresses a number of terms becoming 
fractional, we have nothing to do in this chapter except to consider the 
method of finding solutions to equations of differences in the manner 
preceding, namely, in the form of a finite series for integer values of z. 
The subsequent attainment of a definite integral by means of this series 
is a subject apart. Laplace has shown how, in a few instances, to pass 
from the equation at once to the definite integral, but the cases in which 
the application is practicable are mostly those in which it could be dis- 
pensed with. And, moreover, it does not apply to equations which have 
a term independent of w,. 
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(109.) The general reduction of a continued fraction to another form 
depends upon equations of differences. If N,=a,:(b,+(@,4;: (bri 
+....))), we obviously have N,=a,:(6,+N,4,), or N,N,4,+0, N. 
=a, This equation may be reduced to a linear form by assuming 
N= Us41! Uz, Which gives u,4.+6,u,4,=@,U; But even if this equa- 
tion could be integrated, two periodic functions would enter into the 
complete integral, and it would not be easy either to distinguish the 
cases in which these functions are only simple constants from the rest, or 
to choose the proper periodic function in those cases which require it. 
In fact, a continued fraction ranks with a divergent series whenever 
a; : bay Qr+1: 5,41, &C. are or permanently become severally greater than - 
unity: so that the continued fraction can only be known from its 
inveloped, form. To show the difficulty more closely, take the inverse 
method derived from the above, and assume b,=1. We have then 
a,—N, (Nait 1), or 


N _N: (Neri tD Narı (Noret 1) Nive (Nes + 1) 


l+ l+ l+&. ` 
3 y i 
N,=2 gives pew tt 4) (+1) (1+3) (x +2) (+4) 
1+ 1+ 1+ &c. 


We might now, perhaps, be inclined to say, that if this divergent 
development represent anything, it is v: but, if we take it as an object 
of inquiry, we find that the continued fraction last written might be 
derived equally from N,, any solution of N,N.4,+N,=2 (x42). If 
.the fraction were convergent, we might decide by the common approxi- 
mative process, in particular cases, whether it is or is not equal to z: 
but as this cannot be done, and as in common algebra a divergent series 
produced from a function of ambiguous value can frequently be shown 
to be an analytical representation of any one of the values, I think it 
would not be safe to say anything else of a divergent continued fraction. 


(110.) The general equation of the second order u,,9+- P, Usp tQ, uz 
-+Z,=0 can be solved as soon as a particular solution of u,4.+P, v4; 
+Q,u,==0 is found: that is, it can then be reduced to the solution of a 
general equation of the first order. : 


_ Let u,=o@, be such a particular solution, and let v,=wa, v, be the 
solution of the complete equation. We have then 


Dre (V.+2Av, + At v,) + Pr Orti (V+ Av,) +Q @,v,+Z,=0; 
which, since @,42+ Pe @,4,+Q,@,=0, gives (Av, being called z,) 
Drt A v: + (20342 t P: 0:41) Av, +Z,=0, 
or Drys ay t (Were +P, Orp)? +2Z,=0; 


from which, z, being found, u,=,2z,. Two constants enter, one in 
Za and one in the summation. If Z,=0, we find for the general solu- 
tion of Uso t Pr U,4,+Q,u,=0, 


Wry 


= Sipe el pe pee Pant 
CG, Ji +P vee +(14P,2). eee (1P z hee, Wry 
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which may be reduced to 


QQ: QQQ: Qo Qi. Qoe) 
v=o, n p M 
= ine + Ws WW, x Ai TJ y1 Wr (HOP 
where C and C, are functions of cos 27z. In this manner ie 2Us41 
-+,=0, which is satisfied by u,=C, is also found to have for its com- 
plete solution u,=C,2+C. 


(111.) The general linear equation of the nth degree, 
Usint |e) Sen +-Q, Us+n—2 A eee. +7Z7,=0. ecee ~(1), 


if completely integrated when n arbitrary constants (or functions of 
cos 27.r) enter the solution, is integrable when n distinct particular solu- 
tions can be found, satisfying the equation deprived of the term Z,. 
Let those particular solutions be U, =s U,=K,)-+.-U,==w,: then the 
equation, deprived of its last term, will be completely satisfied by 


u,=Ao,+ Bk,+Co,+...-+Muy,. 


To pass to the integral of (1), assume instead of A, B, C, &c. functions 
of cos 2rz, A,, Bz, Cz, &c. any requisite functions of z, which being n 
in number, we have a right to choose n—1 assumptions. Let S be the 
symbol of summation with reference to the various solutions, so that 
u,=S(A,o,) or S.A, w, Then w,4,2 S.A, 0.4, + S.A, 415 
assume S., AA, = 0. Again, Use = S.A, Dey, t S. AA, Deis 5 
assume S.@,,,M4A,=0. Proceed in this way until we come to u,4,-1 
=S. As Ozn by which time we shall have made n—1 assumptions, 
namely 


S. Orpi AA,=0, S. Drie AA,=0,. ee eS. Dryn AA,=0. 
Finally, t4,=S. A, @s4n+ 5-224, MA,, and 


Uzan F Ps Ustna t 000e +Z,=S.A, (Tra tP: (OPR Ea n oss s) 
+S.a,,,4A,+Z,; 


of which S.A, (Dzn + +--+) vanishes in every term contained under S, 
because @,, &c. are particular solutions of the equation deprived of its 
last term. We have only then to add to the »—1 assumptions the 
equation S.a,,, AA, +Z,=0, and thus we have n linear equations to 
determine AA,, AB., &c. from: after which A,, Ba, &c. must be deter- 
mined by integration or summation, each having an arbitrary constant, 
or function of cos 27x. 

For example, u,49+ Pr Usp tQ U= 0, being satisfied by v,=o, and 
uU, =K, has us=A0, + Bk, for its general solution. Assume u,=A, 0, 
+ B, «, for the solution of w,49-+ Pz 41+ Q, Ue+ Z,=0, and we have 


Usp As D41 + Bz Krm if we assume @,,, AAs +r AB,=0 
U42 Ay Depot By keys F Drt AAs + Kate AB, 
Ussgt Pr Urpi t Q,u,+Z,=A, (Diet P, © t Q. Dr) 

+B, (kz42t Pe Kopi tQs kz) FOr AA, +ks424B,+Z, ; 


whence the complete equation is satisfied, since @,43+ P; D tQ 0, 
= 0, Kr4+2 + P.: Kr+1 F Q. K: = 0, by 
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w., AA, teye AB, +Z, 20, if Woy, AAH 4B,=0; 


Kr+ı Zz Wry Z 
or by AA, = Z — i, AB,=— ~ : 
Warpi Kr Kru: Wee Wri Krs Krp Orte 
Kr Z : Bis, 
whence v, =o, > <_— ay ap a ee 
Warpi Ke4 Kr41 Dre Wri Kre Kry Drt 


(112.) If it should happen that two or more of the solutions become 
the same, in any particular case, a process resembling that of § (21.) 
must be employed. Suppose, for example, that Us4n t Ps Usin-it soe 
+Y,u,=0 has for its general solution vs=Aow,+Br«,4+Cpo,+.... 
Suppose, moreover, that @, contains the given constant a, that x, con- 
tains b, pọ, contains c, &c., and first, when b=a, let ©,=«,, S0 that in 
that case the compound solution Aw,+ Bx, is only (A+B) ©., and 
contains one arbitrary constant only. Let b=a-+A, and let accentua- 
tion refer to differentiation with respect to a; we have then 


Aw,+Br,=(A+B) w, t BAow',F4Bi.0" 4... 


As h diminishes without limit, let B increase without limit, so that 
BA=B,, and at the same time suppose A to increase without limit with 
a contrary sign to B, in such manner that A+B=A,. The next term, 
or }B,Aow”", diminishes without limit, and still more those which 
follow; so that A,o,+B,@’, is the part of the complete solution which 
must be substituted for Aw,+ Br, when A=0, or a=b. Again, if 
a=c makes 9,=@,, we have, making cath, 


A, w, +B, w, +Co,=(A,+C) w, + (B+C) ko'z +4Ck "+. 2885 


whence it may be shown in the same manner that As w, + B ws + C: 0”, 
is the part of the general solution which must take the place of 
Aw,+Bx,+Cp, when b=c=a: and so on. 


(113.) The theory of the linear equation Uzi, Pusinit--+ 
4+ Yu,=0, where P, Q, &c. are constants, closely resembles that of 
differential equations of the same kind. Assume u,=c’, and let a, 
K, p, &c. be the roots (supposed unequal) of c*+Pc™"+....+Y=0. 
Then the general solution is u,=Aw*+ Bx*+Cp*+.... If any num- 
ber of roots, say four, are equal, © being one of them, the part of the 
general solution corresponding is, by the last article, 


Aw? +A, ao -+ A, 2 (1—1) 0 + A; x (1—1) (1—2) w? ; 


which is of the same form as © (A+ A,2+A,2°+A; 2°). 
The general solution of us4st+ Pup t QU: +Z:=0, P and Q being 
constant, and @ and « the roots of + Pc-+Q=0, is 
t7 5 Ze K” Z: 


k- @*' xc-@W K 


u: = Aw 4 B + 


except when 5 =x, in which case it is 


(Qt) Z: oy 2 


wt? gm tE 


u, =o" (A+ Br)+07 2 
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' (114.) The following mode is in theory applicable to equations of 
any order. Let us take one of the third order, tsat P.,42+ Qi Uzga 
+R,u,+Z,=0. Assume Us +P: %2+  9:=0, and let «, and f, be 
two undetermined functions of x. We have then 
Usist Prete Uste F442 +æ: (Uz4 Pry Uapi +9241) 
+ô: (Uz4 +p: (7A w q) = 0, 
which becomes the given equation if 


Pret =Po % Prt B= Qa Re p.=R,, 
Gre az Qs4i + Êr 9:—Z, 5 
or a= P.— Pris 8,=Q.—P, Pepi bk Prti Pros 
R= Q. Pz P, p: Prtit Ps Prti Pete 


Though this last equation be not of the first degree, it is of an order 
inferior by a unit to the given equation; and if only a particular solu- 
tion of it can be found, the value of p, thus obtained will produce 
corresponding values for a, and $, with which the complete value of q, 
must be found from the equation for Z,, containing two constants. 
Then the equation u,,,+p.%.+9. must be integrated, from which v, 
may be found with three arbitrary constants. 

If we apply this method to an equation of the second degree, 
Usset P: Uz4 FQ: U: + Z,=0, we find 


Ur+2 + Pz4 Ur+y + qzy t Ax (Usya +P: Uz+ qz) =0, 
Pza += P., as | Q., Q+ t Zz q: = Zas 
7 = P.—Psi Q.=P, Pz—P: Prt 


From this it appears that when P, is =0 the equation is always theoreti- 
cally integrable, since logp,= t+ enables us to determine ¢, from 


beat zw t, =log (— Q-). 


(115.) The equation 4, F Pr Pr Usgna + Ds Pr Qs Urp- Hooe. 
+ Pz Pz-1° + © -Pz-n41 Xz uz is reduced by the assumption «=Po pı Pe» » + 
Pz—n Vz tO Vegn t Pr Vignes es t Yra 0. 


(116.) I shall enter no further into the subject of simultaneous 
equations of differences than to show how to integrate the pair 
Ay Usp t By Y t Au, + Bv: = 9, 
a, Urz+) + b, Vp t au, + bv,=9,, 


®, and ¢, being functions of z, and A,, a, &c. being constant. Multiply 
the second by a constant 0, and add it to the first, which gives 


B,+5, 6 ) B+5b0 
(Ata) {tenn tg ag Devs HAHA) fut Eo 


Assume 9, so that (B, +b, 0) :(A, +a, 0)=(B+b0):(A+a0)=p. 
This gives two values for 0 (0, and 6,) and two values for u (u, and p). 
If u, + p v =W n and u,+ p v= wW" we have 

(A, +9, a) Wyt (A +a9,) w :-=0, + 0, 
(A, + 0, a) wsp F (A F a9) we ®,+ Pz Os ; 


v}=0,4¢, 0. 
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and when w’, and w”, are found from these equations, u, and v, can be 
found from those which precede. , 

Or as follows. From the two equations given, and the two which are 
found by changing z into x+ 1, eliminate v,, v,4,, and v,42: the result is 
a linear equation of the second degree between Use, Usp and w,. 
This is a method which will apply to linear equations of any order, and 
any number of variables, on considerations similar to those in § (15). 


(117.) The solution of linear equations with constant coefficients 
may be effected even when there are more variables than one, by means 
of the theory of generating functions of which the first principles are 
explained in page 337. Let the equation first be of one variable, 


An Uzi nt Any Ursin oc ee $A, Ury + A) U,—=O0. 


For the complete solution of this, we must have either the set of n 
Values, Uo, Uy) Usse  » Uy, OF the means of determining them. Let Pt be 
such a function that u, is the coefficient of t, in it; or let dt=u,+u, t 
+u,t?+....: that is, let øt be the generating function of u, for all 
positive values of z. Then the first side of the preceding equation has 
for its generating function 


On . An "a 
(+ -f+ a ee ea +a, ot, 


which function accordingly is, as far as positive powers of £ are con- 
cerned, identical with 0+0.!+0.#+....or0. But, from the form of 


Pt, it is obvious that negative powers of t up to t~” may enter the above 
product. Assume then , 


(ant +a, OY +. 40," +a) PE=A, EFA, OO, FAL EO, 


- a 2 —l 
which gives ġt:= Ant Ann t+ An-s Oe FAP 


Ant ana lF ane CF... + a '+a, rÀ 


let A,...A, be so determined as to make the first n terms of this 
development become w+, ¢+u,f+....—-u,_ t ‘, and the rest of 
the development will then give wv, "+u,,,/°t'+.... of itself. If any 
of the various modes in Chapter XX. of expressing the coefficient of i 
in the development by a definite integral be adopted, there will result a 
solution of the equation. But, as far as we have yet gone, the method 
will be more powerful in making the solution of a linear equation give 
the general term of a development than in making the latter give the 
former. 

For example, required the development of 1—2—2¢*, divided by 
1+t+?+@. First, find the solution of ws43-+ Uzet Usp + Up 0, for 
which we must have the roots of c’+c?+c+1, which are —1, y—1, 
and —,/—1. Hence the solution required is 


=A (—1)} +B (J — 1) +C (—,/—1)*. 


Now the first three terms of the development are 1—3¢+002, or u==1, 
u= — 3, u,=0. Hence we have the equations A+B+C=l1, 
—A+B/—1—C,/—1=—3, A—B—C=0, from which 
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-AN ., 1+5/—1 -, 1-5-1 fin ie 

w=3 C D+ — WD (= - 
1 shack TX . TEN, 
=3 9) +o sin z); 


from which we find for the coefficients the cycle 1, —3, 0, 2, 1,—3, 
0, 2, &c. 

In this way an expression may always be found for the general term 
of any algebraical development. 


C118.) Let w,,, be a function of z and y, and let any equation of the 
‘form au, y==0 be proposed ; for instance, such as 


QUs, yF OU), yACUs, yp bras, yt oe e =0.... (1). 


Assume u,,,==A’B’, whence it appears that any values of A and B 
give a solution, which are connected by the equation 


a+6bA+cB+eA?+.,,.=0......(2). 


Say this gives B=@A, consequently ZŁA” (PA)” is a solution, k being 
constant. This, as in §(98.), we may make equivalent to fA? (PA) 
yA dA, for any limiting values of A. Or, if the equation (2) give 72 
values of B in terms of A, namely, Ø, A, Ø, A, &c., we have for a solu- 
tion 


Us, y= fA? (p A) Y, A dA+ fA? (QKA) YA dA+...., 


containing n arbitrary functions. Analogy might lead us to suspect 
that we have here the most general solution, even though finding B in 
terms of A might give a solution with a different number of arbitrary 
functions, since the same sort of thing occurs in partial diff. equ., 
§ (96.) But such a conclusion would be unsafe, for we have no infor- 
mation on the genesis of partial equations of finite differences which 
warrants it. ` 

Suppose Us, y=Us41, yt bus, y41 F Chapi, y4 Which gives l==aA+0B 
-+cAB, or 

{1—aA\ 
- oe LAs 
Ur, y— J A bao =) WA dA. 


If b and c be both finite, this may be brought into either of the forms 
Yo fA* pAdA+Y, fA yAdA+...., 
. or Yo [AFYA dA +Y, [AF wAdA+...., 


where Y,, &c., are functions of y (not the same in both expressions). 
Now, attending to the remark in § (102.), it is seen that f A7 YA dA 
is merely an arbitrary function of z, so that Y,@r+Y,¢(c+1) 
+Yso (w£2)+.... results. If 5 or c vanish, the series may be made 
finite, and the form may easily be altered into X, dy +Xi¢ (y+1)+...., 
which may be made finite if a or c vanish. 

Again, Us, y= austi, y tOUr, 44, May give Us, „=b fA (1— aA)’ 


WAdA. Assume YA=RA*+(A%-+-mA”-+...., whence 
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bY kj A*t 2 A dA iy Aft : dA 
=y = STH) = = — peti 
a73 us, y=k f i ) +f (t ) + 


I (e+c+1)F (y+1) from A=0 
F(£+y+ +2) UUI to Aza” 
ka I (2+x+1) 0 (y+1) 
~- F(s+y+«+2) 
la ^T (2+A4+-1) F (y+1) 
VP (az+y+A+2) 


in which ka~*~", la~—", &c. are merely arbitrary constants. 


(page 679) =ka—=-"->- 


or ab u, ,= 


eeeeg 


(119.) Such equations as the preceding occur in the theory of pro- 
babilities, and Laplace treated them by the method of generating 
functions, as follows. Let the most general solution of the equation (1) 
be adopted in the particular values 2p o 20,1) Uio &c., and let Ø (t, v) 
be the function which can be developed into 


Uoo tH Uy, ob tH Uo, VFU oP FHU, WEU tt eee. 
Reduce the equation (1) to the form 
AUs, y+ bitsy, yF CUz, ya F EUr yt o o ee 50. o o o e (3), 


which can always be done: thus u,,,—bu,4), y—CUz, y0 is trans- 
formed as follows. Let wu, ,=U_,,.,; substitute and change the sign 
of x and y, and we have U,,,—6U,4,y—cU:,,1=0. When U, , is 
found, uz, is therefore found. Frequently the change is more simply 
made ; thus U., yF Uz+ı, y =0 is, writing x—1 for x, and y—1 for y, 
reduced to uz, y+%z-1,y.=9. Leto (t, v) be the generating function of 
Uz, y above written, OF Uo ot U ott...» 3 then the generating function 
of the first side of (3) is (a+b¢+cv+el2+....)$(t,v), which must 
be a function of ¢ and v, to be determined by such conditions as the 
problem requires, and must give O for every term P, t°, which‘is 
such that w,,, can be the first term of (3). Subject to this condition we 
must have 


Y (t, v) 
a+bt+cv+el2+.... 


For example, let w,, —bu,1,y—cus, y-12=0, which gives ¢ (t, v) 
=Y% (t,v):(1—bt—cv). Now the terms between which this equation 
cannot establish relations, if only positive values of z and y be contem- 
plated, are all,the cases of to, and u., Let it be required that u, o 
shall be č, and that vo, shall be n, it being understood that =n. 
This is not assigning too much, for it gives u, ,=bm + Cë, Us, = bu, 
+cé,, &c., Ui s= bN+ CU, i &c., not more than enough to proceed with. 
It is then required that ¥ (t, v) : (1-bé-cv) shall be (č, or m) +2, t+& t 
+... tmvtnv+....- terms in which ¢and v both occur; which 
condition being fulfilled as to the simple powers of t and v, the deve- 
lopment will in other terms generate the coefficients required by the 
equation. 

For instance, let v., ,=0, t, y==1, (if y>0); we then require that 


Y (tv) :(l—bt=cv) =v +409 +...,=0: (1—v) 


$ (t,v)= 
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shall be true without interfering with terms containing powers of t, 
which gives simply 


_v(l—cv) = v (l—cv) 

Y (t, SS > P Veo EN ten) 
v bt L? {? 

a tO —e) (a-w 


and the coefficient of tv” is that of v” in b*v(l1—v)™` (l—cv)~™. 
Now it is easily found that the coefficient of v” in 


t 
Fej; 


b (wototo t... J l-r. cv-f-x ztl Cte.. .) 
\ 

sl z+1l t+y—2 a 3 

9 C+ oe ee Te 2 eeto y—1 cy 3 


which is, therefore, u,,, required. It is not easy to see that it satisfies 
uz, o= 0, which is a case resembling in difficulty that of F (1), when Iz 
is known only from 1.2.3....(7—1). 

If it be required that u,, , and u., o be any given functions of y and x, 
find T, and V, the generating functions of t., and Uo, ,, or let 


T= Uo ot tr, o bE Uzro t.e; V= Uo, oF lo, VEU, 20 Hb ooo 


(1—bt) T,+-(1—cv) V.—{T, or Vo} 
s ——— i, 
1—bt—cv 


is =U ltacte 


the generating function of w,, , 1 


(120.) When we make the solution take such a form as that given 
above, a change of sign in v and y produces an unintelligible result, so 
that we cannot immediately pass to the solution of wu, y— bz+1, y— Cz, y41 
=0. In fact, an equation of this kind, in which there is not a highest 
term with respect to both x and y, presents difficulties. 

The application of the method of generating functions is complicated, 
and it is best to have recourse to that of definite integrals, as in § 118. 


(121.) As another instance of this method, let us take 
Us, yT buss, yT CU,, y=2 CUr., y= = 0. 


In order to solve this completely, we must know Uo,ys Wi, ys Usos and wu, 1. 
Let the generating functions of these be yv, yw, Pf, and ġ,t. The 
generating function of w,, „ or $ (¢, v), is of the form a: (1—bt*—cv*—etv), 
and having four conditions to satisfy in «, let us assume 


a=P,+Q,+R, ots, t. 


The values of u,,. and uo, , require that œ (t, 0) and ¢% (0, v) should be 
gt and yv, whence we have 


* The student who knows a little of the theory of probabilities will see that this 
is a solution of the following question. B and C want severally 2 aud y points of 
the game, their chances of making a point at each trial are b and c (64+c=1), 
required the chance which B has of winning. This chance is xs, y, as found above. 
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P,+Q,+5,¢=(1 —bt) dé and P,+Q, +R v= (1—cv’) wo, 
or a=(L—bdét*) pt+(1— cr") Wv+ R, v +S, t—P,—_Q,—R, v — S, t. 
Again, the value of dọ (t, v):dt, when t=0, is ¥,v, and that of 
do (t, v) : dv when v=0 is gf. These give (since P, + Q5 ġ0=40) 
}  S,=(1~0) W, v—ev Yyv—=R' v+ So— g'o 

R= (1 —bt) pt — et df — Sh, t +Ro— Y'O. 
Whence the form of œ is found: R^ +S% is Y’, O— ew, or G’,0 — eG 0, 
which are the same, and we have 

a= (1—be*) (Pt +, t.v) + (l—cv’) (ho+Yy, v.t) —evt (Pi + yr) 

—vt (Rp +S.) —9/0.t—w/0.v—¢0. 

For example, let b=1, c=1, e=2, and let w,.=1, Uo =l, %,—1,. 
Us, oral, U= l, Uo,e==1, and in all other cases let U.o, Uo;yy Wi, ys Us, 1 
vanish. We have then 
Yyu=l+to.+v, Yy v= lv, dé=1+¢+?, 6, f=1+44, (tS o=—l. 
The generating function a: {1—(t-+-v)*} can then be reduced to 

4v* # 
1—(t+v)* 
Expanding the last term, which gives 4v? £ (¢+4-v)* for a general term. 
It is obvious that ¢* v¥ never occurs except in the term 40? t* (t+0)*t9, 


which has no existence unless x+y be even. Consequently, the solu- 
tion of Us, y= Uss, yF 2Us-4, ya FUs, yz IS 


_, @+y-4) (ety—5)-..-@—-)) 
UW, y= 4 1 : 9 a ie (z+y even), 


Uz, y=0 (x +y odd) ; 


provided that u,,,(c«+ty= or <2) = 1l, u., =0, uo,=0 (in other 
cases). 


i+t+o-+(t+v)*+ 


(122.) The verification of such a result as the preceding may be 
made by actual solution ; that is, by forming a table of double entry for 
Us, y putting the given values in their proper places, and calculating the 
rest from them by the equation. This is done to some extent in 
following table :— 


0O i i ii iv V vi vii vili 

0 l l ] 0 0 0 0 0 0 

1 l 1 0 Q 0 0 0 0 0 

ìl l 0) 4 0 4 0 4 0 d. 

lli 0 0 0 § 0 16 0 24. 0 

iv 0) 0 4 0 24 0 60 0 112 

V 0 0 0 16 0 80 0 224 0 
vi 0 0 4 0 60 0 280 0 840 '` 

vil 0 0 0 24 0 224 0 1008 0 

Vili 0 O 4 0 112 0 840 0 3696 
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Specimens of the mode of forming the terms from the equation are 
280—60+2x80+60, 224=80+2 x 60+24. 


It may also be observed that o,o, Ui, os Uo,, are useless in the forma- 
tion of the remaining terms, as might have been made to appear from 
the function z. 


(123.) The principles of the calculus of operations* have lately been 
made to throw a very instructive light upon the connexion of linear 
operations with those of common algebra. The following theorems are 
the connecting steps. Let D be the symbol of differentiation with 
respect to z; so that Dér=@'r. Let a be a constant, and deduce the 
theorem D (e7 @r)=e* (Dgézr+agz), or e (D+a) dz. Repeat this 
m times, which gives D” (e7 x) =e* (D +a)" pr, where (D+a)” is a 
complex symbol of operation, applicable after development. This 
theorem is even true when m is a negative integer; for we have 

=(D+a) {e7 D (e7 px)}; write e~* Doce” pr for Gz, and we 
have D™ (= dr) =e* (D+a)~' bz, which may be repeated. All this 
might also be easily proved by expansion. Hence we have 


(D-+a)". eae D" (1 pr), (D—a)" pr=e D" (pr). 
Ifm==-1,¢2=0; (D+a)" 0=e-* D 0=Ce™, {D 0= f0dr=C}, 
(D +a)" O=e™ (fda) .0 =" (C+C t+... . FCn 2"). 


Let D, and D, be the symbols of differentiation with respect to x and y, 
we have then 


(D: +a)" (D, +b)" $ (a, y) = D7 Dy (+ $ (2, y)). 


By similar reasoning A (a7 pr) =at’ (2+1)-a* pr =a {a+aA-1} or, 
or if the operation 1-+A be called E, we have 


(aE—1)"ġs=a~ A" (a7 pr), (E—a)"pr=a"*" A" (a~* ġa). 


Similarly, if E, denote the operation of changing z into «+1, and E, 
that of changing y into y-++-1, we have 


(E. — a)" (Ey—b)" p (1, y) =a" 9 AP Ay (a* O= G (a, y)). 


These may be extended to the cases of negative integer values of m and 
n. Thus (E—a)*.0=a7" A" 0=Ca*", or Ca’, which is the same in 
form, C being arbitrary. This function Ca” is the quantity which 
vanishes, or becomes 0, when the operation E—a is performed upon it; 
for (E—a).Ca* = CEa’—Ca .a’ = Cat — Ca.a*=0. Similarly, 
(E—a)-".0=a"—" A-"0: now A™ 0, the function whose mth differ- 
ence vanishes, is C+C, z+. ae: T 


(124.) It is shown (see the references in the note below) that all the 
operations of algebra may be applied to the symbols of operation used 


* See pp. 163— 16S; Penny Cyclopedia, - s o operation! and * Relation ;” 
Cambridge Mathematical Journal, vol. i., pp. 22, 54, 123, 173, 212, 278, 280; 
Ditto, ditto, vol. ii., pp. 74, 144; Gregory’ s tee of the Differential Calculus. 
I have been indebted to most of the places cited. 
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in the last article, as long as they are not mixed up with any operations 
depending on the variables employed. And the theorems may be 
generalized into 


YD. (7 pr)=1. y (D+a).ġr, 
Y (Das Dy). (7t (a, y)) =t.  (D, +a, D, +5).9 (2,4) 
YA. (a dr) =a". (aE—1). 2, 
Y (Az A) (E h (2, y)) =a’? OY. y (aE,—1, bE, —1). A(z, y). 


These properties are particular cases of a more general set, which owe 
their simplicity, in the case of €”, to the identity of the operations of 
differentiation and multiplication by a constant. Let there be any 
number of functions of xz, V,, Vs, &c., and let D be the general symbol 
of differentiation, while D, i is that symbol for V, only, D, for Vs, and so 
on; so that D V.=DV, or V^, D,V,=0, D V0, DV: DVV 
D,V:=0, D:V:=0, and so on. We have then (D,(V,V.) being 
V.D,Vi, &c.) 


D (VVV...) =(D, +D,+ Dit o. +)s(ViVeVaees)s 
YD. (V Ve... .)=4 (D, +D,+....).(ViVe. ++) 


If DV,=aV,, we have 4D (V,V,)=¥ (a+D,) (V, Vs), or V, y (a+D:)Va, 
since Y (a +D»), so to speak, only acts upon V,: in ¥ (a+D,) Veis 
simply ¥(a+D) V, since the distinction is now useless. Again, if 
A,, Az &c. refer severally to V,, V}, &c., we have 


AAV Verse )={E, Er. o o e 1 eV Vacs), 
WA (V,Ve...-)=¥ {E, E;....—1} (V, Vaea). 


(125.) Let a linear diff. equ. of one variable be given, namely 
a, D®'y+a,_,D*"y+....+4,Dy+ay=V; 


V being a function of z. The operation performed upon y on the left 
is a, D’-+-a,_, D”'+-...., which may be reduced to the form a, (D—a) 
(D—/3)...., where « 8, &c. are the roots of the algebraical equation 
a, U+ an V" +....=0. If these roots be all unequal, then, making 
A=(a—f) ins ., B'=(B—a) (C—y)...., &c., we have 


a y= <i — V=A (D—a)' V+B (D-6) V+.. 


§ cps Sane Vdrt+.... tA ce" +B, ce +...., 


A,, Bı, &c. being arbitrary constants. The effect of the inverse process 
on V may be-best represented by remembering that V+0 may be 
written for V, and the process performed on V and on 0 separately. The 
latter gives all that arises in integration from’the introduction of arbitrary 
constants, and must never be neglected. Sometimes it may be desirable 
to take one mode of operation for V, and another for 0. For instance, 
let V be a rational function of x of the kth degree: let (aata, D... 
+a, D,)~ be expanded into b-b, D+...., then we have 


y={b V+), V+ eeee +5, VOLJA 27% +B, e+ eoeeg 
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since V@t), VGt), &c. vanish. If there should be Z roots equal to a, 
we find among the fractions into which (D,+....)~' is decomposed, 
the fullowing set: 


L, (D — œ)” +L, (D—«) CY +....+L,_, (D—«)7. 
Now (D—a)? V= (fde) Ve" (Cot Cy r+...+ C, 2°); 


whence we find, for the part of the value of a,y depending on these Z equal 
roots, 


e {i L, (fdr). V+ L, (fdz). V+ ... tL, fdr." V} 
+-e* {Co+C, xC? + e@cve +C aep 


I am here only giving a sketch of a method; but abundant examples 
will be found in the citations* above made. 


(126.) Let aD. u+bD,u=V, a function of z and y. We have then 
—ı -1 b Wy Rie ey. fo aDy 
u=(aD.+6D,)~' V=a""| D.+— D, V=—e* fee" Vdz. 


Now if V=¢ (2, y), =" V is 6(z,y+mxr): hence we are directed, 
b:a being m, to find. f¢(2,y+mz) dx by the symbol fey Vdr; 
after which, by the symbol e ™?y , we are further directed to write 
y—mzx for y in the result. But, writing V-+0 for V, we have dy for 
the integral, @ being arbitrary, and a~ $ (y—mz) for the result: hence 


uaa em Py fey Vda+ta' fp (y—mz). 


For example, let aD,u+bD,u=12z*y. Integrate 122*(y+mz) with 
respect to x, and we have 42° y +3mzr*; put back y—mz tor x, and we 
have 42° y—mz* ; whence 
4i°y bz" : 
UR =p +ġ (ay — bx) ; 

since a`’ b (y—mzr), being arbitrary, is @(ay—br). This use of a 
symbol of operation, D,, as a constant with reference to another symbol 
of operation, D,, isone of the severest trials to which the calculus of 
operations can be put, though following readily from the first principles 
of the science.t 


(127.) Let a, Dru +a, Dt" D,u+t....+a,Dyu=V. If a, B, 
_ &3. be the roots of a, v°-+a,_,v" '+....==0, and A, B, &c. be as in 


§ (125.), we have a, Di-+....=a, (D,—aD,) (D.—AD,), &c., whence 
we have 

a,u=A(D,—aD,)~ V+ eooo +A (D,—aD,) 04 o.oo 
But (D, -aD Very fes Vdr+ e f0.dz; 


* Page 751, note: particularly in Mr. Gregory’s examples, which should be in 
the hands of every student who wishes to have materials for self-exercise in the 
highest processes and newest forms of the differential and integral calculus. 

t Penny Cyclupazdia, * Operation.” 

3C 
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and the second term is ®(y+azr), ®y being any function: while, if 
V=$¢ (x,y), the first is found by changing y into y+az in the result of 
f(a, y-ax) dz, taken with respect to x. This process is somewhat 
more easy than that of § (89.), inasmuch as the result for one root will 
give those for the others. 


(128.) Let D,us=aD?u. We have then u ==(D,—aD:)™.0, or 
ead? fO dt, or exd? px, Ø being arbitrary. This gives, by development, 


2 £ > 
u=pr + atp" r4 barbers, 


as already seen. For the symbol saD? write fige tv P= dv: yr, 
and we have 


u= r f tog»? gwat Ds hy dv= x * f +2 (t+2v,/at).e-” dv, 


which agrees with § (98.) 


(129.) Let an, tran + an-ı Uren fe ses Faou: =V, whence u,= 
(aota, E+... +a, E") V. If all the roots of a,+a,v+.... +a, v" 
be unequal, let them be «, 6, y, &c., whence 


a, U,—A (E—a)'V,+B(E—8)"V.+...- 
§ (123.) =Ag* 2a* V,+ BB 287 V+... +A a +B, A+ ..., 


which gives at once the law of the result, where § (111.) only gives the 
process. This symbol È is here put for A’; the only difference being 
that whereas A`? V, strictly stands for V,.4.+V.s+...« ad infinitum, 
2V, stands for C+ V,_.+V,_.+....+V,, œ and a being supposed to 
differ by aninteger, Allafter V, is supposed to be included in C, and in 
the preceding case, the values of C in the different summations may be 
supposed to be included in A,, By, &c. 


(130.) The proper symbol for A~* or (E—1)~™ is E™“+nE™"!. 
+$n(n+1) E"*%4+....ad inf. or ATA, =A, atnAzn it... 
This is the only result which satisfies both A” A™ A,=A, and A™ A" A, 
=A, But È” A, is generally taken in a manner which satisfies only 
A" 2" A; =A, and not 2"A"A,=A,. For instance, let x be an integer, 
and let ZA, = A.t. ... +A Then £? A, means ZA it ZA, e+ 
....+Ż2Ao and 2A,=0. This gives 2*A,=A,.+2A, 3+.... 
+(t—1) A, AX A, =A, , +A, ot ..--¢A,, AE ASA. But 
2 AA, is AA, o+....+(4—1) A® Ay, or A,—vA,4+(2—1) A, 
Nevertheless, in the solution of equations of the usual kind, 2" may be 
written for A7", since the verification of the solution involves only 
repetitions of E, which requires only repetitions of A, performed upon 2, 
and never introduces 2 performed upon-A.” And we have (n<z) 


2" A= A rn t NA, ini tn am E T or WE, e o Ea 
2 2 r—n 
2 AAs A= 0: 


Again, the complete meaning of A7” Aj" A,, p or (E,—1)-” (E, —1)™ 
Azs, y 18 the series 
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m-+1 
Piece y-n t MÅ sm, yon t NA em y-n + m Eg Pegg y-n + e0009 


continued ad infinitum ; while, defining SA, to end with Ag, the ex- 
pression for 27 2) A,, y only involves those terms of S (m; n, Azm—p,y—n—q) 
in which e—m—p and y—n—gq are not negative. Here S means 
merely collection of cases, and differs from È in not being a symbol of 
operation. 


(131.) Let there be / roots equal to œ in the equation of § (129.), 
and let the resulting fractions be 


L, (E—a) +L, (E — a) P 4... 0 +L, —e)". 


This operation performed upon V, gives 


Ly 7A (a V,) +L, THAE (a Vz) FL eTA aV) 
+L, œ A~ (0) +L, œt At» (0)4. s. +L a? 1A7 (0), 
which, since 2 may be written for A as far as the solution of the 


equation is concerned, gives, for the part of the solution arising from 
these roots, 


o-i {Ly Bea Vtal, Da Vet... He Li Ea} 
+ æ (C+ C, g+ esoo +C, a): 
Co C,, &c. being arbitrary constants. 


(132.) Let Gy Ustin, y F Un- Wepn—a,yti eee ee F ao Us, yan = Ve, yy I 
which case u,,, is the inverse operation of a, Ez + an-ı E` E+... 
+a Ej, or of a” (E,—ak,) (E,—AE,)...., performed upon V,, y3 
whence 


Op Us, y= A (E,—aE,)~ Va, „+B (E,—BE,)~ Vu, yten. 
Now (E,—aE,)~ V,, y= a7" Ey" Az" (a EF” V ,) 
Ee Vag Vago EN aE V 
+a) Nae, y+ T ooo. 


The operation Eş > performed upon this changes y into y+7—1, so 
that 


(E,—akE,)™ Ng y “Vn yt aV 9, ype be Vaaa ge Foei 


which might readily be ascertained directly, but the object is here to 
show the conformity of the condensed notation above written with the 
actual result of development. Again 


Ar OS=yy, a" Ey Ar OSa y (y+ta—l]), 
in which the arbitrary character of y allows us to change œ~} into g”. 
The solution might be readily written down, and the modification which 
it undergoes in the case of equal roots ; but we have instances enough of 
these generalizations. If V,,,=0, the solution is simply «° % (y+z) 
sC2 
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+A y, (y+r)+...., and the case of / roots equal to œ gives 
elwe(ytr+epy, ytr)t+.... +a Yi (ytr)} for the contribu- 


tion of these roots; Y, Yı, &c. being arbitrary functions. 


(133.) An equation of mixed differences is one in which operations 
of differences and differentials both occur. For example, let 
hues) ee 


ad" u, 

-n tas FEL p...’ +a, Us, anaE Vg. yI 

or a, Uz, y= A (D,—aE,)~ V,, y +B (D,—AE,)™ V,, ,+-.... 
in which (D,—aE,)~' V, yee? fdr. eY V, y &e.: 


a, 


each of these is a complicated form of the element of the solution 
required. In the first side we easily see fdr. V, +æ (fdr). Vz, ya 
+a (fdr)? Vi, yi2+.... The second side shows how to obtain the 
same without repeated integrations. We have 


a? x? 


eTe Ey Va, y= Va, y—22V a y t 2 


Van ypt. e.o 


Integrate this with respect to x, giving say W.,,, then W,,,+arW,, y1 
+... is the development of (D,—aE,) V,,,. Now invert the order 
of the processes, and let a, 6, &c. be the roots of ayv*+a,v""'+.... 
—0. We have then (neither œ, 8, &c., nor A, B, &c. being the same 
as before) 


Ao Ey +a, | Oa D,+....+4, Di=a, (E,—eD,) (E, — 8D.) ee 
a, Ur, Jr (E,—aD,)~" Va, y+B (E, —8D.)™' Ne yT s.. .o 
(E, —aD.)™ V,, y= DI AS" (a DF? V,, y) 


in which it must be remembered that D~ and A," are not convertible 
operations. If V., y==0, the preceding becomes «’~' D} Ay'(a~” D7” 0). 
Now D?” 0 is Hoy t+zryiy+t.... +29", ,y. In the operation A,* 
no term higher than 2’~* will appear, except in the arbitrary function of 
x which, so far as solution of the equation is concerned, may be added : 
hence DY- will make all disappear except what arises from this 
function. Hence the preceding is œa- DY- wr, so that the solution is 


U,, y= Aa DLA," (a DI Vz, ,) + BA" DIAR (8 Dz” Va, y+. 
+o! DY" yrth Do yrat... 


If there be / roots equal to æ, the corresponding part of the solution 
may be found, as before, from a set of fractions made by giving k all 
values from 1 to /, both inclusive, in the following, 


(E,—@D,)~ Va, y= a DI A" (a D7? Va y) 3 


which, when V,,,=0, is a—* D!“A;* (a! D7” 0). As before, D7” 0 
contains 2%’, so that nothing above z*—*— will appear in the result of 
the operation 4,*, and this will be destroyed by the subsequent opera- 
tion D%*. All then that is left after A>‘, to any effective purpose, is 
at* Dy (dort, z.yt.... Prw. y), the arbitrary functions 
being introduced in the summation. 
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For instance, let a° Di us y — 24D, Us, y41 + Usryse=0, OF w, = 
(E,—e@D,)~*.0. The solution then is 


Uz, y= a DI (horto, x.y). 
This is thus verified: substitution gives for the first side of the equation 
a DE hort gı T.y) — 209 DY (po t+, x (y+1)) +e" DY (horto, z (y+2)) 
=a" D? {oz (1—241) +9, 2 (y—2y —-24+y742)}=0. 


(134.) The same processes may sometimes be applied when the ; 
equations are not homogeneous with respect to the indices of u,, g” Tor 
example, let us take the equation A? u,, ,= aA} u,, ,, or 


At 1 l 
u; == (A? —a7A?) : 02 E a E E e .0. 
de = 2a (A,—aA, A,+aA, 


We must first investigate (A,—aA,)—'0, or {E,—(1+aA,)}-'.0. 
This is 
(Haa A {(1+a4,)-" 0}, or a" {E,-b AS {a (E,—b)-9 0}, 
where b>=1—a™. Now 

a~Y (E,—b)-90=a-9 b? 9 AF 0=b (P+ Piyrt+....+P,_, 2), 


Po, &c. being arbitrary functions of y. The operation Az" performed on 
this merely alters the arbitrary functions, and does not contain any 
power of x above z¥™*; but it introduces an arbitrary function of z, yz. 
If we now perform upon this result the operation (E.—b)%-', or 
bets! Ag" b7, all vanishes except what is given by the arbitrary 
function Yx, so that the final result is a¥—'b*t2—! AY we, on which it 
may easily be shown that the final operation (2a4,)—' has no effect 
except a change of the arbitrary function. Another simple change will 
reduce the result to (a—1)¥(1—a™")* A¥ wx, which is one term of Us 
The other is got by simply changing the sign of a, and taking a new 
arbitrary function, and the result is 


Uz, y= (a—1)* (1—a™) AY wa+(—1)¥ (a4 1)” (1 +a™) AY yz, 


in which we may interchange x and y when we interchange a and a`, 
To verify one of these solutions, say the first, we have 


Ay Us, y= (l —a™ Y {(a—1) 9? at? 2 (a — 19"! Att 4 (a— 1)” AY} we 
= (a—1)¥ (1 —a™)} {(a— 1)? AY 2 (a—1) AY AY wer 
Az Us, y= a (a—1) {(1— a) HAY (1+2)—2 (1-a) t Ayy (24-1) 
+(l1—a™') Asyar} 
=(a—1)¥ (1—a™) {(a—1)* (AY 2At +A3*) -2a (a—1) (494 At) 
+a AY} wer 
= (a—1)*(1—a™)* { (a—1)° Ag#*— {2a (a—1)—2 (a— 1)?} Ay? , 
| + (a—1—a)*AY} wa; 
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whence it is readily shown that the two sides of the equation are 
identical. The preceding appears to fail when a=1 ; but if we return 
to the process, the step which is first affected by the supposition of 
a=1, or b=0,1s 


a’! (E,—b)*"' AF" {a~ (E,—b)~.0}, which becomes E~ A*.0; 


or Ey wa, or Y (x+y—1), or Y (x+y), which is not affected by the 
final operation A7'. Hence Y (7+ y)+(—1)’ 2° A4 yz is the com- 
plete solution of A? w,, y= A? Uz, ye 


A ANS 
(135.) Let A$ w,, y= Az Us-1, yy OF Uz, =z -F -0 
E E 


=(E,—E.) ` {1 +E (E,—Ez")“"} 0 
Ey! (E,— Ep’) .0=E," EPY Ay E” 0=% (x—y) ; 
(E, — E) Y (ty) = Ei Ay EL Y (@—y) 
=E Ap ye — 2y)= EL x (@— 2y)=x (@-y—1) 
(E,— E) 0O= ES" Ay E~” 0=a (x +y—1). 


Hence the solution is of the form $(¢t+y)+% (x—y), pand 4 being 
arbitrary. 


(136.) Among other results of the preceding theory may be noted the 
ease with which the intermediate diff. equations or equations of differ- 
ences may be found. Thus, if a, Diu+a,_,DFtut+....=V, or 
a,(D,—«) (D,—)....u=V, the equations of the (7—1)th order are 
a,(D,—8)(D,— y)....u=(D,—«)7 u, a, (D: — a) (D; — y)... cu 
=(D,.—8)'u, &c. Those of the order n—2 are a,(D,—y)....u 
=(D,—a)“(D,—)' V, &c. Ido not however consider it desirable 
to enter more in detail upon a method which has not yet advanced beyond 
its elements, though I fully agree with those who have considered it as 
one which is likely to prove a very powerful instrument in analysis. 


(137.) In the equations preceding, it has been required that they 
should be satisfied for one value only of Ax, which has been taken =1. 
If we had proposed such an equation as u,;,,—P,u,=Q,, Az being 
anything whatsoever, it would have been equivalent to requiring that 
Uz4az Should be different from w,, and yet not a function of Az, which is 
absurd. The last equation could only be satisfied on the supposition that 
P. and Q, are given functions of Az, and then only in particular cases. 
Nevertheless, when such an equation does occur, it may sometimes be re- 
duced immediately to a common diff.equ. Suppose, forexample, f (x, Ax, 1, 
u, u”, &c., Au, Au’, Au”, &c.)=0 is tu be true for all values of Az; v’, 

’, &e. being, as usual, the diff. co.of u. Take x, any given value of zx, 
= let Ua Wo &c. be the corresponding values of u, u', &c. Then, x 
passing from q, to x through the difference c—.2), we have 


f (Lop €E — 2o, Uo; Woy KC. U—Uy, U'—Uo KC.) =O..-¢. (A). 


Form a new diff. equ. by elimination of £o, Vo, Wo, &c., and we have 
a general equation belonging to the class of curves in question, in- 
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dependent of the particular values of 2, Uo, &c.; and the class of curves 
which has the required property, expressed by f=0, is that repre- 
sented by the general integral of the equation last obtained. Or, if the 
cquation (A) be integrated, the class of curves required exists when the 
constants introduced by integration have the effect of rendering it in- 
different what value 2 is made to begin with in verifying the original 
equation f(x, Az, &c.)=0. 

For instance, having given a point S, required a curve such that if any 
two points P and Q be taken (the reader can easily construct the 
figure) the tangents at which mect in T, the line ST bisects the angle 
PSQ. Let AS be the line from which © is measured, ASP=8@, 
ASQ=0+A9, SP=r, SQ=r+Ar. Produce TP to Z, and as in 
Chapter XIV., let SPZ=y, then SQT=p+ âp. Equate the two values 
of TS in the triangles SPT, SQT, and we have 


r sin BH _ (r+Ar) sin (e+ Op) (r+Ar =F a 
sin(u—440) sin (utApt$A6) \u+t App, 


Ar ian u tan p, cot 4 A0 =r tan pt 7, tan py, 
For r write 1 : u, and remember tan p=rd0:dr=—uz: w’, which gives 


JA u 


A 
= cot $ Ad= , Aucot 4 AP=2u'+ Aw’, 
i 


tan uy, tanpu 


an equation of differences which is to be universally satisfied ; that is, 
for all values of A0. The first found diff. equ. (A) then becomes 


Do 


(u—u,) cot =u'+u',. reeeo (A). 


Differentiate, multiply by 2 sin? $ (6 —0,) ; differentiate again, and divide 
by 2sin®? } (@—6,), and the result will be w!’+-u/=0, or u”-+-u=const, 
the equation of the conic sections, Every conic section, therefore, has 
one position of SP, for which every position of SQ has the required pro- 
perty. But, more than this, verification will show that the equation of 
differences is satisfied by every position of SP. Take the complete 
integral v=a +b cos (0 +c), and substitute in the equation of differences, 
which gives 


b {cos (9+ A9-+c) —cos (0-+-c)} cot 4 A9 
=—bsin (0-+-c)—D sin (064+A0+c), 
an equation which is easily proved identical. It would do equally well 
to integrate the equation (A) directly. 
As another example, it is required to find the curve in which the 
ordinate let fall from the intersection of two tangents is equally distant 


from the ordinates of the points of contact. The general equation and 
the equation (A) here become 


(2y' + Ay’) Ar=2Ay, and (y+ y’,) (1—1) = 2 (y—y,); 


the latter of which, all constants being eliminated, gives the diff. equ. 
y''=0, or y=C2z*+C,e+C,: integrated directly, it gives y=C (s-r) 
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+y. (1—2) +Yyo, in which y, and y% come out as they are defined ; 
namely, the values of y and y' when z=s<o The general equation is 
satisfied, and the property is that of any parabola whose axis is parallel 
to that of y. But we may easily imagine it possible that such a pro- 
perty might be given that Yo, y's, &c., being defined as above in mean- 
ing, the integral of the differential equation (A) does not allow them to 
have that meaning. In such a case the property is self-contradictory. 
Again, the property given may be true if one fixed abscissa and 
ordinate be started from, but not true if the starting point be changed : 
in such a case the integral of (A) gives the curve required, but the 
general equation of differences cannot be true except in a particular 
case. 

For instance, let the equation of differences be Ay +rAy'=h ; the 
diff. equ. (A) is y—yY, + To (Y'—y')= h, of which the integral is 


y=y t To yY th+Ce 2 


which for r=2 gives Y= Yo + 2o Y'o th+Ce', whence C= -~e (a, y th). 
Again, y'= —Ce*'*: x, whence y= —Ce* : = (ayo +h): To oF 
we must have h=0. This last condition, it now appears, is necessary 
to the self-consistence of the property which the curve is required to 
have, If then there be any curve which satisfies the condition 
Ay +rAy'=0, it is 


y=Yot Zo y, (1—85), 


Try this on Ay+zAy'=0, and it will be found to satisfy the conditions 
only when the differences begin with the point (zo, Yo), unless y/,=0. 
The property announced cannot then belong to any two points of any 
curve. This may be proved independently, for if (2, y), (141), &c. 
be a succession of points, the equation gives 


yy tr (yı — y) =0, Y — ytt (y'.—y’)=09, Y— Yi tr, (y'a —y')=0 


from the first and second of which we deduce y — yı +2 (y'2— y^) =0, 
which is inconsistent with the third, unless y’ be a constant, which 
does not satisfy Ay+xAôy'=0, unless y be a constant. The last 
equation, then, required to be generally true, is equivalent to Ay=0. 


(138.) Any such equation as the preceding might have an infinite 
number of solutions given to it of a discontinuous character, and for one 
given value of Ar, as follows. To take a simple instance, suppose 
Ay'= (2,y, Ax, Ay) ìs the equation. Assume a value for Az, and 
divide it into n parts, so that nér=Az, and oz is very small. Assume 
values for y, and £, and for y, or y+Ay; x, or «+Az, being determined 
from Az. Join the points (Tos Yo) and (2,, yı) by any curve, and calcu- 
lating Ay’, from the equation, and thence y’, : lay down a straight line at 
(x,,y,) accordingly. An ordinate to this line at the abscissa 2,+02 is 
a new point in the curve, quam proxime. Repeat the process with the 
point (Tot òt» Yor yo) and that just obtained, and so on until the 
curve, or rather representative polygon, extends over the abscissa 
%)+2Ax; after which it is to be repeated again with the last obtained 
portion as a guide, The smaller dz is made, the more nearly will a 
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curve be obtained satisfying the given equation of differences. This 
method will aid in the formation of a complete conception of the possi- 
bility of satisfying any such equation, for any one value of Ax. And 
the same method will not only apply to ordinary diff. equ., but will 
furnish a strong presumption that no more constants can enter than 
there are units in the order of the equation: as follows: 

Suppose the diff. equ. to be y'”=¢ (y",7/, Y, £), and proceed to cou- 
sider A* y= (Ax)? Y (A? y, Ay, Y, £, Ax), of which it isthe limit. Take 
Ax very small, and any ordinates Y, Yı, Yz, at pleasure, to the abscissze 
Zo T+ AL, To +2Ax. Having thus given yy, Ay, and A? Yo, calculate 
A3 Y, from the equation, whence ys, the ordinate to the abscissa r, + 3Az, 
is obtained. With y, Y2 Y3, and A’? y, from the equation, calculate y,, 
and so on. We have thus a polygon by joining the several points 
obtained each to the next: the coordinates of the angular points of the 
polygon satisfy the equation of differences, and the smaller Ar is taken, 
the more nearly does the polygon become a curve which satisfies the 
diff. equ. 

Through the three points thus assumed only one curve can be drawn, 
as is evidently pointed out in the course of the method: as also that the 
manner of choosing Yoa Ay, and A? y, as the limit is approached deter- 
mines Yo, Y'o, and y", Hence for one value of Yo, Y'o, and y,”, only one 
limiting curve can be obtained, from whence it may be presumed that 
only three constants can enter the solution of the diff. equ. The diff. 
equ. can only have such solutions as are limits of those of the equation 
of differences. I call this only a strong presumption, for reasons which 
I will leave to the student, who will find them on close examination. 


(139.) In all the preceding equations, the coefficients employed have 
been continuous functions, though such continuity is not necessary, in the 
manner in which they have been used. If, for instance, we suppose x 
an integer, and propose the equation u,,.+av.4,+2%u,+2°=0, it is 
evidently not necessary that the functions of v should preserve the same 
form when z is fractional, since the equation, its solution, and the pro- 
cess of verification, are all wholly free from the consideration of such 
values. But it is not even necessary that the coefficients should preserve 
one form when z is integer, and results may be obtained in a finite form 
when they circulate* through any number of different forms as s 
changes its values. For example, let w,,,—P,u,=Q,, where P, is the 
constant ø. or b, according as xis even or odd, and Q, is a’ or b', accord- 
ing as z is even or odd. Hence 


a b 
PlL=5 (1 +(—1)")+50—(-1)), 


Q=<4(-I)+5 IH): 


and the method in § (106.) might be applied without much difficulty. 
But the process will be facilitated by assuming u,=v,+w, (—1)’, and, 
after substitution, equating the parts which are independent of (—1), 
and also the coefficients of those which depend upon it. We have then 


* Sir J. Herschel, Examples of the Calculus of Finite Differences, section xi. 
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Vs41—8 (a+b) v,—4 (a—b) w=} (a! +d’) 
—W.4:—4 (a+ 6) w,—} (a—b) v=} (a —b'). 

As an example of the second method in §(116.), change æ into z+1, 
giving a third and fourth equation: multiply the second and third 
severally by A, and p, and add the first, second, and third, making 
(a+b)X\+a—b6=0, 2A+(a—b) p=0. We thus get the first of the 
following equations, ‘and by similar processes the second. 
Vi49— abv: =} (a b+ab’+a'+0'), W, — abw, =+} (a'b —ab'—a' +b") 

v,=$(a'b+ad'+a'+0') (1—ab) +æ (Ki +K: (—1)*) 

W: = } (a'b—ab'—a' +b") (1—ab)™' + œ (L, +L (-1)), 
a being ,/(ab). Hence 


1 r ' / a! Nf a]Y 
yx Ub tab bal +64 (aba —a'$ 9) (=D a MMD, 


M, and M, denoting arbitrary constants. One relation between M, and 
M: must be expected, since the original equation is only of the ‘first 
order; this will be seen in attempting to verify the equation. The 
preceding value of u, gives 


' b' 
(x even) w= +a (M, +M); 
(x odd) u, = iih z ta (M,—M,) ; 
b’ 
(veven) 4,4, — P, ate -Fa (M,— M,) 
'b b' 
—a so ao (M,+M,) 
=a + a (M, a—M, a— M, a—M, a) 
(x odd) u,4,—P, u= +t (M, +M.) 
— Et ba" (M,—M») 


=b' +a" (M, a—M, b+M:a+M:b). 


Substitute for œ its value ,/(ab), and the multipliers of œ” have the 
common factor M, (,/a+./b)+M,(J/a—.,/b). The value of u, then, 
completely satisfies the conditions, and has one constant arbitrary, if 


M: (Va+4b) +M; (a yb)=0. 


(140.) To generalize the preceding method, let m, stand for a function 
of x which is =] when 7=0, m, ora multiple of m, and which vanishes 
in every other case. If a, e - be the m mth roots of 1, such a 
function is seen in the mth part of a’+A*+.... If, then, we take 
Co m,+C, m+ Cymy_et » o o o $+ Cni Macu? we have a function which 


ON DIFFERENTIAL EQUATIONS, 763 


is Cy, Cips o o e Cm- according as x:m leaves a remainder 0, 1,...., 
m—1. This has been termed by Sir J. Herschel a circulating function 
of the mth order. If P,, Q,, &c. be circulating functions of this kind, 
we have, for all integer values of x (the reader must be careful not to 
generalize this equation) 


IPs Qas. aS =f (Po Q.. "8 -). me +f (P,Q). ee ») meat eeee 5 


for f(P.,Q,....) is itself a circulating function which goes through the 
cycle of values f(P,, Q,...-), f (Po Qi... ), &e. 

Circulating functions may be doubled, trebled, &c. in order, by 
assuming new circulating functions with doubled, trebled, &c. cycles of 
values, Thus a3,+03,,+c3,_, is altogether identical with a6,+36,_, 
+ côt 26,34 06,_,+c6,-;. A simple process will reduce the solu- 
tion of any equation whose coefficients circulate to that of a set of 
ordinary equations, as follows. 

Let (tz, Ur41,+- ++ Pz, Q,....)==0, where P,, Q., &c. are circula- 
tors of the pth, qth, &c. orders. Reduce them all to circulators of the 
same order, namely, that of the least common multiple of p, q, &c., say 


m. Assume u, to be a circulator of the mth order, rem, +s, m, it... 
Then 


É (Uze. sP g SED (7, Sey » Po. oo) Mi +O (Sz losia oe o.) Mit. ° 


Determine 7,, Sz» »» by the m simultaneous equations ¢ (rs. e. P, . .)=0, 
Ø (Sz. - ePi. . e)=0, and the conditions are completely satisfied, or may 
be satisfied by assuming relations enough to reduce supernumerary con- 
stants. Thus, suppose w,4.+P.u,4,+Q,u,+R,=0, where P, is a 
circulator of the second order (a,, bz, (tz, bz, &c.), Q, also of the second 
order (a’,, b's, &c.), and R, of the third order (a, b", c", &c.) 
Reduce these to circulators of the sixth order, and assume one of the 
sixth order (7,5, ts Vr Ws Ys) for u, We have then six equations derived 
from (1,49 6.48 + 5542 5541 F tee 6. + Virge Or- F Wye 6,9 + Yrqe2 6,_3) 
+ TA 6+ b, Oz— + a, 6,-o+ b; 6,.-s+ Q, 6.4+ b: Gig tha, 6541 + Seat 6, 
+ Cras Ori F Veyi 6,-2+ Wrst 6,-3+Yr41 6,_4} + (a, 6,+ b’, 6,4+ On O26 
+0’, 6,-3 + a’, 6,-4 + b', 6—5} {r, 6,+ Sy 6,4 sf t; 6-2 + Ur 6,-3+ Wr 6.4 
+y,6,-5} = a", 6, + 6", Orm + C's Ora + as Ora + 0", 6,_4+ Cs 6,_5, 
remembering that 6,,.=6,_, and 6,4,=6,_5. 
These equations are 


A RE ; ake 
A Qy Sr4 + a’, T+ a g= P] Yerot b; Wr4t F b', v+ c= 0 
Viet, f4 + bz 5,46" ,.=0, Tr+2 +4, Yzy t de w,+b",=0 
Wrot ly Vep t d's t+ n= 0; Sr+2 + b, Veet + b', Yet c= 0: 


The actual solution of this problem would require us to change we 
successively intor+1....,up to +10, which would give 66 equations 
between 65 quantities besides 7,410) 7249)++-+7,- The elimination of 
the 65 other quantities would give a final equation to determine r,: the 
equation for s, would be found by changing r, into s,, @, into b,, a’, into 
b., &c. As a more simple instance let us take the problem already 
solved in § (139.), namely 


(rest Jeti Se41 2) — (a2,-+ 62-1) (7, ZFS: 2,4)=@' 2,40 2i 


which gives ssp ar, =d, 7,4,—6s5,=)’', or (yab being a) 
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Se49—@bS,4,=ab'+a!, 7.4,—abr,,,=ba’+U 


ab! +a' 2 r _ bal +b 

ae ee ee 
Now 2.=${1+(—1)*}, 21=3 (14+(—D}=3 {1-(—1)}, 
and substitution in u,—7r,2,+s,2,_, gives the same result as before, 
the superior simplicity of this process arising entirely from using a 
circulator for v. 


+L, «+ L,(—a)’*. 


= 


” (141.) Required the sum of x terms of the series ae + bot c, tait b; 
+ce,+&c. This is obviously Au,=P,, where P, is a3., b ce—-1)) C4-93 
(say A,, Ba, or C,,) according as œ is of the form 3m, 3m+1, or 
3m+2. We have then 


Prt Orth + Sr+} 3,472.4; Or} on (7, 3:+ Sz 3z—ı + t; 3z—2) 
=A, Se B, 5-1 + C, 3—2 


UPR a e C. Sry 7 T: = A,, ANE am B., 


r43 T; = A, + Boas + Cito Sr43™ S: = B.+ Cia. + Ås49 
t.43—t,= C.+ Aas + B+. 


' Let 1, a, 6, be the three cube roots of unity, A+B tC =A., 
&c. 


r, =4 XA, +} 0° Ea” A +4 p7 D6 A+ K, 3:4 K: 3t K3, 


for it is evident that C,(1)*+C,a7+C,fA’ is a circulator. The three 
results put together by u, =T; 3z + Sz 3z—ı + tz 3,-. will give the expres- 
sion required, if the resulting circulator derived from the constants, 
say L3,+M3,_,+N3,_., have L=0, M=a„ N=a,+b,). Let the 
student verify this in some instances. 


(142.)* A merchant begins with £A in the stocks at r per pound per 
annum, and £B in trade, which returns 7’ per pound every two years. 
He spends £a per annum, and invests half the returns of his trade, as 
they come in, in the increase of his trading capital, funding everything 
else. What has he in the funds and in his business at the end of x 

ears ? 
: At the end of x years let him have F, in the funds and T, in trade. 
Then, if x be even, F,,, is (1 +r) F,—a, since the business makes no 
return at the end of the (t+1)th year. But if x be odd, F,,, is 
(1+7r) F,-—a+4r'T._, 


Fap (1 +7) F,—a+4T,_) 17 2,_). 
Again, if x be even, T,4,;=T., but if x be odd, T,4,;,=T,+43T, 7’, or 
T.4i:22T,+47 2,_,T;. 
Assume T,=V, 2,+ W: 2,_;, and we have 


* Herschel, Examples, &c., p. 161. 
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Vai 2: + Witi 2,—V,2,+ W. 2: g” (V: 2: +W; 231) 23 
2, 2;-1—0, ae Via W, (1 + tr’), Wii V2, 
Viqa= (1 +37") V: 
(/(1+4r')='), Vo’, {C,+C2,(-1)7}, W= {C,+C, (- 177}. 


There is only one condition to determine two constants, C, and Cs, 
namely, that V.—=B when r=0. But in the value of T,, these two 
constants are reduced to one; for, since 
{C,+C.(—1)*} {14+(—1)*}=(C, +.) {14+ (-1)7} 
I= Vy; 2.+W, 2-1 Co" 2T ee 254) (C+ C), 
and C,+C,=B. From this we have (1+r=p) 
F.n pF, za a+ gr’ 2z B Com 2-1 “4 2.)s 
or Frp = pF: = ef- 1 r! Bo’?! > 


Let F,=G,2,+H,2,_,; then, a being a2 ile we have, 47/B 
being denoted by B,, 


G,.:=pH.—a+B, p7, H,4,=9G,—a, 
G,42—p* G_=B, p*—a (1+ p) 


a B 
G, = a my t te {K+K, (—1)*} 
p 
a 2 e 
H, = a M -ig K+K, (-1)*?! 
And z=0 gives G, nes toatytk +K, which is A, 
— == 
whence 
OE ac se cles 2 pa =a 
F,=Ap a a p"? — p z2: + Bip p”? — p? r—fe 


(143.) There are various equations of differences which are sug- 
gested by their solutions, and for which no direct inverse method can be 
given. For example, w,,,==2ui—1l. Let u,=cosv,, then cosv,,, 
= cos 2v,, OF V41 = 2v,-+ 2mm, m being any positive or negative integer. 
Hence v,=2’. C,—2mr, or u,=cos (C, 27). But we may also take 
V24,== 2mn—2v,, which gives v, = (—2)* C,+2mrz, or u,=cos {C, (= 2)” 
+ mr}. Here are two distinct solutions, showing that the ordinary 
theory is insufficient, for each has an arbitrary constant, which may be 
converted into an arbitrary function of the form f (cos 277). And, x 
being an integer, there is an infinite number of other solutions, for since 
m need only be integer, we may write a,2"+a is TE +a, for it, 
where ao, @,, &c. are whole numbers, as also n. 

Let Us Uspı— a, (Usp — U) +1=0. Assume u, = ai v, and we 
have 


tan Av,=az', o,=2 (tan a7 + mr). 
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; 
du, : ‘on j i 
“ts, y4yUs,y This equation is satisfied by 


d d¥ óx 
Us, y= T {log sr}. 


Let 


(144.) Such instances are not without their use, since they serve to 
show that the solutions of most equations are unattainable for want of 
means of expression. Until, for example, we have a perfect compre- 
hension of fractional diff. co., the last equation is unintelligible except 
when y is integer. The converse, however, is not to be assumed ; that 
is, it is not to be concluded that when an equation is integrated in an 
unintelligible mode, or by a formula which cannot be interpreted, that 
therefore no other mode is assignable. For example, the complete 
integral of U, Uszy =U, Uyy has been shown to be w¢%r, where ¢%r means 
the operation Ø performed y times following on 2, and is for the most 
part unintelligible, except when y is integer; so that the process of the 
diff. equ. cannot be performed. But, notwithstanding this, x (@r—y) 
is the complete integral, when x and w are any functions whatever. 


(145.) In the preceding equations, and wherever D, or A, is used, it 
should be remembered that a is not a symbol) of value, but of distinction. 
Thus if Ayaz, which is a function of x, must have x changed into x+ 1, 
it is needless to write A,,, (r-+1), and A, Y (t+ 1) will be sufficient. 
Both are in fact the same, since Yx differenced or differentiated with 
respect to x+a, gives the same result as when the same operation is 
performed with respect to x. 


APPENDIX. 


(Page 68.) The fundamental theorem admits of a proof which, though 
less elementary than the one in the text, is not so complicated. Grant- 
ing that a diff. co. is positive or negative, according as the function and 
the variable alter in the same or different directions, as seen in page 132, 
let C and c be the greatest and least values taken by Ø'z: w’z in the 
interval from va tow=a+h. Hence o'r: y/x—C and g'z: y'z—c 
are of different signs throughout the whole.interval, whence, y’x retain- 
ing one sign, by ‘hypothesis, ¢’r—Cy'r and ¢’r—cyzx are also of 
different signs. From this it follows, that of dr—Cwzr and dr—cwx 
one must continually increase, and the other continually decrease, from 
=a to r-=a+h: that is, 


$ (a+h)—pa—C (4 (a+h)—ya) 
and p (a+h)—da—c (4 (ath) —ya) 


must have different signs. Divide both by y(a+h)—wa, and the 
same thing remains true: this is the fundamental part of the theorem 
in the text. 


(Page 103.) The language and notions of infinitesimals may here be 
used, as is shown by the result. We have fr.dz, where c=¥Wt, and 
dz=y't.dt, whence ft. y't.dt is to be integrated. 


(Page 163-168.) I have throughout this work made free use of what 
used to be called the separation of the symbols of operation and quantity, 
under the name of the calculus of operations. The student who 
wishes really to understand algebra must make himself acquainted with 
what has been done of late years in the generalization of that science, 
after which the calculus of operations will cease to present any other 
difficulty than that of the differential calculus in general. The state- 
ment of principles partially laid down in page 164 may be completed as 
follows. i 

In any science which proceeds by rules, these rules may be collected 
and separately taught. They depend upon the meanings of the symbols 
employed; that is to say, the meanings of symbols being given, the 
rules for the use of those symbols may be investigated. But there is an 
inverse question: having given a set of rules, derived from one particu- 
lar set of meanings, is this the only set of meanings from which that 
set of rules would follow? The answer is by no means in the affirm- 
ative: ‘A gives B, therefore B, when it comes, must come from A’ is 
not good logic, Now algebra, in its most general sense, is every 
scicnce which proceeds by the fundamental rules of general arithmetic, 
whether the meanings of its symbols be those of general arithmetic or 
not. Technical algebra is the art (only an art, not a science) of apply- 
ing those rules to symbols, without reference to their meaning: logical 
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algebra is any science in which those rules are used with any of the 
meanings which are allowable. 

The technical definition of a symbol is contained in the rules which 
are laid down for its use: the logical definition, or explanation, pre- 
cedes the branch of logical algebra in which the symbol is used. But 
when, some symbols having been explained, and it being understood 
that all explanations are to be so given that the rules of general arith- 
metic shall be applicable, we wait until results shall indicate the mean- 
ings of the rest, the process of finding such meanings is interpretation.* 

The science of general arithmetic, the rules of which are those of 
every algebra, has simple number, and operations upon it, for its subject 
matter. Its symbols of quantity are numbers represented by letters, 
and the rules are as follows :— 

l. In every combination of + and —, like signs give + and unlike 
signs —. 

2. Additions and subtractions are convertible in order; thus 
a+b=b-+a, and a—b+c=a+c—b. 

3. Multiplications and divisions are convertible in order; thus 
axb=bxa and axb—c=a—c xb. 

4. Multiplications and divisions may be distributed over additions 
and subtractions: thus (b+c)xa=bxattexa; and (b+c)~a 
=b~—atc>a. 

5. The rules for the use of powers are a’ x a'=a’** and (aè) =a". 

To these rules all operations may be reduced ; though some may be 
of opinion that there are more, and some fewer. This, however, does 
not matter much to our present purpose; be their number more or 
fewer, no one doubts that the processes of arithmetic are reducible to a 
small and fixed number of fundamental rules; and any one may add to 
or take away from the preceding, as he thinks necessary. 

Again, the rules in this science, as in any other, are to be understood 
as applicable only to intelligible data, Thus, 6—10 being unintelli- 
gible, cannot be the object of their application. The signs -+ and — 
mean here simple addition and subtraction, and nothing else. 

In the next step, the common algebra of positive and negative quan- 
tities, we consider the symbols as implying numbers representing 
quantities, with the implied addition of an understanding as to the sense 
in which the quantities are to be taken. If +a represent a quantity of 
one sort, —a represents one of the some magnitude, but of a directly 


* This process seems to be peculiar to mathematics: to go on using a word or a 
sign without any knowledge of it, except that it is a word or a sign, to be used in a 
certain way, until the results of that use point out the meaning which the word or 
sign ought to have had, is a strange idea when presented for the first time. But, 
nevertheless, it has been used out of mathematics: in logic, for example. Wallis, 
the first mathematician, I believe, who formally introduced interpretation into 
algebra, had previously made use of it in logic. Ina disputation, (at Emanuel 
College, Cambridge, in 1631,) whether a singular proposition is to be held universal 
or particular, his thesis (printed at the end of his logic) decides the question by 
interpretation, as follows. 

A singular proposition, such as ‘ Virgil was a Roman,’ js to be so taken that the 
rules of logic may be applied to it. From the premises ‘ Virgil was a Roman,’ and 
‘ Homer was not a Roman,’ it certainly follows that ‘ Virgil was not Homer.’ .Now 
if the two premises be particular propositions, there can be no conclusion: from 
‘some A’s are B’s’ and ‘some C’s are not B's’ nothing can be inferred, Con- 
Sequently the premises must be considered as universal propositions. 

The preceding process answers precisely to interpretation in algebra. 


e =~ 
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opposite kind. And A+B means the junction of quantities equal to A 
and B in magnitude, and of the same kind as A and B, while A—B 
means the junction of A and the magnitude of a kind contrary to B. 

The third species of algebra, which includes the form of the greatest 
extent in which the symbols represent magnitudes, rests upon geometri- 
cal definitions. The symbols imply lines, in which direction as well as 
length is signified, so that two lines which are in different directions, but 
of the same length, or in the same direction, with ditferent lengths, are 
represented by distinct symbols. This species of explanations leaves no 
symbol unintelligible ; and ,/—1 is as much the representative of a line 
of one unit in length, inclined at a right angle to the line signified by 1, 
as —1 is in common algebra that of a unit of length placed opposite to 
the line 1. JI do not propose here to enter upon the details of this 
algebra,* intending only to point out to the student that even the 
algebra of quantities is a gradual ascent from one generalization to 
another. 

But the symbols are not necessarily restricted to quantities; as long 
as the five rules, or those which any one else may substitute for them, | 
can be made true of the meanings, those meanings may be any what- 
ever. For instance, dr, a function of x, may be the subject of opera- 
tion, just as the unit is that of ordinary arithmetic, and A, B, C, &c. 
may be indications of operations to be performed on gr. As yet, the 
only fundamental species of operation which has been reduced to an 
algebra of operations, is that of changing x into r+ a, a being a con- 
stant. This system is only a commencement, and many of its results 
are as yet incapable of interpretation; but, as in the history of the old 
algebra, the results are always found to be true whenever they are 
intelligible. ‘The following are the explanations of this system. 

1. The subject of operation, answering to the unit of arithmetic, is any 
given function of a variable x; and except under the symbol of this 
function, x must never appear. 2. The other symbols employed are 
those of operations performed upon Øx, which are either multiplication 
by a constant, or change of x into x+ a constant, or some combination 
of these, or the limit of some combination, obtained by increasing or 
decreasing a constant without limit. 3. If we signify @(@+1) by 
Egr, or agree that the change of z into 2+1 shall be an operation 
whose symbol is E, then E” zr signifies 6 (x+ m) for all integer values 
of m, positive or negative. 4. The signs + and — preserve their usual 
meanings: thus (E+ E’) r means Epa +E? hr or ó (@4+-1)+ G6 (742), 
and (3E—4) Or means 3? (a2+1)—4 or, &c. On this foundation the 
truth of the five rules is easily established, and many results imme- 
diately follow, as the student will see in the course of the work. 

I will now give some idea of the difficulties which yet embarrass this 
subject, and which may stand, with respect to this algebra of operations, 
in the place of such symbols as ,/—1 in the old algebra. The symbol 

1 


E" ġzx is the result of an operation, which, repeated z times, gives Epr 


on a ee 
or /(t+1), Onesuch operation is d (2+3) but if æ be any one-of 


* See the Articles Negative and Impossible Quantities and Relation in the Penny 
Cyclopedia; Dr. Peacock’s Algebra; or Mr, Warren’s work on the meaning of im-~ 
possible quantities, 
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the nth roots of unity, ad (+5) is an operation of similar effect. If 


by express convention we exclude all values of æ except a=1, which is 
what is actually done, we may produce true results as far as we go, but 
we have ascended to no higher place in the calculus of operations than 
that which common arithmetic holds among the varieties of algebra. 
We cannot yet venture upon the unrestricted use of results which involve 
fractional exponents of operation. 
The next difficulty is one which is not pecuHar to this calculus. Let 
us suppose that from and after, say r=0, we have a succession of values 
of a function, giving ¢ (0) when z=0, $ (1) when z=1, and so on for 
every positive integer. Let us waive the difficulty of interpolation 
‘(page 543), and say we have reason to know that øx would be the 
function of z for every positive and fractional value of x: there still 
remains an impossibility of deciding as to whether @r is the function 
required when x is negative, if the case be one in which discontinuity 
may occur. From among a number of similar cases we may choose 


Paoe+{— f sin od? =i ya, 
TJ O0 


v 


where Yz is any function we may name. This gives P=@z for every 
positive value of x, and P=@r—2z for every negative value. 

Now, suppose we consider the operation E~'gz, meaning that on 
which, if the operation E be performed, x results; or EE~' pr=ġr. 
One satisfactory answer is E~'¢z=@ (x—1): but unless the question 
be one in which it is either proved, or justifiably assumed, that there is 
no discontinuity, there cannot be perfect assurance that E~ Or=¢ (x-1) 
is always allowable. The data generally involve the assumption, that 
there is no discontinuity from and after a certain point: thus. in con- 
sidering the series Ø (a) + (2+1)+...., we mean to lay it down that 
from and afier c=a, ¢z is the sole object of consideration: hut when 
we pass to preceding terms in the course of operations upon this series, 
it by no means always follows that the general term Øv applies con- 
tinuously for all values of z which are <a. The theorem in page 560 
is frequently rendered useless by this doubt. 

This branch of the differential calculus, whenever we leave the part of 
it which answers to arithmetic of integers in algebra, is one of the 
subjects mentioned in the preface, in which we are rapidly approaching 
the boundaries of knowledge. As an instrument of discovery it is 
invaluable, and its results may be submitted to subsequent verification. 

The operation of differentiation, represented by D, enters as the 
result of diminishing A without limit in 

h 
CELE? Or E'-1 D2: 
h h 
and though the symbol may be new, its conformity to the rules follows 
from that of (E*—1)~h. 


(Page 173.) Possibly a very strict reasoner might think that the 
equation Jx :yr=g'z:y'x when dr=0 and ~r=0 is not sufficiently 
established when @¢/x: yz is nothing or infinite. Take the fraction 
(apa + Lyx): (a, dx+, wz), and let p’r: y/x be =0 when gz and yr 
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vanish. Now $2: Wx must in this case be either nothing, finite, or 
infinite, and the fraction just given is readily shown to be 5:6, in the 
first case, a finite quantity in the second, aud a: a, in the third: that is, 
alwavs finite, so that its value must be that of (a'z + bys): 
(a,¢'r+6,y'x), which, O'r:y'r being nothing, is b:4,. If, then, 
px:wx=T, we have (aT +6):(a,T+6,)=6:6, when T has the 
form 0:0, from which we deduce for that case ab, T =a, bT, which, a, 
a,, &c., being quantities of our own choosing, is only satisfied by T=0; 
that is, pr: Wer vanishes with @'r:y'x, In a similar manner, the 
theorem may be proved when ¢/z: pz is infinite. Also in the last part 
of page 174. pr: yx being T, we have that T and T? y'z : ’a have the 
same limits, whence eizher T=0 or T and dx: yr have the same limit, 
the latter alternative being only named in the text. But, taking 
(apr+bwe): (a, pr+5, Wr), which must be finite, and to w hich there- 
fore the latter part of the alternative applies, we find b:6, for the value 
if the limit of T be nothing. Consequently, (ay’cr+by'r) : (a y'r+b, wir) 
must have the limit 6: b,, or, as before, o'r: y'x must diminish without 
limit. Hence there is, in fact, no alternative, for when T diminishes 
without limit, it appears that @'x: Yr does the same. 


(Page 190.) It would be better, perhaps, to avoid the use of Taylor’s 
theorem, and to deduce the final result trom {¢(2,c+Ac)—¢ (2, ¢)} 
—-Ac=0. 


(Page 193.) If y =x (x,y) be reduced to the form w (z,y, y)=0, 
the conditions 


dx___ dx__ . dws dw dw dw ,,_ 

Go ay give yo but > FIT ,y”"=0, 
whence the numerator and denominator of y” vanish for the singular 
solution, and y” takes the form 0:0. This represents the indeterminate 
character of the radius of curvature deduced from the diff. equ., which 
may be, at the point in which one of the primitive curves meets the 
curve of the singular solution, that of either curve. 


(Page 203.) The following is in some respects better than the 
demonstration given. Let there be, say three independent variables, z, 
Y, z, and let the equation be 

du „du „du do „dọ „dọ dọ 
—+Y—+Z—= —4Y—4Z —~+U—=0, 
eat nee dz Ue ae ay oO a 
where #(z,y,z,u)=0 is the complete solution; the first equation is 
immediately reducible to the second (page 96). Let the simultaneous 
equations 


dz _dy _dz _ du 
X Y Z U 
¢ (2, Y, z u)=c, v(z,y,2,u) =e. 


s t fa ; 
We have then = i+ dy $ d+ du=0, which is co-existently 


true with the simultaneous diff. equ., and thence ° 


give č (z, y, z, u)=a, (2, Y, 2, u)=b, 
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Xg T+y +Z 3$ UŽ =0 
dz du 
or =a is a ik A of the partial diff. equ. And the same 
is true of n=b, ¢=c, and v=e. But the equation f (é, n, č, v) =0, 
whatever function f may be, also satisfies the partial diff. equ. ; for the 
preceding equations give, when multiplied by df: dé, df: dn, &c., and 
added together, 


df d df dn Af dt Adf BN 5 ng 

= dé dx ‘dn dz "de de dx Fy aaa 
. df yif gf af 
oS x+y +Z +U =O; 


whence f (é, n, č, v) is the solution of the equation. 


(Page 206.) ‘‘ But four of these twelve contain c, only, and are 
identical, and the same of c, and c,.”? This is an error; two contain c, 
only, and are identical, and the same of ca and cg: hence three distinct 
differential equations of the second order. In the remaining six, two 
contain both c, and c,, two more both c, and cs, two more c, and c, 
But no one of these six is a diff. equ. of the second order to the given 
primitive, because in no one does more than one of the constants of the 
primitive disappear. 


(Page 213.) The difficulty which arises about the constants in this 
and the next page is entirely a consequence of the discontinuous mode of 
effecting the solution, and might be remedied as follows, by merely 
integrating the generalized form of the value of y’, instead of its particular 
cases separately. For example, let y°— 3Py"+ Qy’—R=0, P, Q, and 
R being functions of x. It is well known that the value of y' takes the 
form P+oV-+- a W, where @ is any one of the cube roots of unity. Let 
fPdx=P,, &c.,whence y= P, +V, +a? W,+C, and the question now is 
simply to rationalize this equation, and to show that the same rational 
form is produced whatever may be the cube root of unity chosen. 
Observe, that (y—C) and all its powers must be of the form P, +V, 
+æ W, since «=g, =a’, &c.; assume then (3/-C)*=Q+Rea+Sa’, 
(y —CP=X+ Ya+ Z, and let à and u besuch functions of v as are 
found from uV, +AR+Y=0, and W, +AS+Z=0: we have then 


(y—C) +A (y—C)? +u (y—C) = X+AQ + pP., 


which is the complete integral of the equation, whatever value of z 
may be used. It is the same as that obtained by the method in the 
page cited. . 


(Page 222.) By neglect I have omitted to insert some account of 
Fourier’s theorem on the roots of equations, in conjunction with that of 
Sturm. The former is more connected with the Differential Calculus 
than the latter. 

Since (px)? must be a minimum when ¢xr=0, Pr. o'x must change 
sign from — to + when ¢z passes through 0 by increase of x: or if 
ga=—0, then ¢(a—da) and ¢' (a— da) must have different signs, and 
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p (a+da) and ¢' (a+da) the same sign. If gz be a rational and 
integral function of x, as a) z"+a,a"'+...., and if da, p'r, "x, &c. 
be taken, and if the succession of signs of these functions he called the 


criterion, it follows from inspection that when a= — œ the criterion 
shows nothing but changes of sign, and nothing but permanences when 
x=-+-c0. Consequently, in the passage from r=—c to r= + œ, the 


criterion loses n changes of sign: and, as there are n roots, real or 
imaginary, we may attach to each root one of these changes of sign, s0 
as to say that every change has a root, real or imaginary, belonging to 
it. Now if we examine cases in which diff. co. of @z vanish, with or 
without @z, we find that a change of sign is lost for every real root, and 
that except at a root, changes of sign are always lost in even numbers. 
And since there are only n changes of sign to be lost, every pair which 
is lost by the vanishing of diff. co. unaccompanied by that of gx takes 
away the possibility of a pair of real roots, or proves the existence of a 
pair of imaginary ones. Moreover, since signs can only be lost in even 
numbers, except when Ox vanishes, the loss of an odd number of signs 
in passing from z=a the less, to x=b the greater, shows that there 
must be one real root between a and b, at least. There may be as many 
real roots in that interval as there are changes of sign lost; but if no 
change be lost, there cannot be any real root in the interval. The 
following are instances of the manner in which the changes of sign are 
lost, it being remembered that every function whch vanishes is to 
differ in sign from its diff. co. before vanishing, and to agree with it 
afterwards :* 


p d’ One real 


p p'o” Two equal 
a=za-h FẸ + root: one|+ 
0 
t 


$ 
+ + real roots: |F 
O + two changes | 0 
Faas v lost. + 


gp! p" p" Three equal 
+ Ł real roots: 
0 + three changes 
Et lost. 


=a 0 + change 
a=ath ++ lost. 


gp’ p" p” Two imaginary p p"! ol 


7 ; 
ra-h t f t roots: two a eC e Da 
tæa + 0 + changes T'ON gi 
a=ath t +t t lost. LAIAT "4 

"po" p pp“ Four imaginary | Ø” p" p" p p° Two ima- 
x=zđ4a—h + +f £ roots: four 7 F} + Ẹ t ginary roots: 
ra *+O0OO0O Ot changes + 0 O O £ two changes 
t=zaäath Ttt lost. Tr TL lost. 


(Page 253.) Stirling (Meth. Diff, p. 8, Introduction) is the first I 
can find who used the differences of nothing, though not under that 
name or definition. He uses the divided form, and obtains them as the 
coefficients of the development of {(n—1)(n—2)....}7, giving a 
theorem which we should now express by 


1D ts vale A OF” ASO « A O Ta 


Ely CRS SAMO CS am a aa 


* For a more full account of this theorem, which is here given merely to show 
how the differential calculus has been applied in the subject of equations, see the 
article Sturm’s Theorem in the Penny Cyclopedia; Young or Hymers, on Equa- 
tions ; or Peacock’s Report on Analysis to the British Association. 
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which I leave to the student to prove. Stirling also uses the table of 
the coefficients of (x—1)(7—2)...., and I leave the following also to 
the student. If Am,» be the sum of the products of every selection of m 
numbers out of 1, 2,3,....7, then 


An, n= Amn tH (n+l) "T 


from which a table of coefficients for (z —1)(x—2)....(£x—n) may be 
rapidly found. 


(Page 305.) Burmann’s theorem is nothing but Lagrange’s, as 
follows. If c=a+yfx, Lagrange’s theorem is 


yom (ye) + (He fe).y +, E {y'x (fr)} ) z 
ne: , 
Ho) ) Zatte; 


where the external parentheses denote that x=a after the differentia- 
tions. This is expanding wx in powers of (x—a):fx. Let y or 
(r—a) :fr=@r, whence pr and xr—a vanish together; substitute dx 
for y, and (x — a): x for fz, and we have Burmann’s development. 


(Page 313.) The symbol fy, dr, or D~'y,, is found from 1+4=8”, 
and we have g 
0 
t= —— = (A ee 
1+A A A? 
=0 | ———V,+V, — — a EET) 
(A vay a aeath 
since 1:log(1+A) is not altered by changing its sign, and writing 
—A:(1+A4) for 4. Take the value at the upper limit, from the 
second expression, and that at the lower limit from the first, and the 
expression in the page cited is readily obtained. 


(Page 330.) The student must observe that the instance taken, 
be+ce-+bf, though it serves well enough to show the method, could 
never occur in any example, since it is not itself the derivative of any- 
thing. 

The mode of forming the derivatives given in the page cited, though 
advantageous for the beginner, as saving him from error by presenting 
most of the terms several times, formed in several different ways, 
admits of simplification. ‘The process need only be performed on the 
last letter which enters, except where the last but one is that which 
comes immediately before the last in the series a, b, c, e, &c., in which 
case operate also upon the last but one. This will prevent the third 
rule in page 330 from ever being wanted. Thus, in forming D° 6‘ from 
D5 b‘ 


4b°h gives only 46°R | 126c? f gives only 12bc? g 
126°cg gives only 126% ch 12bce* gives 24bcef + 4he* 
12b' ef gives l2b°eg +- 60° f° 4c*e gives 4ft 6c* e* 
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In the following tables the method of — is applied to the 
forms which more frequently occur. Let 


x 
p(atbe+e mrs Z+ woe . Ast A, z+ A, un E 
Then A, =D" b. p'a + D” b?.f"a+ ....+Db""' .fp@™a+b" pMa, 


where D” 5" (which does not mean the same thing as in the text) is to 
be taken from the following table: 


D b=c 
D*b=e, | D B?=S8ee - 
D*b=f, D*b*= 4be +30, Db?= 6b°c 


eft moooi 


D‘6= 9, D = 5df'+- 10ce, D= 106%e + 15bc’, Db*=106%e 


D5b =A, D‘b’=6bg + I5cf+ 10e, D*b*= 15b*f-+ 60bce + 15° 
D*b‘*= 206% + 456°c?*, Db5=15b*c 


Ds =k, D*b*= Tbh + 21ceg + 35ef 
D= 21b°g + 105bcf'+ T10be’ + 105c’e 
Db = 35b°f+ 210b%ce + 1055c2 

D= 35bte+ 105%’, DL'=21b5c 


Db =l, D°b* = 8bk +28ch + 56eg +35f° 
D= 28b°h + 168bcg + 280bef-+ 210c?f'+- 280ce* 
D'b‘= 56b°g + 420b°cf+ 2806%e? + 840bce + 105c* 
D*b'= 700*f+-5606°ce + 4206°c* 

D%O°=56b5e-+ 21 0b¢c?, Db’ =28bc 


D =m, D° = 9bl 4+ 36ck + 84eh + 126f9 

Db =36b°k +252brh + 504beg +315b/°4-318c°g + 1260cef+ 280e° 
Db =84b°h + '156b°cg + 1260b°ef+1890bc°f42520bce +- 1260c%e 
D*tb5=126b*g + 1260b°cf + 840b°e + 37806°c"e +9450c* 
D*b°==126b5f + 1260b*ce + 12608%c° 

D*b7= 845% +-37865c?, Db*==36b’c 


Db =n, D= 10bm+45cl+ 120ek + 210fh+ 126° 
D7b°= 456°l + 360bck + 840beh + 1260bfg +630c°h + 2520ceg + 1575cf8 
+2100e?f 


D*b*==1206°k +-1260b*ch + 2520b'e¢ + 1 575b*f? + 3780bc*s + 12600bcef 
+ 28006 +3150c*f-+ 6300c%e 
D5b5=210bth 4 2520b°cg + 4200b°ef + 9450b°c f + 126000*%ce? 
+12600bc°e +945c5 
Dtbs=252b5g + 3150b‘cf+4- 2100b*e* + 126006°c*e + 4725 b7c* 
D*b7=210b°f + 2520b5ce+ 31505*c® 
D= 120b7e + 6306°c’, Db = 45b.. 
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2 3 
Thus we have dead bed ie ae a eg \= 
X 2° 2.3 
2 
pat bp'a.c+(ch'a+ b h"a) = 


3 
+ (ep'a+ 3bc p'"a+ bpa) = 
4 
+(fd’a+ (4be+-3c*) a+ 6b p'at bt hp” a) = 7 
up to the tenth power of x. The student may apply this to the verifica- 
tion of the series in pages 262, 264, and 315. The numerical 
coefficients above given have been carefully verified on 


+ &c. 


E qx? x 
SN +r +- tten Jam 
and in the literal part the terms all agree with those of page 330. 


(Page 410.) The following theorem will be very useful in this part of 
the subject : 


(a+ b° + c*)(p? + g°+ 7°)—(ap+bq+er)? 
: =(ag—bp)’+(br—cq)*+ (cp —ar)’. 


(Page 559.) Dr. Hutton’s method is not quite so convenient as the 
following. Find Aa,, Aa,» &c, in the usual way, and let A’a, be the 
last which is employed. Take half Aa, from Aao, half the result 
from A"—*a,, half the result from A*~%a,, and so on, until half a result 
has been taken from ao; then halve this last result, which gives the 
approximate value of a,—a,+.... This leads to the same result as 
Dr. Hutton’s mode, and saves the summations required at the begin- 
ning of the latter, and most of the divisions by 2. 


(Page 621.) To avoid confusion, I have omitted all notice of another 
mode of development, which may be obtained as follows. Add the two 
series in page 621, which gives 


}Bo+ B, cos +... Asin T+... =lpr O0(x)l 
= 0O Lly 20, 
Let B’,= f9 (0+1) cos => dv, A',= fap (0+0) sin = dv; then 
4B +B’, cos tee tAn sin Then. =0 —1(x)0 


' =1¢ (x+/) JOLA 
Write r—/ for x in the last, and we have 
4B',—B’; cos Th. . e. — A’ sin The 0 O(r)l 


=lpx (x) 2l 
Add the first and third series, and we have 
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2 
4 (B+ B')+ (B, — B’) cos 2+ (B+B) cos —— +... 
pete RE , 2rx COE): 
+(A,—A’,) sin 7 t+ A’,) sin TT Sloe 


It is (0, x, 21) and not O(2)/(r) 2l, as might at first be supposed, 
because when r=0, or l, or 21, both the double series give xr, and 
their sum gives Øx. 


And Ba+B'n= f’ {p0 +6 (v-+0)} cos ™ dv= fz dv cos 27 Tdo 
Bantı — B'oni = fo {p0—o (v-+1)} cos ory T dv 
= fi pv cos s PEDT ay v+ fop +) cos SEE dv 
== f? ov cos cnt) wap 
Alo A, A‘, = fë gv sin am dv i ; -5 


by similar reasoning. Hence our final conclusion is 


lpr=4 f7 pv dv+cos T fi o QV cos — = dy Hees T ~~ fa pv cos = dv+... 


a = feov sin =” do oe. 


Hence we have two distinct ways of expanding lz in a series of both 
sines and cosines: namely 


° mY əl ° 
+sin— fo ovsin 


NTL 


Ffo gv do+ Èi € pv cos do, cos —- + Pa V gv sin— dv. sin = 


a fo pv dv+Bi( fF pcos” COS > = dv.cos =- P) z(o sin — Ei T dv.sin T) 


but the first is only true from r=0 to x=1, and vanishes from z=1 to 
x=2l, becoming 4/px when z=0, or /, or 2/: while the second is true 
from t=0 to x= 2/, both inclusive. 
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In the following columns, the first denotes the page, the second the 
line; thus (10 means the tenth line from the top, and 10) the tenth 
line from the bottom of the page, not reckoning notes, if any. The 
third column contains the erratum, and the fourth the correction. The 
numerical tables in pages 253, 554, 587, 590, 657, and 662 have been 
carefully compared with the authorities. 


13 
18 


20 
21 
22 
24 
25 
28 


35 


40 
46 


2) "0001 | "001. 

Note |The assertion as to Peyrard refers to his smaller (or 
octavo) translation of Euclid: the author was not 
then aware of the existence of the larger one. 

oe Omit the word that. 
) 


same same time. 
(4 were we are. 
(22 a—2Z 28 — «a. 
(8, 10 | two hundredth, 200, 8 hun dredth, 100, 4. 
(27 absolutely absolute. 
(17 in a second in the fraction & of a second. 
l l 3 
5, 6) 22° 3x8 gs gt 
(l (pr)? (yr). 
13) dO 
dy y 
a Z. 2 aes, 
(13 3y". T 3y?, FES 
(10 sin? T sin? y 
1) V2 —1)- Sa V(2?—1) Sa 
( cosec® u cosec® u. 
du du du 7 
(17 da i t* G7, lose u=1+z qa 8 
6) t= 5 05: 
, døv Abo _ 
i a a co 
y Y 
(17 a -2) (Z 1). 
(13, 14 pC and c d?/C and ¢'c 
15) do. do. do. do. 
9 do. do. do. do. 
5) | px between PCand¢c | x between PC and Pc. 
16) A and B. P and Q. 
(13 ġ"a=0 y"a=0 - d"a=0, ya=0. 
(22 n) "a, 
sj (z—a)? (¢—a)' 
2.3.4 2.3.4 
(19 (n+1) fom, 


jo) |Æ Ort ewh | e Crn o cht 
2.3... 2.3...2 23n |2.3..n? 2.3..n+12.3..2+1° 
8) n (n—1) n (n=1) 2. 


Diff. 
16) 
3) 
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pnts pete, 
°501 ‘508. 

o'x (C p"r=(C 
2°71728 2°71828 
g $ 3 
A t Atu, An A*u 
A*u A‘y Ai, AS 
A®u, : A®u l 
n—l f n—] 
y MeL nus + uy tn Zg ENM tU. 
Strike out = between the columns. 
ð, 0z. 
Autv Au -+ âv. 
y u. 
g+ w r+. 
w a, b, c, &C. 
n—l n— 2 
3 3. : 
d'u. d*u 
dzd dy dx 
(Az)? (Ar,)? 
z u. 
du du 
of values of values of, 
objectional objectionable. 
greatest greatest and least. 
being the being a the. 
a+nw or ath a-+-(n—1) w or at+h—w. 
xr"+1 i Sie 
a-*+-] ert, 
«—1°0001 — ] -+ ' 0001. 
diff. co. differential. 
aa a r"—* dr. 
cos? 6 sin"72@ cos? @ sin"~? 6d@, 
d.sin 0 d.sin@ 
1—sin?0 1 —sin? 0 
a a 
mn 5 
VJ—c —z in denom. V—c+x 
that than. 
J b+ 4ac Ab — hac. 
/ 5 / a 
a a` 
z z 
a 2° 


These results are subject to any error which ma 
arise from integrating a function which becomes 
infinite between the limits of integration. 
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m 


E° Ee 
p —90 0—ġ. . 
(e-°V—1)2 (e7°V—1)*, 
log (—1) Log (—1). 
4th and 4th, cube, and, 
nar nas", 
but or. 
z l; € l:e is. 
pr lz, 
A?y . 2m A*y .2n. 


Remove the negative sign from the second expres- 
sion to the first. 


2k f and 2k vers“! kf and k vers. 
Omit the words in pa- 
rentheses. 
2 
3 3 


avl z is aN z—a ‘J0 V2ax is V2as—Nv2a0. 
k 


the density. 


t — At, and t— At, t, and. 
t” seconds t feet. 
what is the length de- | what is the number of seconds 
scribed between the in which the point moves 


end of 10 and 20 from 10 to 20 feet. 
seconds 


matter manner, 
proportion proposition. 
could not be $x could not be ¢’r. 
to a to A. 
Ji and -+ a + re z and : 
N 2m AW 2m 2m Wm 
Cuapter III. CHAPTER IX. 
o (x, 2). y (2, 22). 
dx aa 
a1 du? 
Ge“: Ce” 
K K”. 


The letters A,, As, As, &c. have been inadvertently 
used for different things in these two pages; 
in the first they stand for (2’), (2), &c., and in the 
second for (w’), (u”),&c. 


x u" —u' xr" wu — w al al! u! aul a, 
to y only or to y only. 
BERNOUILLI’S x BERNOULLI’S. 
fractions exponents. 
G0 © 0X. 
a 0. 
becomes 0 becomes 1. 
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2.3.es n=l. 
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On an error of reasoning contained in these pages 


look forward to page 327. 


2c=—x, 0=—1 
a (x,y) 

c, € 
includes 
annexed to y 
where 


df 
du 
du 
dx 
See Hi 
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a, YET 
glkn- -Řkn=1)£ 
We ai and di 


primitive diff. a 
series 


Zin 
as if its 
Aa 
p. 157 
3.2, 4.2.3 
ptr 
pr=vr Par 
n 


207 O= l. 
æ (x,y). 
, k 
seems to include. 
annexed to 
when. 


given diff. equ. 
series of 
Vip 1S 


2 
a—b +c. 
Qon+-2¢ 
as of its. 
A? a). 

p. 70. 
2.3, 2.3.4. 
it. 
Yr=vt. War. 


M. 


J Pdr. 


A and B should be at the extremities of ye continued 


curve line. 


For the completion of this test of eonverseney: see 


page 326. 
OL 
4a, x? 
+r sin ọ 


l 
tan™!t ( --—6@ 
an | r > ) 


N 


0}, 
4a, 2, 
—rsin ¢. 


tr 0N 
-l x fe) 
tan”! tan € + 3) 


mr 0 
aT? 


mT- foe 
2 ® 
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8—2)| Omit this paragraph altogether, as it is rendered 


(12 
(20 


naa alep by the preceding mistake. 


EQ 
vie) | AO 
deel 
reason he same poate, as. 
z dx _ 
= = 
t? t* 
— sin —2 sin. 
sin? sin 70. 
the then. 
A“? AMO, 
—2 
—k and + pE —(k—1), +(k—1) —. 
|[k—1, p] and [k—2, p] | [k— 1, k—1 +p] and [k—2, 
k—2+p]. 
Ar, A®xr, &c. Adz, Apr, &c. 
Ly.— fydda Ly. fcysde. 
between nothing and unless insert when x=a. 
eee) (r—1). 
omit (when r=0). 
(+—)? (x—2)’. 
125 “1 125 i 
864 r—1 96 r—1° 
x—l, r—2, &c. (x—1)~’, (1—1) ~? &c. 
v'—a v?—a. 
Art+B (Az +B) dz. 
1 1 
25—11 TA The student nog 


ascertain for himself that this error is of no con- 


sequence, and that its results in (5 and (10 are 
true. 


expressions. limits, 
positive negative. 
a and 6 c and b. 
alter thus < l a(l +2) G/l+2+ ys} 
dpy—*z diy *z. 
cos a. 0°? — a? cos a (0° — a°). 
u Ug. 
py p(z+y): 
A’AO0? and @!’y d and o"z. 
E7 
(—1)"V, (- 1) "V ca 
(69.) (67). 
for n. for zx. 
x, r=0 &c. z, z=0, &c. 
à pr pz. 


2nth. nth. 


455 


457 
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ERRATA. 
. log A 
A—B hog B 
A, +2A.r+... 


4c*f+-4be 
m—2 
m 
science of 
Oy’ 
$ 
F 
ais œ or <b 
mt part of four right 
angles 


involute 
y 
convex or concave, as y 
is positive or negative 


of x 


RD, + me zy, Bz, 
=z 
normal plane 
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(A, 42AT +.. .) divided by 
(ait 2a,r+...). 
4c*f+4be*. ° 
m—l. 
4m. 
science to. 
Oy’. 
Y. 
2 F 
m is* -+ or —. 
angle ~(l—m) or œr: 
(m — 1), whichever is 
positive. 
evolute. 
y. 
always convex. 


concave. 
€0+1 


y eo or (y—a)°*!, 
first case. 
of Yr. 
d*z 
dy? ` 
z— Ba. 
2,0, E By, zy F Ba. 
=z. 
osculating plane. 


The indeterminate sign of ,/ is here used. 


Cg 
(ac a b,)? 
as 7, except 


(A) and (M) 


diff. co. 


C2", 
(ac— bj). 
as t, except. 


(L) and (M). 


of y, to x. 
Ap. 
sign of differentiation. 


Transpose the last two signs. 


Dr 
a e a E 


+, F 


m nor n 


U+AU 


Fx 
See TE 


Arie a a 
p nor gq. 
U+AV. 


The fifteen equations are exclusive of the three 


just given. 


* It must be remembered that all hypocycloids in which the revolving is larger 
than the fixed circle, are also epicycloids, and count as such in the preceding 
distribution. 


784 
460 (7 
461. 2) 
462 13) 
463 9) 
467 2) 
469 (14 
471 (2 
473 14) 
474 3) 
417 19) 
479 I(2 
487 (11 

Ta (23 
488 (12 
495 (12 
499 (10 
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$ f &e. — f , &c. 
dx 
upper or lower es or upper. 
z 190Y Beatty l° 
pdz pdr 
(Z) =AZ Zp =Z 
T, oT 2,2, 
+a? —a? 
xz—a, y—b, z—c a-xr, b—y, c—z 
p. 
(6) (3). 
Wry Wy, Wz; Wys Wn, ae 
wy! yw. 
2Z z. 
y? Ye: 


515 | (18—20| The mode of comparing the coordinates must be 


520 12) 
525 8) 
531 2, 3) 
541 11) 
554 1) 
568 (29 
570 | 21, 22) 
571 (2 
572 12) 
573 (17 
578 (20 
580 1, 2) 
‘of | TABLE 
IR opp. ‘64 
590 3) 
593 7) 
as 1 
595 |15 ,16 


transposed, either in these lines or those which 
follow : these lines are to be corrected thus.—Let 
ar=attelnta'l, y=hE+ &e. &e. Calculate 
Sdn —ndé, or (œr + Sy +72) (adx+ B’dy+ y'dz) 
— («'x +B'y + y'z) (adx + Bdy+ydz). 

dT | dT 


dé dé,” 
C cos (A+E) pC cos (9+ E). 
No part of the independent portion does vanish, and 
the result should be 4(6AAB— AASB) +2 (ACOE 
—dCAE). 


A V(arryi + zi) ar he &c. 
a Aa, , A’a Ay Ao A*a, 
pee) IS = ee all on 
is eo go en go gt ge ee 
a (l= x)" æ” (l — zx)". 
g n. 
2 2 
m m° 
as O is 0. 
n k. 
42 3. 2-3. 2.3...” > > PE | 
ee eee es hee 
+ ign tar ~\(a+1)"*! trpa” , 


G nS: =) arae) 


') 


b 102 127 012 | 

S 2 2 

—o+b, (14h) -o( 14k, “) +b. 
i v v 
°43429545 | "4342945. 
A'(1-+2) — M42) +y. 
A' (14r), Za7' A'r; Petes 
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ERRATA, 785 


602 (2 Pe eee | Vz. 
Iwl — 
604 8) a / 2) army =). 
i € a 

607 | (3 conception exception. 
617 | (6 À | Aj. 
621 (1, 2 (0, x 1), O (£) x | (0, x, 2), O (x) l. 
640 | (3 fat ok) | f (oe +yk). 
652 11) i" dt" | (1—1)" dt 

— 8) p™ (a+6h) | p+ (a+ Oh). 
658 9) rs D= 
660 (6 |Omit this line altogether. 

Tase | | P l 
662) opp 45 |} . "8114326 3114362. 
TaBLe |} ; 

663] opp i2 |f 170005447 100054777. 
671 (19 fe. 
679 (10 ment m+n+2. 
680 (13 ie tee. 
—| æ% Ren R’, wer 
681 | 9) 

695 | (18 ee log ents: 
697 | 5) y=Yf, &c. | y=—Yf, &. 

ADDITIONAL ERRATA 
534 12) —da | — da. 

l l “ l Le 
mt TER m an Ae mak m da 
573 | (8, &c. | (—1)? | (-1)?. 

640 | 20) | keto tee | ima pect ezk: Pm, 


* The result, however, may be just as easily obtained from the integral in 17) as 
from its transformation. 
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ELEMENTARY [ILLUSTRATIONS 


OF THE 


DIFFERENTIAL AND INTEGRAL CALCULUS. 


Tue Differential and Integral Calculus, or, as it was formerly called in 
this country, the Doctrine ‘of Fluxions, has always been supposed to pre- 
sent remarkable obstacles to the beginner. It is matter of common ob- 
servation, that any one who commences this study, even with the best ele- 
mentary works, finds himself in the dark as to the real meaning of the 
processes which he learns, until, at a certain stage of his progress, depending 
upon his capacity, some accidental combination of his own ideas throws 
light upon the subject. The reason of this may be, that it is usual to in- 
troduce him at the same time to new principles, processes, and symbols, 
thus preventing his attention from being exclusively directed to one new 
thing at a time. It is our belief that this should be avoided; and we 
propose, therefore, to try the experiment, whether by undertaking the 
solution of some problems by common algebraical methods, without call- 
ing for the reception of more than one new symbol at once, or lessening- 
the immediate evidence of each investigation by reference to general rules, 
the study of more methodical treatises may not be somewhat facilitated. 
We would not, nevertheless, that the student should imagine we can re- 
move all obstacles ; we must introduce notions, the consideration of which 
has not hitherto occupied his mind; and shall therefore consider our object 
as gained, if we can succeed in so placing the subject before him, that two 
independent difficulties shall never occupy his mind at once. 

The ratio or proportion of two magnitudes, is best conceived by ex- 
pressing them in numbers of some unit when they are commensurable ; 
or, when this is not the case, the same may still be done as nearly as we 
please by means of numbers. Thus, the ratio of the diagonal of a square 


to its side is that of ,/ 2 to 1, whichis very nearly that of 14142 to 10000, 
and is certainly between this and that of 14143 to 10000. Again, 
any ratio, whatever numbers express it, may be the ratio of two mag- 
nitudes, each of which is as small as we please ; by which we mean, that if 
we take any given magnitude, however small, such as the line A, we may 
find two other lines B and C, each less than A, whose ratio shall be what- 
ever we please. Let the given ratio be that of the numbers m and n. 
Then, P being a line, mP and nP are in the proportion of m tom; and it 
is evident, that let m, n, and A be what they may, P can be so taken that 
mP shall be less than A. This is only saying that P can be taken less 
than the m™ part of A, which is obvious, since A, however small it may be, 
has its tenth, its hundredth, its thousandth part, &c., as certainly as if it 
were larger. We are not, therefore, entitled to say that because two 
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magnitudes are diminished, their ratio is diminished; it is possible that 
B, which we will suppose to be at first a hundredth part of C, may, after 
a diminution of both, be its tenth or thousandth, or may still remain its 
hundredth, as the foliowing example will show :— 


C 3600 1800 36 90 
B 36 135 Too 9 
aam C B= l B= ay C BS LI C. 
100 1000 100 


Here the values of B and C in the second, third, and fourth column, are 
less than those in the first; nevertheless, the ratio of B to C is less 
in the second column than it was in the first, remains the same in the 
third, and is greater in the fourth. In estimating the approach to, 
or departure from equality, which two magnitudes undergo in conse- 
quence of a change in their values, we must not look at their diffe- 
rences, but at the proportions which those differences bear to the whole 
magnitudes. For example, if a geometrical figure, two of whose sides 
are 3 and 4 inches now, be altered in dimensions, so that the corre- 
sponding sides are 100 and 101 inches, they are nearer to equality in the 
second case than in the first; because, though the difference is the same in 
both, namely one inch, it is one-third of the least side in the first case, and 
only one-hundredth in the second. This corresponds to the common 
usage, which rejects quantities, not merely because they are small, but 
because they are small in proportion to those of which they are con- 
sidered as parts. Thus, twenty miles would be a material error in talking 
of a day’s journey, but would not be considered worth mentioning in one 
of three months, and would be called totally insensible in stating the 
distance between the earth and sun. More generally, if in the two quan- 
tities v and v + a, an increase of m be given to x, the two resulting 
quantities z + mand xv + m + a are nearer to equality as to their ratio 
than xand x + a, though they continue the same as to their difference ; 


for cote iy obs eed tee 
x x 


a 


= ] of which 
æ+ m t+ m zm 


is less than kA and therefore. 1 + 
L £+ m 


is nearer to unity than 1 + sual 
x 


In future, when we talk of an approach towards equality, we mean that 
the ratio is made more nearly equal to unity, not that the difference is 
more nearly equal to nothing. The second may follow from the first, but 
not necessarily ; still less does the first follow from the second. 

It is conceivable that two magnitudes should decrease simultaneously *, 
so as to vanish or become nothing, together. For example, leta point A 
move on a circle towards a fixed point B. The arc AB will then di- 
minish, as also the chord A B, and by bringing the point A sufficiently 
near to B, we may obtain an arc and its chord, both of which shall be 
smaller than a given line, however small this last may he. But while the 
magnitudes diminish, we may not assume either that their ratio increases, 
diminishes, or remains the same, for we have shown that a diminution of 


* In introducing the notion of time, we consult only simplicity. It would do equally 


well to write any number of successive values of the two quantities, and place them in 
two columns, ; i 
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two magnitudes is consistent with either of these. We must, therefore, 
look to each particular case for the change, if any, which is made in the 
ratio by the diminution of its terms. And two suppositions are possible 
in every increase or diminution of the ratio, as follows: Let M and N be 
two quantities which we suppose in a state of decrease. The first possible 
case is that the ratio of M to N may decrease without limit, that is, M may 
be a smaller fraction of N after a decrease than it was before, and a still 
smaller after a further decrease, and so on; in such a way, that there is 


no fraction so small, to which x shall not be equal or inferior, if the 


decrease of M and N be carried sufficiently far. As an instance, form 
two sets of numbers as in the adjoining table :— 


M l 1 l l l- &eC 
20 400 8000 160000 
N 1 i i 1 i &e. 
2 4 S 16 
Ratio of MtoN 1 i i les PLES &e 
10 100 1000 10000 


Here both M and N decrease at every step, but M loses at each step a 
larger fraction of itself than N, and their ratio continually diminishes. 
To show that this decrease is without limit, observe that M is at first 
equal to N, next it is one tenth, then one hundredth, then one thousandth 
of N, and so on; by continuing the values of M and N according to the 
same law, we should arrive at a value of M which is a smaller part of N 
than any which we choose to name; for example *000003. The second 
value of M beyond our table is only one-millionth of its corresponding 
value of N; the ratio is therefore expressed by -000001 which is less than 
"000003. In the same law of formation, the ratio of N to M is also 
increased without limit. The second possible case is that in which the 
ratio of M to N, though it increases or decreases, does not increase or 
decrease without limit, that is, continually approaches to some ratio, which 
it never will exactly reach, however far the diminution of M and N may 
be carried. The following is an example: — 


1 l l 1 


M pete A hk — &e. 
3 6 10 15 21 28 
N 1 de ott 1 1 1 l ga 
4 9 16 25 36 49 
R 
Ratioof MtoN 1 4 a 16 29 36 49 &e. 
3 6 10 15 21 28 


4 


: ; ; 9 
The ratio here increases at each step, for - is greater than 1, Gi than 3° 


and soon. The difference between this case and the last, is that the 
ratio of M to N, though perpetually increasing, does not increase without 
limit; it is never so great as 2, though it may be brought as near to 2 as 
we please. To show this, observe that in the successive valnes of M, the 
denominator of the second is 1+2, that of the third 1+2-+3, and so on; 
whence the denominator of the x value of M is 


B2 
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l 


E E E E ora. = 


Therefore the 2 value of M is ea and it is evident that the 2 value 


z(c+ 1 
of N is Bee which gives the z™ value of the ratio Ma SO or we. 
x2 N e@e(@#+1]) e241 


“x 2. Ifvbe made sufficiently great, = 


x+l £ 


or 


i may be brought as 


near as we please to 1, since, being 1 — — it differs from 1 by ; 
x 

x 

at + 


which may be made as small as we please. But as T however great 


x may be, is always less than 1, = i is always less than 2. Therefore 
T 


5, I., continually increases ; II., may be brought as near to 2 as we please ; 


ITT. can never be greater than 2. This is what we mean by saying that 


z is an increasing ratio, the limit of which is 2. Similarly of T which is 


the reciprocal of = we may shew, I., that it continually decreases; II., 


that it can be brought as near as we please to 4; III., that it can never 


be less than 4. This we express by saying that a is a decreasing ratio, 


whose limit is 4. 


To the fractions here introduced, there are intermediate fractions, which 
we have not considered. Thus, in the last instance, M passed from 1 to 4 
without any intermediate change. In geometry and mechanics, it is ne- 
cessary to consider quantities as increasing or decreasing continuously ; 
that is, a magnitude does not pass from one value to another without 
passing through every intermediate value. Thus if one point move 
towards another on a circle, both the arc and its chord decrease conti- 
nuously. Let A B be an arc of a circle, the centre of whichis O. Let A 

m remain fixed, but let B, and with it the radius 

O B, move towards A, the point B always re- 
maining on the circle. At every position of B, 
suppose the following figure. Draw A T touch- 
ing the circle at A, produce O B to meet A T 
in T, draw B M and BN perpendicular and 
parallel toO A, and join B A. Bisect the arc 
A B in C, and draw O C meeting the chord in D 
9 M A and bisecting it. The right-angled triangles 
ODA and BMA having a common angle, and also right angles, are 
similar, as are also BO M and TBN, If now we suppose B to move 
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towards A, before B reaches A, we shall have the following results: The arc 
and chord BA, B M, M A, BT, TN, the angles BO A, COA, MBA, 
and T BN, will diminish without limit; that is, assign a line and an angle, 
however small, B can be placed so near to A that the lines and angles 
above alluded to shall be severally less than the assigned line and angle. 
Again, O T diminishes and O M increases, but neither without limit, for 
the first is never less, or the second greater, than the radius. The 
angles O B M, MAB, and B TN, increase, but not without limit, each 
being always less than the right-angle, but capable of being made as near 
to it as we please, by bringing B sufficiently near to A. So much for 
the magnitudes which compose the figure: we proceed to consider their 
ratios, premising that the arc A B is greater than the chord A B, and less 
than BN+NA. The triangle B MA being always similar to ODA, 
their sides change always in the same proportion; and the sides of the 
first decrease without limit, which is the case with only one side of the 
second. And since O A and O D differ by D C, which diminishes without 
limit as compared with O A, the ratio O D ~O A is an increasing ratio 
whose limit is 1. But OD —=0OA=BM— BA; we can therefore 
bring B so near to A that B M and B A shall differ by as small a fraction 
of either of them as we please. ‘To illustrate this result from the trigo- 
nometrical tables, observe that if the radius B A be the linear unit, and 
ZBOA=90,BM and BA are respectively sin. 0 and 2 sin. $ 6. Let 
0 = 1°; then sin. 0 = °0174524 and 2 sin 4 6 = 0174530; whence 
2 sin. 4 0 —sin. 6 = 1°00003 very nearly, so that BM differs from BA 
by less than four of its own hundred-thousandth parts. If Z BOA= 4’, 
the same ratio is 1°0000002, differing from unity by less than the 
hundredth part of the difference in the lastexample. Again, since D A di- 
minishes continually and without limit, which is not the case either with 
OD or O A, the ratios O D — DA and OA—DA increase without 
limit. These are respectively equal to BM-—-MA and BA~MA; 
whence it appears that, let a number be ever so great, B can be brought 
so near to A, that B M and B A shall each contain M A more times than 
there are units in that number. Thus if Z BOA=1°,BM—-MA 
= 114°589 and BA — MA=114°593 very nearly; that is, B M and 
BA both contain MA more than 114 times. If Z BOA = V, 
BM—MA = 1718'8732, and BA = MA = 1718:8375 very nearly ; 
or B M and B A both contain M A more than 1718 times. No difficulty 
can arise in conceiving this result, if the student recollect that the degree 
of greatness or smallness of two magnitudes determines nothing as to their 
ratio; since every quantity N, however small, can be divided into as many 
parts as we please, and has therefore another small quantity which is its 
millionth or hundred-millionth part, as certainly as if it had been greater. 
There is another instance in the line T N, which, since T B N is similar to 
B O M, decreases continually with respect to T B, in the same manner as 
does B M with respect to O B. The arc BA always lies between BA 


BA .. 
h > h are >? 11 lies between 1 and 
and BN-+-NA, or BM-+ MA; hence Tk 


ae + — But > has been shown to approach continually 
M arc BA 


A to decrease without limit; hence ——————._ con- 


towards l, and chord BA 


. 
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-areBA _. 
chord BA 


"0174533 — 0174530 = 100002, very nearly. If Z BOA = 4, it is 
less than 1°:0000001. We now proceed to illustrate the various phrases 
which have been used in enunciating these and similar propositions. 


tinually approaches towards 1. If Z BOA = 1°, 


It appears that it is possible for two quantities m and m + 7 to 
decrease together in such a way, that n continually decreases with respect 


to m, that is, becomes a less and less part of m, so that ” also decreases 
m 
when n and m decrease. Leibnitz*, in introducing the Differential 
Calculus, presumed that in such a case, n might be taken so small as to 
be utterly inconsiderable when compared with m, so that m+n might be 
put for m, or vice versd, without any error at all. In this case he used 
the phrase that 2 is infinitely small with respect to m. The following 
example will illustrate this term. Since (a +h)? =a? + 2ah +r, 
it appears that if æ be increased by A, a° is increased by 2ah+ k. But 
if h be taken very small, %? is very small with respect to h, for since 
1: h::h : h®, as many times as l contains h, so many times does h 
contain /? ; so that by taking A sufficiently small, A may be made to be as 
many times h? as we please. Hence, in the words of Leibnitz, if A be 
taken infinitely small, h? is infinitely small with respect to h, and there- 
fore 2ah-+h? is the same as 2a@h; or if a be increased by an infinitely 
small quantity 2, a? is increased by another infinitely small quantity 2 ah, 
which is to A in the proportion of 2 a tol. In this reasoning there 
is evidently an absolute error ; for it is impossible that Æ can be so small, 
that 2ah + hand 2ah shall be the same, The word small itself has 
no precise meaning’; though the word smaller, or less, as applied in com- 
pariug one of two magnitudes with another, is perfectly intelligible. 
Nothing is either small or great in itself, these terms only implying a relation 
to some other magnitude of the same kind, and even then varying their 
meaning with the subject in talking of which the magnitude occurs, so that 
both terms may be applied to the same magnitude: thus a large field is 
a very small part of the earth. Even in such cases there is no natural 
point at which smallness or greatness commences. The thousandth part 
of an inch may be called a small distance, a mile moderate, and a thousand 
leagues great, but no one can fix, even for himself, the precise mean between 
any of these two, at which the one quality ceases and the other begins, These 
terms are not therefore a fit subject for mathematical discussion, until 
some more precise sense can be given to them; which shall prevent the 
danger of carrying away with the words, some of the confusion attending 
their use in ordinary language. It has been usual to say that when & 
decreases from any given value towards nothing, A” will become small as 
compared with h, because, let a number be ever so great, A will, before it 
becomes nothing, contain A? more than that number oftimes. Here all 


* Leibnitz was a native of Leipsic, and died in 1716, aged 70. His dispute with 
Newton, or rather with the English mathematicians in general, about the invention of 
Flusions, and the virulence with which it was carried on, are well known. The decision 
of modern times appears to be that both Newton and Leibnitz were independent inventors 
of this method. It has, perhaps, not been sufficiently remarked how nearly several of 
their predecessors approached the same ground; and it is a question worthy of discussion, 
whether either Newton or Leibnitz might not have found broader hints in writings acces- 
sible to both, than the latter was ever asserted to have received from the former. 
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dispute about a standard of smallness is avoided, because, be the standard 
whatever it may, the proportion of h? to h may be brought under it. It 
is indifferent whether the thousandth, ten-thousandth, or hundred-millionth 
part of a quantity is to be considered small enough to be rejected by 


the side of the whole, for let h be a ex.s or —______-___ of the 
1000 10,000 100,000,000 

unit, and A will contain h?, 1000, 10,000, or 100,000,000 of times. The 
proposition, therefore, that 2 can be taken so small that 2ah+h? and2ah 
are rigorously equal, though not true, and therefore entailing error upon 
all its subsequent consequences, yet is of this character, that, by taking A 
sufficiently small, all errors may be made as small as we please. The 
desire of combining simplicity with the appearance of rigorous demon- 
stration, probably introduced the notion of infinitely small quantities ; 
which was further established by observing that their careful use never led 
to any error. The method of stating the above-mentioned proposition in 
strict and rational terms is as follows :—lIf a be increased by hk, a is in- 
creased by 2 a h + h?, which, whatever may be the value of h, is to he in 
the proportion of 2a+hto 1. The smaller h is made, the more near 
does this proportion diminish towards that of 2 a to 1, to which it may 
be made to approach within any quantity, if it be allowable to take A as 
small as we please. Hence the ratio, increment of a? — increment of a, 
is a decreasing ratio, whose limit is 2a. In further illustration of the 
language of Leibnitz, we observe, that according to his phraseology, if 
A B be an infinitely small arc, the chord and arc A B are equal, or the 
circle is a polygon of an infinite number of infinitely small rectilinear sides. 
This should be considered as an abbreviation of the proposition proved 
(page 5), and of the following :—If a polygon be inscribed in a circle, the 
greater the number of its sides, and the smaller their lengths, the more 
nearly will the perimeters of the polygon and circle be equal to one 
another; and further, ifany straight line be given, however small, the 
difference between the perimeters of the polygon and circle may be made 
less than that line, by sufficient increase of the number of sides and dimi- 
nution of their lengths. Again, it would be said that if A B be infinitely 
small, M A is infinitely less than B M. What we have proved is, that 
M A may be made as small a part of B M as we please, by sufficiently 
diminishing the arc B A. 


An algebraical expression which contains v in any way, is called a 


function of x. Such are 2° + a’, = a cal log (x + y), sin 27. An 
4 — x 


expression may be a function of more quantities than one, but it is usual 
only to name those quantities, of which it is necessary to consider a change 
in the value. Thus ifin 2” + @, x only is considered as changing its 
value, this is called a function of x; if x and @ both change, it is called a 
function of x and a. Quantities which change their values during a pro- 
cess, are called variables, and those which remain the same, constants ; 
and variables which we change at pleasure are called independent, while 
those whose changes necessarily follow from the changes of others are 
called dependent. Thus in fig. (1), the length of the radius O B isa 
constant, the are A B is the independent variable, while B M, M A, the 
chord AB, &c., are dependent. And, asin Algebra we reason on numbers 
by means of general symbols, each of which may afterwards be particu- 
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larized as standing for any number we please, unless specially prevented by 
the conditions of the problem, so, in treating of functions, we use general 
symbols, which may, under the restrictions of the problem, stand for any 
whatever. The symbols used are the letters F, f, P, ġ, Y; Ø% (x)and 4 (2), 
or dx and Yz, may represent any functions of v, just as x may represent any 
number. Here it must be borne in mind that ¢ and % do not represent num- 
bers which multiply x, but are the abbreviated directions to perform certain 
operations with x and constant quantities. Thus, if dr=2+2", p is equiva- 
lent toa direction to add z to its square, and the whole @z stands for the 
result of this operation. Thus, in this case, ø (1) =2; ¢ (2)=6; pa=a+a?; 
(x+ h)=x+h+4 (x+ h?; ġ sin s= sin v + (sin v}. Itmay be 
easily conceived that this notion is useless, unless there are propositions 
which are generally true of all functions, and which may be made the 
foundation of general reasoning. To exercise the student in this notation, 
we proceed to explain one of these, of most extensive application, known 
by the name of Taylor's Theorem. Ifin Oz, any function of x, the value 
of x be increased by h, or x + h be substituted instead of x, the result is 
denoted by O(a + h). It will generally* happen that this is either greater 
or less than @z, and A is called the increment of x, and ġ (x + h) — Oris 
called the increment of px, which is negative when ø (x+h) < ga. It 
may be proved that ọ (x + h) can generally be expanded in a series of 
the form 
or + ph + qh? -+ rh + &c., ad infinitum, 
which contains none but whole and positive powers of h. It will happen, 
however, in many functions, that one or more values can be given to v for 
which it is impossible to expand f (x + hA) without introducing negative or 
fractional powers. These cases are considered by themselves, and the 
values of x which produce them are called stngular values. As the notion 
of a series which has no end of its terms, may be new to the student, we 
will now proceed to shew that there may be series so constructed, that the 
addition of any number of their terms, however great, will always give a 
result less than some determinate quantity. ‘Take the series 
Ll+ort+2?+2°+ a tee., 

in which z is supposed to be less than unity. The first two terms of this 
series may be obtained by dividing 1 — z? by 1 — x; the first three by 
dividing 1 — 2 by 1 — x; and the first n terms by dividing 1 — a” by 
I —x. Ifxbe less than unity, its successive powers decrease without 
limitt ; that is, there is no quantity so small, that a power of x cannot be 
found which shall be smaller, Hence by taking n sufficiently great, 
A TE A may be brought as near to 
I- l-r l1—wz l—war 


as we please, 


than which, however, it must always be less, since can never en- 


— y 


* This word is used in making assertions which are for the most part true, but admit of 
exceptions, few in number when compared with the other cases. Thus it generally 
happens that 22 — 10x + 40 is greater than 15, with the exception only of the case where 
x =5. It is generally true that a line which meets a circlein a given point meets it 
again, with the exception only of the tangent. 

t This may be proved by means of the proposition established in the Study of Mathe- 
matics, page 81. For ie x on. is formed (if m be less than n) by dividing ™ into 

n n n 


n parts, and taking away n — m of them. 
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tirely vanish, whatever value n may have, and therefore there is always 


something subtracted from It follows, nevertheless, that 


—£ 
l +- xz t æ + &c., if we are at liberty to take as many terms as we 


please, can be brought as near as we please to , and in this sense we 


—2x 
] 


—wL 


say that =] 4r + èt 0 + &e., ad infinitum. 


A series is said to be convergent when the sum of its terms tends towards 
some limit; that is, when, by taking any number of terms, however great, we 
shall never exceed some certain quantity. On the other hand, a series is 
said to be divergent when the suin of a number of terms may be made to 
surpass ally quantity, however great. Thus of the two series, 


eee ae: 
| I Pe! ae eee Soe 
+--+ t+ t & 


and l+2+ 4+ 8 + &e. 

the first is convergent, by what has been shown, and the second is evidently 
divergent. A series cannot be convergent, unless its separate terms 
decrease, so as, at last, to become less than any given quantity. 
And the terms of a series may at first increase and afterwards de- 
crease, being apparently divergent for a finite number of terms, and 
convergent afterwards. It will only be necessary to consider the latter 
part of the series. Let the following series consist of terms decreasing 
without limit: 

atb+ctd+....+k +l+m+.... 
which may be put under the form 

TE ee a ae 

a b a 

the same change of form may be made, beginning from any term of the 
series, thus: 


b + &c.); 
a 


kt ltm+&e. =k(l+— + m D + &). 


We have introduced the new terms Ee r: &c., or the ratios which the 
a 


several terms of the original series bear to those immediately preceding. 


It may be shown, I., that if the terms of the series b a ki &c. 
a c 


come at last to be less than unity, and afterwards either continue to ap- 
proximate to a limit which is less than unity, or decrease without limit, 
the series a + b + c + &c,, is convergent; II., if the limit of the terms 


EA £, &c., is either greater than unity, or if they increase without limit, 
a b 


the series is divergent. 


l. Let =. be the first which is less than unity, and let the succeeding ratios 


Zt, &c decrease, either with or without limit, so that + > "> 


ae &c.; whence it follows, that of the two series, 
m 


10 ELEMENTARY ILLUSTRATIONS OF 
l tT oe a | 


k(l nmaa ED ES amme SSD èë ë &e.\ 
iai t t37 7 z t c.) 
l l m lmn ,. 

k(l ama -euno eee a) &e. 
Uter Te Se 7 H] + &c.) 


the first is greater than the second, But since = is less than unity, the 


ke 
, or 


first can never surpass k X 
l= at k— 


, and is convergent; the 
l ER 


second is therefore convergent. But the second is no other than k + l + 
m + &c.; therefore the series a + b + c + &c., is convergent from the 
term k. l 


2. Let = be less than unity, and let the successive ratios a =; &c., 


increase, never surpassing a limit A, which is less than unity. Hence of 
the two series, 


kK1+t+A+A A+ AA A + &) 


l l m lmn 
k(l + — meg es et ee &c. 
Me a ae ae T 
the first is the greater. But since A is less than unity, the first is con- 
vergent; whence, as before, a + b + c + &c., converges from the térm k. 
The second theorem on the divergence of series we leave to the student’s 
consideration, as it is not immediately connected with our object. We 
now proceed to the series 


ph + gh? + rh? + sht + &c., 
in which we are at liberty to suppose / as small as we please. The successive 


. ; h? rh? 
ratios of the terms to those immediately preceding are at orh, or T h, 


ph p qh q 
sh‘ s r s 


— or —h,&c. If, then, the terms ES —, —, &c., are always less than 
rh? r p q r i 


a finite limit A, or become so after a definite number of terms, H: h, & h, 


&c., will always be, or will at length become, less than Ah. And since A 
may be what we please, it may be so chosen that A% shall be less than unity, 


for which A must be less than + In this case, by the last theorem, 


the series is convergent; it follows, therefore, that a value of h can always 
be found so small that ph + qh? + rh® + &c., shall be convergent, at 
least unless the coefficients p,q, 7, &c., be such that the ratio of any one to 
the preceding increases without limit, as we take more distant terms of the 
series. This never happens in the developments which we shall be re- 
quired to consider in the Differential Calculus, 

We now return to 6 (x+h), which we have asserted can be expanded 
(with the exception of some particular values of x) in a series of the form 
px + ph + qh? + &c. The following are some instances of this deve- 
lopment derived from the Differential Calculus, most of which are also to 
be found in the treatise on Algebra :— 
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— 2 EANN E 3 
(+h) = +nz”™h+n.n—1 2 oe l.n= 2 2"? al &c. 


44h r g Q yt he 3,2 h’ 2 
a™ =a + kah + ka” — + ba —— eke” 
2 2.3 
1 l1 h? 2 h? 
log (x+h) =logxr+ — h -= ae ee cory ae MC, 
; 8 i h°? h? 
sm (z+) =sin v+cos g h- sin t —— cos rt — &c.t 
2 2.3 
: h? : h’ 
cos (r+h)=cos x-sin x h- COS 7 ae sin x oa &c. 


It appears, then, that the development of Ø (x + h) consists of certain 
functions of z, the first of which is Øx itself, and the remainder of which 
ets yw å w h* 
are multiplied by A, —, —, 

2 2.3 2.3.4 
the coefficients of these divided powers of h by p'x, bz, p"'x, &c., where 
P', Q”, &c., are merely functional symbols, as is @ itself; but it must be 
recollected that p'r, 67, &c., are rarely, if ever, employed to signify any- 


2 
thing except the coefficients of h, = &c., in the development of d(r+h). 


, and soon. It is usual to denote 


Hence this development is usually expressed as follows: 


O(2 +h) =¢r+ gr: h+ ole + pz = + &e. 


Thus, when dz = 2", p's = na™, o'x = n. n—1 2, &c., when 
pr = sin z, p'xz = cos xv, "x = — sina, &c. In the first case 


P'(z +h) = n(x + A, pæ + h) =n. n—l (x+ h)™; and in 
the second @/(x + h) = cos (x + h), O"(2-+h) = — sin (x + h). 
The following relation exists between Øx, @'r, Ox, &c. In the 
Same manner as Øx is the coefficient of h in the development of 
$ (x + h), so px is the coefficient of h in the development of @! (x + h), 
and x is the coefficient of k in the development of Ø'(x + h), 
"x is the coefficient of # in the development of ø” (x + h), and so 
on. The proof of this is equivalent to Taylors Theorem already 
alluded to; and the fact may be verified in the examples already given. 
When ġx = aë, ġ'x = ka’, and ġ' (x+h) = kha’ =k (a*+ka*.h+&c.) 
The coefficient of h is here k'a”, which is the same as Ọ”x. (See the ex- 
ample.) Again, "(x + h) = kat = k (a + kath + &c.), in which 
the coefficient of A is Wa”, the same as s. Again, if ox = log. x, 


fy ery d d’ pet, | aN .&C., aS appears b 
Pa en p' (x+ h) aaa : m s pp y 
common division. Here the coefficient of his — ` which is the same 
as Ox in the example. Also @’(x + h)=— GEN = — (x + W~, 


* Here & is the Naperian or hyperbolic logarithm of a; that is, the common logarithm 
of a divided by ° 434294482, eo 
+ In this and the following series the terms are positive and negative in pairs, 
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which by the binomial Theorem is — (a~? — 23h + &c.). The coeff- 


cient of h is 2273 or 2 which is @’z in the example. It appears, then, 
z 


that if we are able to obtain the coefficient of h in the development of any 
function whatever of x + h, we can obtain all the other coefficients, since 
we can thus deduce @’x from dz, $7 from @'z, and so on.. Itis usual 
to call p'r the first differential coefficient of Gx, Gx the second differential 
coefficient of Øx, or the first differential coefficient of d’x; $2 the third 
differential coefficient of @z, or the second of @'z, or the first of Oz; 
and so on. The name is derived from a method of obtaining ¢’z, &c., 
which we now proceed to explain. Let there be any function of v, 
which we call øx, in which z is increased by an increment A; the function 


then becomes 
2 hs 
r + p'zrh 4p" = + Ox 5 + &c. 


we 


The original value @z is increased by the increment 


die.h+ gin ® + "zx a + &c.; 
2 2.3 


whence (h being the increment of x) 


s 2 e 
increment ol Pr a a a O E a 
increment of x 2 2.3 
which is an expression for the ratio which the increment of a function bears 
to the increment of its variable. It consists of two parts; the one @’z, into 
which % does not enter, depends on x only; the remainder is a series, every 
term of which is multiplied by some power of h, and which therefore di- 
minishes as A diminishes, and may be made as small as we please by making 
h sufficiently small. To make this last assertion clear, observe that all 
the ratio, except its first term Ø'x, may be written as follows ; 
1 h 
h ("r — + "xr — + &e. 
(9 2 2.3 ) 
the second factor of which (page 9) is a convergent series whenever A is taken 


less than =» where A is the limit towards which we approximate by taking 


the coefficients @’r X = p'r x se &c., and forming the ratio of each 


to the one immediately preceding. This limit, as has been observed, is 
finite in every series which we have occasion to use; and therefore a value 
for can be chosen so small, that for it the series in the last-named formula. 
is convergent; still more will it be so for every smaller value of h. Let 
the series be called P: if P bea finite quantity, which decreases when A 
decreases, Ph can be made as small as we please by sufficiently diminish- 
ing h; whence Ø'x + Ph can be brought as near as we please to @’z. 
Hence the ratio of the increments of @z and 2, produced by changing zx 
into x + h, though never equal to @/x, approaches towards it as h is di- 
minished, and may be brought as near as we please to it, by sufficiently 
diminishing h. Therefore to find the coefficient of hin the development 
of d(x + h), find (2 + h) —¢z, divide it by A, and find the limit towards 
which it tends as % is diminished. 
In any series such as 


A+ bh+ cht... o. 4 kh 4 WH + mh’ 4+ &e, 
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which is such that some given value of h will make it convergent, it may 
be shown that h can be taken so small that any one term shall 
contain all the succeeding ones as often as we please. Tuke any one 
term, as kh". It is evident that, be A what it may, 

kh s WY 4 mki + &e, sk slh +m? + &e. 
the last term of which is h(l+mh + &c). By reasoning similar to that in 
-the last paragraph, we can show that this may be made as small as we please, 


since one factor is a series which is always finite when Å is less than r and 


the other factor h can be made as small as we please. Hence, since k 
is a given quantity, independent of h, and which therefore remains the 
same during all the changes of h, the series A(l + mh + &c.) can be 
made as small a part of k as we please, since the first diminishes without 
limit, and the second remains the same. By the proportion above esta- 
blished, it follows then that lA"t!'+mh"t?+ &c., can be made as small a part 
as we please of kh”. It follows, therefore, that if, instead of the full deve- 
lopment of G(x + h), we use only its two first terms dr + 'x.h, the error 
thereby introduced may, by taking / sufficiently small, be made as small a 
portion as we please of the small term @’z.h. 

The first step usually made in the Differential Calculus is the deter- 
mination of @’x for all possible values of @z, and the construction of 
general rules for that purpose. Without entering into these we proceed 
to explain the notation which is used, and to apply the principles already 
established to the solution of some of those problems which are the pecu- 
liar province of the Differential Calculus, 

When any quantity is increased by an increment, which, consistently with 
the conditions of the problem, may be supposed as small as we please, this 
increment is denoted, not by a separate letter, but by prefixine the letter 
d, either followed by a full stop or not, to that already used to signify the 
quantity. For example, the increment of x is denoted under these circum- 
stances by dz; that of px by d.gr; that of x” by d.z". If instead of an 
increment a decrement be used, the sign of dz, &c., must be ‘changed 
in all expressions which have been obtained on the supposition of an in- 
crement; and if an increment obtained by calculation proves to be 
negative, it is a sion that a quantity which we imagined was increased bye 
our previous changes, was in fact diminished. ‘Thus, if « becomes 2+dz, 
x? becomes x? + d.x*. But this is also (x + dz)? or 2° + 2x dr + (dx); 
whence d.a* = 2x dxv+(dzr)2. Care must be taken not to confound d. 2°, 
the increment of x°, with (d.v)°, or, as it is often written, dz*, the square of 


the increment of z Again, if x becomes x + dz, ao becomes Sa qd. 

T x T 

and the change of a is : EA or — Sn BSP ; showing 
x & + dr £ vt + rdr 


that an increment of x produces a decrement in E It must not be 
T 

imagined that because 2 occurs in the symbol dz, the value of the 

latter in any way depends upon that of the former: both the first value of 

a, and the quantity by which it is made to differ from its first valne, are 

at our pleasure, and the letter d must merely be regarded as an abbreviation 

of the words “ difference of.” In the first example, if we divide both 


Oe 2-67 5.0 The 


sides of the resulting equation by dr, we have 
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smaller dx is supposed to be, the more nearly will this equation assume 


the form 


_ = 2x, and the ratio of 2z to 1 is the limit of the ratio of 


the increment of z® to that of x; to which this ratio may be made to ap- 
proximate as nearly as we please, but which it can never actually reach. 
In the Differential Calculus, the limit of the ratio only is retained, to the 
exclusion of the rest, which may be explained in either of the two following 
ways. 


1. The fraction 


Jail may be considered as standing, not for any value 
2 

which it can actually have as long as dz has a real value, but for the limit of 

all those values which it assumes while dz diminishes. In this sense the 


2 
equation <= = 22 is strictly true. But here it must be observed that 
r 


the algebraical meaning of the sign of division is altered, in such a way 
that it is no longer allowable to use the numerator and denominator sepa- 


rately, or even at all to consider them as quantities. If - stands, not for 
£ 

the ratio of two quantities, but for the limit of that ratio, which cannot be 

obtained by taking any real value of dx, however small, the whole z 

£ 


may, by convention, have a meaning, but the separate parts dy and dx 
have none, and can no more be considered as separate quantities whose 


ratio is v, than the two loops of the figure 8 can be considered as separate 
x 


numbers whose sum is eight. This would be productive of no great in- 
convenience if it were never required to separate the two; but since all 
books on the Differential Calculus and its applications are full of examples 
in which deductions equivalent to assuming dy = 2rdx are drawn from 


such an equation as 2Y = 2x, it becomes necessary that the first should 
È 


be explained, independently of the meaning first given to the second. 
It may be said, indeed, that if y = x°, it follows that 2 == 2x + dv, in 
X 


which, if we make dx = 0, the result is - = 2x. But if dr = 0, dy also 
X 


= 0, and this equation should be written >- == 2r, as is actually done in 


some treatises on the differential Calculus, to the great confusion of the 


learner. Passing over the difficulties* of the fraction 2, still the former 


objection recurs, that the equation dy = 2rdzx cannot be used (and it îs 
used even by those who adopt this explanation) without supposing that 0, 
which merely implies an absence of all magnitude, can be used in different 
senses, so that one 0 may be contained in another a certain number of 
times. This, even if it can be considered as intelligible, is a notion of 
much too refined a nature for a beginner. 


* See Study of Mathematics, page 42. 
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2. The presence of the letter d isan indication, not only ofan increment, 
but of an increment which we are at liberty to suppose as small as we 
please. The processes of the Differential Calculus are intended to deduce 
relations, not between the ratios of different increments, but between the 
limits to which those ratios approximate, when the increments are de- 
creased. And it may be true of some parts of an equation, that though 
the taking of them away would alter the relation between dy and dx, it 
would not alter the limit towards which their ratio approximates, when dr 
and dy are diminished. For example, dy == 2rdx + (dxr)2. If r=4and 


dx = °01, then dy = +0801 and S = 8-01. If dx = ‘0001 dy = 
x 


°00080001 and = = 8°0001. The limit of this ratio, to which we 
. x 


shall come still nearer by making dx still smaller, is 8. The term (dr)?, 


though its presence affects the value of dy and the ratio Y, does not affect 
x 


the limit of the latter, for in cy or 2x +- dr, the latter term dz, which 
£ 


arose from the term (dr)}°, diminishes continually and without limit. If, 
then, we throw away the term (dz)*, the consequence is that, take dx what 
we may, we never obtain dy as it would be if correctly deduced from the 
equation y = 2*, but we obtain the limit of the ratio of dy to dx. If we 
throw away all powers of dx above the first, and use the equations so 
obtained, all ratios formed from these last, or their consequences, are 
themselves the limiting ratios of which we are in search. The equations 
which we thus use are not absolutely true in any case, but may be brouglit 
as near as we please to the truth, by making dy and dr sufficiently small. 
If the student at first, instead of using dy = 2rdzx, were to write it thus, 
dy = 2xdx + &c., the &c. would remind him that there are other terms ; 
necessary, if the value of dy corresponding to any value of dr is to be 
obtained; unnecessary, if the limit of the ratio of dy to dz is all that is 
required. We must adopt the first of these explanations when dy and dx 
appear in a fraction, and the second when they are on opposite sides of 
an equation. 

If two straight lines be drawn at right angles to one another, thus di- 
viding the whole of their plane into four parts, one lying in each right 
angle, the situation of any point is determined when we know, I., in which 
angle it lies; II., its perpendicular distances from the two right lines. 
Thus the point P, lying in the angle A O B, is known when P Mand PN, 
or when O M and P M are known; 
for, though there is an infinite , 
number of points whose distance \ Tig: 2. 
from O A only is the same as that 
of P, and an infinite number of 
others, whose distance from OB 
is the same as that of P, there is 
no other point whose distances 
from both lines are the same as 
those of P. The line O A is called D MM A 
the axis of x, because it is usual 
to denote any variable distance 
measured on or parallel to O A by the letter z. For a similar reason, OB 
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is called the axis of y. The co-ordinates* or perpendicular distances 
of a point P which is supposed to vary its position, are thus denoted 
by x and y; hence OM or PN is xv, and PM or ON is y. Leta 
linear unit be chosen, so that any number may be represented by a 
straight line. Let the point M, setting out from O, move in the direc- 
tion O A, always carrying with it the indefinitely extended line M P per- 
pendicular to O A. While this goes on, let P move upon the line M P in 
such a way, that MP or y is always equal to a given function of OM orz; 
for example, let y = 2’, or let the number of units in P M be the square of 
the number of units in O M. As O moves towards A, the point P will, 
by its motion on M P, compounded with the motion of the line MP itself, 
describe a curve O P, in which P M is less than, equal to, or greater than 
O M, according as O M is less than, equal to, or greater than the linear 
unit. It only remains to show how the other branch of this curve is de- 
duced from the equation y = z’. 

It is shewn in algebra, that if, through misapprehension of a problem, 
we measure in one direction, a line which ought to lie in the exactly op- 
posite direction, or if such a mistake be a consequence of some previous 
misconstruction of the figure, any attempt to deduce the length of that line 
by algebraical reasoning, will give a negative quantity as the result. And 
conversely it may be proved by any number of examples, that when an 
equation in which @ occurs, has been deduced strictly on the supposition 
that a is a line measured in one direction, a change of signin a will turn 
the equation into that which would have been deduced by the same rea- 
soning, had we begun by measuring the line æ in the contrary direction. 
Hence the change of + a into — a, or of —a into + a, corresponds in 
geometry to a change of direction of the line represented by a, and vice 
versd. In illustration of this general fact, the following problem may be 
useful. Having a circle of given radius, whose centre is in the intersection 
of the axes of z and y, and also a straight line cutting the axes in two given 
‘points, required the co-ordinates of the points (if any) in which the straight 
line cuts the circle. Let OA, the radius of the circle=r, O E=a, OF =b, 
| and let the co-ordinates of P, one of the 
Nn’ points of intersection required, be O M = z, 
Fig.3. M P =y. The point P being in the circle 

whose radius is 7, we have from the right- 

angled triangle O M P, 2? + y? = r°, which 
equation belongs to the co-ordinates of every 
point in the circle, and is called the equation 
of the circle. Againn, EM:MP::EO: 
zr OF by similar triangles; ora — v : y :: 
N, a: 6, whence ay + br = ab, which is 
\ true, by similar reasoning, for every point 
of the line E F. But for a point P’ lying 
in EF produced, we have EM’ : M'P':: 
EO: OF, oxzx+a:y:l a:b, 
whence ay — br = ab, an equation which may be obtained from 
the former by chauging the sign of v; and it is evident that the 
direction of 2, in the second case, is opposite to that in the first. 
Again, for a point P”in FE produced, we have EM” : M’P”:: EO 
: OF, or r—a@ 3 y 3: a : b, whence br — ay = ab, which may 


* The distances O M and M P are called the co-ordinates of the point P. Itis more- 
over usual to call the co-ordinate O M, the abscissa, and MP, the ordinate, of the point P. 
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be deduced from the first by changing the sign of y; and it is evident 
that y is measured in different directions in the first and third cases. 
Hence the equation ay + br = ab belongs to all parts of the straight line 
E F, if we agree to consider M” P” as negative, when MP is positive, 
and OM’ as negative when OM is positive. Thus, if O E = 4, and 
OF=5 and OM=1, we can determine MP from the equation 
ay + br = ab, or 4y + 5 = 20, which gives y or M P = 32. But if 
OM’ be | in length, we can determine M’ P’ either by calling M P, 1, 
and using the equation ay — bx = ab, or calling MP, — 1, and using 
the equation ay 4- bx = ab, as before. Either gives M’ P' = 6}. The 
latter method is preferable, inasmuch as it enables us to contain, in one 
investigation, all the different cases of a problem. We shall proceed to 
show that this may be done in the present instance. We have to deter- 
mine the co-ordinates of the point P, from the following equations,— 
ay -+ br = ab, eyo; 
substituting in the second the value of y derived from the first, or b mows 
a 

we have 


g- b? Gak) oo 7? ‘or (a? + b) £ — 2ab*x + a? (b — 1°) = 0; 
a 


and proceeding in a similar manner to find y, we have 
(a? +b) y® — 2a*by + b (a? — r?) = 0, 
which give 
es eee y=b a (a? +b) 1°— ab? 
a ae 
The upper or the lower sign, is to be taken in both. Hence when 
(a? + b?) r? >a’b’, that is, when r is greater than the perpendicular let 


fall from O upon E F (which perpendicular is a 

va? + b? 
points of intersection. When (a° + b°) r = œb, the two values of z 
become equal, and also those of y, and there is only one point in which 
the straight line meets the circle; in this case E F is a tangent to the 
circle. And if (a? -+ b?) r° < a°b’, the values of x and yare impossible, 
and the straight line does not meet the circle. Of these three cases, we 
confine ourselves to the first, in which there are two points of intersection. 


P 
The product of the values of x, with their proper sign, is * a? a 


, there are two 


, and 


2 x 
of y, b? Ê d 


a® +. b? 


, the signs of which are the same as those of b? — 7°, and 


a? —7*, Ifb anda be both >r, the two values of x have the same sign ; 
and it will appear from the figure, that the lines they represent are mea- 
sured in the same direction. And this whether b and a be positive or 
negative, since b? — 7? and a? — 7° are both positive when @ and b are 
numerically greater than r, whatever their signs may be. Thatis, if our 
rule, connecting the signs of algebraical and the directions of geometrical 
magnitudes, be true, let the directions of O E and OF be altered in any 
way, so long as O E and O F are both greater than O A, the two values of 
O M will have the same direction, and also those of MP. This result may 
easily be verified from the figure. Again, the values of z and y having the 


* See Study of Mathematics, page 45. a 
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same sign, that sign will be (see the equations) the same as that of 2ab? for 
x, and of 2a°b for y, or the same as that of a for x and of b for y. Thatis, 
when O E and OF are both greater than O A, the direction of each set of 
co-ordinates will be the same as those of O E and O F, which may also be 
readily verified from the figure. Many other verifications might thus be 
obtained of the same principle, viz.—that any equation which corresponds to, 
and is true for, all points in the angle A O B, may be used without error for 
all points lying in the other three angles, by substituting the proper nume- 
rical values, with a negative sign, for those co-ordinates whose directions are 
opposite to those of the co-ordinates in the angle AO B. In this manner, 
if four points be taken similarly situated in the four angles, the numerical 
values of whose co-ordinates are x = 4 and y = 6, and if the co-ordinates 
of that point which lies in the angle A O B, are called + 4 and + 6; 
those of the points lying in the angle B O C will be — 4 and + 6; in the 
angle COD — 4 and —6; and in the angle DOE + 4 and — 6. 

To return to figure (2), if, after having completed the branch of the 
curve which lies on the right of BC, and whose equation is y= 2%, 
we seek that which lies on the left of BC, we must, by the principles 
established, substitute — r instead of xz, when the numerical value ob- 
tained for (— x)? will be that of y, and the sion will show whether y is 
to be measured in a similar or contrary direction to that of M P. Since 
(— x)? = z, the direction and value of y, for a given value of v, remains 
the same as on the right of B C; whence the remaining branch of the 
curve is similar and equal in all respects to O P, only lying in the angle 
BOD. And thus, if y be any function of z, we can obtain a geome- 
trical representation of the same, by making y the ordinate, and x the 
abscissa of a curve, every ordinate of which shall be the linear repre- 
sentation of the numerical value of the given function corresponding to 
the numerical value of the abscissa, the linear unit being a given line. 

If the point P, setting out from O, move along the branch O P, it will 
continually change the direction of its motion, never moving, at one point, 
in the direction which it had at any previous point. Let the moving 
point have reached P, and let OM = <, M P =y. Let z receive the 
increment M M’ = dz, in consequence of which y or M P becomes M’ P’, 
and receives the increment Q P’ = dy; so that x + dx and y + dy are 
the co-ordinates ofthe moving point P, when it arrives at P. Join P P’, 


; ; T d. dy 

which makes, with P Q or O M, an angle, whose tangent is —~ or Fr 
x 

Since the relation y = 2° is true for the co-ordinates of every point in the 


curve, we have y + dy = (x + dz)*, the subtraction of the former equa- 
tion from which gives dy = 2adzr + (dx)*, or 3 = 2x + dz. If the 


point P’ be now supposed to move backwards towards P, the chord P P’ 
will diminish without limit, and the inclination of PP’ to PQ will also 
diminish, but not without limit, since the tangent of the angle P'PQ, or 


d 
To is always greater than the limit 2x. If, therefore, a line P V be drawn 


through P, making with PQ, an angle whose tangent is 2z, the chord P P’ 
will, as P’ approaches towards P, or as dz is diminished, continually ap- 
proximate towards P V, so that the angle P’P V may be made smaller 
than any given angle, by sufficiently diminishing dz. And the line PV 
cannot again meet the curve on the side of P P’, nor can any straight line 


+ 
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be drawn between it and the curve, the proof of which we leave to the 
student. Again, if P’ be placed on the other side of P, so that its co- 
ordinates are x — dz and y — dy, we have y — dy = (x — dz)’, which, 


subtracted from y = 2’, gives dy = 2xdx — (dr)*, or = 2x — dx. By 
similar reasoning, if the straight line P T be drawn in continuation of P V, 
making with PN an angle, whose tangent is 2z, the chord P P’ will con- 
tinually approach to this line, as before. The line T P V indicates the 
direction in which the point P is proceeding, and is called the tangent of 
the curve at the point P. Ifthe curve were the interior of a small solid 
tube, in which an atom of matter were made to move, being projected into 
it at O, and if all the tube above P were removed, the line P V is in the 
direction which the atom would take on emerging at P, and is the line 
which it would describe. The angle which the tangent makes with the 
axis of v in any curve, may be found by giving x an increment, finding 
the ratio which the corresponding increment of y bears to that of x, and 
determining the limit of that ratio, or the differential coefficient. This 
limit is the trigonometrical tangent * of the angle which the geometrical 
tangent makes with the axis of x. If y = Gz, Ø'x is this trigonometrical 
tangent. Thus, if the curve be such that the ordinates are the Naperian 


logarithms t of the abscissæ, or y = log x, and y + dy = log x +- ze v 
1 
r dz*, &c., the geometrical tangent of any point whose abscissa 


e e è è e e l 
is 2, makes with the axis an angle whose trigonometrical tangent is —. 
x 


This problem, of drawing a tangent to any curve, was one, the considera- 
tion of which gave rise to the methods of the Differential Calculus. 

As the peculiar language of the theory of infinitely small quantities is 
extensively used, especially in works of natural philosophy, it has ap- 
peared right to us to introduce it, in order to show how the terms 
which are used may be made to refer to some natural and rational 
mode of explanation. In applying this language to figure (2), it would 
be said that the curve O P is a polygon consisting of an infinite number 
of infinitely small sides, each of which produced is a tangent to the curve; 
also that if M M’ be taken infinitely small, the chord and arc P P’ coin- 
cide with one of these rectilinear elements ; and that an infinitely small 
arc coincides with its chord. All which must be interpreted to mean that, 
the chord and arc being diminished, approach more and more nearly to a 
ratio of equality as to their lengths ; and also that the greatest separation 
between an arc and its chord may be made as small a part as we please 
of the whole chord or arc, by sufficiently diminishing the chord. . We 
shall proceed to a strict proof of this ; but in the mean while, as a familiar 
illustration, imagine a small arc to be cut off from a curve, and its extre- 
mities joined by a chord, thus forming an arch, of which the chord is the 
base. From the middle point of the chord, erect a perpendicular to it, 

* There is some confusion between these different uses of the word tangent. The geo- 
metrical tangent is, as already defined, the line between which and a curve no straight 
line can be drawn; the trigonometrical tangent has reference to an angle, and is the 
ratio which, in any right-angled triangle, the side opposite the angle bears to that which 
is adjacent. 


+ It may be well to notice that in analysis ihe Naperian logarithms are the only ones 
used ; while in practice the common, or Briggs’ logarithms, are always preferred. 
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meeting the arc, which will thus represent the height of the arch. Ima- 
gine this figure to be magnified, without distortion or alteration of its pro- 
portions, so that the larger figure may be, as it is expressed, a true picture 
of the smaller one. However the original are may be diminished, let the 
magnified base continue of a given length. This is possible, since on any 
line a figure may be constructed similar to a given figure. If the original 
curve could be such, that the height of the arch could never be reduced 
below a certain part of the chord, say one-thousandth, the height of the 
magnified arch could never be reduced below one-thousandth of the mag- 
nified chord, since the proportions of the two figures arethesame. But 
if, in the original curve, an arc can be taken so small, that the height of the 
arch is as small a part as we please of the chord, it will follow that in the 
magnified figure, where the chord is always of one length, the height of the 
arch can be made as small as we please, seeing that it can be made as 
small a part as we please of a given line. It is possible in this way to 
conceive a whole curve so magnified, that a given arc, however small, 
shall be represented by an arc of any given length, however great; and 
the proposition amounts to this, that let the dimensions of the magnified 
curve be any given number of times the original, however great, an arch 
can be taken upon the original curve so small, that the height of the cor- 
responding arch in the magnified figure shall be as small as we please. 

_ Let PP’ be a part of a curve, whose equation is y = ¢(z), that is, PM 
may always be found by substituting the numerical 
value of O M in a given function of z. Let OM =% 
receive the increment M M’ = dz, which we may 
afterwards suppose as small as we please, but which, 
in order to render the figure more distinct, is here con- 
siderable. The value of PM or y is 2, and that 
of PM’ or y+ dy is ġ (x -+ dz). Draw PV, the 
- M’ tangent at P, which, as has been shown, makes, with 
PQ, an angle, whose trigonometrical tangent is the limit of the ratio 


a when z is decreased, or @'zr. Draw the chord P P’, and from any 


point in it, for example, its middle point p, draw pv parallel to P M, cut- 
ting the curve in æ. The value of 


P’Q, or dy, or ġ (x + dz) — gris 
dry? 3° > 

P'Q = o'r . dx +- "zx + o'x Sa + &c. 
But @'r. dx is tan VPQ.PQ=VQ. Hence VQ is the first term of 
this series, and P’ V the aggregate of the rest. But it has been shown 
that dx can be taken so small, that any one term of the above series shall 
contain the rest, as often as we please. Hence PQ can be taken so 
small that V Q shall contain V P’ as often as we please, or the ratio of 
V Qto VP” shall be as great as we please. And the ratio VQ to PQ 
continues finite, being always @’z, hence P/V also decreases without 


limit, as compared with PQ. The chord PP’ or J(dz)?+(dy)*, or 
/ dy \* Vi dyN? 

dx l +/( —2 ) is to PQ in the ratio of l WN l, which, 
eV/1+ (QE) POPO nter + (a) 


as PQ is diminished, continually approximates to that of /1+(@'x)? : 1, 
which is the ratio of PV : PQ. Hence the ratio of P P’: PV continually 
approaches to unity, or P Q may be taken so small that the difference of P P’ 
and P V shall be as small a part of either of them as we please. The 
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arc PP’ is greater than the chord PP’ and less than PV + VI", 


arc PP’ PV VP’ 
Hence Shord PP’ lies between 1 and PP +- Pp” the former of which 


two fractions can be brought as near as we please to unity, and the latter 
can be made as small as we please; for since P/V can be made as 
small a part of PQ as we please, still more can it be made as small a 
part as we please of P P’, which is greater than PQ. Therefore the arc 
and chord P P’ may be made to have a ratio as nearly equal to unity as 
we please. And because pa is less than pv, and therefore less than P’ V, 
it follows that pa may be made as small a part as we please of PQ, and 
still more of PP’. In these propositions is contained the rational expla- 
nation of the proposition of Leibnitz, that ‘an infinitely small arc is equal 
to, and coincides with, its chord.’ 

Let there be any number of series, arranged in powers of h, so that 
the lowest power is first ; let them contain none but whole powers, and 
let them all be such, that each will be convergent, on giving to A a suffi- 
ciently small value :—as follows, : 


Ah + Bh?+ Ch? + Dh + E+ &c. (1) 
- B+ Ch? + Dh + EA 4+ &e. (2) 
Ch? + D"h*t + E'R &e. (3) 

Dh +E + &e. (4) 

&e. &c. 


As h is diminished, all these expressions decrease without limit; but the 
first increases with respect to the second, that is, contains it more times 
after a decrease of h, than it did before. For the ratio of (1) to (2) is 
that of A + Bh + CA? + &c. to B'h + Ch? + &c., the ratio of the two 
not being changed by dividing both by h. ‘The first term of the latter 
ratio approximates continually to A, as # is diminished, and the second 
can be made as small as we please, and therefore can be contained in the 
first as often as we please. Hence the ratio of (1) to (2) can be made as 
great as we please. By similar reasoning, the ratio (2) to (3), of (3) to 
(4), &c., can be made as great as we please. We have, then, a series of 
quantities, each of which, by making / sufficiently small, can be made as 
small as we please. Nevertheless this decrease increases the ratio of the 
first to the second, of the second to the third, and so on, and the increase 
is without limit. Again, if we take (1) and A, the ratio of (1) to h is 
that of A + Bh + Ck + &c. to 1, which, by a sufficient decrease of h, 
may be brought as near as we please to that of Ato 1. But if we take 
(1) and A, the ratio of (1) to h? is that of A + BA -+ &c. to k, which, by 
previous reasoning, may be increased without limit ; and the same for 
any higher power of h. Hence (1) is said to be comparable to the first 
power of h, or of the first order, since this is the only power of A whose 
ratio to (1) tends towards a finite limit. By the same reasoning, 
the ratio of (2) to h°, which is that of B' + C'h + &c. to 1, continually 
approaches that of B’ to 1; but the ratio (2) to A, which is that of 
Bh + Ch? + &c. to 1, diminishes without limit, as A is decreased, while 
the ratio of (2) to A, or of B/ + C'h + &c. to h, increases without limit. 
Hence (2) is said to be comparable to the second power of h, or of the 
second order, since this is the only power of h whose ratio to (2) tends 
towards a finite limit. In the language of Leibnitz, if h be an infinitely 
small quantity, (1) is an infinitely small quantity of the first order, (2) is 
an infinitely small quantity of the second order, andso on. We may also 
add that the ratio of two series of the same order continually approximates 
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to the ratio of their lowest terms. For example, the ratio of Ah3+- Bh‘+&c. 

to A’/h?-4+ B'ht+ &c. is that of A+ Bh+ &c. to A’-+ B/h+-&c., which, as Ajis 

diminished, continually approximates to the ratio of A to A’, which is also” 

that of Ah’ to A’AS, or the ratio of the lowest terms. In fig. 4, PQ or dx 
(dx)? 


being put in place of h, QP’, or #/x . dx + "x “> &c., is of the first 


2 
order, as are P V, and the chord P P’; while P’ V, or d’az So + &c., is 


of the second order. The converse proposition is readily shown, that if 
the ratio of two series arranged in powers of h continually approaches to 
some finite limit as h is diminished, the two series are of the same order, 
or the exponent of the lowest power of h is the same in both. Let Ah’ 
and Bh’ be the lowest powers of h, whose ratio, as has just been shown, 
continually approximates to the actual ratio of the two series, as % is di- 
minished. The hypothesis is that the ratio of the two series, and therefore 
that of Ahk* to BA’, has a finite limit. This cannot be if a > b, for then 
the ratio of Ah* to Bh? is that of Ah°-? to B, which diminishes without 
limit; neither can it be when a < b, for then the same ratio is that of 
A to Bh’-*, which increases without limit; hence @ must be equal to b. 
We leave it to the student to prove strictly a proposition assumed in the 
preceding, viz., that if the ratio of P to Q has unity for its limit, when A is 
diminished, the limiting ratio of P to R will be the same as the limiting 
ratio of Q to R. We proceed further to illustrate the Differential Calculus 
as applied to Geometry. 

Let O C and O D be two axes at right angles to one another, and let a 
line A B of given length be placed with one extremity 
in each axis. Let this line move from its first position 
into that of A'B’ on one side, and afterwards into that of 
A"B” on the other side, always preserving its first length. 
The motion of a ladder, one end of which is against a wall, 
and the other on the ground, is an instance. Let A'D’ 
and A” B” intersect A Bin P’ and P”. If A” B” were 
eradually moved from its present position into that of 
A’ B’, the point P” would also move gradually from its present position 
into that of P’, passing, in its course, through every point in the'line P’ P”. 
But here it is necessary to remark that A B is itself one of the positions 
intermediate between A’ B’ and A” B”, and when two lines are, by the 
motion of one of them, brought into one and the same straight line, they 
intersect one another (if this phrase can be here applied at all) in every 
point, and all idea of one distinct point of intersection is lost. Never- 
theless P” describes one part of P” P’ before A” B” has come into the 
position A B, and the rest afterwards, when it is between A B and A’ B’. 
Let P be the point of separation; then every point of P’ P”, except P, is 
a real point of intersection of A B, with one of the positions of A” B”, and 
when A” B” has moved very near to A B, the point P” will be very near to 
P; and there is no point so near to P, that it may not be made the inter- 
section of A” B” and A B, by bringing the former sufficiently near to the 
latter. This point P is, therefore, the limit of the intersections of A” B” 
and A B, and cannot be found by the ordinary application of Algebra to 
geometry, but may be made the subject of an inquiry similar to those 
which have hitherto occupied us, in the following manner :—Let O A = a, 
OB = b AB=A’B/= A"B" = l Let AA’ = da, BB’ = db, 
whence OA’ =a + da, O B' = b — db. We have then œ +4 L= P, 


THE DIFFERENTIAL AND INTEGRAL CALCULUS. 23 


and (a + da)? + (b — db)? =’; subtracting the former of which from 
the development of the latter, we have 


2a da + (da)? — 2b db + (db) = 0 or wi gp CT (1). 


da 2b—db 
As A’ B’ moves towards A B, da and db are diminished without limit, æ 
eae z A usai A A . db, 2a a 
and b remaining the same; hence the limit of the ratio — is — or—. 


da 2b b 
Let the co-ordinates * of P’ be OM’ = x and M' P' = y. Then (page 16) 


the co-ordinates of any point in A B have the equation 

ay + bx = ab (2). 
The point P’ is in this line, and also in the one which cuts off a + da 
and b — db from the axes, whence 


(a + da) y + (b — db) x = (a + da) (b — db) (3) 
subtract (2) from (3) after developing the latter, which gives 
y da — x db =b da — a db — da db (4) 


If we now suppose A’ B’ to move towards A B, equation (4) gives no 
result, since each of its terms diminishes without limit. If, however, we 


, d 
divide (4) by da, and substitute in the result the value of Z obtained 
from (1) we have 


aa db a ap O 
from this and (2) we might deduce the values of y and zx, for the point P’, 
as the figure actually stands. Then by diminishing db aud da without 
limit, and observing the limit towards which z and y tend, we might 
deduce the co-ordinates of P, the limit of the intersections. The same 


result may be more simply obtained, by diminishing da and db in equation 
(5), before obtaining the values of y and x. This gives 


2 
y- ab — rby- ar=b -a (6). 
From (6) and (2) we find (fig. 6) 
a a? b3 p3 
RSO Mi T ee e+e 2° 


ferent position of the line A B, but may be determined, 
in every case, by the following simple construction. 
Since BP : PN, or OM :: BA : AO, we have B P= 

BA ae l a at = i 
OM z0 7 emcee | and, similarly, PA = T 
Let OQ be drawn perpendicular to BA ; then since OA 
is a mean proportional between AQ and AB, we have ọ M A 


This limit of the intersections is different for every dif- 3 
ah Eig. 6: 
\ 


we 


>Q 


2 
AQ= 5, and similarly B Q = a Hence B P = AQ andAP= BQ, 


or the point P is as far from either extremity of AB as Q is from the 
other. 

We proceed to solve the same problem, using the principles of Leibnitz, 
that is, supposing magnitudes can be taken so small, that those proportions 
may be regarded as absolutely correct, which are not so in reality, but 
which only approach more nearly to the truth, the smaller the magnitudes 


* The lines O M’ and M’ P’ are omitted, to avoid crowding the figure. 


~ 
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are taken. The inaccuracy of this supposition has been already pointed 

out; yet it must be confessed, that this once got over, the results are de- 

duced with a degree of simplicity and consequent clearness, not to be 

found in any other method. The following cannot be regarded as a de- 

monstration, except by a mind so accustomed to the subject, that it 

can readily convert the various inaccuracies into their corresponding 

truths, and see, at one glance, how far any proposition will affect the final 

result. The beginner will be struck with the extraordinary assertions 

p which follow, given in their most naked form, 

without any attempt ata less startling mode of 

expression. Let A’B’ be a position of A B infi- 

T nitely near to it; that is, let A’ P A be an infinitely 

ST small angle. With the centre P, and the radii 

P A’ and P B, describe the infinitely small arcs 

ee A'a, Bd. An infinitely small arc of a circle is a 

straight line perpendicular to its radius; hence 

O ROR AGA and BOB’ are right-angled triangles, 

the first similar to BOA, the two having the 

angle A in common, and the second similar to B'O A’. Again, since the 

angles of BOA, which are finite, only differ from those of B'O A’ by 

the infinitely small angle A’ P A, they may be regarded as equal; whence 

A’aA and B’ bB are similar to BO A, and to one another. Also P is 

the point of which we are in search, or infinitely near to it; and 

since B A = B’ A’, of which BP = bP and a P = A' P, the remainders 

B’b and A aare equal. Moreover, Bb and A'a being arcs of circles 

subtending equal angles, are in the proportion of the radii B P and P A’. 
Hence we have the following proportions,— 

Aa: A'a:: OA: OB3:a: 6 
Bb: Bb::OA: OBi: a? b. 
The composition of which gives, since A a = B'b, 
Bb: Aas: a@ : D, 


Also Bb: A’a:: BP: Pa, 
whence BP: Pa :: æ : B, 
and BP+Pa::Pa::i¢7?+0): 6. 


But Pa only differs from P A by the infinitely small quantity A a, and 
BP+PA=J, and æ + b = l; whence 
2 
L: PANC: BF, orPpa= 4, 

which is the result already obtained. In this reasoning we observe 
four independent errors, from which others follow, —1. that B b and A'a 
are straight lines at right-angles to Pa; 2. that BOA and B'O A’ are 
similar triangles ; 3. that P is really the point of which we are in search ; 
4. that P A and Pa are equal. But at the same time we observe, that 
every one of these assumptions approaches the truth, as we diminish the 
angle A’ P A, so that there is no magnitude, line or angle, so small, that 
the linear or angular errors, arising from the above-mentioned suppositions, 
may not be made smaller. We now proceed to put the same demonstra- 
tion in a stricter form, so as to neglect no quantity during the process. 
This should always be done by the beginner, until he is so far master of 
the subject, as to be able to annex to the inaccurate terms, the ideas 
necessary for their rational explanation. To the former figure add B 8 
and Aa, the real perpendiculars, with which the arcs have been confounded. 
Let Z A'P A = do, PA = p, Aa = dp, BP =q, B= dq; and 
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OA=a,0B=6,andAB=l. Then* Ala = (p—dp) d0, Bb = qd9, 
and the triangles A’Aaw and B'BB are similar to BOA and B'O A’, 
The perpendiculars A’a and B£ are equal to P A’ sin. d0, and P B sin. do, 
or (p — dp) sin dð, and q sin d0.. Let aa = p and bB =v. These 
(page 5) will diminish without limit as compared with A'a and BB; and 
since the ratios of A’a to aA and BB to AB’ continue finite, (these being 
sides of triangles similar to AO B and A'O B’,) aa and 068 will diminish 
indefinitely with respect to aA and BB’. Hence the ratio Aa to BB’ or 
dp -+ » to dq + » will continually approximate to that of dp to dq, or a 
ratio of equality. The exact proportions, to which those in the last page 
are approximations, are as follows :— 


dp + p : (p—dp)sin d0 :: a : b, 
q sin do : dq + v >: a—da : b+db; © 
by composition of which, recollecting that dp = dg (which is rigorously 


true,) and dividing the two first terms of the resulting proportion by dp, 
we have 


‘ad v 
q+ >= ):(p- dp) (l z) ia a — da) : b (b + db). 
+E): O- dp) A+ Z) i a (a— da) : 0+ di) 
If dð be diminished without limit, the quantities da, db, and dp, and 


Vv 
dp 
limit, so that the limit of the proportion just obtained, or the proportion 
which gives the limits of the lines into which P divides A B, is 

qi: p: e s03 
hence q+4p=l: p: @+V=P : B, 
the same as before. 

We proceed to apply the preceding principles to dynamics, or the theory 
of motion. Suppose a point moving along a straight line uniformly, that 
is, if the whole length described be divided into any number of equal 
parts, however great, each of those parts is described in the same time. 
Thus, whatever length is described in the first second of time, or in any 
part of the first second, the same is described in any other second, or in 
the same part of any other second. The number of units of length de- 
scribed in a unit of time is called the velocity ; thus a velocity of 3°01 
feet in a second, means that the point describes three feet and one- 
hundredth in each second, and a proportional part of the same in any part 
of a second. Hence, if v be the velocity, and ¢ the units of time elapsed 
from the beginning of the motion, v ¢ is the length described ; and if any 
length described be known, the velocity can be determined by dividing 
that length by the time of describing it. Thus, a point which moves unie 
formly through 3 feet in 14 second, moves with a velocity of 3 -= 14, or 
2 feet per second. 

. Let the point not move uniformly, that is, let different parts of the line, 
having the same length, be described in different times; at the same time 
let the motion be continuous, that is, not suddenly increased or decreased, 
as it would be if the point were composed of some hard matter, and 
received a blow while it was moving. ‘This will be the case if its motion 
be represented by some algebraical function of the time, or if, é being the 
number of units of time during which the point has moved, the number of 


also the ratios = and —, as above-mentioned, are diminished without 


. * For the Unit employed in measuring an angle, see Study of Mathematics, page 90, 
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units of length described can be represented by øt. This, for example, 
we will suppose to be ¢-4- Ë, the unit of time being one second, and the 
unit of length one inch; so that $ + +4, or 3 of an inch, is described in 
the first half second ; 1 + 1, or two inches, in the first second; 2 -- 4, or 
six inches, in the first two seconds ; and so on. 

Here we have no longer an evident measure of the velocity of the point ; 
we can only say that it obviously increases from the beginning of the mo- 
tion to the end, and is different at every two different points. Let 
the time ¢ elapse, during which the point will describe the distance. 
t+ Ë; let a further time dé elapse, during which the point will increase 
its distance to t+ dt -+ (t + dt)*, which, diminished by ¢-++ #, gives 
dt -+ 2t dt + (dt)? for the length described during the increment of time 
dé, This varies with the value of £; thus, in the interval dt after the first 
second, the length described is 3dt +- dé; after the second second, it is 
bdt + (dt), and so on. Nor can we, as in the case of uniform 
motion, divide the length described by the time, and call the result 
the velocity with which that length is described; for no length, 
however small, is here uniformly described. If we were to divide a length 
by the time in which it is described, and also its first and second halves 
by the times in which they are respectively described, the three results 
would be all different from one another. Here a difficulty arises, similar 
to that already noticed, when a point moves along a curve ; in which, as 
we have seen, it is improper to say that it is moving in any one direction 
through any arc, however small. Nevertheless a straight line was found 
at every point, which did, more nearly than any other straight line, repre- 
sent the direction of the motion. So, in this case, though it is incorrect 
to say that there is any uniform velocity with which the point continues to 
move for any portion ‘of time, however small, we can, at the end of every 
time, assign a uniform velocity, which shall represent, more nearly than any 
Other, the rate at which the point is moving. If we say that, at the end 
of the time ¢, the point is moving with a velocity v, we must not now 
say that the length vdt is described in the succeeding interval of 
time dt; but we mean that dt may be taken so small, that vdt shall 
bear to the distance actually described a ratio as near to equality as 
we please. Let the point have moved during the time ¢, after which 
let successive intervals of time elapse, each equal to dt. At the end of 
the times, ¢#, t +dt, t + 2dt, [t + 3dt, &c, the whole lengths 
described will be t+ 2, t+ dt + (t + dt)’, t + 2dt + (t + 2dt)?, 
t + 3dt + (é+3dt)?, &c.; the differences of which, or dt + 2idt 
+ (dt)*, dt + 2tdt + 3 (di), dt + 2idt + 5 (dt)’, &c., are the 
lengths described in the first, second, third, &c., intervals dt. These 
are not equal to one another, as would be the case if the velocity were 
uniform; but by making dé sufficiently small, their ratio may be 
brought as near to equality as we please, since the terms (dt), 
3 (dt)?, &c., by which they all differ from the common part (1 + 2¢) dé, 
may be made as small as we please, in comparison of this common 
part. If we divide the above-mentioned lengths by dt, which does 
not alter their ratio, they become 1 + 2t + dé, 1 + 2t + 3d, 
1 + 2t +5dt, &c., which may be brought as near as we please to equality, 
by sufficient diminution of dé. Hence 1 + 2¢ is said to be the velocity of 
the point after the time £; and if we take a succession of equal intervals 
of time, each equal to dé, and sufficiently small, the lengths described in 
those intervals will bear to (1 + 2¢) dé, the length which would be de- 
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scribed in the same interval with the uniform velocity 1 + 2¢, a ratio 
as near to equality as we please. And observe, that if ptis t+ £, 
Gt is 1 + 2t, or the coefficient of h in (t+ A) + (t + h)? In the 
same way it may be shown, that if the point moves so that pt always 
represents the length described in the time ¢, the differential coefficient of 
pt or G't, is the velocity with which the point is moving at the end of the 
time £ For the time ¢ having elapsed, the whole lengths described at the 
end of the times ¢ and ¢-+- dé are @é and % (t + dé); whence the length 
described during the time dt is . 


p (t+ dt) — ht, or fit. dt + dt als + &c. 


Similarly, the length described in the next interval dé is 


p (t + 2dt) — p (t + dt); or 


2dt)2 dt)2 
dt + Pt. 2di + Pt sa + &e. — (pt + Pi dt + pt i + &c.) 
i ; 
which is Pit. dt + 3p"t Sad +. &c; 


2 
the length described in the third interval dé is @/t . dé + 5ih"t oo 
+ &c. &c. It has been shown for each of these, that the first term 
can be made to contain the aggregate of all the rest as often as we please, 
by making dt sufficiently small; this first term is @/t. dé in all, or the 
length which would be described in the time dé by the velocity ¢’t con- 
tinued uniformly : it is possible, therefore, to take dé so small, that the 
lengths actually described in a succession of intervals equal to dt, shall 
be as nearly as we please in a ratio of equality with those described in the 
same intervals of time by the velocity ø't. For example, it is observed 
in bodies which fall to the earth from a height above it, when the resist- 
ance of the air is removed, that if the time be taken in seconds, and the 
distance in feet, the number of feet fallen through in ¢ seconds is always 
at®, where a = 16-4, very nearly; what is the velocity of a body 
which has fallen ¿n vacuo for four seconds? Here øt being ať, we find, 
by substituting ¢ + h, or t + dt, instead of ¢, that @/t is 2at, or 
2 x 1655 X t, or 321.2; which, at the end of four seconds, is 323 x 4, or 
1282 feet. That is, at the end of four seconds a falling body moves at the 
rate of 1282 feet per second. By which we do not mean that it continues 
to move with this velocity for any appreciable time, since the rate is 
always varying; but that the length described in the interval dé after the 
fourth second, may be made as nearly as we’ please in a ratio of equality 
with 1282 x dt, by taking dé sufficiently small. This velocity 2aé is said 
to be uniformly accelerated ; since in each second the same velocity 2a 
is gained. And since, when zis the space described, ¢’ is the limit of 
dx 
dt 
uniformly, the velocity is not represented by any increment of length di- 
vided by its increment of time, but by the limit to which that ratio con- 
tinually tends, as the increment of time is diminished. We now propose 
the following problem :—A point moves uniformly round a circle; with 
what velocities do the abscissa and ordinate increase or decrease, at any 
given point? Let the point P, setting out from A, describe the arc A P, 
&c., with the uniform velocity of æ inches per second. Let OA =r, 
ZAOP=9, Z PO P'= ds, OM = <x, M P= y, MM'= dx, QP’=dy. 
From the first Principles of Trigonometry 


, the velocity is also this limit; that is, when a point does not move 
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; £=rcos 0 x—dx=r cos (0-+-d0)=r cos 0 cos d0 —r sin 6 sin d9 
y=r sin 0 y+dy=r sin (6-+-d0)=r sin 6 cos d6-++-r cos@ sin d0; 
subtracting the second from the first, and the third from the fourth, we have 
dz = r sin 0 sind@ -+ r cos 0 (1 — cos dé) (1) 
dy = r cos 0 sin d0 -+ r sin 0 (1 — cos d0) 2) 
but if do be taken sufficiently small, sin d0, and 
d0, may be made as nearly in a ratio of equality as 
we please, and 1 — cos d0 may be made as small 
a part as we please, either of d0 or sin d0. These 
follow from fig. 1, in which it was shown that BM 
and the arc B A, or (if O A = r and A OB = d@,) 
r sin d0 and 7d0, may be brought as near to a 
Ff ratio of equality as we please; which is therefore 
Ls true of sin d0 and dô. Again, it was shown that 
j EDE AR A M, or r — r cos d@, can be made as small a part 
as we please, either of B M or the arc BA, that is, either of r sin d0, or 
rdo ; the same is therefore true of 1 — cos d0, and either sin dO or dọ. 
Hence, if we write equations (1) and (2) thus, 
dx = r sin 0 d0 (l), dy = r cos 0 dé (2), 

we have equations, which, though never exactly true, are such that by 
making dé sufficiently small, the errors may be made as small parts of d0 
as we please. Again, since the arc A P is uniformly described, so also is 
the angle PO A; and since an arc @ is described in one second, the angle 


© is described in the same time; this is, therefore, the angular velocity*. 


T 
If we divide equations (1) and (2) by dt, we have 
Enan 6 : EAR Near 
a om di. dt? 
these become more nearly true as dt and d0 are diminished, so that if for 
dx 
dt? 
rigorously true. But these limits are the velocities of x, y, and 0, the last 


&c., the limits of these ratios be substituted, the equations will become 


; ete oe a 
of which is also —; hence 
T 
velocity of x =r sin 0 X =a sin 0, 


= a cos0; 


x |e xja 


velocity of y = r cos 0 X 


that is the point M moves towards O with a variable velocity, which ıs 
always such a part of the velocity of P, as sin 6 is of unity, or as 
PM is of OB; and the distance P M increases, or the point N moves 
from O, with a velocity which is such a part of the velocity of P as cos 0 
is of unity, or as O M is of O A. 

In the language of Leibnitz, the foregoing results would be expressed 


* The same considerations of velocity which have been applied to the motion of a point 
along a line may also be applied to the motion of a line round a point. If the angle so 
described be always increased by equal angles in equal portions of time, the angular 
velocity is said to be uniform, and is measured by the number of angular units described 
in a unit of time. By similar reasoning to that already described, if the velocity with 
which the angle increases be not uniform, so that at the end of the time ¢ the angle de- 


scribed is ¢ = ¢¢, the angular velocity is 9’t, or the limit of the ratio a 
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thus:—Ifa point move, but not uniformly, it may still be considered as 
moving uniformly for any infinitely small time; and the velocity with 
which it moves is the infinitely small space thus described, divided by the 
infinitely small time. 

The foregoing process contains the method employed by Newton, 
known by the name of the Method of Fluxions. If we suppose y to 
be any function of v, and that z increases with a given velocity, 
y will also increase or decrease with a velocity depending,—l. upon 
the velocity of 2; 2. upon the function which y is of x. These 
velocities Newton called the fluxions of y and x, and denoted them by 
yandz. Thus, ify = 2°, and if in the interval of time dé, x becomes 
x + dr, and y becomes y + dy, we have y + dy = (xz + dz)’, and 


; d 
dy = 2x . dx + (dz), or Y = Op a ++ Z dz. If we diminish dt, 


dt dt dt 
the term z . dx will diminish without limit, since one factor continually 
approaches to a given quantity, viz., the velocity of x, and the other dimi- 
nishes without limit. Hence we obtain the velocity of y = 2x x the 
velocity of x, or y= 2x 2, which is used in the method of fluxions 
instead of dy = 2x dx considered in the manner already described. The 
processes are the same, in both methods, since the ratio of the velocities 
is the limiting ratio of the corresponding increments, or, according to 
Leibnitz, the ratio of the infinitely small increments. We shall hereafter 
notice the common objection to the Method of Fluxions. 

When the velocity of a material point is suddenly increased, an impulse 
is said to be given to it, andthe magnitude of the impulse or impulsive 
force, is in proportion to the velocity created by it. Thus, an impulse 
which changes the velocity from 50 to 70 feet per second, is twice as great 
as one which changes it from 50 to 60 feet. When the velocity of the 
point is altered, not suddenly but continuously, so that before the velocity 
can change from 50 to 70 feet, it goes through all possible intermediate 
velocities, the point is said to be acted on by an accelerating force. Force 
is a name given to that which causes a change in the velocity of a body. 
It is said to act uniformly, when the velocity acquired by the point in any 
one interval of time is the same as that acquired in any other interval of 
equal duration. Itis plain that we cannot, by supposing any succession 
of impulses, however small, and however quickly repeated, arrive at a 
uniformly accelerated motion ; because the length described between any 
two impulses will be uniformly described, which is inconsistent with the 
idea of continually accelerated velocity. Nevertheless, by diminishing thé 
magnitude of the impulses, and increasing their number, we may come as 
near as we please to such a continued motion, in the same way as, by 
diminishing the magnitudes of the sides of a polygon, and increasing their 
number, we may approximate as near as we please to a continuous curve. 
Let a point, setting out from a state of rest, increase its velocity uniformly, 
so that in the time ¢, it may acquire the velocity v—what length will have 
been described during that time? Let the time ¢ and the velocity v be 
both divided into n equal parts, each of which is } and v'; so that nd’= t, 
and nv =v. Let the velocity v' be communicated to the point at rest; 
after an interval of ¢ let another velocity v be communicated, so that 
during the second interval @ the point has a velocity 2v’ ; during the third 
interval let the point have the velocity 3v’, and so on; so that in the last 
on 7" interval the point has the velocity mv’. The space described in the 
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first interval is, therefore, v't’ ; in the second, 2v't'; in the third, 3v't’; 
and so on, till in the 2" interval it is nvt’. The whole space described is, 
therefore, l 


VE + wt + Bult) +... sl n — l vt + n't 
nwt + no't 
2 


In this substitute v for nv’, and ¢ for nt’, which gives for the space de- 
scribed 4v (¢ + t’). The smaller we suppose t’, the more nearly will this 
approach to $vt. But the smaller we suppose ?’, the greater must be n, 
the number of parts into which £ is divided; and the more nearly do we 
render the motion of the point uniformly accelerated. Hence the limit to 
which we approximate by diminishing ¢’ without limit, is the length de- 
scribed in the time ¢, by a uniformly accelerated velocity, which shall in- 
crease from 0 to v in that time. This is 4vź, or half the length which 
would have been described by the velocity v continued uniformly from the 
beginning of the motion. It is usual to measure the accelerating force by 
the velocity acquired in one second. Let this be g; then since the same 
velocity is acquired in every other second, the velocity acquired in £ 
seconds will be gt, or v = gt. Hence the space described is $g¢ x t, or 
Act’. Ifthe point, instead of being at rest at the beginning of the acce- 
leration, had had the velocity a, the lengths described in the successive 
intervals would have been ať + v't’, at! + 2v't/’, &c.; so that to the 
space described by the accelerated motion would have been added nat’, or 
at, and the whole length would have been at + $3¢. By similar reason- 
ing, had the force been a uniformly retarding force, that is, one which 
diminished the initial velocity @ equally in equal times, the length de- 
scribed in the time £ would have been at — 3gt?, Now let the point move 
in such a way, that the velocity is accelerated or retarded, but not uni- 
formly, that is, in different times of equal duration, let different velocities 
be lost or gained. For example, let the point, setting out from a state of 
rest, move in such a way that the number of inches passed over in £ 
seconds is always £. Here t = Ë, and the velocity acquired by the body 
at the end of the time ¢, is the coefficient of dé in (t + dt)’, or 32 
inches per second, Let the point be at A at the end of the time ¢; and 
let AB, BC, C D, &c., be lengths described in 
Figo. successive equal intervals of time, each of which 
is di. Then the velocities at A, B, C, &c., are 
v ABC D 3E, 3 (t +d, 3 (t+ 2d), &c., and the 
' ci lengths AB, BC, CD, &c., are (t + di} — È, 
(¢+2dt)> — (t+ dt)’, (t + 3dt)? — (t + 2dt)?, &e. 
Length of 


AB 3é@dt+ 3t(dt)’+ (dt)? 

B 3+ 6tdt+ 3 (dt): BC  3édt+ 9¢(dt)?+ 7 (dt) 

C 32+12¢dt+12 (dt)? CD  3édt+15t (dt)? +19 (dt)? 
If we could, without error, reject the terms containing (dt)? in the velo- 
cities, and those containing (dt)? in the lengths, we should then reduce 
the motion of the point to the case already considered, the initial velocity 
being 3é, and the accelerating force 6t. For we have already shown 
that a being the initial velocity, and g the accelerating force, the space 
described in the time £ is aé + 4¢t%. Hence, 32° being the initial velocity, 
and 6¢ the accelerating force, the space in the time dt is 3é°dt + 3t (dl)’, 


or(1+2+43.....n— ltn) =n 2 ve = 


Velocity at 
Si? 
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which is the same as A B after (dt)? is rejected. The velocity acquired 
is gt, and the whole velocity is, therefore, a + gé; or making the same 
substitutions, 32° + 6tdt. 'This is the velocity at B, after the term 3 (dt): 
is rejected. Again, the velocity being 32? + 6t dt, and the force 6t, the 
space described in the time dé is (3? + 6¢dt) dt + 3¢ (dJ)®, or 3édé +- 
9t (dt). This is what the space BC becomes after 7 (dt) is rejected. 
The velocity acquired is 6tdt; and the whole velocity is 3 + 6ł dt + 
Gt dt, or 3é? + 12¢ dt; which is the velocity at C after 3 (dé)? is rejected. 
But as the terms involving (d¢)* in the velocities, &c., cannot be rejected 
without error, the above supposition of a uniform force cannot be made. 
Nevertheless, as we may take dé so small, that these terms shall be as 
small parts as we please of those which precede, the results of the erro- 
neous and correct suppositions may be brought as near to equality as we 
please ; hence we conclude, that though there is no force, which, con- 
tinued uniformly, would preserve the motion of the point A, so that O A 
should always be £? in inches, yet an interval of time may be taken so 
small, that the length actually described by A in that time, and the one 
which would be ‘described if the force 6¢ were continued uniformly, shall 
have a ratio as near to equality as we please. Hence, on a principle 
similar to that by which we called 32? the velocity at A, though, in truth, 
no space, however small, is described with that velocity, we call 6é the 
accelerating force at A. And it must be observed that 6¢ is the differential 
coefficient of 32, or the coefficient of dt, in the development of 3 (t + dt). 

Generally, let the point move so that the length described in any time £ is 
pt. Hence the length described at the end of the time ¢ +dt is $ (t+dé), 
and that described in the interval dé is  (¢ + dt) — @t, or 

2 3 
p't . dt o"t a + o'i Cii + &c. ` 
in which dt may be taken so small, that either of the first two terms shall 
contain the aggregate of all the rest, as often as we please. These two 
first terms are Git . dt + 3Ø"t . (dt)?, and represent the length described 
during dé, with a uniform velocity $’é, and an accelerating force "t. The 
interval dt may then generally be taken so small, that this supposition shall 
represent the motion during that interval as nearly as we please. 

We have hitherto considered the limiting ratio of quantities only as to 
their state of decrease: we now proceed to some cases in which the limit- 
ing ratio of different magnitudes which increase without limit is investi- 
gated. It is easy to show that the increase of two magnitudes may cause 
a decrease of their ratio; so that, as the two increase without limit, their 
ratio may diminish without limit. The limit of any ratio may be 
found by rejecting any terms or aggregate of terms (Q) which are con- 
nected with another term (P) by the sign of addition or subtraction, pro- 
vided that by increasing v, Q may be made as small a part of P as we 


.. „T +22+3 a 

please. For example, to find the limit of iaa. » when z is increased 
au + or 

without limit. By increasing x we can, as will be shown immediately, 

cause 27 + 3 and 5x to be contained in z? and 2z°, as often as we please ; 


rejecting these terms, we have —, or 4, for the limit. The demonstration 
J S Jr 


is as follows :—Divide both numerator and denominator by 2°, which gives 


2 3 5 : Eon 
l -+ ET -+ ET and 2-}- r for the numerator and denominator of a fraction 
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equal in value to the one proposed. These can be prought as near as we 
please to 1 and 2 by making z sufficiently great, or a sufficiently small ; 
and, consequently, their ratio can be brought as near as we please to 
> We will now prove the following :—That in any series of decreasing 


powers of z, any one term will, if z be taken sufficiently great, contain the 
aggregate of all which follow, as many times as we please. Take, for 
example, 


az" bat + ca"? +... pet g+— + — + &e. 


the ratio of the several terms will not be altered if we divide the whole by 
x”, which gives 


b c p q r 
attat. aiee n t on + on t+ Se + &c. 


1 | 
It has been shown that by taking ca sufficiently small, that is, by taking 


x sufficiently great, any term of this series may be made to contain the 
aggregate of the succeeding terms, as often as we please; which relation 
is not altered if we multiply every term by x”, and so restore the orisinal 

æ -+ 1)” . EEE 
series. It follows from this, that e+ has unity for its limit when z 
is increased without limit. For (c+1)" is 2" + mz™-! + &c., in which 
2" can be made as great as we please with respect to the rest of the 


m m-l 
series. Hence GD" — l4 I NAc the numerator of which last 
x g 


fraction decreases indefinitely as compared with its denominator. In a 
imil be shown that the limit of = 
Similar way it may be shown that the limit o @Hy to gr 
l 


EY For since (14+ 1)"+ = aH 4 (m41) a” + 
$ (m +1) mz" + &e., this fraction is 
T 
(m1) "+4 (m+1).mz""'+ &e, 


in which the first term of the denominator may be made to contain all 


the rest as often as we please; that is, if the fraction be written thus, 
aria A can be made as small a part of (m+1) x” as we please. 


when z is increased, is 


Hence this fraction can, by a sufficient increase of z, be brought as near 


g” ] — As 
as we please to Gna or ary A similar proposition may be shown 
m--1)x 
| (z + b)" i ' 
of the fraction atay = ath? which may be immediately reduced 
z" + B 


to th — ; ™ shall 
e form (ak lax Ea where 2 may be taken so great that 2” sha 


contain A and B any number of times. We will now consider the sums 
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of x terms of the following series, each of which may evidently be made as 
great as we please, by taking a sufficient number of its terms, 


1+2438-~44+........4 2-1 +2 (1) 


J?+- 2?4. 3°44, + (z -- 1)?+ 2? (2) 
L- B- 39+ 434+ nnn. +(e — 1)34+ 2° (3) 
pom gm gm : 4 : ie ‘ i € — y+ 1" (m). 


We propose to inquire what is the limiting ratio of any one of these series 
to the last term of the succeeding one; that is, to what do the ratios of 
(L+2+..... + 2) tow, of (12 + 2?....+4 2°) to 2, &, approach, 
when x is increased without limit. To give an idea of the method 
of increase of these series, we shall first show that z may be taken 
so great, that the last term of each series shall be as small a part as 
we please of the sum of all those which precede. To simplify the sym- 
bols, let us take the third series 1° + 2? + .... + 2°, in which we are to 
show that <ë may be made less than any given part, say one-thousandth, 
of the sum of those which precede, or of 1° + 2°....+ (1—1). First, z 
may be taken so great that z3 and (x — 1000)? shall have a ratio as near 
to equality as we please. For the ratio of these quantities being the same as 


Fea) a ]000\° 1000 oa 
that of 1 to (1- — }, and aa? being as small as we please if x may 


a J 
, 1000 
be as great as we please, it follows that 1 — aa and, consequently, 


1000\3 
] — — ) may be made as near to unity as we please, or the ratio of 1 


1000 
to{1— — j may be brought as near as we please to that of 1 to 1, 


or a ratio of equality. But this ratio is that of 2° to (x — 1000)*. Simi- 
larly the ratios of x° to (æ — 999)", of z? to (x — 998)°, &c., up to the 
ratio of 2° to (x — 1)? may be made as near as we please to ratios of 
equality; there being one thousand in all. If, then, (x — 1)? = a2’, 
(tx —2)*° = Bo’, &e, up to (x — 1000)? = «r, x can be taken so 
great that each of the fractions a, 6, &c., shall be as near to unity, or 


a+ B +.... + w as near® to 1000, as we please. Hence E EEE 
g? a 


apot... +o ™ (e-1)*+(2-2)°+.. +(2-1000), 


which is 


bA l 
can be brought as near to —— as we please; and by the same reasoning, 


1000 
° g? 
heian E A flea 1001 may be brought as near to iool 


as we please; that is, may be made less than 7 Still more then may 


000° 


* Observe that this conclusion depends upon the number of quantities «, B, &c., being 
determinate. . lf there be ten quantities, each of which can be brought as near to unity as 
we please, their sum can be brought as near to 10 as we please; for, take any fraction 
A, and make each of those quantities differ from unity by less than the tenth part of A, 
then will the sum differ from 10 by less than A. This argument fails, if the number 
of quantities be unlimited. 

D 
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x 


1 
(x—1)?-+....+ (@—1001)?+....4+ 241° ? 1000” 
or x? may be less than the thousandth part of the sum of all the preceding 
terms. In the same way it may be shown that a term may be taken in 
any one of the series, which shall be less than any given part of the sum 
of all the preceding terms. It is also true that the difference of any two 
succeeding terms may be made as small a part of either as we please. 
For (x + 1)" — 2”, when developed, will only contain exponents less 


: m—l 
than m, being me" +m. Tk -3 + &c.; and we have shown 


e made less than 


(page 32) that the sum of such a series may be made less than any given 
part of <”. Itisalso evident that, whatever number of terms we may sum, 
if a sufficient number of succeeding terms be taken, the sum of the latter 
shall exceed that of the former in any ratio we please. 
. ; a aa 
Let there be a series of fractions aio gate” aa &c 
which a, a’, &c., b, b', &c., increase without limit ; but in which the ratio 
of b to a, b' toa’, &c., diminishes without limit. If it be allowable to 


Oe 
„ain 


: ! Í b 
begin by supposing b as small as we please with respect to a, or y 38 
small as we please, the first, and all the succeeding fractions, will be as near 


1 Sah da ae . 
as we please to —, which is evident from the equations 


æ ] ' l & 
pto , b pate | vw’ 
pa + ieee eee ra 

a g a! 


Form a new fraction by summing the numerators and denominators of the 
ata + a! + &e. 
the &c. 


extending to any given number of terms. This may also be brought as 
wri 


preceding, such as 


near to — as we please. For this fraction is the same as l divided by 


. 


b +- b' -+ &e. . b+- b! + &c. 

eee es ee bd d * SS e T RETE 

E S and it can be shown * that ai a eg TA must 
I | l | | 


lie between the least and greatest of the fractions R &c. If, then, 


each of these latter fractions can be made as small as we please, so also 

b +b + &c. 

a -+ a' + &. 

the following fraction, 
A+ (@+a ta’ + &.) T 

B + p (a 4- ad! + a"! + &.) +b -4-b + 6" + &c. (1) 

A and B being given quantities; provided that we can take a number of 

the original fractions sufficient to make a -+ a' 4-a" + &c., as great as we 

please, compared with A and B. This will appear on dividing the nume- 

rator and denominator of (1) by @-+ a' + a” + &c. Let the fractions be 


pote ee ee Se BY gs 
(Ppl? HeH EH eH) 


* See Study of Mathematics, page 88. 


can No difference will be made in this result, if we use 
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‘ f 3 

The first of which, or a may, as we have shown, be within any 
; ; l , : 

wiven difference of T and the others still nearer, by taking a value 


of x sufficiently great. Let us suppose each of these fractions to be 


7 oe es doit sat 
within +90 of A The fraction formed by summing the numerators 


and denominators of these fractions (n in number) will be within the 
same degree of nearness to}. But this is 

(£+ 1) +(e +2) +........- + tn) (2) 

(z +n) — 2x } 

all the terms of the denominator disappearing, except two from the first and 
last. If, then, we add z* to the denominator, and 1* + 2° + 3°....+ 2° 
to the numerator, we can still take n so great that (v7+1)?+....+(¢+n)?* 
shall contain 1°+..-+2* as often as we please, and that (7-++-2)*—2"* shall 
contain gtin the same manner. To prove the latter, observe that the ratio of 


(x +n)* — x to z* being ( oe p can be made as great as we please, 
x 


if it be permitted to take for n a number containing v as often as 
we please. Hence, by the preceding reasoning, the fraction, with its 
numerator and denominator thus increased, or 


+ 2437 +.... HEHHE... H w+)? (3) 

(a + n) ‘i 
may be brought to lie within the same degree of nearness to } as (2); 
and since this degree of nearness could be named at pleasure, it follows 
that (3) can be brought as near to 1 as we please. Hence the limit of 
the ratio of (1? + 2° J, . + 2°) to 2‘, as œ is increased without limit, is 
45 and, in a similar manner, it may be proved that the limit of the ratio 


| x+ 1)” 
of (1™42"+.... +2”) to z”? is the same as that of G eae 7H? 


1 l ; 
or aa This result will be of use when we come to the first prin- 


ciples of the integral calculus. It may also be noticed that the limits of the 


ratios which x T=, s =, &c., bear to z2, 2°, &c., arè severally 
l l 

3 909° » &c.; the limit being that to which thé ratios approximate as £ 
: xl t—l ` xa—l «r—2 
Increases without limit. For z —— = r = — 

reases without limi or x Ges oe? 9 3 
—] 2 — l] —2 
< 4 = = ae &c., and the limits ati E af , are severally 


b Qn Be’ 
equal to unity. We now resume the elementary principles of the Dife- 
rential Calculus. 

The following is a recapitulation of the principal results which havé 
hitherto been noticed in the general theory of functions :—I. That if in the 
equation y = @ (x), the variable æ receives an increment dz, ¥ is in- 
creased by the series 

pe. da + Gs ci Sel 


+ o"z + &e en. 


D2 
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II. That ¢’z is derived in the same manner from @’z, that dz is from @z, 
viz., that in like manner as @’z is the coefficient of dz in the development 
of 6 (x + dr), so Gx is the coefficient of dr in the development of 
ġ' (x + dz); similarly "x is the coefficient of dz in the development of 


ob" (x+dzx), and so on. III. That ġ'x is the limit of “J or the quantity 


to which the latter will approach, and to which it may be brought as near as 
we please, when dz is diminished. It is called the differential coefficient 
of y. IV. That in every case which occurs in practice, dr may be taken 
so small, that any term of the series above written may be made to contain 
the aggregate of those which follow, as often as we please; whence, though 
Q’x . dx is not the actual increment produced by changing x into x -+ dz in 
the function Gz, yet, by taking dz sufficiently small, it may be brought as 
near as we please to a ratio of equality with the actual increment. 

The last of the above-mentioned principles is of the greatest utility, 
since, by means of it, x . dr may be made as nearly as we please the 
actual increment; and it will generally happen in practice, that d'z . dr 
may be used for the increment of øv withont sensible error; that is, if 
in Oz, x be changed into æ ~- dz, dr being very small, gr is changed 
into pr-++ġ'x . dr, very nearly. Suppose that x being the correct value of 
the variable, r-+- h and x -+k have been successively substituted for it, 
or the errors A and & have been committed in the valuation of x, h and k 
being very small. Hence Ø (x -+ k) and d(x-+k) will be erroneously 
used for Gr. But these are nearly øx -+ ġ'x . h and px + ġ'x . k, and 
the errors committed in taking ør are Ø'x . h and ¢’z . k, very nearly. 
These last are in the proportion of h to k, and hence results a proposition 
of the utmost importance in every practical application of mathematics, 
viz., that if two different, but small, errors be committed in the valuation 
of any quantity, the errors arising therefrom at the end of any process, 
in which both the supposed values of x are successively adopted, are 
very nearly in the proportion of the errors committed at the beginning. 
For example, let there be a right-angled triangle, whose base is 3, and 


whose other side should be 4, so that the hypothenuse should be 4/32 + 42 
or 5. But suppose that the other side has been twice erroneously mea- 
sured, the first measurement giving 4'001, and the second 4'002, the 
errors being *001 and *002. The two values of the hypothenuse thus 
obtained are l 

32? + 4:001%, or “25:008001, and V3? + 4-0022, or “25016004, 
which are very nearly 5°0008 and 5°0016. The errors of the hypothe- 
nuse are then ‘0008 and ‘0016 nearly ; and these last are in the pro- 
portion of ‘001 and *002. It also follows, that if æ increase by successive 
equal steps, any function of x will, for a few steps, increase so nearly in 
the same manner, that the supposition of such an increase will not be 
materially wrong. For, if h, 2h, 3h, &c., be successive small increments 
given to zx, the successive increments of Or willbe Ọ'x . h, Ø'x . 2h, 
giz . 3h, &c. nearly; which being proportional to h, 2h, 3h, &c., the in- 
crease of the function is nearly doubled, trebled, &c., if the increase of x 
be doubled, trebled, &c. This result may be rendered conspicuous’ 
by reference to any astronomical ephemeris, in which the positions 
of an heavenly body are given from day to day. ‘The intervals of 
time at which the positions are given differ by 24 hours, or nearly 
sesth part of the whole year. And ‘even for this interval, though it can 
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hardly be called small in an astronomical point of view, the increments 

or decrements will be found so nearly the same for four or five days 

together, as to enable the student to form an idea how much more near 

they would be to equality, if the interval had been less, say one hour 

instead of twenty-four. For example, the sun’s longitude on the follow- 

ing days at noon is written uuderneath, with the increments from day to 
ay. 


Proportion which the differences 


l 83 4 RR Sona Mer PEE of ue eont eN to the 
Septemher 1 158° 30! 35” pg gil 
2 159 28 44 Enis ee 
9 J 
E E- 
ae 58 14 Tas 


5 152 23 23 


The sun’s longitude is a function of the time; that is, the number of 
years and days from a given epoch being given, and called 2, the suns 
longitude can be found by an algebraical expression which may be called 
ox. If we date from the first of January, 1834, x is *666, which is the 
decimal part of a year between the first days of January and September. 
The increment is one day, or nearly ‘0027 of a year. Here z is suc- 
cessively made equal to ‘666, ‘666 + ‘0027, °666 + 2 x °0027, &c.; and 
the intervals of the corresponding values of Gz, if we consider only 
minutes, are the same; but if we take in the seconds, they differ from 
one another, though only by very small parts of themselves, as the last 
column shows. This property is also used * in finding logarithms inter- 
mediate to those given in the tables; and may be applied to find a 
nearer solution to an equation, than one already found. For example, 
suppose it required to find the value of x in the equation @r = 0, a being 
a near approximation to the required value., Let a + h be the real value, 
in which % will be a small quantity. It follows that Ø (a + h) = 0, or, 
which is nearly true, da + p'a. h = 0. Hence the real value of his 


a pa . aati 
nearly — —-, or the value @ — Fi 1s a nearer approximation to the value 
a 


of xv. For example, let 2? + x — 4 = 0 be the equation. Here dr = 
a2®@+r—4, ad o(z+h)= (wth +ath-4>24+2—-—-4 + 
(2r + 1)h+h*?; so that d’rs= 2xa+1. A near value of æ is 1°57; 
let this be a. Then ¢a = ‘0349, and p'a = 4°14. Hence — = = — 


‘a 


°00843. Hence 1'57 — °00843, or 1°56157, is a nearer value of x. If 
we proceed in the same way with 1°5616, we shall find a still nearer value 
of x, viz., 1°561553. We have here chosen an equation of the second 
degree, in order that the student may be able to verify the result in the 
common way; it is, however, obvious that the same method may be ap- 
plied to equations of higher degrees, and even to those which are not 
to be treated by common algebraical methods, such as tan x = az. 

We have already observed, that in a function of more quantities than 
one, those only are mentioned which are considered as variable; so that 
all which we have said upon functions of one variable, applies equally to 
functions of several variables, so far as a change in one only is concerned. 
Take for example 2°y + 2zy*. If x be changed into x + dz, y remaining 
the same, this function is increased by 2ry dz + 2y°dz + &c., in which, 


* See Study of Muthemaiics, page 58. 
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as in page 15, no terms are contained in the &c. except thase which, by dimi- 
nishing dz, can be made to bear as small a proportion as we please to the 
first terms. Again, if y be changed into y -- dy, x remaining the same, 
the function receives the increment 2°dy + 6ry%dy + &c.3 and if x be 
changed into x + dx, y being at the same time changed into y + dy, the 
increment of the function is (2ry + 2y*) dx + (a? + 6x4?) dy + &c. 
If, then, u = Ly + 2ry*, and du denote the increment of u, we have the 
three following equations, answering to the various suppositions above- 
mentioned, i 

(1) when z only varies, du == (2xy + 24°) dx + &c. 

(2) when y only varies, du = (2° + 6xy?) dy + &e. 

(3) when both vand y vary, du = (2ry +2y*) dx + (2°+6ry*)dy+&c. 
in which, however, it must be remembered, that du does not stand for the 
same thing in any two of the three equations: it is true that it always 
represents an increment of u, but as far as we have yet gone, we have 
used it indifferently, whether the increment of v was the result of a change 
in æ only, or y only, or both together. To distinguish the different incre- 
ments of u, we must therefore seek an additional notation, which, without 
sacrificing the du that serves to remind us that it was u which received 
an increment, may also point out from what supposition the increment 
arose. For this purpose we might use d,w and du, and d, „u, to dis- 
tinguish the three; and this will appear to the learner more simple than 
the one in common use, which we shall proceed to explain. We must, 
however, remind the student, that though in matters of reasoning, he has 
aright to expect a solution of every difficulty, in all that relates to nota- 
tion, he must trust entirely to his instructor; since he cannot judge be- 
tween the convenience or inconvenience of two symbols without a degree 
of experience, which he evidently cannot have had. Instead of the nota- 
tion above described, the increments arising from a change in æ and y are 


d 
severally denoted by — dx and = dy, on the following principle :—If 


there be a number of results obtained by the same species of process, but 
on different suppositions with regard to the quantities used; if, for ex- 
ample, p be derived from some supposition with regard to a, in the same 
manner as are q and r with regard to b and c, and if it be inconvenient 
and unsymmetrical to use separate letters p, g, and r, for the three results, 
they may be distinguished by using the same letter p forall, and writing 


the three results thus, Fa, T-a, £ c. Each of these, in common 
algebra, is equal to p, but the letter p does not stand for the same thing 
in the three expressions. The first is the p, so to speak, which belongs 


to a, the second that which belongs to b, the third that which belongs to c. 


Therefore the numerator of each of the fractions £ L and = must 


never be separated from its denominator, because the value of the former 
depends, in part, upon the latter; and one p cannot he distinguished 
from another without its denominator. The numerator by itself only in- 
dicates what operation is to be performed, and on what quantity ; the de- 
nominator shows what quantity is to be made use of in performing it. 


Neither are we allowed to say that P divided by £ is 2, for this sup- 
a a 


poses that p means the same thing in both quantities, In the ex- 
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oressions te dx, and de 
l dx” dy 


ments but the first points out that x, and the second that y, was sup- 
posed to increase, in order to produce that increment; while du hy itself, 
or sometimes d.u, is employed to express the increment derived from 
both suppositions at once. And since, as we have already remarked, it 
is not the ratios of the increments themselves, but the limits of those 
ratios, which are the objects of investigation in the Differential Calculus, 


d du | 
here, as in page 15, BN dx, and ae dy, are generally considered as re- 


dy 
presenting those terms which are of use in obtaining the limiting ratios, 
and do not include those terms, which, from their containing higher 
powers of dz or dy than the first, may be made as small as we please with 
respect to dv or dy, Hence in the example just given, where u=2°y42zry’, 
we have 


dy, each denotes that u has received an incre- 


du , ‘ du eri 
T dx = (2ry + 24°) dx, or a 2ry + 2y 

du du 

‘mene = 2 9 — = 7° 9 2 
ae dy = (a? + 6ry*) dy, or oF z j Gzy 


- du. du 3 
du or d.u = =F dx + EN dy. i 


The last equation gives a striking illustration of the method of notation. 
Treated according to the common rules of algebra, it is du = du + du, 
which is absurd, but which appears rational when we recollect that the 
second du arises from a change in v only, the third from a change in y 
only, and the first from a change in both. The same equation may be 
proved to be generally true for all functions of z and y, if we bear in 
mind that no term is retained, or need be retained, as far as the limit is 
concerned, which, when dx or dy is diminished, diminishes without limit 


; d d z ee ; 
as compared with them. In using zand — as differential cocfficients 


of u with respect to v and y, the objection (page 14) against considering 
these as the limits of the ratios, and not the ratios themselves, does not 
hold, since the numerator is not to be separated from its denominator. 
Let u be a function of x and y, represented * by ¢ (x, y). It is indif- 
ferent whether x and y be changed at once into x + dx and y + dy, or 
whether x be first changed into x + dz, and y be changed into y + dyin 
the result. Thus, z°y + y? will become (x + dr)* (y + dy) + (y + dy)’ 
in either case. Ifxbe changed into x + dx, u becomes u + w dr + &c., 
where w’ is what we have called the differential coefficient of u with 
respect to x, and is itself a function of xv and y; and the correspond- 
ing increment of u is u'dx + &c. If in this result y be changed into 
y + dy, u will assume the form u + u, dy + &c., where w, is the diffe- 
rential coefficient of 2 with respect to y; and the increment which 2 


* The symbol g(x,y) must not be confounded with ¢(ry). The former represents any 
function of x and y; the latter a function in which v and y only enter so far as they are 
contained in their product. The second is therefore a particular case of the first; but the 
first is not necessarily represented by the second. For example, take the function 
xy -+ sin xy, which, though it contains both x and y, yet can only be altered by such a 
change in x and y as will alter their product, and if the product be called p, will be 
p-+sin p. This may properly be represented by ¢(ay); whereas v + ry? cannot be 
represented in the same way, since other functions besides the product are contained in it, 
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receives will be u,dy + &c. Again, when y is changed into y + dy, 
w, which is a function of z and y, will assume the form w’ + pdy + &c.; 
aud wu + u'dx + &c. becomes u-+-udy-+ &c.+ (u' + pdy + &c.) dx+&c., 
or u + u, dy + u'dx + pdx dy + &c., in which the term pdr dy is 
useless in finding the limit. For since dy can be made as small as we 
please, pdx dy can be made as small a part of pdx as we please, and 
therefore can be made as small a part of dx as we please. Hence on the 
three suppositions already made, we have the following results ;— 


J. when z only is changed 
into x + dz, 


2. when y only is changed 


3 u receives the 
into y + dy, Re i udy + &c. 


cu'dz + &c. 


3. when x becomes 2+ dr 
and y becomes y + dy 
at once, 


tu'dxz + u,dy + &c. 


the &c. in each case containing those terms only which can be made as 
small as we please, with respect to the preceding terms. In the language 
of Leibnitz, we should say that if x and y receive infinitely small incre- 
ments, the sum of the infinitely small increments of u obtained by making 
these changes separately, is equal to the infinitely small increment ob- 
tained by making them both at once. As before, we may correct this in- 
accurate method of speaking. The several increments in 1, 2, and 3, 
may be expressed by u' dr + P, u, dy + Q, [and wdz + u,dy+R; 
where P, Q, and R can be made such parts of dx or dy as we please, by 
taking dx or dy sufficiently small. The sum of the two first is. 
wdx + udy + P + Q, which differs from the third by P+Q—R; 
which, since each of its terms can be made as small a part of dz or dy as 
we please, can itself be made less than any given part of dx or dy. This 
theorem is not confined to functions of two variables only, but may be 
extended to those of any number whatever. Thus, if z be a function of 
P, q, 7, and s, we have 


dz dz dz dz 
d.z ordz = Paes a dq+ ae dr + z; ds + &c. 


d ; l : ; ; 
in which = dp + &c. is the increment which a change in p only gives to 


z,and soon. The &c. is the representative of an infinite series of terms, 
the aggregate of which diminishes continually with respect to dp, dq, &c., 
as the Jatter are diminished, and which, therefore, has no effect on the 
limit of the ratio of d.zto any other quantity. We proceed to an im- 
portant practical use of this theorem. Ifthe increments dp, dq, &e., be 
small, this last-mentioned equation, the terms included in the &c. being 
omitted, though not actually true, is sufficiently near the truth for 
all practical purposes ; which renders the proposition, from its simplicity, 
of the highest use in the applications of mathematics. For if any result be 
obtained from a set of duta, no one of which is exactly correct, the error 
in the result would be a very complicated function of the errors in the data, 
if the latter were considerable. When they are small, the error in the results 
is yery nearly the sum of the errors which would arise from the error in 
each datum, if all the others were correct. For if p,q, rand s, are the 
presumed values of the data, which give a certain value z to the 
function required to be found; and if p + dp, q + dq, &c., be the correct 
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values of the data, the correction of the function z will be very nearly 
debit hs treat we. aes ae pal” ge Beast a 
made, if z be increase ya? ag Tt gq, @ being the 


sum of the terms which would arise from each separate error, if each were 
made in turn by itself. For example :—A transit instrument is a telescope 
mounted on an axis, so as to move in the plane of the meridian only, that 
is, the line joining the centres of the two glasses ought, if the telescope be 
moved, to pass successively through the zenith and the pole. Hence can 
be determined the exact time, as shown by a clock, at which any star 
passes a vertical thread, fixed inside the telescope so as apparently to cut 
the field of view exactly in half, which thread will always cover a part of 
the meridian, if the telescope be correctly adjusted. In trying to do 
this, three errors may, and generally will be committed, in some small 
degree. 1. The axis of the telescope may not be exactly level; 2. the 
ends of the same axis may not be exactly east and west; 3. the line 
which joins the centres of the two glasses, instead of being perpendicular 
to the axis of the telescope, may be inclined to it. If each of these errors 
were considerable, and the time at which a star passed the thread were 
observed, the calculation of the time at which the same star passes 
the real meridian would require complicated formule, and be a work 
of much Jabour. But if the errors exist in small quantities only, the 
calculation is very much simplified by the preceding principle. For, sup- 
pose only the first error to exist, and calculate the corresponding error in 
the time of passing the thread, Next suppose only the second error, and 
then only the third to exist, and calculate the effect of each separately, all 
which may be done by simple formule. The effect of all the errors 
will then be the sum of the effects of each separate error, at least with 
sufficient accuracy for practical purposes. The formule employed, like 
the equations in page 15, are not actually true in any case, but approach 
more near to the truth as the errors are diminished. 

In order to give the student an opportunity of exercising himself in the 
principles laid down, we will so far anticipate the Treatise on the Diffe- 
rential Calculus as to give the results of all the common rules for differen- 
tiation; that is, assuming y to stand for various functions of v, we find the 
increment of y arising from an increment in the value of z, or rather, that 
term of the increment which contains the first power of dr. ‘This term, 
in theory, is the only one on which the limit of the ratio of the increments 
depends; in practice, it is sufficiently near to the real increment of y, 
if the increment of x be small. 

1. y=” where m is either whole or fractional, positive or negative ; then 


dy=ma™-' dx. Thus the increment of az or the first term of (x+dx)3— r3 


is $ x3" dz, or ie Again, if y=w*, dy=84". When the exponent is ne- 
323 

vative, orwhenys=:—, dy = — mae or when y = x7", dy = — mo™™ dr, 

= á T ida nn 


whic is according to the rule. The negative sign indicates that an in- 
crease in x decreases the value of y; which, in this case, is evident. 

2. y =a. Here dy = a’ log a dr where the logarithm (as is always 
the case in analysis, except where the contrary is specially mentioned) is 
the Naperian or hyperbolic logarithm. When æ is the base of these loga- 
rithms, that is when a = 2°7182818 = e, or when y = e7, dy = edz, 
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3. y = log x (the Naperian logarithm). Here dy = de Ify = com- 
dx g 
mon log x, dy = °4342944 ~~ 


4. y = sine, dy = cosrdz ; y = cost, dy = — siny dz; 
= tana, dy = gi 
Y EE E E E 


At the risk of being tedious to some readers, we will proceed to illus- 
trate these formulæ by examples from thẹ tables of logarithms aud sines, 
Let y = common log x, If x be changed into x + dz, the real increment 

dz cy + pen 
of y is 4342944 (z — 4 —— a 
of continuation is evident. The hae series for Naperian loga- 
rithms is to be found in page 11, From the first term of this the limit of 
the ratio af dy to dx can be found; and if dx be small, this will 
represent the increment with sufficient accuracy. Let r= 1000, whence 
y = common log 1000 = 3; and let dx = 1, or let it be required to find 
the common logarithm of 1000 + 1l, or 1001. The first term of the 


l 
series is therefore "43429445 00" or °0004343, taking seven decimal 


places only. Hence log 1001=log 1000-+ ' 0004343 or 3°0004343 nearly. 
The tables give 3°0004341, differing from the former only in the 7th place 
ofdecimals. Again, let y = sin x; from which, by page 11, as before, if « 
be increased by dz, sin x is increased by costdr — ł siny (dr)? — &c., 
4 which we take only the first term. Let v = 16°, in which case sin 
-2756374, and cos z= °9612617. Let dx = l’, or, as it is repre- 
aed in analysis, Watt the angular unit is that angle whose arc is equal 
to fhe radius *, s52$es- Hence sin 16°-1! = sin 16° + °9612617 x 
aoeses = °2756374 + °0002797 = °2759171, nearly. The tables give 
°2759170. These examples may serve to show how nearly the real ratio 
of two increments approaches to their limit, when the increments them- 
selves are small. 

When the differential coefficient of a function of x has been found, the 
result, being a function of x, may be also differentiated, which gives the 
differential coefficient of the differential coefficient, or, as it is called, the 
second differential coefficient. Similarly the differential coefficient of the 
second differential coefficient is called the third differential coefficient, and 
sy on. We have already had occasion to notice these successive differen- 
tial coefficients in page 12, where it appears that p'x being the first dif- 
ferential coefficient of px, Ox is the coefficient of A in the development 
h'(x + h), and is therefore the differential coefficient of Ø'x, or what we 
have called the second differential coefficient of px. Similarly #7 is the 
third differential coefficient of px. If we were strictly to adhere to our 
system of notation, we should denote the several differential coefficients 


of dx or y by 


—= &e. ) in which the law 


a, 2 
dy q.% d. — 
Tr dx dz &c. 
v 
dx dx 


in order to avoid so cumbrous a system of notation, the following symbols 
are usually preferred, 


* See Study of Mathematics, page 90, 


THE DIFFERENTIAL AND INTEGRAL CALCULUS. d3 


We proceed to explain the manner in which this notation is connected 
- with our previous ideas on the subject. When in any function of 2, an 
increase is given to z, which is not supposed to be as small as we please, 
it is usual to denote it by Az instead of dz, and the corresponding incre- 
ment of y or Oz, by Ay or A@z, instead of dy or dpr. The symbol Ax 
is called the difference of x, being the difference between the value of the 
variable x, before and after its increase. Let x increase at successive 
steps by the same difference, that is, let a variable, whose first value is z, 
successively become z + Az, r+2Az,2+3 Az, &., and let the suc- 
cessive values of Ox corresponding to these values of æ be yY, Yı, Yo Yy 
&c., that is, Or is called y, (x + Az) is Yn P(x + 2 A x) is y,, &c., and, 
generally, (x + m A z) is Ym Then, by our previous definition y, — y 
is Ay, Y — Yi İS AY, Ys — Yz IS Ay, &c., the letter A before a quan- 
tity always denoting the increment it would receive if v+ Aw were sub- 
stituted for x. Thus y, or (x + 3 A x) becomes A(z + Ar + 34x1), or 
p(x + 4A); when x is changed into x + Aa, and receives the incre- 
ment O(c + 4A x) — (x + 34 zx), ory, — ys Ify bea function which 
decreases when v is increased, y, — y, or Ay is negative. It must be 
observed, as in page 18, that Ax does not depend upon v, because 2 
occurs in it; the symbol merely signifies an increment given to 2, which 
increment is not necessarily dependent upon the value of æ. Forin- 
stance, in the present case we suppose it a given quantity ; that is, when 
z+ Axis changed into xv + Axr + Ax, or z+ 2Az, z is changed, and 
Azisnot. In this way we get the two first of the columns under- 
neath, in which each term of the second column is formed by subtract- 
ing the term which immediately precedes it in the first column from the 
one which immediately follows. Thus Ay is y,—y, Ay is Y2 — Yy Ke. 
$ (2) or y 


Ay 
(r+ AT)... Y, A®y : 
A 
P(@+2Ax) s.. Y T ay, | oe [aty 
p(x +3Ar).... Yz 2 | AY l 


ple t4Ar) oe y | 2% 
&c. 

In the first column is to be found a series of successive values of the 
same function @r, that is, it contains terms produced by substituting 
successively in øx the quantities z, r+ Az, «+2Aaz, &e., instead 
of x. The second column contains the successive values of another function 
p(z + Ax) — pz, or AGz, made by the same substitutions; if, for ex- 
ample, we substitute +2 A z for v, we obtain (7+3 Aq)— (x + 2Az), 
or Ys — Ya Or Ay, If, then, we form the successive differences of 
the terms in the second column, we obtain a new series, which we 
might call the differences of the differences of the first column, 
but which are called the second differences of the first column. And 
as we have denoted the operation which deduces the second column 
from the first by 4, so that which deduces the third from the second may be 
denoted by A A, which is abbreviated into A?. Hence as y, — y was 
written Ay, Ay, — Ay is written A Ay, or A*y. And the student 
must recollect, that in like manner as A is not the symbol of a number, but 
of an operation, so A? does not denote a number multiplied by itself, but 
an operation repeated upon its own result; just as the logarithm of the 
logarithm of v might be written log 2a; (log x)? being reserved to sig- 
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nify the square of the logarithm of z. We do not enlarge on this nota- 
tion, as the subject has been already discussed in the treatise on Alge- 
braical Expressions, No. 105, the first six pages of which we particularly 
recommend to the student’s attention, in relation to this point. Similarly 
the terms of the fourth column, or the differences of the second differences, 
have the prefix A A A abbreviated into A*, so that A®’y,— A*’y= Ay, 
&c. When we have occasion to examine the results which arise from 
supposing Aw to diminish without limit, we use dz instead Az, dy in- 
stead of Ay, dy instead of A?y, and so on. If we suppose this case, 
we can show that the ratio which the term in any column bears to its cor- 
responding term in any preceding column, diminishes without limit. Take, 
for example, dèy and dy. The latter. is (x + dx) — zx, which, as we 
have often noticed already, is of the form p dx + q (dx)? + &c., in which 
P, q, &c., are also functions of x. To obtain d?y, we must, in this series, 
change x into x + dz, and subtract pdr + q (dx)? + &c. from the result. 
But since p, q, &c., are functions of 2, this change gives them the form 
p + p'dr + &., q + q'dr + &c.; so that d*y is 
(p+p'dr+ &c.)dr+ (q+q'dr+ &e.) (dx)?+ &c.— (pdr+q(dr)?+ &c.) 

in which the first power of dx is destroyed. Hence (page 21), the ratio 
of d®y to dx diminishes without limit, while that of d'y to (dz)? has a 
finite limit, except in those particular cases in which the second power of 
dr is destroyed in the previous subtraction, as well as the first. In the 
same way it may be shewn that the ratio of d'y to dx and (dr)? decreases 
without limit, while that of d'y to (dx)* remains finite; and soon. Hence 
dy Ly dy 
dx’ dx” da 
finite limits when dz is diminished. We now proceed to show that in the 
development of d(#-++ A), which has been shown to be of the form 


2 h3 
px + pz h+ oa = + Oa, -H &e. 


we have a succession of ratios &c., which tend towards 


e e @ d 4 
in the same manner as 9’z is the limit of = (page 12), so @"x is the 
x 


m ` d Y Al a d3y kad ® 
limit of —, o'x is that of —~, and sv on. From the manner in which the 
dr? dy? 


preceding table was formed, the following relations are seen immediately: 
y=y+t Ay Ayp= Ayt Ayy A*Y=Atyt Aay &e, 
Y=J t Ay Ay= Ayt Ay A= A*y,+ Ay &e.5 
Hence Yı Yp &c., can be expressed in terms of y, Ay, A®y, &c. 
For y = y + AY; Y= YV + Ayi = (y + Ay) + (Ay + Ay) 
= y + 2Ay+ A’; in the same way Ay: = Ay +2A%Yy + Ay; 
hence y; = ye + Ay = (y +2Ay + A’°y) + (Ay + 2A°%y + A*y) 
=y +3Ay+34°y + A*y. Proceeding in this way we have 
y= yt AY 
Y =y +2Ay+ AY 
y =y +3Ay + 3Ay + Ay 
y= yr shyt GAyt 4 ayt a'y 
Ys = y + 5Ay+ 104°y +10 Ay + 5A + A®y, Ec. 
from the whole of which it appears that y, or (x -+n A x) is a series 
consisting of y, Ay, &c., up to A"y, severally multiplied by the coeffi- 
cients which occur in the expansion of (1 -+ a)", or 
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a —1 —l n—2 
y= O(r-fndz)=yfndy Hn by +n. — 


Let us now suppose that x becomes x + by n equal steps; that is, v, 


A*y+&e. 


2 nh ; ; 
x + —, t+—, &.....2-+ — or +h, are the successive values of v, 
n 1 n 


so that n Ax = h. Since the product of a number of factors is not altered 
by multiplying one of them, provided we divide another of them by the 
same quantity, multiply every factor which contains n by Az, and divide 
the accompanying difference of y by Az as often as there are factors which 
contain 7, substituting % for n Az, which gives 

nOc—Ar Azy nac—Arv-nAr—2Ar Asy 


Ay 
= — ea eines é & - 
| ¢(e-+nAr) =y+-nAr ae -nâr 5 (ary +ndAr 5 5 (Ars + &c 
= Ay h— Ar Azy k — Ar h — 2Ar A3y 
ee SYTA a i 2 (Ax)? 2 3 (Ary EH: 


If k remain the same, the more steps we make between x and x + h, 
the smaller will each of those steps be, and the number of steps may be 
increased, until each of them is as small as we please. We can therefore 
suppose Az to decrease without limit, without affecting the truth of the 
series just deduced. Write dz for Av, &c., and recollect that h — dz, 
h — 2dx, &c., continually approximate to k. The series then becomes , 


dy k dy kè 
pe th=y t Er Hag ati 


dx? 2? dæ 2.3 
d ; h 
in which, according to the view taken of the symbols z &c. in page 14, 


2 
dy stands for the limit of the ratio of the increments, dy is Pa, oy 
dx dx dx 
gx, &e. According to the method proposed in page 15, the series written 
above is the first term of the development of p(x + h), the remaining 
terms (which we micht include under an additional + &c.) being such 
as to diminish without limit in comparison with the first, when dz is di- 


is 


dy. 
minished without limit. And we may show that the limit of is the dif- 


ferential coefficient of the limit of wi J or if by these fractions themselves 


dr 
eee dy , ; dy 
are understood their limits, that 73 is the differential coefficient of Pi for 
x 


since dy, or p(x + dx) — Gr, becomes dy + d'y, when x is changed into 


d ; 
x + dz; and since dx does not change in this process, 2y will 


dx 
g 
become dy yeu or its increment is dy The ratio of this to dz is 
dx dz dx 
d’ i ' ' 
ay the limit of which, in the definition of page 12, is the differential co- 
| ae a a ROR 
efficient of Tr Similarly the limit of 5 is the differential coefficient of 
— dy 
the limit of Ta’ and so on. 


We now proceed to apply the principles laid down to some cases in 
which the variable enters into its function in a less direct and more com- 
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plicated manner. For example, let z be a given function of x and y, and 
let y be another given function of æ; so that z contains x both directly and - 
indirectly; the latter as it contains y, which is a function of æ. This will be 
the case if z=x log y, where y=sin æ. If we were to substitute for y its 
value in terms of x, the value of z would then be a function of x only; in 
the instance just given it would be x log sin æ. But if it be not con- 
venient to combine the two equations at the beginning of the process, 
let us first consider zas a function of x and y, in which the two 
variables are independent. In this case, if 2 and y respectively re- 
ceive the increments dr and dy, the whole increment of z, or d.z, 
(or at least that part which gives the limit of the ratios) is represented by 


dz i ; 
— dr + T; dy. Ify be now considered as a function of 2, the conse- 


dex 
quence is that dy, instead of being independent of dz, is a series of the 
form pdr + q (dx)? + &c., in which p is the differential coefficient of y 


, dz dz ., d.z dz . dz 
with respect to x. Hence d.z = az dæ. + ay pdx or => = gz + ay Ps 
in which the difference between = and a is this, that in the second, £ 


is only considered as varying where it is directly contained in z, or z is 
considered in the form in which it first appeared, as a function of x and y, 


d. 
where y is independent of x; in the first, or =, the total variation of z 


is denoted, that is, y is now considered as a function of x, by which 
means if z become r+dz, z will receive a different increment from that which 
it would have received, had y been independent of x. In the instarice 
above cited, where z= log y and y= sin z, if the first equation be taken, 
and x becomes z+dz, y remaining the same, z becomes g% log y+log y dz 


or - is log y. Ify only varies, since (page 11) z will then become 
dz 


l 
x log ype — &., = is *. Andis cos æ when y=sin x (page 11). 


dy y dx 
dz dz dz dz dy, x . 
Hence iz + dy p, or > + ay Ta log y Ya cos v, or log sin g 


2 


cos æ. This is —, which might have been obtained by a more 


£ 
+ sin & dx 
complicated process, if sin x had been substituted for y, before the ope- . 
ration commenced. [Itis called the complete or total differential coefficient 


with respect to z, the word total indicating that every way in which 


à spi z as 
z contains æ has been used; in opposition to Ta which is called 


fœ 


the partial differential coefficient, x having been considered as varying only 
where it is directly contained in z. Generally, the complete differential 
coefficient of z with respect to z, will contain as many terms as there are 
different ways in which z contains z. From looking at a complete dif- 
ferential coefficient, we may see in what manner the function contained 
its variable. Take, for example, the following, 

d.z _dz , dz dy , dz da dy dz da :. 

dx dx dy dx ` da dy dx da dx 

Before proceeding to demonstrate this formula, we will collect from 

itself the hypothesis from which it must have arisen. When @ is con- 


THE DIFFERENTIAL AND INTEGRAL CALCULUS, 47 


tained in z, we shall say that z is a direct* function of 2 When z is 
contained in y, and y is contained in z, we shall say that z is an indirect 
function of x through y. It is evident that an indirect function may be 
reduced to one which is direct, by substituting for the quantities which 


i ee 
contain «v, their values in terms of z. The first side a, "S shown by the 


point to be a complete differential coefficient, and indicates that z is a 
function of x in several ways; either directly, and indirectly through one 
quantity at least, or indirectly through several, Ifz be a direct function 


d 
only, or indirectly through one quantity only, the symbol _ without the 
point, would represent its total differential coefficient with respect to z. 


d 
On the second side we see,—I. = which shows that 2 is a direct func- 


tion of z, and is that part of the differential coefficient which we should 
get by changing x into x -+ dx throughout z, not supposing any other 
d 
quantity which enters into z to contain <. IT. T a : which shows that 
z is an indirect function of z through y. If z and y had been supposed 
to vary independently of each other, the increment of z, (or those terms 
which give the limiting ratio of this increment to any other,) would have 
d 2 . . a è ° è 
been = dz + = dy, in which, ìf dy had arisen from y being a function 
of 2, dy would have been a series of the form pdx + q (dx)? + &c., of 
which only the differential coefficient p would have appeared in the limit. 
dz dz dy dz da dy this 
dy dy dx "da dy dr 
arises from z containing a, which contains y, which contains z. Ifz had 
been differentiated with respect to @ only, the increment would have been 


Hence — dy would have given i p, Or 


represented by = da; if da had arisen from an increment of y, this 


_ dzda ee ae. f 
would have been expressed by z- ey dy; if y had arisen from an incre- 


dz da dy 
7a ip ds dr, which, 


after dz has been struck out, is the part of the differential coefficient an- 


, dz da PN re 
swering to that increment. IV. Ja dg. asing from @ containing v 


ment given to x, this would have been expressed by 


directly, and z therefore containing w indirectly through a. Hence z is 
directly a function of zv, y, and a, of which y is a function of x, and a of 
y and z. If we suppose v, y and @ to vary independently, we have 


dz dz dz 
e — ae ar d a d & e o° 5 ° 
d.z Tz dz + dy y + Ta 4 + &c. (page 15) 


But as a varies as a function of y and z, 
da da 
da = ae dz + ai dy 
If we substitute this instead of da, and divide by dz, taking the limit of 


* It may be right to warn the student that this phraseology is new, to the best of our 
knowledge. The nomenclature of the Differential Calculus has by no means kept pace 
with its wants; indeed the same may be said of Algebra generally. 
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the ratios, we have the result first given. For example, let z= s'ya’, y= 2°, 
anda=a2*y. Taking the first equation only, and substituting «-+-dz for x 


&c., we find 2 = 2rya’, bad = 2a’, and 2 = 32°ya*. From the second 
dz "dy da : 
dy 


— = 22, and from the third ee = 32°y, and et =z. Substituting these 
dx dx = dy i 


, : a g 
ip the value of =, we find 


d.z dz 4 dz dy dz da dy dz da 
dz de dy dz da dy dz da dz : 

= 2rya+ Pa X 2x + 32°ya* x v3 x Ww + Br*ya® x B2*y 

= 2rya® + 22303 + 62° ya* + 92*y*a* 
If for y and æ in the first equation we substitute their values 2° and 2°y, 
or 2°, we have z = 2”, the differential coefficient of which is 192°, This 
is the same as arises from the formula just obtained, after z? and 2° have 
been substituted for y and a; for this formula then becomes 

22% + 2 2" + 62 + 9 2x or 19 2. 

In saying that z is a function of z and y, and that y is a function of 2, 
we have first supposed zx to vary, y remaining the same. The student 
must not imagine that y is then a function of x; for if so, it would vary 
when x varied. There are two parts of the total differential coefficient, 
arising from the direct and indirect manner in which z contains x. ‘That 
these two parts may be obtained separately, and that their sum constitutes 
the complete differential coefficient, is the theorem we have proved. The 
dz 
dx 
tion of x; and on this supposition we therefore proceed to find it. The 


other part ez c is the product of—I. ae which would have resulted 
dy dx dy 


dy 


from a variation of y only, not considered as a function of x. IT. F 


first part — is what would have been obtained if y had not been a func- 


the coefficient which arises from considering y as a function of x. These 
partial suppositions, however useful in obtaining the total differential co- 
efficient, cannot be separately admitted or used, except for this purpose ; 
since if y be a function of v, z and y must vary together. 

If z be a function of x in various ways, the theorem obtained may be 
stated as follows :—Find the differential coefficient belonging to each of 
the ways in which z will contain z, as if it were the only way ; the sum of 
these results (with their proper signs) will be the total differential coeffi- 


i T dz. dz dy 

t. I 9 if l 1 j i o 9 j ° 
cien lus, 1f z only contains æ indirectly through y Ta is dy a If z 
contains @, which contains b, which contains v, dz __ dz da db 


| ds“ da db dz 

This theorem is useful in the differentiation of complicated functions; for 

example, let z = log (+a). If we make y= + a?, we have z—log y, 
dz . | ; d 

and — = —; while from the first equation = = 2r. Hence — or 
d i dz dr 

dz dy, 2x 2x , l 

ede is > o PFa If z = log log sin v, or the logarithm of the 
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logarithm of sin v, let sin x =y and log y= a; whence z = os a, 
e e © kd Z 
and contains z, because @ contains y, which contains z. Hence a 


dz da dy | dz 1 da 1, 
. b t — | Tr — E m ° a | j — 
ut since z og 4, oe since @ og y dy 7 


da dy dx da 
and since y==sin i dy = cos x. Hence ~ ! cos L 
- RRES l dx da dy de @ y 


cos T z 
= ——————. We now put some rules in the form of 
log sin x. sin £ 


applications of this theorem, though they may be deduced more 
simply. 

I. Let z = ab, where a and b are functions of v. The general formula, 
since z contains 2 indirectly through @ and b, is (in this case as well as in 
those which follow,) 

dz _dz dæ __ dz db 


dx da dr db dr 
We must leave ~ and 2 as we find them, until we know what func- 
tions æ and b are of x; but as we know what function z is of a and b, 


d dz 
we substitute for = and T Since z = ab, if a becomes a& + da, z 


dz ; 
becomes ab + bda, whence b. In this case, and part of the follow- 
ing, the limiting ratio of the increments is the same as that of the incre- 


eats d 
ments themselves. Similarly T = a, whence 


dz $- da db 


from z = ab follows ove = ra 
dx dr 
a at+da a da 
II. Letz = T If a become a + da, z becomes ears -H > 
dz. 1 53 as adb 
and aT If b become b -+ db, z becomes ea A E +&c., 
dz 
whence T is — A Hence 
dz 1 da adb %2-at 
fı = CO ea a 
rom z 5 Z follows d s l Cir 8 


TIT. Let z= œ. Here (a + da)’= a’ + ba’ da + &c., (page 11,) 
dz 
whence qa ba~. “Again, a’t” = a’ a?” = a’ (1 + log a db + &c.) 


whence = = alog a. Therefore 


dz db 
from z= a’ follows rE = ba a Shed a’ log a FP 


If y be a function of x, such as y = Oz, we may, by solution of the 
equation, determine x in terms of y, or produce another equation of the 
form z= .y. For example, when y = <°, x = y'. It is not necessary 
that we should be able to solve the equation y = @z in finite terms, that 
is, so as to give a value of x without infinile series; it is sufficient that x 


E 
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can be so expressed that the value of x corresponding to any value of y 
may be found as near as we please from x = 4y, in the same manner as 
the value of y corresponding to any value of x is found from y == Oz. 
The equations y = $2, and x= Jy, are connected, being, in fact, the 
same relation in different forms ; and if the value of y from the first be 
substituted in the second, the second becomes zx == 4} (gr), or as it is 
more commonly written, Løv. ‘That is, the effect of the operation or set 
of operations denoted by y is destroyed by the effect of those denoted 
by @; as in the instances (x)}, (2°), e87, angle whose sine is (sin 2), 
&c., each of which is equal to x. By differentiating the first equation 
y = dr, we obtain = xz, and from the second T =WĻ'y. But what- 
ever values ofr and y together satisfy the first equation, satisfy the 
second also; hence, if when z becomes x + dz in the first, y becomes 
y 4- dy; the same y + dy substituted for y in the second, will give the 


j 
same xv + dr. Hence = as deduced from the second, and = as deduced 
from the first, are reciprocals for every value of dx. The limit of one is 


therefore the reciprocal of the limit of the other; the student may easily 
prove that if a is always equal to = and if @ continually approaches to 
the limit a, while b at the same time approaches the limit £, & is equal 


l : i 
to T But = or yy, deduced from x = yy, is expressed in terms of y, 


od . : 
while = or Ọ'z, deduced from y = ¢x is expressed in terms of x. There- 


fore Ļ'y and ¢'x are reciprocals for all such values of x and y as satisfy 
either of the two first equations. For example let y = e”, from which 


l 
æ = log y. From the first (page 11) w = e"; from the second a5) 


; l ; 
and it is evident that e” ae are reciprocals, whenever y = e. 


. ; d’ i 
If we differentiate the above eqnations twice, we get TS = "x, and 
£ ; l dy d?r 
iy =w"r. There is no very obvious analogy between as and dy? 


indeed no such appears from the method in which these coefficients were first 
formed. Turn to the table in page 43, and substitute d for A throughout, 
to indicate that the increments may be taken as small as we please. We 
there substitute in @r what we will call a set of equidistant values of z, 
or values in arithmetical progression, viz., 2, v + dr, x + 2dr, &c. The 
resulting values of y, or y, Yı, &c., are not equidistant, except in one func- 
tion only, when y=ar+b, where a and b are constant. Therefore dy, dy, 
&c., are not equal; whence arises the next column of second differences, 
: 2 
or d'y d'y, &c. The limiting ratio of d'y to (dxr)?, expressed by <4 is the 
second differential coefficient of y with respect to v. If from y = Oz we 
deduce v = Wy, and take a set of equidistant values of Y, viz, Y, Y + dy, 
y + 2dy, &c., to which the corresponding values of x are z, To To &C., a 
similar table may be formed, which will give dz, dz,, &c., d'z, Ëz, &c., 
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dy ' 
and the limit of the ratio of d*z to (dy)? or s is the second differential 


coefficient of x with respect to y. These are entirely different supposi- 
tions, dr being given in the first table, and dy varying; while in the 
second dy is given and dz varies. We may show how to deduce one from 
d 
the other as follows :—When, as before, y= Oz and x == Yy, we have = 


l k.. ; l 
= d's = —-~ = -, if y'y be called p. Calling this u, and considering it 


/ 


as a function of z from containing p, which contains y, which contains L, 


d3 
we have u aR on ey for its differential coefficient with respect so z. But since 
dp dy dx 
Ti E ne since p = ¥'y ny and w'’y is the differential 
= -, -= : ; r= ; ifferentia 
p dp p iy 


, ae | er l dy \? 
ficient of Y'y, and is —. Also — is ——— or (p'r) —=— }. 
coefficient of %’y, and is ay sO = Is Cry): or (p'r)? or (+) 


Hence the differential coefficient of u or =, with respect to 2, which is 


2 d°x dY .. 3 dx : 
= —, is also — 2E T a ° -(4)5 dy? If y =e” whence r=log y, 
we haet 23 = =e. But af = = and A = — EA 
dx T 2 dy y dy? y? 
A Sad es aa 1 € e* , Be. it 
Therefore — EP dy iS — € i Sa =) or y or -a which is e*, the 
value just found for xA In the same way T J might be expressed in 
t f — oo and — and so 0 
a =a) n. 
erms oO dy’ dys Fa 


The variable which appears in the denominator of the differential co- 
efficients is called the independent variable. In any function, one quantity 
at least is changed at pleasure; and the changes of the rest, with the 
limiting ratio of the changes, follow from the form of the function. The 
number of independent “variables depends upon the number of quan- 
tities which enter into the equations, and upon the number of equations 
which connect them ; if there be only one equation, all the variables ex- 
cept one are independent, or may be changed at pleasure, without ceasing 
to satisfy the equation; for in such a case the common rules of algebra 
tell us, that as long as one quantity is left to be determined from the rest, 
it can be determined by one equation; that is, the values of all but one are 
at our pleasure, it being still in our power to satisfy one equation, by 
giving a proper value to the remaining one. Similarly, if there be two 
equations, all variables except two are independent, and so on. If there 
be two equations with two unknown quantities only, there are no vari- 
ables; for by algebra, a finite number of values, and a finite number 
only, can satisfy these equations ; whereas it is the nature of a variable to 
receive any value, or at least any value which will not give impossible values 
for other variables, If then there be m equations containing n vari- 
ables, (n must be greater than m,) we have n — m independent variables, 
to each of which we may give what values we please, and by the equations, 
deduce the values of the rest. We have thus various sets of differential 


E 2 


' 
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coefficients, arising out of the various choices which we may make of in- 
dependent variables. If for example, a, b, z, y, and z, being variables, 
we have 

(a, b, 2, y,2,) 20 (a,b, 2,y,2,)=90 x(a, 6,2, Y, 2,) = 0, 
we have two independent variables, which may be either v and y, z and z, 
a and b, or any other combination. If we choose v and y, we should deter- 
mine a, b, and z in terms of x and y from the three equations ; in which case 
da da db 
dx’ dy’ dx 

When y is a function of x, asin y = @z, it is called an explicit function 
of x. This equation tells us not only that y is a function of v, but also what 
function it is. The value of x being given, nothing more is necessary to 
determine the corresponding value of y, than the substitution of the value 
of xin the several terms of Oz. But it may happen that though y is a func- 
tion of x, the relation between them is contained in a form from which y 
must be deduced by the solution of an equation. For example, in 
x? — xy + y? = a, when z is known, y must be determined by the solu- 
tion of an equation of the second degree. Here, though we know that y 
must be a function of z, we do not know, without further investigation, 
what function it is. In this case y is said to be implicitly a function of z, 
or an implicit function. By bringing all the terms on one side of the 
equation, we may always reduce it to the form $(z, y) = 0. Thus, in 
the case just cited, we have x? — zy+y?— a=0. We now want to 


we can obtain 


deduce the differential coefficient y from an equation of the form 


P(x, y) =0. If we take the equation u = ¢(x, y), in which when v and 
y become x + dr and y + dy, u becomes u + du, we have, by our 
former principles, 

du = u'dx + u, dy + &c., (page 40), 
in which w! and u, can be directly obtained from the equation, as in page 
39. Here x and y are independent, as also dr and dy; whatever values 
are given to them, it is sufficient that u and du satisfy the two last equa- 
tions. But if. and y must be always so taken that u may = 0, (which 
is implied in the equation ¢(z, y) = 0,) we have u = 0, and du = 0; 
and this, whatever may be the values of dr and dy. Hence dx and dy 
are connected by the equation 

0 = wdz + udy + &e., 

and their limiting ratio mnst be obtained by the equation 


dy w 
wde+udy=0, or — = — — 
T E s dx u,’ 
y and x are no longer independent ; for, one of them being given, the other 


must be so taken that the equation (a, y) = 0 may be satisfied. ‘The 


u u 
quantities u’ and u, we have denoted by T and dy’ so that 


du 
dy sa 
de aes (1) 


d 

We must again call attention to “the different meanings of the same 
symbol du in the numerator and denominator of the last fraction. Had 
du dx and dy been common algebraical quantities, the first meaning the 
same thing throughout, the last equation would not have been true until 
the negative sien had been removed. We will give an instance in which 
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du shall mean the same thing in both. Let u = (z), and let u = wy, 
in which two equations is implied a third @z = Wy; and y is a function 
ofz. Here, x being given, ù is known from the first equation ; and w 
being known, y is known from the second. Again, x and dz being given, 
du, which is (x + dx )—z is known, and being substituted in the result 
of the second equation, we have du=¥(y+dy) — Yy, which dy must be so 
taken as to satisfy. From the first equation we deduce du = Ø'x dz + &c. 
and from the second du = w'y dy + &c., whence 


dia dz + &c. = W'y dy + &c.; 


the &c. only containing terms which disappear in finding the limiting 
ratios, Hence 


d fi rr 
= = a — sz (2) 
dy 
a result in accordance with common algebra. But the equation (1) was 
obtained from u = A(z, y), on the supposition that z and y were always 
so taken that u should = 0, while (2) was obtained from u = (2) and 
u = Wy, in which no new supposition can be made; since one more 
equation between u, x and y would give three equations connecting these 
three quantities, in which case they would cease to be variable (page 51). 
As an example of (1) let ry — x = l, or ry — x — 1 = 0. From 
u du 
u = xy — x — l we deduce (page 39) Ta =y-l, FF => x; whence, 
by equation (1), 
dy y— 1 


1 
By solution of zy — x = 1, we find y= 1 + a and 


l 1 dz 
dy = (1 ce z z) — (1 +—) re cas + &c. (page 13.) 
Hence y (meaning the limit) is — Ti? which will also be the result of 


(3) if 1 + be substituted for y. 


To follow this subject farther would lead us beyond our limits; we will 
therefore proceed to some observations on the differential coefficient, which, 
at this stage of his progress, may be of use to the student, who should never 
take it for granted that because he has made some progress in a science, he 
understands the first principles, which are often, if not always, the last to 
be learned well. Ifthe mind were so constituted as to receive with facility 
any perfectly new idea, as soon as the same was legitimately applied in ma- 
thematical demonstration, it would doubtless be an advantage not to have 
any notion upon a mathematical subject, previous to the time when it is to 
become a subject of consideration after a strictly mathematical method. 
This not being the case, it is a cause of embarrassment to the student, that 
he is introduced at once to a definition so refined as that of the limiting 
ratio which the increment of a function bears to the increment of its variable. 
Of this he has not had that previous experience, which is the case in 
regard to the words force, velocity, or length. Nevertheless, he can easily 
conceive a mathematical quantity in a state of continuous increase or de- 
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crease, such as the distance between two points, one of which is in motion. 
The number which represents this line (reference being made to a given 
linear unit) is in a corresponding state of increase or decrease, and so is 
every function of this number, or every algebraical expression in the 
formation of which it is required. And the nature of the change which 
takes place in the function, that is, whether the function will increase or 
decrease when the variable increases ; whether that increase or decrease 
corresponding to a given change in the variable will be smaller or greater, 
&c., depends on the manner in which the variable enters as a component 
part of its function. Here we want a new word, which has not been 
invented for the world at large, since none but mathematicians consider 
the subject; which word, if the change considered were change of place, 
depending upon change of time, would be velocity. Newton adopted this 
word, and the corresponding idea, expressing many numbers in suc- 
cession, instead of at once, by supposing a: point to generate a straight 
line by its motion, which line would at different instants contain any dif- 
ferent numbers of linear units. To this it was objected that the idea of 
time is introduced, which is foreign to the subject. We may answer that 
the notion of time is only necessary, inasmuch as we are not able to con- 
sider more than one thing at a time. Imagine the diameter of a circle 
divided into a million of equal parts, from each of which a perpendicular 
is drawn meeting the circle. A mind which could at a view take in every 
one of these lines, and compare the differences between every two con- 
tiguous perpendiculars with one another, could, by subdividing the dia- 
meter still further, prove those propositions which arise from supposing a 
point to move uniformly along the diameter, carrying with it a perpendi- 
cular which lengthens or shortens itself so as always to have one extremity 
on the circle. But we, who cannot consider all these perpendiculars at 
once, are obliged to take one after another. If one perpendicular only 
were considered, and the differential coefficient of that perpendicular de- 
duced, we might certainly appear to avoid the idea of time ; but if all the 
states of a function are to be considered, corresponding to the different 
states of its variable, we have no alternative, with our bounded faculties, 
but to consider them in succession; and succession, disguise it as we 
may, is the identical idea of time introduced in Newton’s Method of 
Fluxions. 

The differential coefficient corresponding to a particular value of the 
variable, is, if we may use the phrase, the index of the change which the 
function would receive if the value of the variable were increased. Every 
value of the variable, gives not only a different value to the function, but 
a different quantity of increase or decrease in passing to what we may call 
contiguous values, obtained by a givenincrease of the variable. If, for 
example, we take the common logarithm of ~, and let 2 be 100, we have 
C.log 100=2. If zx be increased by 2, this gives C. log 102=2 -0086002, 
the ratio of the increment of the function to that of the variable being that 
of -0086002 to 2, or 0043001. In passing from 1000 to 1003, we have 
the logarithms 3 and 3°0013009, the above-mentioned ratio being '0004336, 
little more than a tenth of the former. We do not take the increments 
themselves, but the proportion they bear to the changes in the variable 
which gave rise to them; so in estimating the rate of motion of two 
points, we either consider lengths described in the -same time, or if 
that cannot be done, we judge, not by the lengths described in 
different times, but by the proportion of those lengths to the times, -or the 
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proportions of the units which express them. The above rough process, 
though from it some might draw the conclusion that the logarithm of x is 
increasing faster when x = 100 than when œ = 1000, is defective ; for, 
in passing from 100 to 102, the change of the logarithm is not a sufficient 
index of the change which is taking place when xv is 100; since, for any 
thing we can be supposed to know to the contrary, the logarithm might 
be decreasing when x = 100, and might afterwards begin to increase 
between z = 100 and x = 102, so as, on the whole, to cause the increase 
above-mentioned. The same objection would remain good, however small 
the increment might be, which we suppose z to have; if, for example, we 
suppose æ to change from z = 100 to z= 100°00001, which increases 
the logarithm from 2 to 2°00000004343, we cannot yet say but that the 
logarithm may be decreasing when z= 100, and may begin to increase 
between z = 100 and x = 100°00001. In the same way, if a point is 
moving, so that at the end of 1 second it is at 3 feet from a fixed point, 
and at the end of 2 seconds it is at 5 feet from the fixed point, we cannot 
say which way it is moving at the end of one second. On the whole, it 
increases its distance from the fixed point in the second second ; but it is 
possible that at the end of the first second it may be moving back towards 
the fixed point, and may turn the contrary way during the second second. 
And the same argument holds, if we attempt to ascertain the way in which 
the point is moving by supposing any finite portion to elapse after the first 
second. But if on adding any interval, however small, to the first second, 
the moving point does, during that interval, increase its distance from the 
fixed point, we can then certainly: say that at the end of the first second 
the point is moving from the fixed point. On the same principle, we 
cannot say whether the logarithm of v is increasing or decreasing when z 
increases and becomes 100, unless we can be sure that any increment, 
however small, added to x, will increase the logarithm. Neither does the 
ratio of the increment of the function to the increment of its variable fur- 
nish any distinct idea of the change which is taking place when the vari- 
able has attained or is passing through a given value. For example, 
when z passes from 100 to 102, the difference between log 102 and 
log 100 is the united effect of all the changes which have taken place between 
x= 100 and x = 10044; x= 1005 and « = 100p and so on. 
Again, the change which takes place between z = 100 and x = 100-3, 
may be further compounded of those which take place between z = 100 
and z = 100;4,; x= 100,41, and r= 100,25, and so on. The ob- 
jection becomes of less force as the increment diminishes, but always 
exists unless we take the limit of the ratio of the increments, instead of 
that ratio. How well this answers to our previously formed ideas on such 
subjects as direction, velocity, and force, has already appeared. 

We now proceed to the Integral Calculus, which is the inverse of the 
Differential Calculus, as will afterwards appear. 

We have already shown, that when two functions increase or decrease 
without limit, their ratio may either increase or decrease without limit, or 
may tend to some finite limit. Which of these will be the case depends 
upon the manner in which the functions are related to their variable and 
to one another. This same proposition may be put in another form, as 
follows :—If there be two functions, the first of which decreases without 
limit, on the same supposition which makes the second increase without 
limit, the product of the two may either remain finite, and never exceed 
a certain finite limit; or it may increase without limit, or diminish without 
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limit. For example, take cos 0 and tan 0. As the angle 6 approaches a 
right angle, cos @ diminishes without limit; it is nothing when 0 is a 
right angle; and any fraction being named, 0 can be taken so near to a 
right angle that cos 6 shall be smaller. Again, as 9 approaches to a right 
angle, tan 6 increases without limit ; it is called infinite when @ is a right 
angle, by which we mean that, let any number be named, however great, 
6 can be taken so near a right angle that tan 0 shall be greater. Never- 
theless the product cos 0 x tan 0, of which the first factor diminishes 
without limit, while the second increases without limit, is always finite, 
and tends towards the limit 1; for cos 0 x tan 9 is always sin 0, which 
last approaches to l as 0 approaches to a right angle, and zs 1 when 8 is 
aright angle. Generally, if A diminishes without limit at the same time 
as B increases without limit, the product A B may, and often will, tend 
towards a finite limit. This product A B is the representative of A di- 


1 
vided by 5 or the ratio of A to 5 If B increases without limit, =. 


decreases without limit; and as A also decreases without limit, the ratio 


of A to 5 may have a finite limit. But it may also diminish without 


limit; as in the instance of cos? 0 x tan 0, when @ approaches to a right 
angle. Here cos? 6 diminishes without limit, and tan @ increases without 
limit; but cos? 0 x tan 0 being cos 0 X sin 9, or a diminishing magni- 
tude multiplied by one which remains finite, diminishes without limit. 
Or it may increase without limit, as in the case of cos 0 x tan? 9, which 
is also sin O X tan 0; which last has one factor finite, and the other in- 
creasing without limit. We shall soon see an instance of this. 

If we take any numbers, such as l and 2, it is evident that between the 
two we may interpose any number of fractions, however great, either in 
arithmetical progression, or according to any other law. Suppose, for ex- 
ample, we wish to interpose 9 fractions in arithmetical progression between 
l and 2, These are l, lfp, &c., up to 1,%;5 and, generally, if m 
fractions in arithmetical progression be interposed between a and a + h, 
the complete series is 


2h h 
a, ato fa ears C &e....up to a + aTi a+h (D). 


The sum of these can evidently be made as great as we please, since no 
one is less than the given quantity a, and the number is as great as we 
please. Again, if we take Øx, any function of v, and let the values just 
written be successively substituted for z, we shall have the series _: 


h Zh 
pa, Hata) Matar) Se, uptog@+h) (2); 
the sum of which may, in many cases, also be made as great as we please 
by sufficiently increasing the number of fractions interposed, that is, by 
sufficiently increasing m, But though the two sums increase without 
limit when m increases without limit, it does not therefore follow that their 
ratio increases without limit; indeed we can show that this cannot be the 
case when all the separate terms of (2) remain finite. For let A be greater 
than any term in (2), whence, as there are (m- 2) terms, (m + 2) A 
is greater than their sum. Again, every term of (1), except the first, 
being greater than a, and the terms being m + 2 in number, (m + 2)a 


. A, 
is less than the sum of the terms in (1). Consequently nie is greater 
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. sum oftermsin(2)  , : , 

than the ratio sum of terme in (1)’ Since its numerator is greater than the 
last numerator, and its denominator less than the last denominator. But 
> == =, which is independent of m, and is a finite quantity. 
Hence the ratio of the sums of the terms is always finite, whatever may 
be the number of terms, at least unless the terms in (2) increase without 
limit. 

As the number of interposed values increases, the interval or difference 
between them diminishes ; if, therefore, we multiply this difference by the 


sum of the values, or form 


mat {90+ 9(@ tara) + 6 (etar) HHH} 


we have a product, one term of which diminishes, and the other increases, 
when m is increased. The product may therefore remain finite, or never 
pass a certain limit, when 27 is increased without limit, and we shall show 
that this zs the case. As an example, let the given function of z 
be 2°, and let the intermediate values of x be interposed between x = g 


h : i 
and t =a+h Letv z= are | whence the above-mentioned product is 


v fa + (a+ v)? + (a+ 2Qv)?+ 2... + (a+ m+l)v )>} = 
(m+2) va: + 2av{1+2+3+. : +(m-+1) +0 124224324. . + (m-+1)} ; 


of which, 1 + 2+....+(m + 1)=4 (m + 1) (m+ 2) and (page 35), 
124 2?+....+(m-+1)* approaches without limit to a ratio of equality 
with 4(m-+1)%, when m is increased without limit. Hence this last sum 
may be put under the form 4 (m+ 1)? (1-++a), where «æ diminishes without 
limit when m is increased without limit. Making these substitutions, 


h 
Aras the above expression becomes 
m+ 2 m+2 he 

h 2 Pe 2 j = 
mei 1 a ops m+ h a + (1 + a) 3 ’ 


and putting for v its value 


in which mo has the limit 1 when m increases without limit, and 1 + & 


has also the limit 1, since, in that case, œ diminishes without limit, 
Therefore the limit of the last expression is 


3 n’ 
ha +- ha + or oe, 


This result may be stated as follows :—If the variable 2, setting out from 

a value a, becomes successively a + dz, a + 2dr, &c., until the total in- 

crement is A, the smaller dz is taken, the more nearly will the sum of all 

the values of 2*dz, or a’dr +- (a + dr)? dz + (a +- 2dxr)*dz + &c., 

(a + h)’ —a 
3 


be equal to , and to this the aforesaid sum may be brought 


within any given degree of nearness, by taking dx sufficiently small. 
This result is called the integral of 2*dx, between the limits æ and a + h, 
and is written J adx, when it is not necessary to specify the limits, and 
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fdz, or * f gdret, or S 2a*dz ay +” in the contrary case. We -> 


now proceed to show the connexion of this process with the principles of 
the Differential Calculus. 

' Let x have the successive values a, a + dz, a + 2dz, &c. pete up to 
a + mdx, or a + h, h being a given quantity, and dx the m" part of h, 

so that as ən is increased without limit, dz is diminished without limit. 

Develope the successive values of px, or pa, O(a + dz).... (page 11), 


ha = þa 


pla + dr) = ġa + p'a dr + ¢/a——— = + ba a + &c. 
pla + 2dr) = ha + p'a 2dr + Ga (ede) + pq eer + &. 
pla + 3dr) = pa + Pa 3dr + gla Gay + ga ds) piu 
b(a + mdz) = ga + Pamdı + g'a bayi + ga e + be. 


If we multiply each development by dz and add the results, we a a series 
made up of the following terms, arising from the different columns, 


pa x mdr 
. da x (1 +2 +383 +...+m ) (dz)? 


p'a x (+ 24+ 374+ , « mt) LEL 


4 
gra x (+ 84 94... tm) É is be 
and as in the last example, we may represent nies =), 
1+24+34+..... +m by $m (1+ a) 
P- 2-3... +m .. 4m (14B) - 
1°-+ 2°-+ 3°-+..... +m’ .. tm(l+y) &e. 


where a, B, y, &c., diminish without limit, when m is increased without 
h 
limit. If we substitute these values, and also put n instead of dz, we 
have, for the aum of the terms, 
h? h‘ 
pah + va — a +a) + p'az 5 + 8) + "a saa (l+)+&c. 


which, sie m is increased Gane limit, in consequence of which a, B, 
&c., diminish without rh ania approaches to 


pah pa + g'a = + Waa + be. 


which is the limit arising from supposing z to increase from a through 
a + dx, a + 2dx, &c., up to a + h, multiplying every value of xr so 


* This notation feda st" appears to me to avoid the objections which may be raised 
against fe ahi" v'dz as contrat y to analogy, which would require that ik *a°de® should stand 
for the second integral of z?dx. It will be found convenient in such integrals as 
Jfzdej dyg". There is as yet no general agreement on this point of notation. 
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obtained by dr, summing the results, and decreasing dx without limit. 
This is the integral of dx dz from x =atoxr=a+Ah. It is evident 
that this series bears a great resemblance to the development in page 11, 
deprived of its first term. Let us suppose that ya is the function of 
which pa is the differential coefficient, that is, that Y'a = pa. These two 
functions being the same, their differential coefficients will be the same, 
that is, wa = “dla. Similarly ya = ġa, and so on. Substituting these, 
the above series 7 


Yahya +a 4 yas 


which is (page 11) the same as %4 + D — wa. Ea is, the integral of 
phx dx between the limits æ and a@+h, is Y(a+h)-ya, where Yz is the func- 
tion, which, when differentiated, gives x. For a +- h we may write b, 
so that yb — wa is the integral of dr dx from x = a to r = b. Orwe 
may make the second limit indefinite by writing z instead of b, which 
gives Yx — Ya, which is said to be the integral of pr dz, beginning 
when x = a, the summation being supposed to be continued from z= @ 
until x has the value which it may be convenient to give it. 

Hence results a new branch of the inquiry, the reverse of the Differential 
Calculus, the object of which is, not to find the differential coefficient, 
having given the function, but to find the function, having given the diffe- 
rential coefficient. This is called the Integral Calculus. From the defi- 
nition given, it is obvious that the value of an integral is not to be deter- 
mined, unless we know the values of x corresponding to the beginning 
and end of the summation, whose limit furnishes the integral. We might, 
instead of defining the integral in the manner above stated, have made the 
word mean merely the converse of the differential coefficient ; thus, if px be 
the differential coefficient of Yr, yx might have been called the integral of 
gx dx. We should then have had to show that the integral, thus defined, 
is equivalent to the limit of the summation already explained. We have 
preferred bringing the former method before the student first, as it is 
most analogous to the manner in which he will deduce integrals in 
questions of geometry or mechanics. With the last-mentioned definition, it 
is also obvious that every function has an unlimited number of integrals. 
For whatever differential coefficient yx gives, C -+ yz will give the same, 
if C be a constant, that is, not varying when z varies. In this case, if x 
become x + h, C+ Yx becomes C + Wr + Wr. h + &c., from which 
the subtraction of the original form C + Ys gives y’x . h + &c.; whence, 
by the process in page 12 , Y'x is the differential coefficient of C + Wr as 
well as of Yx. As many values, therefore, positive or negative, as can be 
given to C, so many different integrals can be found for ¥/x; and these 
answer to the various limits between which the summation in our ori- 
ginal definition may be mede. ‘To make this problem definite, not only 
wie, the function to be integrated, must be given, but also that value of x 
from which the summation is to begin. If this be a, the integral of wz is, 
as before determined, Yx — Ya, and C = — wa. We may afterwards end 
at any value of x which we please. Ifa = a, Yr— ya = 0, as is evident 
also from the formation of the integral. We may thus, having given au 
integral in terms of z, find the value at which it began, by equating the 
integral to zero, and finding the value of z. Thus, since z2, when diffe- 
rentiated, gives 22, zq? is the integral of 2x, beginning at c= 0; and 
g?’ — 4 is the integral beginning at e= 2. 


4 


z4 T ke. 
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In the language of Leibnitz, an integral would be the sum of an infinite 
number of infinitely small quantities, which are the differentials or infinitely. 
small increments of a function. ‘Thus, a circle being, according to him, a 
rectilinear polygon of an infinite number of infinitely small sides, the sum 
of these would be the circumference of the figure. As before (pages 7, 
20, 24,) we proceed to interpret this inaccuracy of language. If, in a 
circle, we successively describe regular polygons of 3, 4, 5, 6, &c., sides, 
we may, by this means, at last attain to a polygon whose side shall differ 
from the arc of which it is the chord, by as small a fraction, either of the 
chord or arc, as we please, (pages 4, 5.) That is, A being the arc, C the 
chord, and D their difference, there is no fraction so small that D cannot 
be made a smaller part of C. Hence, if m be the number of sides of the 
polygon, mC + mD or mA is the real circumference ; and since mD is 
the same part of mC which D is of C, mD may be made as small a part 
of mC as we please; so that mC, or the sum of all the sides of the poly- 
gon, can be made as nearly equal to the circumference as we please. As 
in other cases, the expressions of Leibnitz are the most convenient and 
the shortest, for all who can immediately put a rational construction upon 
them ; this, and the fact that, good or bad, they have been, and are, used 
in the works of Lagrange, Laplace, Euler, and many others, which the 
student who really desires to know the present state of physical science, 
cannot dispense with, must be our excuse for continually bringing before 
him modes of speech, which, taken quite literally, are absurd. 

We will now suppose such a part of a curve, each ordinate of which 
is a given function of the corresponding abscissa, as lies between two 
given ordinates; for example, M P P/M’. Divide the line M M’ into a 
number of equal parts, which we may suppose as great as we please, 
and construct fig. 10. Let O be the origin of co-ordinates, and let O M, 
the value of x, at which we begin, be a; and O M’, the value at which 
we end, be b. Though we have only divided M M’ into four equal parts 
in the figure, the reasoning to which we proceed would apply equally, 
had we divided it into four million of parts. ‘The sum of the parallelo- 
grams Mr, mr’, m'r”, and m”R, is less than the area M P P’ M, the 
value of which it is our object to investi- 
gate, by the sum of the curvilinear trian- 
oles Prp, pr'p’, p'r'p", and p"RP’. The 
sum of these triangles is less than the 
sum of the parallelograms Qr, qr’, q'r”, 
and q’”R; but these parallelograms are 
together equal to the parallelogram 
q’w, as appears by inspection of the 
figure, since the base of each of the 
abovementioned parallelograms is equal 
to mM’, or gP’, and the altitude P/w 
i__it—_i , is equal to the sum of the altitudes of 

2 M m m m M the same parallelograms. Hence the 
sum of the parallelograms Mr, mr’, m’r”, and m”R, differs from the cur- 
vilinear area MP P’M’ by less than the parallelogram q’w. But this last 
parallelogram may be made as small as we please by sufficiently increas- 
ing the number of parts into which M M’ is divided ; for since one side of 
it, P'w, is always less than P'M’, and the other side P’g”, or mM’, is as 
small ı part as we please of MM’, the number of square units in g”w, is 
the product of the number of linear units in P’w and P’q”, the first of 
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which numbers being finite, and the second as small as we please, the 
product is as small as we please. Hence the curvilinear area MP P/M’ 
is the limit towards which we continually approach, but which we never 
reach, by dividing M M’ into a greater and greater number of equal parts, 
and adding the parallelograms Mr, mr’, &c., so obtained. If each of the 
equal parts into which MM’ is divided be called dz, we have OM =a, 
Om = a + dz, Om' = a-- 2dr, &. And MP, mp, m’p’, &c., are the 
values of the function which expresses the ordinates, corresponding to a, 
a +- dx, a + 2dr, &c., and may therefore be represented by ġa, 
p (a + dx), p(a + 2dx), &c. These are the altitudes of a set of paral- 
lelograms, the base of each of which is dx; hence the sum of their 


areas is 
pa dz + h(a + dr) dr + h(a + 2dr) dr + &c. 

the limit of this, to which we approach by diminishing dz, is the area 
required. This limit is what we have defined to be the integral of px dr 
from z = ato z = b; or if wz be the function, which, when differentiated, 
gives Oz, it is yb — wa. Hence, y being the ordinate, the area included 
between the axis of v, any two values of y, and the portion of the curve 
they cut off, is fydz, beginning at the one ordinate and ending at the 
other. Suppose, for example, that the curve is a part of a parabola of 
which O is the vertex, and whose equation * is therefore y? = px where 
p is the double ordinate which passes through the focus. Here 


y= p? 2%, and we must find the integral of pada, or the function 


whose differential coefficient is p?2%, p? being a constant. If we take the 
function cz", c being independent of z, and substitute z + h for x, we 
have for the development ca" + cna"! h + &c. Hence the differential 
coefficient of cx" is cnz"; and as c and m may be any numbers or frac- 
tions we please, we may take them such that cn shall = p? and n— læk, 
in which case 2 = 3 and c = 2p?, Therefore the differential coefficient 
of gp3xł is p?a, and conversely, the integral of p?2?dz is Spr xe, The 
area MP P/M’ of the parabola is therefore 2p? bz — Spžaž. If we begin 
the integral at the vertex O, in which case @ = 0, we have for the area 
OM’P’, 3 p2b3, where b = OM'. This is S p?b? x 6, which, since 
pžbž = M'P is 3 P'M' x OM’, or two-thirds of the rectangle t contained 
by OM’ and M’P”. 

We may mention, in illustration of the preceding problem, ‘a method 
of establishing the principles of the integral calculus, which generally 
goes by the name of the Method of Indivisibles. A line is considered as 
the sum of an infinite number of points, a surface of an infinite number 
of lines, and a solid of an infinite number of surfaces. One line twice as 
long as another would be said to contain twice as many points, though 
the number of points in each is unlimited. To this there are two objec- 
tions ;—first, that the word infinite, in this absolute sense, really has no 
meaning, since it will be admitted that the mind has no conception of a 
number greater than any number. The word infinite { can only be justi- 


* If the student has not any acquaintance with the Conic Sections, he must never- 
theless be aware that there is some curve whose abscissa and ordinate are connected by 
the equation y2 = px. This, to him, must be the definition of parabola; by which word 
he must understand, a curve whose equation is y2 = pe. 

t This proposition is famous as having been discovered by Archimedes at a time when 
such a step was one of no small magnitude. 

$ See Study of Mathematics, page 41, 
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fiably used as an abbreviation of a distinct and intelligible proposition ; for 


t. E E es 
example, when we say that a -+ = is equal to æ when x is infinite, we 


i 1 
only mean that as z is increased, a + eS becomes nearer to æ, and may 


be made as near to it as we please, if z may be as great as we please. 
The second objection is, that the notion of a line being the sum of a 
number of points is not true, nor does it approach nearer the truth as we 
increase the number of points. If twenty points be taken on a straight 
line, the sum of the twenty-one lines which lie between point and point is 
equal to the whole line; which cannot be if the points by themselves con- 
stitute any part of the line, however small. Nor will the sum of the 
points be a part of the line, if twenty thousand be taken instead of twenty. 
There is then, in this method, neither the rigor of geometry, nor that ap- 
proach to truth, which, in the method of Leibnitz, may be carried 
to any extent we please, short of absolute correctness. We would there- 
fore recommend to the student not to regard any proposition derived from 
this method as true on that account; for falsehoods, as well as truths, 
may be deduced from it. Indeed the primary notion, that the number of 
points in a line is proportional to its length, is manifestly incorrect. Sup- 
pose (fig. 6, page 23,) that the point Q moves from Ato P. It is evident 
that in whatever number of points OQ cuts A P, it cuts M P in the same 
number. But PM and P A are not equal. A defender of the system of 
indivisibles, if there were such a person, would say something equivalent 
to supposing that the points on the two lines are of different sizes, which 
would, in fact, be an abandonment of the method, and an adoption 
of the idea of Leibnitz, using the word point to stand for the infinitely 
small line. 

This notion of indivisibles, or at least a way of speaking which looks 
like it, prevails in many works on Mechanics. Though a point is not 
treated as a length, or as any part of space whatever, it is considered as 
having weight; and two points are spoken of as having different weights. 
The same is said of a line and a surface, neither of which can correctly 
be supposed to possess weight. If a solid be of the same density 
throughout, that is, if the weight of a cubic inch of it be the same from 
whatever part it is cut, it is plain that the weight may be found by finding 
the number of cubic inches in the whole, and multiplying this number by 
the weight of one cubic inch. But if the weight of every two cubic inches 
is different, we can onty find the weight of the whole by the integral cal- 
culus, Let A B be a line possessing weight, or a very thin parallelopiped 
of matter, which is such, that if we were to divide it into any number of 
equal parts, as in the figure, the weight of the several parts would be dif- 
ferent. We suppose the weight to vary continuously, that is, if two con- 

Fig. 11. tiguous parts of equal length be 

i P q9 7 taken, as pq and qr, the ratio of the 

5 2O B weights of these two parts may, by 
taking them sufficiently small, be as 

near to equality as we please. The density of a body is a mathematical 
term, which may be explained as follows :—A cubic inch of gold weighs 
more than a cubic inch of water; hence gold is denser than water. If the 
first weighs 19 times as much as the second, gold is said to be 19 times 
more dense than water, or the density of gold is 19 times that of water. 
Hence we might define the density by the weight of a cubic inch of the 
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substance, but it is usual to take, not this weight, but the proportion which 
it bears to the same weight of water. Thus, when we say the density, or 
specific gravity (these terms are used indifferently), of cast iron is 7°207, 
we mean that if any vessel of pure water were emptied and filled with cast 
iron, the iron would weigh 7'207 times as much as the water. If the density 
of a body were uniform throughout, we might easily determine it by di- 
viding the weight of any bulk of the body, by the weight of an equal bulk 
of water. In the same manner (pages 25, 26) we could, from our defi- 
nition of velocity, determine any uniform velocity by dividing the length 
described by the time. But if the density vary continuously, no such mea- 
sure can be adopted. For if by the side of A B (which we will suppose 
to be of iron) we placed a similar body of water similarly divided, and if 
we divided the weight of the part pq of iron by the weight of the 
same part of water, we should get different densities, according as the 
part pq is longer or shorter. The water is supposed to be homogeneous, 
that is, any part of it pr, being twice the length of pq, is twice the weight 
of pq, and so on. The iron, on the contrary, being supposed to vary in 
density, the doubling the length gives either more or less than twice the 
weight. But if we suppose q to move towards p, both on the iron 
and the water, the limit of the ratio pq of iron to pg of water, may be 
chosen as a measure of the density of p, on the same principle as in page 
26, the limit of the ratio of the length described to the time of describing 
it, was called the velocity. If we call & this limit, and if the weicht 
varies continuously, though no part pq, however small, of iron, would 
be exactly k times the same part of water in weight, we may never- 
theless take pg so small that these weights shall be as nearly as we please 
in the ratio of k to 1. T.et us now suppose that this density, expressed 
by the limiting ratio aforesaid, is always z* at any point whose distance 
from A is feet ; that is, the density at q, 2 feet distance from A, is 4, and 
soon. Let the whole distance AB = a. If we divide a into n equal 
parts, each of which is dz, so that ndx = a, and if we call b the area of 
the section of the parallelopiped, (b being a fraction of a square foot,) the 
solid content of each of the parts will be bdz in cubic feet; and if w be 
the weight of a cubic foot of water, the weight of the same bulk of water 
will be wbdr. If the solid AB were homogeneous in the immediate 
neighbourhood of the point p, the density being then 2%, would give 
z? X bwdx for the weight of the same part of the substance. This is not 
true, but can be brought as near to the truth as we please, by taking dr 
sufficiently small, or dividing AB into a sufficient number of parts, 
Hence the real weight of pq may be represented by bwa°dr + «, where a 
may be made as small a part as we please of the term which precedes it. 
In the sum of any number of these terms, the sum arising from the 
term æ diminishes without limit as compared with the sum arising from 
the term bwr'dz; for if a be less than the thousandth part of p, a’ less than 
the thousandth part of p’, &c., then a + a’ + &c. will be less than the 
thousandth part of p + p' + &c.: which is also true of any num- 
ber of quantities, and of any fraction, however small, which each term of 
one set is of its corresponding term in the other. Hence the taking of 
the integral of bw x°dx dispenses with the necessity of considering the 
term a; for in taking the integral, we find a limit which supposes dx to 
have decreased without limit, and the integral which would arise from a 
has therefore diminished without limit. The integral of bw z2dz is tbwr’, 
which taken from x =0 to z= ais 4bwa*®. This is therefore the weight 
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in pounds of the bar whose length is æ feet, and whose section is b square 
feet, when the density at any point distant by x feet from the beginning 
is 2°; w being the weight in pounds of a cubic foot of water. 

We would recommend it to the student, in pursuing any problem of the 
Integral Calculus, never for one moment to lose sight of the manner in 
which he would do it, if a rough solution for practical purposes only were 
required. Thus, if he has the area of a curve to find, instead of merely 
saying that y, the ordinate, being a certain function of the abscissa v, 

ydx within the given limits would be the area required; and then pro- 
ceeding to the mechanical solution of the question : let him remark that if 
an approximate solution only were required, it might be obtained by di- 
viding the curvilinear area into a number of four-sided figures, as in 
fig. 10, one side of which only is curvilinear, and embracing so small an 
arc that it may, without visible error, be considered as rectilinear. The 
mathematical method begins with the same principle, investigating upon 
this supposition, not the sum of these rectilinear areas, but the limit 
towards which this sum approaches, as the subdivision is rendered more 
minute. ‘This limit is shown to be that of which we are in search, since 
it is proved that the error diminishes without limit, as the subdivision is 
indefinitely continued. We now leave our reader to any elementary 
work which may fall in his way, having done our best to place before 
him those considerations, something equivalent to which he must turn 
over in his mind before he can understand the subject. ‘The method so 
generally followed in our elementary works, of leading the student at 
once into the mechanical processes of the science, postponing entirely all 
other considerations, is to many students a source of obscurity at least, if 
not an absolute impediment tn their progress ; since they cannot ima- . 
gine what is the object of that which they are required to do. That 
they shall understand every thing contained in these treatises, on the first 
or second reading, we cannot promise; but that the want of illustration 
and the preponderance of technical reasoning are the great causes of the 
difficulties which students experience, is the opinion of many who‘have 
had experience in teaching this subject. 
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